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We report some initial results of an ongoing investigation about Mexican high school students' (17-18 years) reasoning when working with the sampling distribution (SD) for the first time in a regular classroom setting. Learning activities involve the usage of simulations and are part of a hypothetical learning trajectory (HLT) aimed at fostering a distributional and stochastic perspective of sampling and inference. We describe some appropriate strategies and limitations that students exhibited as evidenced by their a priori reasoning.

Introduction

Several errors and limitations have been reported on statistical and probability education in the past decades [START_REF] Batanero | Errors and difficulties in understanding elementary statistical concepts[END_REF][START_REF] Batanero | Errors and difficulties in understanding elementary statistical concepts[END_REF]. In recent years, the development and availability of educational software in these areas have allowed some researchers to explore the idea that notions or informal versions of different objects and processes embedded in such disciplines, such as statistical inference, can be introduced before tertiary educational levels [START_REF] Zieffler | A framework to support research on informal inferential reasoning[END_REF][START_REF] Rossman | Reasoning about informal statistical inference: One statistician's view[END_REF]. In particular, we point out that a number of proposals use empirical SD's and random simulations as key resources for developing appropriate conceptions and reasoning of fundamental statistical ideas, such as sampling, estimation and inference (e.g. [START_REF] Rossman | Reasoning about informal statistical inference: One statistician's view[END_REF]Batanero & Diaz, 2015;Garcia & Sanchez, 2015). Hence, we consider SD's to be a strong candidate and a starting point for instruction and teaching, with assistance of technology, when introducing statistical inference. We report on some preliminary results of an ongoing investigation that uses an HLT [START_REF] Simon | Explicating the role of mathematical tasks in conceptual learning: An Elaboration of the hypothetical learning trajectory[END_REF] aimed to develop and foster a distributive and stochastic concept of sampling based on the SD. We focus on the initial learning activity that explores students' notions of probability, classification of most and least probable sample values, and the use of average as a measure for representation and summary of the SD. Related literature, method of inquiry, analysis of students' performance and some final reflections and discussions are described.

Some related literature

There are a variety of interrelated elements that intervene in the process of construction, applicability and interpretation of statistical inference such as sample and population, statistic and parameter, distribution and variability, probability and significance, etc. Some researchers suggest that several conflicts and limitations of students, teachers and even professionals regarding their capacity to draw inferences from sample data are strongly related to a lack of or poor formation of concepts such as variability, sampling variability and SD's. For example, a review by Herradine, [START_REF] Harradine | Students and teachers' knowledge of sampling and inference[END_REF] points out that people in general hold deep misconceptions about sampling and inference (e.g. representativeness heuristics, law of small numbers, incapacity to reason about many samples) that traditional teaching does not help to overcome, as it tends to focus on calculus and computations instead. [START_REF] Chance | Reasoning about sampling distributions[END_REF], and [START_REF] Liu | Teachers' understandings of probability[END_REF] also indicate that a deficient or limited understanding of concepts such as the SD and probability could inhibit an appropriate reasoning of statistical inference.

On the other hand, Fathom is a specialized software developed to assist teaching and learning in statistics and probability. It offers the possibility to, among other capabilities, generate random simulations that can cause the emergence of abstract and complex mathematical objects such as the SD. It also allows access to analyze how this concept behaves through the manipulation of its parameters (sample size, population parameters, number of samples); this opens the possibility for didactic treatment substantially different from the traditional one that parts from a theoretical posture. These are key resources that can potentially promote and foster students' statistical thinking [START_REF] Chance | The role of technology in improving student learning[END_REF][START_REF] Biehler | Technologies for enhancing statistical reasoning at the school level[END_REF][START_REF] Biehler | Technologies for enhancing statistical reasoning at the school level[END_REF] and, particularly, can introduce ideas of the logic behind statistical inference [START_REF] Rossman | Reasoning about informal statistical inference: One statistician's view[END_REF].

However, only a few of the aforementioned studies target high school students, with practically none having been conducted in Mexico. The actual curricula incorporate very few, if any at all, statistical and probabilistic content for elementary and secondary education; it is only for some high school programs that introductory courses of statistics and probability are included. In addition, traditional practices use no technology to assist teaching and focus heavily on computations. This makes us believe that students' lack of experience with sampling and statistical inference within schools' practices make them become highly dependent on wrong or inappropriate intuitions and misconceptions when making inferences. The presence of this conflictive situation, and the availability of research results that propose alternative ways to overcome such difficulties, have motived us to set our initial phase of this investigation: to explore and gain insight as to how these students reason when working with the SD, and with the assistance of Fathom (simulations of random samples), in order to better understand the extent of their reasoning and potential learning.

Method

A regular high school classroom of 44 students participated in the study (28 female and 16 male); they had previously taken an introductory course (traditional style) to Statistics and Probability containing descriptive graphics, measures of center and variability, introduction to classical and frequentist approach to probability, calculations of probabilities for simple events, probabilities for conditional and independent events. Students didn't have any previous experience with Fathom.

This particular learning activity is divided in two stages and was applied in two class sessions of two hours each (one stage per session). The problem was posed/introduced to students (described below) during the first stage and, in the second, they were allowed to work freely in pairs to respond some questions using the software. Data for analysis consist of students' responses (using digital worksheets), observations of two teachers/researchers who also attended the sessions and some brief interviews. We are using principles and initial techniques of the Grounded Theory methodology [START_REF] Glaser | The discovery of grounded theory: Strategies for qualitative research[END_REF][START_REF] Birks | Grounded theory: A practical guide[END_REF] to analyze students' responses; specifically, we are using: initial purposive sampling, initial (and open) coding, and concurrent data generation and analysis. These techniques have oriented our methodological approach by: (1) selecting appropriate participants to study the phenomena of interest (students' reasoning); (2) depart from a pre-established theoretical framework and apply an open codification and categorization of data (based on incidents-patterns in procedures and arguments students exhibit when resolving the activities); (3) comparison between incidents-patterns and codes for a greater refinement. At this point, the initial codes provide a general description and evidence of students' reasoning; our ongoing analysis focuses on identifying core categories, something at this time beyond the scope of this communication.

The HLT and the unfolding of the learning activity

The main goal of the HLT is to encourage and provide students with an image of sampling and inference grounded on the study and exploration of the SD from a stochastic and distributional perspective; a conception set apart from the one that usually consists of an image that just reflects a "mini version" of the population. This HLT includes eight learning activities organized in three phases: 1. Introduction to the SD (to obtain estimations of probabilities for samples' outcomes; to generate an unambiguous method to identify usual or typical sample results and; to relate the average of the SD with the population's parameters); 2. Analysis of the SD when sample size is modified (changes in form, sampling variability, estimations of probabilities and typical sample results); 3. Estimation of an unknown population's parameters (assessing estimations based on sample size). In addition, after the three phases are completed, students must face a situation that requires the usage of (informal) hypothesis testing; a key aspect of interest in our research is to analyze students' performance in order to evaluate how much they draw on their knowledge about the SD and aforementioned concepts to do so.

The selected learning activity for this communication is the very initial one of the HLT and the core's first phase. It is based on [START_REF] Saldanha | Exploring connections between sampling distributions and statistical inference: An analysis of students' engagement and thinking in the context of instruction involving repeated sampling[END_REF] exploration of students' thinking of sampling and inference, with the distinction of being focused on specific sample outcomes. Due to space restrictions, we do not include explicitly all the components for this activity (learning objectives and hypothesis about the learning process) but briefly describe the unfolding of the mathematical task and its procedure of application.

The first stage of the activity follows a dynamic of an open class discussion guided by the teacher/researcher. It begins by presenting Mr. B to students: a small-medium size container composed of 7,000 beans, of which 50% are black beans and the rest 50% are pinto beans (Figure 1); Mr. B represents a physical dichotomous population whose composition is initially unknown to students. The main interest at first is to estimate the total percentage of pinto beans based on a small sample outcome. After one student draws by hand a random sample of 10 beans from the jar, the starting question that opens discussion is: "is this result (sample's %) enough evidence to assure that Mr. B has X% of pinto beans?" Some students are expected to intuitively detect sampling variability and ask to obtain more samples; the teacher encourage students to explore their argument by allowing them to draw as much samples as they consider necessary to propose a parameter.

We have observed that students don't pay much attention to high levels of variability and tend to hand-draw only a small collection of samples (less than 15), and then roughly conjecture a population percentage out of it using the frequencies, mode or average. After making this proposal (most likely different from 50%), the parameter is revealed to students and their "failed" estimation produces an engagement that is used to explore what parts of the process can be refined. Once the parameter is known to students, the exploration starts by the teacher proposing the classification of the obtained sample values as "favorable" (such as 40% -60%) or "unfavorable" (replacing Saldanha and Thompson's "usual/unusual" to highlight the tension between the presence of sampling variability and the expectation of obtaining sample outcomes that match or are very close to the parameter); the next step is to investigate how is it possible to quantify how expectable these results might be and how much for those considered the opposite. That is, we land and focus on obtaining probabilities of sample outcomes through the SD.

Then the teacher guides discussion to the proposal of generating many samples by posing the questions "What if we repeat this experiment a lot of times? Could the generation of many samples help us to calculate a probability or identify which are the most and least likely values?". The second stage of the task begins and Fathom is used to simulate a random collection of 300 sample outcomes and to generate a graph/distribution out of them (an empirical binomial SD emerges, with n = 10 and P = .1, that students can generate repeatedly instantly using the software). Then the students are organized in pairs to freely respond a series of questions using the software and digital worksheets, which aim to explore key aspects of the SD such as estimations for probabilities, most frequent/probabilistic values and the identification of center. We extract for this report the analysis of the following items: a) Express a number from 0% to 100%, which represents how likely you consider it that you'll get a value of 70% of pinto beans in the sample #301 (n = 10). Write down your procedure and any calculations you made. b) Which of all possible sample percentages do you think are the most likely to obtain in sample #301? Which are the ones you consider to be the least likely? Describe the method you used to select those values. c) Express a particular value that summarizes and represents all 300 percentages obtained in a particular simulation. Explain your procedure and include any computations you made. 

Codes: Procedures and arguments

Makes computations: 6 pairs

Computes correctly an estimation for the probability: provides intervals or particular values -( 6)

Makes no computations: 16 pairs

Assigns a probability of 30% or 40% and points out one or two of the following features: the sample value (70%) is less likely to obtain due to its low frequency; considers that the values of 40%, 50% and 60% are the ones that present the highest frequencies (most likely values); specifies the sample's value frequencies -( 6) Makes no numerical assignment and only points out one or two of the previous features -( 3) Assigns a probability of 35% or 0% because they consider that sample values have those tendencies -(2) Others: Assumes the maximum frequency of the sample value as the probability; assigns 10% because it's one of 10 possible options (of the random variable); assigns 35% as the probability, incoherent argument -( 5) Two main groups of responses appear; the first one consists of six pairs of students that made an appropriate estimation for the probability of obtaining a specific sample value; five of these gave a particular value for the probability regardless of the number of simulations they made of the sampling distribution, while only one of them expressed it in a form of an interval. For example, pair 16 (P16) mentioned:

"We estimate that sample #301 has a probability of 10%-13% of obtaining 70% of pinto beans because we observe that, when generating different samples, the sample value of 70% appeared in a range of 30 to 40 times, which equals to 10% -13%"

It seems that the other group of students was not able to quantify correctly their expectation of obtaining the value of 70% and, instead, they assigned (six pairs) a value of 30% or 40% as the probability with no computations but most likely based on the frequency of the sample value. Nine of these 16 pairs also mentioned some features they observed in the SD, such as values of very low or high frequencies that they considered were related to a high or low expectation (probability) of obtaining the sample value. For example, P9 answered: "40% because when running the simulation, the value of 70% was not one that appeared constantly or continuously more than the previous values.". Codes for students' responses in question (b) are:

Codes: Procedures and arguments

Arguments based on frequencies: 14 pairs

Sample values of 40%-60% because they present the highest frequencies (specifies a particular value for the frequency) -( 1)

Sample values of 40%-60% because they present the highest frequencies (points out some sample values or the interval) -( 13)

Includes or based entirely

Sample values of 40%-60% because they present the highest frequencies and because the population's parameter equals 50% -(1) on the proximity criteria: 6 pairs Sample values of 40%-60% because they are the closest to the population's parameter (points out some sample values or the interval) -( 4)

Sample values of 40%-60% because the population's parameter equals 50% -(1)

Others: 2 pairs Sample values of 40%-60%, redundant answer or incoherent argument -(2) Fifteen pairs of students used the highest frequencies to determine which sample values they considered to be more likely, but only one of them specified a value for the frequency as a main reference to compare the rest. These two types of responses are shown by P2: "40%, 50% and 60% because their frequency is higher to 55"; and P22: "The values of 40%, 50% and 60% because the Fathom graph shows us that these percentages appeared the most". Six pairs argued that these percentages are the most likely since the population's parameter equals 50% (five pairs' responses are based entirely on this), which is what we call the "proximity criteria" (note that this type of thinking is devoid of reasoning with the main objects at hand, such as frequencies, image of distribution or sampling variability embedded in the SD). To exemplify this, P15 answered: "40%, 50% and 60% because the quantity of pinto and black beans is the same (50-50) but it's not likely that we will get 50% pinto beans in every sample, so the closest percentages are 40% and 60%."

Due to space restrictions, we do not include responses for the selection of the less likely values; however, we mention that the obtained responses match closely with those previously described. The first 10 pairs of students decided to use the average to represent the sample values but only three did so correctly. Three out of four pairs that incorrectly computed the average mistook sample values for their frequencies, didn't include all values and applied a different method; three more pairs only proposed to use the average but seemed incapable to compute it. For example, P11 mentioned (considers some high frequencies and calculates a percentage):

"We made an average out of the percentages that repeated the most and we came to the conclusion that this percentage value is at least of 68% of the 300 percentages. The calculations were to obtain a percentage of the percentages that presented the highest frequencies: 40 with 60 times, 50 with 82 times and 60 with 62 times. Computations: 60 + 82 + 62 = 204 / 300 = 0.68 * 100 = 68%"

The next 10 pairs decided to use the mode but four of these failed to do so correctly; four of them used a biased mode, where three selected values greater than 50% that are not included in the random variable. As an example of this, P21 responded: "Of the 300 simulated percentages, we estimate that the value that repeats the most is 54% because no sample is equal to the previous one and most of the time we get something greater than 50%".

Conclusions and discussion

The procedures and arguments showed above are evidence of an a-priori reasoning since we consider our students have not been previously instructed on this type of activities (despite their introductory course). In this study, we identify some appropriate reasoning such as students relating high and low frequencies of sample values to high and low probabilities of obtaining them (even a few calculated correctly this estimation); and the use of the average and mode to summarize and represent the sample outcomes of the SD. Also, we identify limited or biased reasoning such as an incapability to calculate reasonable estimations for probabilities of sample outcomes; an ambiguous method to classify the most or least probable sample values (there's no definition for "the highest/lowest frequencies"; sample values of 30% and 70% are missing for classification); the use of the "proximity criteria" as a resource that avoids reasoning with the available data and is based in distance or proximity to the population's parameter; and limitations to calculate an average (despite "having all data at hand"). We believe these kinds of learning activities helped us significantly to expose students' conceptions about sampling and probability when working for the first time with the SD. The evidence suggests that students are capable of grasping and displaying important statistical-probabilistic notions, as well as resources, when placed in a rich-exploration and problem based environment. These constitute a starting point for researchers (and teachers) to assess and target more efficiently the different learning objectives of statistics education from a more constructivist point of view; it is the focus on the limitations founded in their strategies what can potentially and progressively re-orientate their reasoning to a more appropriate one. Overall, we strongly feel that more studies that can exhibit and foster students' reasoning are still needed in order to better understand and influence more efficiently students' learning of the complex (and necessary) discipline that is statistical inference.
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 1 Figure 1: Mr. B (left) and display of an empirical SD using Fathom (right)

Table 1 : Students' quantification of probability of a particular sample value (numbers in parenthesis indicate frequencies/number of pairs with the same type of answer)
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Table 2 : Students' selection of the most likely/probable sample values (numbers in parenthesis indicate frequencies/number of pairs)
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Table 3 : Students' numerical representation of the sampling distribution (numbers in parenthesis indicate frequencies/number of pairs)
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