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Abstract It is now widely accepted that, to model the dynamics of daily financial returns, volatility models
have to incorporate the so-called leverage effect. We derive the asymptotic behaviour of the squared residuals
autocovariances for the class of asymmetric power GARCH model when the power is unknown and is jointly
estimated with the model’s parameters. We then deduce a portmanteau adequacy test based on the auto-
covariances of the squared residuals. These asymptotic results are illustrated by Monte Carlo experiments.
An application to real financial data is also proposed.

Keywords Asymmetric power GARCH models - goodness-of-fit test - portmanteau test - residuals
autocovariances - threshold models - validation.
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1 Introduction

The autoregressive conditional heteroscedastic (ARCH) model introduced by [13] expresses the conditional
variance (volatility) of the process as a linear functional of the squared past values. This model has a lot
of extensions. For instance, [5] generalized the ARCH (GARCH) model by adding the past realizations
of the volatility. The volatility function of a GARCH process is a linear function of products of squared
past innovations. Thus, by construction, the conditional variance only depends on the modulus of the past
variables: past positive and negative innovations have the same effect on the current volatility. This property
is in contradiction with many empirical studies on series of stocks, showing a negative correlation between the
squared current innovation and the past innovations. For instance, [4] showed that the past negative returns
seem to have more impact on the current volatility than the past positive returns. Numerous financial series
present this stylized fact, known as the leverage effect. Since 1993, a lot of extensions are made to consider the
leverage effect. Among the various asymmetric GARCH processes introduced in the econometric literature,

Y. Boubacar Mainassara

Université Bourgogne Franche-Comté,

Laboratoire de mathématiques de Besangon,

UMR CNRS 6623,

16 route de Gray,

25030 Besancon, France.

E-mail: yacouba.boubacar_mainassara@univ-fcomte.fr

O. Kadmiri

Université Bourgogne Franche-Comté,
Laboratoire de mathématiques de Besangon,
UMR CNRS 6623,

16 route de Gray,

25030 Besancon, France.

E-mail: othman.kadmiri@univ-fcomte.fr

B. Saussereau

Université Bourgogne Franche-Comté,
Laboratoire de mathématiques de Besangon,
UMR CNRS 6623,

16 route de Gray,

25030 Besancon, France.

E-mail: bruno.saussereau@univ-fcomte.fr



2 Yacouba Boubacar Mainassara et al.

the more general is the asymmetric power GARCH (APGARCH for short) model of [12]. For some positive
constant dg, it is defined by

et = Gy
o ! + /. 4+ \do — — \do - do (1)
t =wot Z i (/1) + ag;(—&,_;)™ + Z BojG2
i=1 j=1
where 7 = max(0,z) and z~ = min(0, z). It is assumed that

AO0: (1) is a sequence of independent and identically distributed (iid, for short) random variables with
E|n|” < oo for some r > 0.
In the sequel, the vector of parameter of interest (the true parameter) is denoted

190 = (wOaagla .. '7agqaa613 .. 'aaaq5601a oo ;601)’60)/

and satisfies the positivity constraints 9 €]0, 0o[x [0, 0o[297P x]0, co[. The representation (1) includes various
GARCH time series models: the standard GARCH of [13] and [5] obtained for §y = 2 and af;, = ay, for
i=1,...,q; the threshold ARCH (TARCH) model of [26] for d; = 1 and the GJR model of [18] for §p = 2.

After identification and estimation of the GARCH processes, the next important step in the GARCH
modelling consists in checking if the estimated model fits the data satisfactorily. This adequacy checking
step allows to validate or invalidate the choice of the orders p and ¢. Thus it is important to check the
validity of a GARCH(p, ¢) model, for given orders p and ¢. This paper is devoted to the problem of the
validation step of APGARCH(p, q) representations (1) processes, when the power dy is estimated. Based on
the residual empirical autocorrelations, [9] derived a goodness-of-fit test, the portmanteau test, for univariate
strong autoregressive moving-average (ARMA) models (i.e. under the assumption that the error term is iid).
[24] proposed a modified portmanteau test which is nowadays one of the most popular diagnostic checking
tool in ARMA modelling of time series. Since the articles by [24] and [25], portmanteau tests have been
important tools in time series analysis, in particular for testing the adequacy of an estimated ARMA(p, q)
model. See also [21], for a reference book on the portmanteau tests.

The intuition behind these portmanteau tests is that if a given time series model with iid innovation 7,
is appropriate for the data at hand, the autocorrelations of the residuals 7; should be close to zero, which is
the theoretical value of the autocorrelations of 7;. The standard portmanteau tests thus consists in rejecting
the adequacy of the model for large values of some quadratic form of the residual autocorrelations.

[22] and [23] studied a portmanteau test based on the autocorrelations of the squared residuals. Indeed
the test based on the autocorrelations is irrelevant because the process such that this use to define a GARCH
model (1 = €;/6+) with 6; independent of o{n,,u < t}, is a martingale difference and thus is uncorrelated.
Concerning the GARCH class model, [2] developed an asymptotic theory of portmanteau tests in the stan-
dard GARCH framework. [20] suggest a consistent specification test for GARCH(1,1) model. This test is
based on a test statistic of Cramér-Von Mises type. Recently, [17] proposed goodness-of-fit test for certain
parametrizations of conditionally heteroscedastic time series with unobserved components. [15] also proposed
a portmanteau test for the Log-GARCH model and the exponential GARCH (EGARCH) model. [11] work
on the APARCH model when the power ¢y is known and suggest a portmanteau test for this class of models.
However, in term of power performance, the authors have showed that: these portmanteau tests are more
disappointing since they fail to detect alternatives of the form o > 2 when the null is §o = 2 (see the right
array in Table 1 of [11]). Also, in practice the power d¢ is unknown and thus can be estimated. To circumvent
the problems, we propose in this work to adopt these portmanteau tests to the case of APGARCH model
when the power dg is unknown and is jointly estimated with the model’s parameters. Consequently, under
the null hypothesis of an APGARCH(p, ¢) model, we shown that the asymptotic distribution of the proposed
statistic is a chi-squared distribution as in [11]. To obtain this result, we need the following technical (but
not restrictive) assumption:

A1: the support of (1:) contains at least eleven positive values or eleven negative values.

Notice that [11] need that the support of (1;) contains at least three positive values or three negative
values only. This is due to the fact that dp was known in their work.

In Section 2, we recall the results on the quasi-maximum likelihood estimator (QMLE) asymptotic dis-
tribution obtained by [19] when the power dy is unknown. Section 3 presents our main aim, which is to
complete the work of [11] and to extend the asymptotic theory to the wide class of APGARCH models
(1) when the power dy is estimated with the other parameters. In Section 4, we test the null assumption
of an APGARCH(0,1) and an APGARCH(1, 1) model for different values of dy € {0.5,1,1.5,2,2.5,3}. The
empirical power are also investigated. Section 5 illustrates the portmanteau test for APGARCH(p, ¢) models,
with varying p and ¢, applied to exchange rates. To obtain these results, we use the asymptotic properties
of the QMLE obtained by [19] for the APGARCH model (1).
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2 Quasi-maximum likelihood estimation when the power g is unknown

Let the parameter space A CJ0, co[x [0, co[27Px]0, oc].
For all ¥ = (w,af, ... ,a;’, s eesag, By, Bp,8) € A, we assume that (;(¥) is the strictly stationary
and non-anticipative solution of

1/6

G@) = [w+ D af ()" +ay (e )’ + D B¢, | (2)

i=1 j=1

where ¥ is equal to an unknown value ¥y belonging to A. In the sequel, we let (;(J9) = (;. Given the
realizations €1, ..., &, (of length n) satisfying the APGARCH(p, q) representation (1), the variable (;(1) can
be approximated by (;(9) defined recursively by

1/6
q P
G) = w4+ Z O‘:r(ezr—i)& + 0‘;(*5;—1')6 + Zﬁjgg—j(ﬁ) , fort > 1,
i=1 j=1
conditional to the initial values €g,...,e1-q, 50(19) >0,.. .,fl,p(ﬂ) > 0. The quasi-maximum likelihood

(QML) method is particularly relevant for GARCH models because it provides consistent and asymptotically
normal estimators for strictly stationary GARCH processes under mild regularity conditions (but with no
moment assumptions on the observed process). The QMLE is obtained by the standard estimation procedure
for GARCH class models. Thus a QMLE of ¢ of the model (1) is defined as any measurable solution 1, of
J '1znji(q9) here I, (9) = <=t
n = argmin— +(9), where [;(9) =
deA N Ct (9)

+log(¢2(9)). (3)

To ensure the asymptotic properties of the QMLE (for the model (1)) obtained by [19], we need the following
assumptions:

A2: 9y € A and A is compact.

A3: V9 e A, YU, B <1and y(Co) <0 where

1 o1
’7(00) = mf — (10g ||COtCOt 1- 001”) = tl;r{.lo ? 10g ||COtCOt_1 e 001” a.s.

is called the top Lyapunov exponent of the sequence of matrix Co = {Co.,t € Z}. The matrix Cp; is defined
by

k(1) Bop A[2:9-1] X[q:q]
oo Iy Op-1)x1 Op-1)x2(4-2) O(p-1)x2
0t — 0 0 0
n, 2x1 2x2(q—2) 22

O2(g-2)x(p-1) O2g-2)x1  Taq—2)  O2(g-2)x2

where Ij; denotes the identity matrix of size k and

K’(nt) = (501 + agl(nj)éo + O[al(inti)éowgola .o 750;071)5

(7)% 01y (p— 1))

L - L .
.51 = (A, Oy o ooy Oy Oy )y or ZS ) = -
[i:5] (ag;» g 0j 0]) f J un ((nt )6 O1x(p—2)

A4: pr > 0,By,(2) = 1= 3"_, Bojz’ has non common root with A§ (2) = 31, ag;z" and A} () =
Yol ag;z". Moreover .A+ (1) + Ay, (1) # 0 and aoq + ag, + Bop # 0.
A5: E[n?] =1 and n has a positive density on some neighborhood of zero.

A6: Yy € A where A denotes the interior of A.

To ensure the strong consistency of the QMLE, a compactness assumption is required (i.e A2). The
assumption A3 makes reference to the condition of strict stationarity for the model (1). Assumptions A4
and A5 are made for identifiability reasons and Assumption A6 precludes the situation where certain
components of ¥y are equal to zero. Then under the assumptions A0, A2-A6, [19] showed that Uy — Vo
a.s. as n — oo and \/ﬁ(ﬁn — 1) is asymptotically normal with mean 0 and covariance matrix (x, — 1)J71,
where
2
t

9
()

,with [,(0) = + log(¢7 (9))

. PlL(¥)] _ 0log(¢7 (Vo)) 9log(¢7 (Yo))
=T, { D90V’ ] = Eo, [ 0 o’

where k, := E[{] < oo by A0 and ((9) is given by (2).
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3 Portmanteau test

To check the adequacy of a given time series model, for instance an ARMA(p,¢) model, it is common
practice to test the significance of the residuals autocorrelations. In the GARCH framework this approach
is not relevant because the process n; = £¢/(; is always a white noise (possibly a martingale difference) even
when the volatility is misspecified. To check the adequacy of a volatility model, under the null hypothesis

Hp : the process (&) satisfies the model (1),

it is much more fruitful to look at the squared residuals autocovariances

3 2
’ q 7 RN €
T = - Z (77t2 - 1)(771527”1‘ —1), with 77t2 = é_;’
t=|h|+1 :

for |h| < n and where ¢, = ¢,(¥,,) is the quasi-maximum likelihood residuals. For a fixed integer m > 1, we
consider the vector of the first m sample autocovariances defined by

Ym = (f1,-.-,fm), such that 1 <m < n.

The following theorem gives the asymptotic distribution of the autocovariances of the squared residuals.
Theorem 1 Under the assumptions AO-A6, if (¢) is the non-anticipative and stationary solution of the
APGARCH(p,q) model (1), we have

ViAm —2— N (0,D) where D = (ky — 1)1y, — (ky — 1)C J 1Y,

n—oo
s nonsingular and where the matriz C,, is given by (17) in the proof of Theorem 1.

The proof of this result is postponed to Section 6.
The standard portmanteau test for checking that the data is a realization of a strong white noise intro-
duced by [9] or [24] is based on the residuals autocorrelations p(h) and is defined by

m m N h
Q¥ =n_ p*(h) and Q' = n(n +2) Z” -, (4)
_ h=1

where n is the length of the series and m is a fixed integer. Under the assumption that the noise sequence
is iid, the standard test procedure consists in rejecting the strong white noise hypothesis if the statistics (4)
are larger than a certain quantile of a chi-squared distribution. These tests are not robust to conditional
heteroscedasticity or other processes displaying a second order dependence. Indeed such nonlinearities may
arise for instance when the observed process (g;) follows a GARCH representation. Other situations where
the standard tests are not robust can be found for instance in [27,10,14] or [7,8,6]. Nevertheless our main
goal is to propose a more robust portmanteau statistics in the APGARCH framework.

In order to state our second result, we also need further notations. Let &, J and C‘m be weakly consistent
estimators of k,, J and C,, involved in the asymptotic normality of \/n4,, (see Theorem 1). For instance,
ky and J can be estimated by their empirical or observable counterparts given by

.1 i &
Rp = — ==~
i G (0n)

We can write the vector of parameters ¥ := (¢,9)" where § = (w,af,... saf, o, .o, By, ) €
R22+P+1 corresponds to the vector of parameters when the power § is known. The parameter of interest
becomes Yy := (6, dp)’, where

and

- 1N 0log (D) Dlog & (V)
anZ o9 oy

t=1

90 = (WOaaa_la' .. aaa_qaao_la' "aao_qaﬁoh" 'aﬁop)/'

With the previous notation, for all 4 = (8',§)" € A, the derivatives in the expression of J can be recursively
computed for ¢ > 0 by

AC (V) o
59 =&l Zﬁﬂ H ’

08 (9) 5,2
t@ ;oﬁlog e e )’ + oy log(—e,_ ) (—ery) +Zﬂﬂ = ] '
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with the initial values 9¢,(9)/d9 = 0, for all t =0,...,1 — p and
ét(ﬂ) = (1’ (Ej—l)éa Tt (Ew-ftq)éa (_515_—1)6’ T (_Et_fq)éﬂ 53_1(19), s aé:g—p(ﬂ))l' (5)

By convention we let log(e;") = 0 if &; < 0 and respectively log(—¢; ) = 0 if &, > 0.
We define the matrix Cy, of size m x (2¢ + p + 2) and we take

. 1 o 1 930,
C’m(h,k):fﬁ ; (77?7,1—1)@2(1§ )%k) forl<h<mand1l<k<2¢+p+2, (6)
t=h+1 n

where C.,(h, k) denotes the (h, k) element of the matrix Cy,. Let D = (&, — 1)2L, — (&g — 1)Cpr J'C", be
a weakly consistent estimator of the matrix D. The following result gives the asymptotic distribution for
quadratic forms of autocovariances of squared residuals and is established in the case where the power is
unknown and is estimated with the others parameters.

Theorem 2 Under Assumptions of Theorem 1 and Hg, we have

n:%/nbil:ym d > X72n'
n—oo
The proof of this result is postponed to Section 6.
The adequacy of the APGARCH(p, ¢) model (1) is then rejected at the asymptotic level v when

04, D0 > x2 (1 - a),

where x2,(1 — a) represents the (1 — a)—quantile of the chi-square distribution with m degrees of freedom.

4 Numerical illustration

By means of Monte Carlo experiments, we investigate the finite sample properties of the test introduced
in this paper. The numerical illustrations of this section are made with the free statistical R software(see
https://www.r-project.org/). First, we simulated N = 1,000 independent replications of size n = 500 and
n = 2,000 of an APGARCH(0, 1) model
_ + \do — 6o\ 1/%0

gr = (0.240.4(c,1)% + 0.1(—&;_1)) " me (7)
for different values of §y € {0.5,1,1.5,2,2.5,3}. Second, we also simulated N = 1,000 independent replica-
tions of size n = 2,000 and n = 5,000 of an APGARCH(1, 1) model

+ 36 —\s 5o\
£ = (0.009 +0.036(c7-,)% + 0.074(—¢; )% + 0.879@_1) " (8)

for different values of g € {1,1.5,2,2.5,3}. Three distributions of (1) are considered for each model:

a) a symmetric distribution namely a standard A(0, 1),

b) a centered and standardized two-components Gaussian mixture distribution (0.1N(—2,2)+0.9N(2,0.16))
to obtain E(n?) = 1, which is highly leptokurtic since x,, = 10.53 (see [19]),

¢) a standardized Student’s distribution with v degrees of freedom (t,) where v = 3 and v = 9, such
that E(n?) = 1. Contrary to v = 9 it should be noted that for v = 3, the asymptotic distribution of
autocovariances of squared residuals obtained in Theorem 1 is not valid since x, = oo.

For each of these N replications we use the QMLE method to estimate the corresponding coefficient 9 for
the APGARCH(0,1) (resp. the APGARCH(1,1)) model considered. After estimating the APGARCH(0, 1)
(resp. the APGARCH(1, 1)) model we apply portmanteau test to the squared residuals for different values
of m e {1,...,12}, where m is the number of autocorrelations used in the portmanteau test statistic.
Tables 1, 2, 3 and 4 (resp. Tables 5, 6, 7 and 8) display the empirical relative frequencies of rejection over
the N independent replications for the 3 nominal levels o = 1%, 5% and 10%, when the data generating
process (DGP for short) is the APGARCH(0, 1) (resp. the APGARCH(1, 1)) model. For these nominal levels,
the empirical relative frequency of rejection size over the N = 1,000 independent replications should vary
respectively within the confidences intervals [0.3%,1.7%)], [3.6%,6.4%] and [8.1%, 11.9%] with probability
95% and [0.3%,1.9%), [3.3%, 6.9%] and [7.6%, 12.5%] with probability 99% under the assumption that the
true probabilities of rejection are respectively o = 1%, o = 5% and a = 10%. As expected, Tables 1,
2, 3 and 4 (resp. Tables 5, 6, 7 and 8) show that the error of first kind is better controlled (most of the
rejection frequencies are within the 99% significant limits, except for Model APGARCH(0,1) when §y = 2)
when n = 2,000 (resp. n = 5,000) than when n = 500 (resp. n = 2,000) when the DGP follows an
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APGARCH(0,1) (resp. an APGARCH(1, 1)) model. Note also that even in the case where (1;) have infinite
fourth moments, namely, when 7, ~ t3 the proposed test performs well for Model APGARCH(0,1). The
opposite conclusion is obtained for Model APGARCH(1, 1) since the rejection frequencies are globally outside
the 99% significant limits.

Consequently the proposed test well controls the error of first kind for the candidates models when the
number of observations is large, which could correspond in practice to the length for daily financial series or
higher-frequency data.

We now repeat the same experiments to examine the empirical power of the test: first for the null
hypothesis of an APGARCH(0,1) against an APGARCH(1,1) alternative given by (8). Second for the null
hypothesis of an APGARCH(1,1)) against the following APGARCH(2, 1) alternative defined by

+ \d + \6 — \é N S 1/d0
e = (0.2 F0.07(5F )% + 0.03(5 )% + 0.051(—e;- )% + 0.18(—7 )% + 0.704@31) m. (9)

Tables 9, 10, 11 and 12 (resp. Tables 13, 14 and 15) compare the empirical powers of Model (8) (resp. of
Model (9)) with different values of §y over the N independent replications at different asymptotic levels «.
In term of power performance we observe that:

1. In the first case the powers of the test are quite satisfactory, except for do = 0.5 and m = 1, when the
null is an APGARCH(0, 1) model. Even for the sample size n = 500, the test is able to clearly reject the
APGARCH(0, 1) model when the DGP follows Model (8) (see Tables 9,...,12).

2. In the second experiment it is seen that the proposed test have high power in the case of an APGARCH(1,1)
when the DGP follows Model (9) (Tables 13, 14 and 15). Note that when 7, ~ ¢3 we do not reported here
the empirical power of the proposed test which is hardly interpretable, because we have already seen in
Table 7 that the test do not well control the error of first kind in this APGARCH(1, 1) framework.

3. The empirical power of the test in the two experiments is in general decreasing when m increases and is
increasing when &y increases.
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Table 1 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(0, 1) given by (7) with
innovation a) (n: ~ N (0, 1)).

6o Length n Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.2 1.4 1.1 1.5 1.1 1.1 1.2 1.2 1.1 1.2 1.0 0.9
0.5 500 5% 6.5 5.7 5.5 6.0 5.0 4.9 5.3 5.0 4.7 5.8 5.5 5.0
10% 11.7 117 11.2 10.8 9.9 9.6 9.4 9.2 9.2 9.2 9.6 9.0
1% 1.2 0.7 0.8 1.2 1.3 1.4 1.0 1.0 1.2 1.2 1.0 1.2
0.5 2,000 5% 6.0 4.5 4.2 4.2 4.5 5.0 5.2 4.6 4.9 5.5 4.9 5.7
10% 10.0 11.2 8.9 9.1 9.4 9.8 9.7 9.6 9.4 9.8 10.1 10.1
1 2 3 4 5 6 7 8 9 10 11 12
1% 2.2 1.6 1.4 1.4 1.4 1.5 1.5 1.7 2.0 2.2 2.2 2.1
1 500 5% 5.6 6.8 6.3 6.4 5.1 5.2 5.3 5.4 5.1 6.3 6.7 6.4
10% 10.8 10.8 11.2 12.2 11.0 10.0 9.9 10.1 104 106 10.2 10.2
1% 1.6 0.8 1.0 1.1 1.0 1.4 1.3 1.0 1.4 1.3 1.3 1.5
1 2,000 5% 6.2 5.6 5.2 4.5 5.0 5.5 5.1 5.0 5.0 4.9 5.1 5.6
10% 10.8 11.6 10.0 10.2 10.3 105 10.1 9.6 9.4 10.0 10.3 10.7
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.7 2.3 2.1 1.8 1.8 1.9 1.7 1.7 2.3 2.2 2.3 2.0
1.5 500 5% 4.9 5.7 5.9 6.3 5.4 5.6 5.7 6.2 6.1 6.6 6.8 6.9
10% 103 101 9.7 109 9.7 9.8 102 10.3 10.7 104 109 10.8
1% 1.8 1.0 1.0 1.5 1.2 1.7 1.2 1.1 1.5 1.8 1.7 1.8
1.5 2,000 5% 6.6 5.6 5.9 5.5 5.1 5.1 5.4 5.8 5.7 5.4 6.0 5.3
10% 124 125 108 99 108 10.0 9.8 9.3 9.5 10.7 104 104
1 2 3 4 5 6 7 8 9 10 11 12
1% 2.7 3.0 3.2 2.9 2.7 2.7 3.0 3.4 3.2 3.4 3.5 3.4
2 500 5% 8.0 7.7 7.3 8.1 7.0 6.9 6.8 7.6 8.1 9.6 8.9 9.7
10% 139 14.2 127 12,5 11.3 11.7 11.8 121 128 134 134 13.8
1% 4.8 5.0 4.3 4.5 3.6 3.2 2.9 2.8 2.8 3.1 2.9 2.7
2 2,000 5% 12.2 117 107 105 94 8.5 8.5 7.8 7.2 7.8 8.3 8.0
10% 182 184 165 15.0 152 14.7 144 129 132 146 135 13.6
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.3 1.5 1.7 1.6 2.0 1.7 1.6 1.9 1.5 2.0 2.4 2.3
2.5 500 5% 5.8 5.9 5.9 5.3 5.5 5.9 6.0 6.3 6.1 6.2 6.2 6.4
10% 105 103 95 105 94 102 102 99 9.7 9.9 105 10.6
1% 2.5 1.8 1.5 1.4 1.7 1.4 1.2 1.5 1.5 1.3 1.2 1.5
2.5 2,000 5% 7.3 6.8 5.7 5.9 5.9 5.8 5.3 5.4 6.3 6.0 5.7 6.1
10% 13.0 135 114 9.6 10.0 10.0 100 11.0 106 10.2 104 11.0
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.3 1.7 1.5 1.3 2.2 2.0 2.4 2.4 2.3 2.5 2.7 2.6
3 500 5% 5.5 5.7 5.9 5.8 6.2 6.2 6.9 6.2 5.9 6.2 6.6 6.9
10% 10.1 10.7 104 11.1 104 10.7 10.5 10.7 10.6 109 10.3 10.5
1% 2.6 2.0 2.0 1.6 2.1 1.7 1.5 2.0 1.9 1.6 1.5 1.6
3 2,000 5% 7.7 6.6 5.3 5.6 6.0 5.8 5.3 6.0 6.8 6.5 5.7 6.1

10% 12.1 124 115 9.9 9.6 10.2 9.9 104 10.7 104 104 11.1
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Table 2 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(0, 1) given by (7) with
innovation b) (n; ~ 0.1N(—2,2) + 0.9NV (2, 0.16)).

60 Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.1 1.1 0.7 1.2 1.0 1.0 0.6 1.1 1.1 1.2 0.9 1.0
0.5 500 5% 5.4 5.5 4.8 4.4 5.4 5.2 4.7 5.1 4.6 4.6 4.3 5.3

10% 11.2 9.9 9.4 9.6 8.6 9.1 9.5 9.4 9.7 100 9.0 9.3
1% 0.9 0.7 0.5 0.6 0.5 0.4 0.5 0.3 0.4 0.5 0.7 0.6

0.5 2,000 5% 5.4 4.5 5.0 4.7 4.5 4.2 3.8 2.8 3.8 4.2 4.9 4.3
10% 10.7 10.1 10.3 9.1 9.1 9.3 8.6 8.6 8.2 9.6 9.2 8.6

1 2 3 4 5 6 7 8 9 10 11 12

1% 0.8 1.1 1.1 1.4 1.4 1.5 1.3 1.6 1.4 1.5 1.3 1.6

1 500 5% 5.3 5.1 5.3 5.5 6.0 5.5 5.2 5.2 5.3 5.3 5.1 5.9

10% 11.3 104 89 9.9 9.4 9.6 9.7 9.5 9.6 9.9 9.6 9.6

1% 1.1 0.9 0.5 0.4 0.4 0.4 0.3 0.4 0.5 0.5 0.8 0.5

1 2,000 5% 5.3 4.9 4.8 5.0 4.2 4.8 3.6 3.8 4.3 4.9 5.0 4.9

10% 10.7 9.9 9.9 9.5 9.0 8.6 8.8 8.8 9.4 9.8 10.1 9.8

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.7 1.6 1.5 1.6 1.6 1.6 1.5 1.5 1.8 1.7 1.5 1.8

1.5 500 5% 6.4 5.6 5.1 6.0 5.8 6.1 5.4 5.6 5.5 5.3 5.4 5.9
10% 12.7 9.1 8.8 9.3 9.5 9.8 9.6 10.6 9.8 10.0 10.0 9.9

1% 0.7 1.4 1.0 0.9 0.8 0.7 0.7 0.4 0.6 0.7 0.8 0.6

1.5 2,000 5% 5.7 4.9 4.7 4.7 4.4 4.7 3.8 3.8 4.6 4.8 5.5 5.5
10% 11.2  10.7 10.6 9.2 8.9 8.7 9.5 10.1 9.6 9.5 11.2  10.3

1 2 3 4 5 6 7 8 9 10 11 12

1% 2.5 3.0 2.4 2.2 2.2 2.3 2.2 2.8 3.1 3.4 2.4 3.3

2 500 5% 8.0 7.7 7.0 7.2 7.4 7.2 6.9 7.3 7.9 8.1 8.1 8.0

10% 134 122 110 11.8 11.5 11.8 11.7 122 11.5 12.2 122 13.0

1% 4.3 4.7 4.0 3.0 2.6 2.0 1.6 1.9 2.1 1.9 2.7 1.9

2 2,000 5% 11.1 115 9.8 9.1 9.0 8.0 7.3 7.6 7.4 7.7 7.9 8.0

10% 175 191 173 16.0 150 143 142 13.1 131 13.7 147 138

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.7 1.6 1.7 1.6 1.8 1.7 1.6 2.2 2.5 2.9 2.2 2.1

2.5 500 5% 5.8 5.5 4.7 6.1 5.9 5.8 6.3 5.8 6.1 6.2 5.6 6.1
10% 10.9 9.4 9.1 9.4 8.9 9.2 10.3 103 10.5 104 9.8 10.4

1% 1.0 1.1 1.4 0.9 1.0 0.9 0.6 0.8 0.8 1.0 1.5 0.7

2.5 2,000 5% 6.9 6.5 5.3 4.4 4.7 4.9 4.1 4.7 5.1 5.1 6.0 5.3
10% 124 119 114 10.8 9.5 9.0 10.0 9.1 9.4 9.9 10.4 10.3

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.5 1.8 1.6 2.0 2.0 1.7 1.6 2.0 2.4 2.3 1.9 1.9

3 500 5% 5.0 5.5 4.8 4.9 5.6 5.3 5.7 5.9 5.5 6.2 5.4 6.0

10% 10.2 9.4 8.6 9.1 8.4 9.3 10.1 9.5 9.8 9.7 9.4 9.8

1% 1.6 1.1 1.3 1.1 1.4 1.1 0.8 1.0 1.3 1.3 1.5 1.1

3 2,000 5% 6.4 6.6 5.7 5.4 4.7 4.7 4.5 4.9 5.4 5.4 6.0 5.3

10% 11.8 123 11.8 10.8 10.1 9.3 9.8 9.2 9.4 10.1 10.8 10.3
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Table 3 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(0, 1) given by (7) with

innovation c¢) (ns ~ t3).

Table 4 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(0, 1) given by (7) with

60 Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 09 19 24 21 27 36 40 44 48 4.5 4.2 4.5
0.5 500 5% 25 35 45 46 54 54 60 63 68 69 7.3 7.3
10% 40 53 63 64 69 76 77 82 83 89 9.2 9.0
1% 14 22 30 28 32 39 44 49 52 56 57 6.3
0.5 2,000 5% 32 34 52 52 52 53 59 65 71 7.7 83 8.5
10% 47 48 60 63 68 71 82 82 88 88 99 101
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.7 29 33 32 33 41 42 41 44 44 4.5 4.7
1 500 5% 41 46 52 51 60 65 66 67 71 7.0 73 7.7
10% 66 71 68 66 78 83 79 84 86 90 95 9.1
1% 16 23 32 28 30 33 38 46 48 53 54 5.9
1 2,000 5% 34 37 51 49 53 54 61 65 70 7.3 80 8.3
10% 49 51 63 63 65 72 79 81 88 86 103 106
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.8 31 31 27 30 39 43 36 35 36 4.0 3.8
1.5 500 5% 39 45 53 53 57 60 57 54 52 60 6.2 5.8
10% 60 65 70 64 74 77 78 77 69 73 7.2 7.7
1% 1.3 1.9 31 27 29 32 38 46 50 53 57 5.8
1.5 2,000 5% 32 38 52 48 49 48 52 6.0 65 6.7 78 8.0
10% 56 50 6.1 67 69 67 75 75 76 82 92 9.8
1 2 3 4 5 6 7 8 9 10 11 12
1% 21 30 32 29 27 34 40 44 45 41 4.4 4.0
2 500 5% 52 57 57 54 53 57 63 57 59 62 6.5 7.0
10% 74 75 78 70 75 81 80 82 80 77 76 8.5
1% 21 28 35 28 28 31 35 43 42 46 4.8 5.3
2 2,000 5% 38 48 6.1 56 57 52 55 60 63 62 73 8.1
10% 61 55 75 73 71 72 77 80 85 7.8 92 9.4
1 2 3 4 5 6 7 8 9 10 11 12
1% 22 29 30 34 35 38 39 33 33 37 38 34
2.5 500 5% 41 45 52 51 54 54 60 56 54 58 6.2 6.2
10% 66 66 65 64 69 74 79 73 71 77 75 7.6
1% 1.8 20 29 27 30 29 34 39 43 45 46 4.8
2.5 2,000 5% 42 41 52 49 49 42 48 56 58 6.4 6.8 7.2
10% 60 55 65 62 66 61 66 68 68 7.3 83 8.6
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.8 23 27 27 30 34 33 32 37 40 4.0 4.0
3 500 5% 36 40 44 46 48 52 52 55 56 54 6.0 6.1
10% 63 59 62 58 64 65 68 71 69 72 7.0 7.1
1% 1.7 19 28 27 30 31 37 41 42 43 4.6 4.8
3 2,000 5% 3.7 39 46 42 48 43 46 53 57 63 6.7 7.0
10% 58 50 62 57 58 59 67 66 65 68 7.9 8.3

innovation ¢) (nt ~ tg).

6o Lengthn Level o Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.5 2.3 2.2 2.3 2.7 2.6 2.0 2.2 2.2 2.1 1.8 1.6
0.5 500 5% 4.5 4.9 5.8 6.0 5.7 5.4 5.3 5.7 5.7 6.4 6.0 6.1
10% 8.9 8.5 8.5 9.7 8.8 9.4 8.7 9.1 9.5 9.3 9.3 10.1
1% 1.4 1.3 1.3 1.8 2.1 1.9 2.0 1.9 2.1 2.0 1.9 2.1
0.5 2,000 5% 4.6 4.2 4.6 5.1 4.7 4.8 5.5 5.3 5.9 5.6 5.4 5.6
10% 8.9 8.4 8.1 8.7 9.3 9.0 9.6 9.7 9.3 9.8 8.9 8.8
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.9 2.5 2.6 3.2 3.1 3.1 2.8 2.9 2.4 2.3 2.4 2.6
1 500 5% 5.4 5.4 6.1 6.8 6.2 6.8 6.4 7.0 8.2 8.0 7.6 7.7
10% 9.9 9.7 9.7 10.3 104 9.7 10.2 11.2 11.3 109 11.3 11.6
1% 1.7 1.5 1.5 2.0 2.1 2.0 1.8 2.1 2.2 2.3 1.8 1.9
1 2,000 5% 5.4 5.1 5.3 5.8 5.2 5.3 6.3 6.2 6.5 7.0 6.9 6.4
10% 10.7 8.4 10.2 9.8 9.3 9.6 10.2 10.8 11.1 10.5 104 10.8
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.2 1.3 2.0 2.2 2.4 2.5 2.3 2.0 2.0 2.0 1.9 2.3
1.5 500 5% 5.1 4.7 5.1 5.4 5.2 5.4 5.8 6.0 6.7 6.8 6.8 6.6
10% 10.0 8.2 8.3 9.0 9.9 8.5 8.4 9.6 9.9 9.8 10.0 10.3
1% 1.8 1.8 1.6 2.3 2.0 2.0 1.7 2.0 2.3 2.4 1.7 2.1
1.5 2,000 5% 5.3 5.4 5.7 5.9 5.5 5.9 6.0 6.4 6.9 6.4 6.3 6.3
10% 109 9.0 9.8 9.9 8.9 9.2 10.1 10.8 10.5 10.3 104 10.5
1 2 3 4 5 6 7 8 9 10 11 12
1% 2.3 2.0 2.5 2.2 2.3 2.5 3.0 2.6 2.6 2.3 2.7 3.1
2 500 5% 7.4 7.6 7.2 7.3 6.9 6.8 6.4 6.6 74 7.2 7.1 7.6
10% 109 104 108 10.6 11.1 10.0 9.4 10.8 11.7 11.2 11.2 114
1% 2.9 3.5 2.9 3.2 3.2 2.8 2.9 3.1 3.4 3.6 3.0 3.0
2 2,000 5% 8.5 8.4 8.2 7.6 7.8 7.9 8.2 8.1 8.0 8.2 7.5 7.5
10%

13.4

13.8

13.6

13.6

12.2

11.9

12.9

13.2

13.1

13.4

11.9

12.1
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Table 5 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(1, 1) given by (8) with
innovation a) (n: ~ N(0,1)).

60 Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.2 1.6 1.8 2.0 2.9 3.1 3.6 4.0 3.6 4.4 4.4 4.2
1 2,000 5% 4.0 4.5 5.4 5.9 6.9 6.9 7.3 7.5 7.5 7.8 7.8 8.5
10% 6.9 8.0 9.3 9.9 11.0 11.1 11.1 118 11.2 121 12.0 11.7
1% 1.0 1.8 1.5 1.9 1.7 1.6 1.4 1.4 1.0 1.1 1.3 1.4
1 5,000 5% 4.2 6.0 6.9 7.3 7.6 6.6 6.1 5.7 5.1 5.7 5.1 5.6
10% 7.3 9.0 9.9 11.0 11.7 10.7 10.1 9.6 9.3 9.5 9.6 9.3
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.6 2.0 2.3 2.6 3.7 3.9 4.2 4.4 4.5 5.1 5.2 5.8
1.5 2,000 5% 4.8 6.1 7.3 7.6 7.6 7.8 8.0 8.5 8.2 8.7 9.6 11.0
10% 8.8 10.3 122 124 122 116 13.0 129 132 140 139 143
1% 0.7 1.7 1.8 1.5 1.8 1.7 1.7 1.6 1.4 1.5 1.8 1.7
1.5 5,000 5% 5.7 6.0 6.8 7.1 7.8 8.3 6.8 6.4 5.8 6.2 6.4 6.5
10% 9.4 11.5 12.0 131 134 141 139 119 11.6 109 11.7 11.2
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.7 2.1 2.4 2.8 3.5 3.8 3.8 3.9 4.4 5.0 4.4 5.4
2 2,000 5% 5.9 6.5 6.9 6.6 7.4 8.2 8.3 8.1 7.7 8.8 8.8 9.7
10% 105 11.2 120 11.2 116 114 11.7 11.8 123 13.1 132 14.5
1% 0.7 1.7 1.3 1.2 1.1 1.5 1.4 1.5 1.4 1.2 1.3 1.5
2 5,000 5% 6.0 5.0 5.9 6.2 6.5 6.3 5.4 5.3 4.7 5.4 5.7 5.6
10% 10.2 109 109 104 114 120 120 114 93 100 9.6 9.6
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.0 1.6 2.1 2.5 2.5 2.7 2.5 2.4 2.1 2.3 2.5 2.7
2.5 2,000 5% 4.3 5.4 5.8 5.9 5.7 5.6 4.8 4.8 5.5 5.7 5.7 5.8
10% 9.4 9.5 10.0 10.5 104 9.6 8.6 9.1 89 100 104 11.6
1% 0.8 1.5 1.7 0.8 1.2 0.9 1.0 1.0 0.8 0.9 1.0 1.1
2.5 5,000 5% 5.2 5.1 6.2 5.5 5.4 5.4 4.4 4.5 4.0 4.4 4.7 4.9
10% 108 9.6 100 10.5 10.1 10.3 109 10.0 8.7 8.7 8.6 8.8
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.3 1.5 2.0 2.4 3.2 3.3 3.3 3.5 3.8 3.7 3.8 3.8
3 2,000 5% 5.4 5.9 5.3 5.3 6.3 7.0 7.7 7.9 8.1 8.4 8.5 8.9
10% 9.3 10.6 10.1 10.2 10.5 109 11.5 119 115 1266 129 133
1% 0.8 1.4 1.4 0.9 1.1 0.9 0.9 0.7 0.7 0.7 0.7 1.0
3 5,000 5% 5.2 4.3 5.5 4.9 5.5 5.5 4.4 4.0 3.6 4.2 4.1 4.8

10% 10.5 10.0 10.0 10.1 9.5 9.9 10.3 9.6 8.5 8.7 8.6 8.4
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Table 6 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(1, 1) given by (8) with
innovation b) (n: ~ 0.1N(—2,2) + 0.9N(2,0.16)).

6o Length n Level a Lag m

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.5 2.2 2.2 2.3 3.3 3.1 3.6 3.4 4.0 3.8 4.2 4.4

1 2,000 5% 3.6 5.0 6.3 6.6 7.6 6.8 7.2 7.9 8.3 8.3 8.2 8.6
10% 6.3 8.8 9.8 1.0 11.2 115 119 114 10.7 11.8 11.7 123

1% 1.0 1.5 2.1 1.8 1.9 2.3 1.8 2.0 2.3 2.3 2.4 2.2

1 5,000 5% 4.4 5.4 6.6 7.1 6.6 6.7 6.3 6.6 5.6 5.4 5.8 6.4
10% 7.7 9.0 9.7 11.2 114 11.1 9.6 9.9 9.9 10.2 9.8 10.1

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.8 3.1 3.2 3.8 4.5 4.4 5.2 5.1 5.4 5.4 5.4 6.0

1.5 2,000 5% 4.6 6.8 7.7 8.7 9.2 9.5 9.3 102 100 9.8 10.3 10.6
10% 8.0 9.9 13.0 140 143 134 141 142 140 155 13.8 144

1% 0.6 1.2 1.7 1.8 2.1 1.9 1.7 1.9 2.1 2.1 1.8 1.8

1.5 5,000 5% 4.5 4.8 5.9 7.2 7.5 7.6 7.6 8.2 6.9 7.4 7.6 8.1
10% 9.0 10.2 12.0 123 12.1 13.2 12.6 127 13.0 125 12.8 127

1 2 3 4 5 6 7 8 9 10 11 12

1% 2.0 2.2 2.5 2.8 4.1 3.9 4.4 4.5 4.8 5.1 4.8 4.9

2 2,000 5% 5.2 5.7 7.3 7.4 7.6 8.1 8.2 8.4 8.9 94 10.0 10.8
10% 106 105 11.8 12,5 128 12.7 13.0 13,5 134 143 143 14,5

1% 1.1 1.3 1.1 1.0 1.2 1.2 1.5 1.2 1.6 1.6 1.6 1.6

2 5,000 5% 4.9 5.6 5.7 5.4 5.4 6.2 6.1 6.0 5.9 6.7 6.8 6.6
10% 10.5 10.2 11.1 11.2 108 106 11.3 11.7 121 11.2 11.8 12.2

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.2 1.4 1.5 1.7 1.6 2.0 2.5 2.2 2.1 2.3 2.7 2.6

2.5 2,000 5% 4.8 5.8 5.8 5.3 5.2 6.2 6.1 6.1 5.7 7.1 6.6 74
10% 8.8 9.6 10.7 9.8 10.6 10.2 10.1 114 105 11.5 114 114

1% 1.0 1.1 0.8 0.8 0.8 0.8 0.8 0.9 1.3 1.1 1.0 1.0

2.5 5,000 5% 5.2 5.5 5.6 4.4 4.2 4.7 3.8 4.9 4.5 4.4 4.9 4.9
10% 10.0 10.1 103 109 8.7 9.3 9.0 9.7 9.6 9.8 10.2 104

1 2 3 4 5 6 7 8 9 10 11 12

1% 1.1 1.1 0.6 0.8 0.7 0.8 1.0 0.8 1.0 1.3 1.6 1.7

3 2,000 5% 4.7 4.7 4.7 4.3 4.4 4.9 5.1 4.8 4.9 5.8 5.9 5.9
10% 9.8 9.1 9.8 9.1 9.6 9.3 9.3 104 99 105 10.8 10.8

1% 0.9 1.1 0.9 0.9 0.7 0.5 0.6 0.9 1.0 1.1 1.0 1.1

3 5,000 5% 5.6 5.0 5.6 4.7 4.5 5.0 3.9 4.3 4.3 4.4 4.3 4.9

10% 9.5 9.3 10.0 9.8 8.5 9.2 9.0 9.5 9.7 9.3 104 9.9
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Table 7 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(1, 1) given by (8) with
innovation c) (n: ~ t3).

6o Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 03 05 07 12 16 21 24 28 30 30 33 3.7
1 2,000 5% 08 08 14 18 21 28 31 36 39 40 43 4.7
10% 1.8 15 19 28 27 37 39 44 44 47 52 57
1% 01 03 07 07 09 15 16 22 23 25 25 25
1 5,000 5% 05 04 12 17 19 25 28 32 34 34 37 35
10% 1.1 08 1.8 21 26 30 33 38 42 46 50 4.1
1 2 3 4 5 6 7 8 9 10 11 12
1% 02 08 10 20 21 25 26 33 36 33 38 40
1.5 2,000 5% 05 16 23 33 37 37 43 52 51 51 53 5.7
10% 1.2 24 29 45 46 48 51 64 68 63 6.5 6.7
1% 02 03 06 08 1.1 15 20 24 27 29 28 28
1.5 5,000 5% 09 09 12 14 20 24 28 34 41 40 42 39
10% 19 16 19 26 32 32 34 41 50 54 51 51
1 2 3 4 5 6 7 8 9 10 11 12
1% 04 07 13 18 19 22 23 29 30 34 34 39
2 2,000 5% 1.0 16 20 25 28 34 40 42 49 48 52 5.2
10% 1.5 25 29 38 36 46 53 54 59 60 64 6.6
1% 02 05 07 09 11 14 16 16 17 19 20 20
2 5,000 5% 10 09 13 18 15 21 24 26 30 28 32 33
10% 1.7 15 1.8 22 26 29 29 37 42 37 38 43
1 2 3 4 5 6 7 8 9 10 11 12
1% 08 14 12 16 21 22 23 24 26 30 32 32
2.5 2,000 5% 14 21 22 30 33 38 38 43 46 52 49 53
10% 25 28 31 40 44 53 51 55 6.0 58 6.5 6.7
1% 08 15 15 19 18 24 23 23 24 23 25 25
2.5 5,000 5% 14 23 26 27 31 31 33 34 37 38 39 39
10% 26 29 34 38 37 38 46 42 45 45 48 4.9
1 2 3 4 5 6 7 8 9 10 11 12
1% 08 18 17 22 19 18 19 22 23 24 25 27
3 2,000 5% 1.5 27 27 33 30 32 33 36 38 37 36 4.0
10% 25 34 34 42 45 46 45 48 50 51 50 49
1% 09 18 1.8 22 22 30 29 30 32 32 33 33
3 5,000 5% 1.7 23 30 33 34 39 40 45 50 50 46 49
10% 32 32 38 43 42 44 50 51 55 58 59 6.1
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Table 8 Empirical size of the proposed test: relative frequencies (in %) of rejection of an APARCH(1, 1) given by (8) with
innovation ¢) (n: ~ tg).

6o Lengthn Level o Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.2 1.6 1.8 2.0 2.9 3.1 3.6 4.0 3.6 4.4 4.4 4.2
1 2,000 5% 4.0 45 54 5.9 6.9 6.9 7.3 7.5 7.5 7.8 7.8 8.5
10% 6.9 8.0 9.3 9.9 1.0 111 11.1  11.8 11.2 12.1 120 11.7
1% 1.5 1.2 1.4 1.8 1.2 1.3 1.4 1.2 1.5 2.0 1.7 1.7
1 5,000 5% 39 55 64 5.9 5.8 5.6 6.2 5.5 4.8 5.9 5.6 5.4
10% 84 93 100 11.1 105 10.0 9.9 9.6 9.7 9.5 101 9.5
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.6 13 1.6 3.0 3.8 3.9 3.7 3.9 4.2 4.1 4.4 4.3
1.5 2,000 5% 53 55 6.0 6.3 6.9 7.8 8.5 8.2 8.0 8.3 9.4 9.5
10% 107 98 106 109 10.8 12.0 122 120 12.7 13.8 145 14.3
1% 1.0 0.7 1.4 1.3 1.0 1.7 2.2 1.9 1.4 1.9 1.9 1.9
1.5 5,000 5% 4.3 48 5.7 6.1 6.1 5.7 6.3 5.8 6.1 6.2 6.2 6.0
10% 9.2 96 11.1 121 122 114 114 11.3 114 11.7 121 11.1
1 2 3 4 5 6 7 8 9 10 11 12
1% 0.9 1.3 2.4 3.1 3.8 4.2 4.1 4.2 4.4 4.5 4.6 4.8
2 2,000 5% 4.8 41 56 6.3 6.7 74 7.8 7.7 8.0 8.1 8.5 8.9
10% 10.1 8.9 9.5 10.1 9.9 109 115 125 129 129 13.0 139
1% 09 09 1.0 0.9 0.5 1.0 1.8 1.7 1.5 1.6 1.4 1.3
2 5,000 5% 42 38 45 5.0 4.5 4.9 5.1 4.7 4.8 5.3 6.0 6.1
10% 91 85 9.0 9.1 9.4 8.6 10.0 102 94 107 104 103
1 2 3 4 5 6 7 8 9 10 11 12
1% 0.8 1.7 2.2 2.6 2.2 2.3 2.5 2.7 2.8 2.7 2.7 2.8
2.5 2,000 5% 4.1 37 49 5.2 4.7 5.6 5.6 5.9 5.6 5.0 4.8 5.3
10% 98 75 89 8.9 8.1 9.1 9.8 9.5 102 94 9.3 9.7
1% 1.0 1.0 1.3 1.0 0.9 1.2 1.5 1.5 1.2 1.4 1.2 1.1
2.5 5,000 5% 4.2 4.2 3.6 4.1 4.3 4.5 4.7 4.5 4.1 4.8 5.2 5.6
10% 96 76 79 8.5 7.8 7.5 8.2 8.8 9.2 9.2 9.2 9.3
1 2 3 4 5 6 7 8 9 10 11 12
1% 1.0 1.2 1.7 1.9 1.5 1.7 1.8 1.7 1.4 1.7 1.7 1.9
3 2,000 5% 4.0 34 45 5.0 4.5 4.6 4.8 5.1 4.6 4.3 4.5 5.1
10% 93 74 74 7.8 8.1 8.5 9.8 8.6 9.1 8.4 8.0 8.2
1% 1.0 1.1 1.3 1.1 1.0 1.0 1.3 1.2 1.1 1.4 1.1 0.9
3 5,000 5% 4.8 4.0 3.7 4.0 4.2 4.3 4.6 4.4 4.2 4.9 4.9 5.1

10% 94 85 7.0 8.1 7.5 7.8 8.1 8.3 8.0 8.8 8.9 8.8
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Table 9 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(0, 1) against an APARCH(1,1)
given by (8) with innovation a) (n: ~ A(0,1)).

60 Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 0.7 4.4 8.5 9.6 114 128 134 13.1 131 13.6 13.0 129
0.5 500 5% 2.6 10.0 151 17.7 195 207 21.0 20.7 19.6 20.7 204 20.7
10% 4.0 146 19.6 233 246 257 26.6 255 254 256 26.2 26.2
1% 0.9 249 413 50.1 549 588 60.5 61.6 61.2 61.7 621 618
0.5 2,000 5% 23 385 53.0 604 629 652 669 67.0 675 67.8 67.8 67.9
10% 39 456 59.0 653 66.5 676 689 69.6 70.0 69.7 69.5 694
1 2 3 4 5 6 7 8 9 10 11 12
1% 6.6 107 13.7 158 174 17.7 180 185 17.8 16.7 16.2 16.7
1 500 5% 11.0 19.7 247 27.1 28.2 284 286 28.7 289 285 269 269
10% 151 247 321 36.0 354 369 379 363 359 352 343 340
1% 9.4 281 453 554 626 66.8 688 69.6 699 70.3 689 69.5
1 2,000 5% 140 452 63.1 723 77.0 80.0 80.1 80.6 80.5 80.1 79.5 79.8
10% 16.2 547 709 799 835 852 852 854 848 849 843 84.2
1 2 3 4 5 6 7 8 9 10 11 12
1% 12.3  16.1 20.2 21.7 21.7 221 223 215 196 188 180 18.0
1.5 500 5% 18.8 265 309 329 334 322 321 319 294 278 269 268

10% 23.9 328 394 414 397 392 391 393 369 354 338 328
1% 175 429 584 672 68.1 66.1 647 621 60.5 59.0 56.2 55.1

1.5 2,000 5% 275 594 738 782 785 748 717 69.5 681 664 638 63.1
10% 343 676 81.1 834 825 776 744 731 710 700 67.1 659

1 2 3 4 5 6 7 8 9 10 11 12

1% 9.7 177 219 251 265 280 276 279 262 246 238 23.1

2 500 5% 16.5 270 340 376 378 378 378 376 351 334 329 328

10% 21.2 32,6 41.7 458 43.7 443 455 45.0 422 40.8 39.5 389
1% 172 542 709 743 732 714 673 654 628 61.1 575 559

2 2,000 5% 284 694 811 822 787 757 714 688 66.0 642 614 588
10% 35.2 764 854 853 816 779 743 706 679 657 627 602
1 2 3 4 5 6 7 8 9 10 11 12
1% 15.0 27.0 357 423 412 399 385 36.1 339 344 325 320
2.5 500 5% 23.0 40.3 489 534 499 498 475 455 445 433 423 411

10% 29.3 48.2 577 598 57.0 56.6 534 51.6 49.7 487 471 46.5
1% 20.7 771 866 82.0 72.0 644 548 477 435 39.0 344 319

2.5 2,000 5% 320 873 91.2 844 744 659 56.1 49.0 44.7 404 364 34.1
10% 383 907 928 8.5 751 66.3 564 49.9 457 411 37.1 34.6

1 2 3 4 5 6 7 8 9 10 11 12

1% 8.7 281 424 475 459 43.7 405 389 369 353 335 33.7

3 500 5% 17.5 429 553 58.0 56.4 54.0 50.6 47.8 455 44.1 427 422

10% 249 496 620 626 60.5 57.1 536 51.8 49.2 472 46.2 46.0
1% 23.4 831 928 878 749 61.7 46.6 39.0 322 279 255 23.5
3 2,000 5% 36.3 90.0 945 885 752 62.1 471 391 332 286 259 241
10% 45.6 920 951 885 754 621 472 394 335 289 265 24.7
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Table 10 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(0, 1) against an APARCH(1,1)
given by (8) with innovation b) (n: ~ 0.1N(—2,2) + 0.9N(2,0.16)).

6o Length n Level a Lag m

1 2 3 4 5 6 7 8 9 10 11 12

1% 0.7 6.4 8.9 10.8 12.8 13.2 138 143 139 134 14.0 134

0.5 500 5% 2.6 10.7 156 188 20.0 21.6 21.8 228 220 226 229 222
10% 42 140 209 239 259 259 262 274 272 265 27.0 26.6

1% 0.6 246 44.0 526 56.9 59.7 61.2 61.9 63.1 638 639 639

0.5 2,000 5% 23 401 56.0 625 651 671 670 68.1 687 689 688 689
10% 3.7 471 609 66.1 682 69.5 69.6 70.2 704 70.6 704 70.5

1 2 3 4 5 6 7 8 9 10 11 12

1% 8.2 126 16.2 182 195 20.2 205 198 19.8 21.1 21.2 209
1 500 5% 11.2 19.7 256 29.1 31.3 328 328 325 321 312 313 30.7

10% 15.3 254 334 38.1 393 403 406 409 394 405 394 379
1% 10.3 30.0 477 599 651 688 70.1 711 71.1 718 69.8 69.3

1 2,000 5% 15.0 481 66.5 757 794 813 816 81.8 81.2 813 80.7 80.0
10% 17.3 571 745 816 852 864 859 8.6 8.6 857 848 84.0

1 2 3 4 5 6 7 8 9 10 11 12

1% 11.7 16.5 19.7 21.6 22.0 208 209 204 20.1 206 212 19.0

1.5 500 5% 18.7 249 304 326 323 31.2 295 312 304 303 300 284

10% 22.8 31.1 379 396 383 381 36.7 369 375 372 37.0 344
1% 17.0 41.8 60.5 675 685 668 645 624 60.5 59.3 578 57.1

1.5 2,000 5% 27.7 59.2 758 79.2 783 756 728 69.7 681 66.5 645 638
10% 35,6 673 820 843 827 789 758 725 705 693 674 671
1 2 3 4 5 6 7 8 9 10 11 12
1% 8.7 15,5 209 249 261 255 254 276 263 267 260 236
2 500 5% 159 249 331 382 374 371 36.8 384 362 359 348 320

10% 206 32.1 40.7 43.1 436 444 444 440 418 41.5 40.1 38.0
1% 16.2 53.6 733 787 777 730 689 67.2 629 600 572 54.6

2 2,000 5% 276 692 840 8.5 826 771 723 699 654 626 60.0 58.2
10% 33.8 76.7 872 877 841 789 743 716 66.5 639 61.1 595

1 2 3 4 5 6 7 8 9 10 11 12

1% 16.5 29.6 39.3 422 411 383 384 379 338 33.0 320 308

2.5 500 5% 25.1 43.7 51.7 529 51.7 495 481 48.0 434 414 40.2 40.2

10% 31.6 51.3 586 59.7 57.2 553 544 523 475 465 456 45.3
1% 19.5 754 89.2 849 735 625 54.6 47.8 42,7 389 351 326

2.5 2,000 5% 30.1 87.0 93.1 86.5 752 639 55.5 48.7 43.7 398 36.2 33.7
10% 373 907 942 871 755 644 559 493 440 399 369 346

1 2 3 4 5 6 7 8 9 10 11 12

1% 88 264 39.0 431 426 428 414 396 381 365 350 354

3 500 5% 159 388 49.6 535 523 51.8 49.3 47.1 455 43.7 427 43.0

10% 21.9 451 555 594 57.1 56.0 536 51.6 49.7 48.0 472 471
1% 209 81.8 925 877 774 63.0 488 40.8 33.1 28.7 248 218
3 2,000 5% 36.4 88.6 933 881 779 636 492 414 336 295 258 230
10% 442 912 940 884 779 636 493 416 33.8 296 259 231
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Table 11 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(0, 1) against an APARCH(1,1)
given by (8) with innovation ¢) (ns ~ t3).

60 Lengthn Level a Lag m

1 2 3 4 5 6 7 8 9 10 11 12

1% 0.0 0.9 1.9 2.6 3.0 3.6 3.9 4.6 4.3 4.4 4.4 4.5

0.5 500 5% 1.0 2.2 3.9 4.7 5.2 5.8 6.7 6.8 6.9 7.5 7.7 8.2
10% 2.1 3.5 5.4 6.0 7.1 74 7.5 8.3 8.8 9.4 9.1 9.5

1% 0.4 1.9 3.9 6.1 7.2 8.4 8.6 8.5 9.0 9.5 9.6 10.1
0.5 2,000 5% 0.4 3.5 5.7 7.8 10.1  11.3 119 123 127 128 13.2 14.0
10% 1.7 4.4 7.0 9.6 11.6 126 13.7 142 148 151 154 16.1

1 2 3 4 5 6 7 8 9 10 11 12
1% 6.1 7.1 7.5 8.4 9.2 10.1 9.7 9.8 11.1 116 115 114
1 500 5% 9.8 11.3 125 13.0 143 14.1 144 148 158 16.1 16.2 15.6
10% 127 149 158 164 175 171 178 178 19.1 19.0 19.0 184
1% 7.3 9.3 121 145 168 179 188 19.1 199 19.1 196 19.7
1 2,000 5% 13.0 152 180 186 207 21.7 233 239 251 253 252 262
10% 17.0 19.7 226 226 245 24.0 252 26.1 281 282 285 294

1 2 3 4 5 6 7 8 9 10 11 12
1% 5.0 7.4 9.8 11.5 119 12,5 13.1 143 152 148 144 14.2
1.5 500 5% 94 116 13.0 152 17.1 17.7 180 17.8 188 19.0 19.3 185
10% 125 151 179 187 197 20.0 21.1 214 227 219 214 21.5
1% 5.0 10.7 154 185 21.7 23.1 243 249 263 266 27.6 28.0
1.5 2,000 5% 89 16.0 21.8 254 281 30.0 309 31.6 326 342 338 349
10% 119 185 252 309 323 341 349 361 369 379 386 39.1

1 2 3 4 5 6 7 8 9 10 11 12
1% 4.0 7.4 11.1 141 159 166 175 181 191 19.1 196 20.8
2 500 5% 8.1 12.8 17.8 203 222 229 234 244 254 260 26.1 265
10% 11.3 175 23.0 24.0 265 27.0 27.7 279 295 30.2 30.1 30.9
1% 4.3 17.1 255 334 371 412 429 446 456 471 488 49.0
2 2,000 5% 84 236 345 41.0 464 49.7 50.6 53.1 545 56.6 57.5 574
10% 129 29.0 403 46.7 509 541 553 574 57.1 59.7 61.3 61.2

1 2 3 4 5 6 7 8 9 10 11 12
1% 2.8 122 187 232 256 263 284 289 30.0 30.1 30.8 300
2.5 500 5% 6.8 185 263 306 324 334 356 363 377 37.8 385 383
10% 105 223 313 353 37.0 381 40.7 39.8 404 42.0 433 428
1% 2.3 245 421 509 575 641 67.0 68.6 69.7 70.8 719 726
2.5 2,000 5% 4.7 339 534 612 657 701 722 743 762 762 769 77.0
10% 9.2 408 587 66.6 70.3 733 746 76.1 775 786 789 7838

1 2 3 4 5 6 7 8 9 10 11 12
1% 2.3 141 25.0 314 352 39.1 43.0 433 439 451 457 455
3 500 5% 51 209 33.7 395 443 479 502 50.8 50.8 51.7 51.6 51.7
10% 77 254 379 46.0 50.3 51.8 539 543 546 56.1 56.0 55.7
1% 1.1 338 579 703 759 80.0 823 835 84.7 849 842 84.2
3 2,000 5% 3.3 445 672 772 812 836 8.1 862 87.0 86.7 858 859

10% 70 505 71.6 798 827 86.0 869 87.8 885 882 874 86.8
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Table 12 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(0, 1) against an APARCH(1,1)
given by (8) with innovation ¢) (n; ~ t9).

6o Length n Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 0.8 4.3 6.5 74 9.1 86 104 104 9.6 8.7 8.7 8.0
0.5 500 5% 2.6 8.7 12.1 135 147 167 173 165 164 16.0 14.6 13.7
10% 4.3 124 159 172 184 198 21.1 21.0 20.5 209 19.2 18.6
1% 14 158 26.7 338 381 42.0 434 450 459 464 46.5 45.9
0.5 2,000 5% 44 268 384 46.2 50.7 539 558 56.8 57.0 57.4 57.6 56.2
10% 6.9 331 455 528 584 60.7 632 629 629 626 624 614
1 2 3 4 5 6 7 8 9 10 11 12
1% 14.2 177 196 199 205 224 225 21.2 21.7 204 198 19.0
1 500 5% 21.7 271 296 31.0 305 326 31.7 303 29.0 286 27.8 26.9

10% 25.1 332 379 379 378 390 384 362 358 350 342 339
1% 159 270 376 440 488 524 540 540 549 557 54.7 53.9

1 2,000 5% 24.6 41.1 521 59.0 635 67.8 685 69.2 69.7 689 67.7 675
10% 28.0 49.0 613 677 717 746 758 765 762 758 T4.6 74.6

1 2 3 4 5 6 7 8 9 10 11 12

1% 11.6 171 198 223 234 247 243 228 225 227 219 216

1.5 500 5% 19.1  25.7 29.1 315 316 33.0 335 327 31.2 304 295 298

10% 23.7 321 371 378 36.0 377 382 373 36.1 365 352 350
1% 189 36.3 47.2 555 61.7 639 636 623 61.7 604 589 57.4

1.5 2,000 5% 30.3 51.8 63.0 69.0 727 745 738 731 723 709 685 675
10% 377 598 709 764 777 791 786 788 775 756 T3.7T 727
1 2 3 4 5 6 7 8 9 10 11 12
1% 9.1 169 21.7 248 25,0 270 26.7 26.0 245 257 244 245
2 500 5% 159 265 320 355 351 363 369 350 341 350 333 32.7

10% 19.8 31.0 37.5 409 418 422 423 415 40.5 403 399 39.7
1% 146 444 623 69.8 71.8 716 722 71.1 69.1 678 657 64.7

2 2,000 5% 247 584 742 80.7 802 772 77.0 755 743 728 714 69.9
10% 322 649 798 834 838 796 79.0 775 758 744 73.0 718

1 2 3 4 5 6 7 8 9 10 11 12

1% 10.7 26.1 33.6 388 39.2 402 395 385 368 356 340 33.6

2.5 500 5% 19.6 37.1 46.2 49.1 50.7 51.2 49.0 486 48.3 459 441 434

10% 25,6 43.6 53.1 558 56.7 571 543 544 53.8 52.1 49.8 488
1% 185 684 8.5 863 823 770 719 655 60.0 557 520 49.5

2.5 2,000 5% 298 79.1 90.8 89.1 844 781 733 669 606 56.6 53.4 50.8
10% 386 8.0 93.1 902 850 791 742 676 615 57.5 539 514
1 2 3 4 5 6 7 8 9 10 11 12
1% 6.2 282 41.3 485 50.2 49.7 473 452 424 408 40.6 39.6
3 500 5% 13.2 386 523 574 59.2 576 539 515 499 48.0 476 456
10% 184 446 582 622 634 613 578 547 534 515 499 485
1 2 3 4 5 6 7 8 9 10 11 12
1% 146 80.6 925 90.7 87.7 T79 65.7 549 47.7 410 36.7 32.1
3 2,000 5% 30.8 881 942 912 880 782 66.0 55.1 482 415 37.0 325

10% 406 90.6 942 919 882 782 66.2 554 484 415 372 327
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Table 13 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(1, 1) against an APARCH(2,1)
given by (9) with innovation a) (n: ~ A(0,1)).

60 Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 88.5 828 772 736 69.7 66.1 630 61.0 586 571 542 522
1 5,000 5% 97.1 934 904 885 8.3 830 814 791 766 758 731 720
10% 98.6 969 945 927 91.8 905 887 867 858 842 83.0 81.1
1 2 3 4 5 6 7 8 9 10 11 12
1% 89.2 825 786 737 706 676 639 61.1 584 563 531 504
1.5 5,000 5% 96.8 93.7 914 884 8.5 841 819 793 779 766 T49 732
10% 98.9 97.1 951 939 924 902 882 873 856 848 829 815
1 2 3 4 5 6 7 8 9 10 11 12
1% 90.6 84.6 79.8 764 722 693 658 633 61.0 585 54.6 534
2 5,000 5% 97.6 949 920 &89.5 870 8.7 830 815 800 790 772 754
10% 99.2 97.7 963 943 937 91.2 897 884 875 858 84.8 83.7
1 2 3 4 5 6 7 8 9 10 11 12
1% 932 8.0 830 79.0 764 729 693 666 64.7 621 589 576
2.5 5,000 5% 98.8 96.1 945 91.7 90.1 870 859 850 838 821 80.1 79.1
10% 99.5 98.8 975 959 953 944 91.7 901 894 881 868 85.6
1 2 3 4 5 6 7 8 9 10 11 12
1% 93.6 89.7 864 81.8 786 759 734 710 69.0 668 624 61.0
3 5,000 5% 99.0 96.8 948 934 92,5 906 882 872 858 842 822 812

10% 99.7 98.8 98.2 962 957 955 943 919 90.6 90.1 89.7 88.1

Table 14 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(1, 1) against an APARCH(2,1)
given by (9) with innovation b) (¢ ~ 0.1N(—2,2) 4+ 0.9N (2, 0.16)).

6o Lengthn Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 92.0 851 79.7 744 712 679 656 623 585 559 529 50.0
1 5,000 5% 97.1 954 936 904 874 8.2 829 799 788 770 752 735
10% 98.7 97.2 96.7 954 933 915 905 891 864 850 84.0 825
1 2 3 4 5 6 7 8 9 10 11 12
1% 91.0 851 814 763 711 679 644 616 587 553 529 503
1.5 5,000 5% 97.6 954 939 90.2 883 858 8.7 800 790 762 738 727
10% 98.9 974 96.2 957 942 924 909 889 877 855 838 81.8
1 2 3 4 5 6 7 8 9 10 11 12
1% 92.0 86.3 828 783 743 705 677 643 61.2 580 56.0 54.1
2 5,000 5% 98.0 96.2 942 91.7 89.2 882 848 830 809 794 773 755
10% 99.2 98.1 96.6 954 938 928 91.2 90.2 886 874 86.2 839
1 2 3 4 5 6 7 8 9 10 11 12
1% 93.5 89.3 8.0 812 775 743 69.7 680 643 61.7 591 573
2.5 5,000 5% 98.6 97.1 957 935 909 896 874 855 827 816 791 781
10% 99.5 989 975 96,5 954 948 935 923 90.7 89.2 875 87.1
1 2 3 4 5 6 7 8 9 10 11 12
1% 95.5 919 873 845 804 771 753 721 69.2 658 63.0 61.0
3 5,000 5% 98.8 98.1 964 952 928 91.3 90.2 885 86.7 845 826 80.9

10% 99.7 99.1 985 972 96.2 958 951 938 929 91.2 90.5 89.0
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Table 15 Empirical power (in %) of the proposed test for the null hypothesis of an APARCH(1, 1) against an APARCH(2,1)
given by (9) with innovation a) (n; ~ tg).

6o Length n Level a Lag m
1 2 3 4 5 6 7 8 9 10 11 12
1% 68.6 539 478 399 352 316 276 262 238 226 206 18.1
1 5,000 5% 85.8 781 70.8 648 60.3 585 538 509 459 44.1 428 40.5
10% 91.6 85.6 80.3 762 71.7 683 663 629 602 593 559 54.3
1 2 3 4 5 6 7 8 9 10 11 12
1% 67.1 55.6 469 41.6 352 329 306 28.2 257 238 221 205
1.5 5,000 5% 85.1 783 71.0 657 61.6 582 554 527 48.0 458 43.2 420
10% 91.3 86.0 814 773 732 695 675 633 61.2 591 582 551
1 2 3 4 5 6 7 8 9 10 11 12
1% 69.3 57.7 50.1 444 398 358 333 306 281 253 244 226
2 5,000 5% 86.6 80.1 743 67.5 640 61.3 579 548 520 494 479 459
10% 92.1 87.1 835 792 755 716 690 666 642 623 61.2 588
1 2 3 4 5 6 7 8 9 10 11 12
1% 72.6 59.8 523 46.6 426 386 36.6 33.6 31.2 286 27.0 251
2.5 5,000 5% 88.6 814 765 70.6 66.3 631 61.1 577 544 523 50.7 48.7
10% 93.0 886 8.6 8.6 777 737 713 692 677 654 631 614
1 2 3 4 5 6 7 8 9 10 11 12
1% 73.3 61.7 53.7 476 44.5 405 379 349 33.0 304 295 256
3 5,000 5% 88.8 822 767 717 677 648 626 60.0 575 538 532 51.6

10% 93.6 89.2 86.1 823 784 745 725 69.8 694 67.5 66.0 63.7

5 Adequacy of APGARCH models for real datasets

We consider the daily return of four exchange rates EUR/USD (Euros Dollar), EUR/JPY (Euros Yen),
EUR/GBP (Euros Pounds) and EUR/CAD (Euros Canadian dollar). The observations covered the period
from November 01, 1999 to April 28, 2017 which correspond to n = 4,478 observations. The data were
obtain from the website of the National Bank of Belgium (https://www.nbb.be). It may seem surprising
to investigate asymmetry models for exchange rate returns, while the conventional view is that leverage is
not relevant for such series. However, many empirical studies (see for instance [1,15]), show that asymme-
try/leverage is relevant for exchange rates, especially when one currency is more liquid or more attractive
than the other. It may also be worth mentioning the sign of the effect depends on which currency appears
in the denominator of the exchange rate.

Table 16 displays the p—values for adequacy of the APGARCH(p, ¢) models for daily returns of exchange
rates based on m squared residuals autocovariances, as well as the estimated power denoted 5. To summarize
our empirical investigations, Table 16 shows that the APGARCH(0, ¢) models (even with large order ¢) are
generally rejected, whereas the APGARCH(0,5) and APGARCH(0, 6) models seem to be relevant for the
EUR/USD and EUR/CAD series. The APGARCH(0, ¢) model assumption is rejected and is not adapted to
EUR/GBP and EUR/JPY series, whereas the APGARCH(p, ¢) models seem the most appropriate for these
exchange rates (EUR/GBP and EUR/JPY). This table only concerns the daily exchange rates, but similar
conclusions hold for the weekly log returns (see for instance [16]). From the two last columns of Table 16,
we can also see that the estimated power § is not necessary equal to 1 or 2 and is different for each series.
The p—values of the corresponding QMLE, 3, are given in parentheses. The last column then presents the
confidence interval at the asymptotic level a = 5% for the parameter 5.

The portmanteau test is thus an important tool in the validation process. From the empirical results and
the simulation experiments, we draw the conclusion that the proposed portmanteau test based on squared
residuals of an APGARCH(p,q) (when the power is unknown and is jointly estimated with the model’s
parameters) controls well the error of first kind at different asymptotic level « and is efficient to detect a
misspecification of the order (p, ¢q).
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Table 16 Portmanteau test p—values for adequacy of the APGARCH(p, ¢) models for daily returns of exchange rates, based

on m squared residuals autocovariances.

Lag m 5

Currency 1 2 3 4 5 6 7 8 9 10 11 12

Portmanteau tests for adequacy of the APGARCH(0, 1)

USD 0.079 0.014 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.192 (0.000) [1.168,1.215]
JPY 0.224 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.124 (0.000) [1.108,1.139]
GBP 0.319 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.288 (0.000) [1.257,1.320]
CAD 0.070 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.276 (0.000) [2.264,2.288]
Portmanteau tests for adequacy of the APGARCH(0, 2)

USD 0.082 0.034 0.010 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.349 (0.000) [1.330,1.369]
JPY 0.846 0.021 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.195 (0.000) [1.177,1.213]
GBP 0.948 0.597 0.469 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.105 (0.000) [2.086,2.125]
CAD 0.774 0.003 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.991 (0.000) [1.978,2.005]
Portmanteau tests for adequacy of the APGARCH(0, 3)

USD 0.303 0.393 0.169 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.028 (0.000) [1.001,1.056]
JPY 0.491 0.057 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.657 (0.000) [1.643,1.671]
GBP 0.578 0.192 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.864 (0.000) [1.842,1.885]
CAD 0.375 0.020 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.940 (0.000) [1.926,1.954]
Portmanteau tests for adequacy of the APGARCH(0, 4)

USD 0.150 0.252 0.180 0.195 0.009 0.000 0.000 0.001 0.000 0.000 0.000 0.000 1.127 (0.000) [1.101,1.152]
JPY 0.951 0.894 0.201 0.028 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.254 (0.000) [1.236,1.272]
GBP 0.965 0.002 0.000 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.002 (0.000) [1.981,2.024]
CAD 0.922 0.282 0.084 0.013 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.670 (0.000) [1.654,1.686]
Portmanteau tests for adequacy of the APGARCH(0, 5)

USD 0.252 0.347 0.131 0.161 0.185 0.021 0.028 0.044 0.022 0.018 0.005 0.004 1.115 (0.000) [1.090,1.141]
JPY 0.809 0.044 0.068 0.005 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.271 (0.000) [1.253,1.288]
GBP 0.888 0.005 0.001 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.931 (0.000) [1.908,1.955]
CAD 0.605 0.868 0.617 0.468 0.449 0.495 0.583 0.662 0.521 0.131 0.060 0.045 1.485 (0.000) [1.465,1.504]
Portmanteau tests for adequacy of the APGARCH(0, 6)

USD 0.392 0.599 0.164 0.165 0.210 0.179 0.244 0.332 0.242 0.257 0.157 0.149 1.125 (0.000) [1.100,1.151]
JPY 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.280 (0.000) [1.262,1.297]
GBP 0.966 0.195 0.017 0.015 0.002 0.000 0.000 0.001 0.001 0.002 0.000 0.000 2.040 (0.000) [2.019,2.062]
CAD 0.132 0.231 0.292 0.374 0.512 0.300 0.395 0.486 0.443 0.146 0.098 0.077 1.265 (0.000) [1.244,1.287]
Portmanteau tests for adequacy of the APGARCH(1,1)

USD 0.411 0.705 0.856 0.000 0.000 0.001 0.001 0.001 0.002 0.003 0.005 0.007 2.457 (0.000) [2.445,2.469]
JPY 0.653 0.904 0.744 0.347 0.485 0.508 0.580 0.491 0.587 0.624 0.706 0.732 3.184 (0.000) [3.176,3.191]
GBP 0.384 0.392 0.588 0.436 0.559 0.679 0.563 0.422 0.499 0.474 0.531 0.599 2.385 (0.000) [2.365,2.404]
CAD 0.142 0.296 0.463 0.630 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.190 (0.000) [3.180,3.200]
Portmanteau tests for adequacy of the APGARCH(1, 2)

USD 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.635 (0.000) [2.623,2.646]
JPY 0.206 0.449 0.423 0.146 0.226 0.259 0.317 0.257 0.339 0.367 0.451 0.490 3.180 (0.000) [3.172,3.188]
GBP 0.027 0.046 0.094 0.109 0.163 0.231 0.169 0.091 0.108 0.097 0.133 0.173 2.703 (0.000) [2.686,2.721]
CAD 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.539 (0.000) [3.531,3.546]
Portmanteau tests for adequacy of the APGARCH(2, 1)

USD 0.795 0.866 0.849 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 2.465 (0.000) [2.453,2.477]
JPY 0.471 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.157 (0.000) [3.149,3.165]
GBP 0.692 0.777 0.894 0.526 0.614 0.736 0.626 0.557 0.644 0.645 0.676 0.736 2.604 (0.000) [2.587,2.622]
CAD 0.576 0.224 0.284 0.272 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.490 (0.000) [3.482,3.498]
Portmanteau tests for adequacy of the APGARCH(2, 2)

USD 0.415 0.690 0.851 0.001 0.001 0.002 0.001 0.002 0.004 0.006 0.010 0.015 2.404 (0.000) [2.390,2.418]
JPY 0.584 0.788 0.886 0.652 0.733 0.714 0.785 0.642 0.710 0.735 0.808 0.815 2.771 (0.000) [2.761,2.781]
GBP 0.468 0.398 0.606 0.503 0.630 0.740 0.628 0.484 0.572 0.525 0.554 0.608 2.454 (0.000) [2.434,2.473]
CAD 0.230 0.346 0.453 0.501 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 3.442 (0.000) [3.435,3.450]

6 Appendix : Proofs

We recall that for all ¢ € A, (;(¢) is the strictly stationary and non-anticipative solution of (2).

The matrix J can be rewritten as
1

9CE (90) OCE (90)

T =Eo |Gy

09

o
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First, we shall need some technical results which are essentially contained in [19]. Let K and p be generic
constants, whose values will be modified along the proofs, such that K > 0 and p €]0, 1.

6.1 Reminder on technical issues on quasi likelihood method for APGARCH models

The starting point is the asymptotic irrelevance of the initial values. Under A0, A2-A6, [19] show that:

sup |67 () — ¢ (9)] < Kp. (10)
veEA

Similar properties also hold for the derivatives with respect to ¥ of ¢ () — Q:f (19). We sum up the properties
that we shall need in the sequel. We refer to [19] for a more detailed treatment. For some s €]0, 1], we have

Eleo|?® < oo, Esug |€2%| < oo, Esug |§:t25| < 00. (11)
€ €

Moreover, from (10), the mean-value theorem implies that

sup |C2(9) — C2(9)| < Kp' sup max{¢Z(9), C2(9)}. (12)
VEA JeA
For alld > 1
1 g 12|
E s @y ov - Ese @) averr || <> 18)

There exists a neighborhood V(¥g) of ¥y such that for all £ > 0 and a =1 — (69/6)(1 —s) >0

2/6
Ct2 9 q oo ) )
sup < Ctz((ﬂo))) < <K+ KZZ(l +§)kp k|5t—z;k| 5) ,

VeV (Vo) i=1 k=0

and it holds that

Cf(%))
E| sup ( < o0 14
YEV(Jo) <t2(79) ( )
The matrix J is invertible and
. 1 «— 19¢® .
Vn(d, — o) = J_l—n Zst? 4129(19 0) +op(l), with s; =97 — 1. (15)
t=1 t

6.2 Proof of Theorem 1

The proof of Theorem 1 is close to the proof of [11]. Only the invertibility of the matrix D needs to be
adapted. But, to understand the proofs and to have its own autonomy, we rewrite all the proof. We also
decompose this proof in 3 following steps.

(i) Asymptotic impact of the unknown initial values on the statistic 4.
(17) Asymptotic distribution of \/n9y,.
(7i7) Invertibility of the matrix D.

We now introduce the vector of m autocovariances ~,, = (71, ..., 7mn)" where the h-th element is define as
1 < ) )
T = — Z StSt—n , withs;=mn; —1land 0 < h <n.
t=h+1

Let s,(0) = n2(9)—1 with n, () = £,/¢:(09) and 5,(9) = 72(9)—1 with 7, (9) = £,/ (9). Let 7, (1) obtained by
replacing n; by n:(9) in rp and 7, () by replacing n: by 7: () in rp,. The vectors v, () = (r1(9), ..., rm(9))
and :Ym(ﬁ) = (7:1 (19)’ s 77:m(19))/ are such that Tm = 7m(90)a :Ym = :Ym(QO) and ’AYm = ’S’m (ﬁn)

(i) Asymptotic impact of the unknown initial values on the statistic 4,,.

We have s¢(0)st—n(9) — 3t(9)3t—n(0) = a +b; with ap = {s¢(9) — 5¢(9) } st—n () and by = 5(9){s¢—n (V) —
5:_n(9)}. Using (12) and infye (7 > infye o w?/® > 0, we have

laz| + [be] < Kp'ef (e p, + 1)§ugma><{53,<3} :
€
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Using the inequality (a + b)® < a® 4+ b°, for a,b > 0 and s €]0, 1], (11) and Holder’s inequality, we have for
some s* €]0, 1] sufficiently small

*
S

E

-~ 1 &~ .-
— sup |a <K—— st 0.
\/ﬁ;ﬁeg| = ns*/QtZZIp n—c0

We deduce that n=1/2 37" | supye A |at| = op(1). We have the same convergence for b;, and for the derivatives
of a; and b;. Consequently, we obtain

57—’"87—’"“ = op(1), asn — oo. (16)

\/ﬁ”,}/m - /ymH = OP(1)7 sup 619 619

JeA

The unknown initial values have no asymptotic impact on the statistic 4,,.

(i7) Asymptotic distribution of \/n¥,,.

We now show that the asymptotic distribution of y/n#,, is deduced from the joint distribution of \/nv,,
and of the QMLE. Using (16) and a Taylor expansion of 7,,(-) around J,, and Y9, we obtain

Vit = Vivim(io) + 220 i, — i)

= Vit + 2 G — o) 4 0n(1),

for some 97, i =1,...,2¢ + p+ 2 between ¥,, and Yo. In view of (14), there exists a neighborhood V() of
o such that

E sup
YEV(Io)

‘ 62St_h(19)8t (19)

D000 H =

For a fixed rp, using these inequalities, (13) and Assumption A0 (k, < 00), the almost sure convergence of
¥* to ¥, a second Taylor expansion and the ergodic theorem, we obtain

Orn(9)  9rn(vo) 8st(190)}E {S 1 9C2(W)
o9 o0 o9 | W) oo

+ O[[»(l) n:; ¢y, =K |:5th(190)

by the fact E[s:(99)Is:—n(00)/09] = 0. Note that, ¢, is the almost sure limit of the row h of the matrix C,,.
Consequently we have

0’1
a’Ym(ﬂO)
9YmWo) =1 . 1
99 o © - (17)
Chn
It follows that .
\/E’A}/m = \/E’Ym + Cm\/ﬁ(ﬁn - 190) + OIP’(l)- (18)
Denote v/nym =123 | 88— 1:4—m, Where S;_1:4—m = (St—1, .-+, St—m)’- We now derive the asymptotic

distribution of \/n(9,, — ¥,~.,)". In view of (15), the central limit theorem of [3] applied to the martingale
difference process
1 9¢3(vo) ’
T, = %t o) o5t o < 1) S
{ t (St §t2(190) ny » StOL—1:t—m 0(77 U= )

. 1 &
VAl = 9, 1) = —= > i+ 0p(1) —— N (0,E[1YY)) (19)
t=1

n n—00

shows that

where 1 !
Jt It
E1Y{] = (kg — 1) (C’mJ1 (Foy — 1)7;) '

Using (18) and (19) we obtain the distribution of \/n9,.
(7i1) Invertibility of the matrix D.
We now show that D is invertible. Assumption A5 entails that the law of 1? is non degenerated, therefore

kn > 1. Thus study the invertibility of the matrix D is similar to study the invertibility of (k, — 1)I, —
CmJ1C!,. Let

9GE (Do)
¢t (9) 00

V=25 14-m+Cnd " such that E[VV'] = (k, — 1)L, — C,, J*C)..



Diagnostic checking for APGARCH models 23

If the matrix E [V'V’] is singular, then there exist a vector A = (A1,..., Ap,)’ not equal to zero such that
_ 1 9¢E (V) 1 9¢ (%)
"V =\NS, . o N - 1 t t — S, 2
AV =XNSiti—m + NCnJ (Cf(ﬂo) 50 +<t2(190) 9 0, as (20)
since ¢ = (¢’,§)’. Using the fact that
1 9G(We) _2 1 3¢ (Vo) 1 93¢ (Vo) 2 1 93¢ (do)
=z d = g () + 2
g o0 sqwy o0 M @Ey er @ D aag e
we can rewrite the equation (20) as follow
/ / ;1 aCtS (190) 5 5 agi (190)
— NSy 1t — 5 (90)1 90)) + a2V g s, 21
)\V A St 1:t +H’ C?('&O) 5 69 Ct( 0) Og(Ct( 0)) + aé‘ 0 a.s ( )

with ¢/ = (2/62)NCpJ~t. We remark that p # 0. Otherwise N'S;_1.4—,, = 0 a.s., which implies that

there exists j € {1,...,m} such that s,_; is measurable with respect to the o—field generated by s, for

t—1<r<t—m with r # t — j. This is impossible because the s;’s are independent and non degenerated.
We denote p = (v, v2)’, where 1] = (1, ..., fog+p+1)’ and vo = fiog4pto; and we rewrite (21) as

/ / o 19w 1 aCcs (v
NV = NS 1o + Vl(scf(ﬂo) ta(o ) + vy o) (—gf(ﬂo) log(¢? (90)) + 5%) =0, a.s.
or equivalent,
9
NSt 1emC (00) + 158<t( 0) + vy (—Qf(ﬂo)log(g“f(ﬂo)) +55§15£0)) =0, a.s. (22)

The derivatives involved in (22) are defined recursively by

) a¢) (1)
ée = +25J ” :

oG (9) g, 2
é ;oﬁlog er DEr ) + oy log(—e_ ) (—ery) +Zﬂﬂ = ] '

where ¢;(¥9) is defined by replacing ¢ () by ¢/ (9) in & (0) (see (5)). We remind that e = ;" and e = ¢y
and let R; a random variable measurable with respect to o{n,,u < t} whose value will be modified along
the proof. We decompose (22) in four terms and we have

Y

126G 1 (1771)° + q420) 1 (—m1)° + Re—a,
¢ =af )+ oy ¢y (—n ) + Ria,
—1a(? (90) 10g (7 (90)) = —va (af (1 (021)° + a7 ¢y (=m;21)° + Res)
x log (afgfq(ﬁttl)& + Oél_Cf—1(*77t:1)6 + Rtfz)
Nst—1:4—m = Mnj_q + Ri—2,
that gives
Nsira-mG = MG [QT(U;H)MQ + 041_(*77;1)(”2] + M Ri—o + Ri—o + [(77211)5 + (*77;1)5] R,

and

263@5(190)

B = u25a+ log (<t—1(77j—1)) @—1(77:11)6 + vedaq log (gt—l(_nt_—l)) Cta—l(_nt_—l)a + Ry,

= vpai log (Ct 1(77t 1) ) Cffl(nf_l)‘s + v2aq log (4?571(_77;—1)6) Cgfl(_nti—l)é + Ri—o.
Following these previous expressions, (21) entails that almost surely
NV = /\1§f—1 [af (77?—1>5+2 + 0‘1_(*7715_—0(”2] + 0 Ri—o + [Rt% + vp0f Ry 10%(@71(77?—1))] (77:_—1)6
+ [Ri—2 + 1207 Ry —21log(Go1(—n;1))] (=1 1) Re—a + Ri—2
— v (af G707 0)° + ¢y (=1 y)° + Re2) log (af ¢ (1) + a7 ¢ (=1 1) + Ri—2) =0,
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or equivalent to the two equations
/\1@—104?(77;11)“2 - (V2O‘Ir§f—1(77tt1)5 + Rtﬁ) log (Oéfo_l(nL)‘s + Rt72)
+ [Ri—2 + v2af Ri_alog(G—1(n1))] (1)’ + mf yRi—a + Ry—2 = 0, a.s.
)‘ICfflaf(_ntJr—l)HQ - (V2afcg71(_77;—1)6 + Rt—2) log (afoq(—nZ_l)‘s + Rt—2)

+ [Rt—2 + voay Ry—o 10g(Ct—1(_77;—1))] (_7715_—1)6 + 77t2—1Rt—2 +Ri_2 =0, a.s.
Note that an equation of the form

alz|"*? + [b + c(|a]*)] log[b + c(|2|*)] + [d + elog(|z])][2]* + f2* + g =0

(23)

(24)

cannot have more than 11 positive roots or more than 11 negative roots, except if a=b=c=d=e= f =
g = 0. By assumption A1, Equations (23) and (24) thus imply that A\ (o] + a7 ) =0 and va(af +a]) = 0.
If Ay =0 and v =0 then N Si_1.t—p := Ay, St—2:t—m. By (22), we can write that
[afofl(an_l)‘s + 041_@?71(_7715_—1)6] Ny St—2:t—m = —M2<371(77t+—1)6 + l‘q+2C371(_77t_—1)6 + Ry,
which entails
af@f—1(77:r—1)6)\/2;mst—2:t—m = —M2Cf—1(77;r—1)6 + Ri—o

and a similar expression with (777;_1)5 can be obtained. Subtracting the conditional expectation with respect
to Fi_o = of{nt,n ; r <t— 2} in both sides of the previous equation, we obtain

af ¢y Ny St—2it—m [(01)° = E[(n1)° | Fe—2]] = u2Cly [El(n1)°|Fe—2] — (0 1)°] . as.
af ¢ Ny St—2it—m [(01)° — E[(n1)°]] = 1@y [El(71)°] — (521)°],  a.s..

Since the law of 7; is non degenerated, we have af = po = 0 and symmetrically o = 412 = 0. But for

APGARCH(p, 1) models, it is impossible to have aj = a; = 0 by the assumption A4. The invertibility
of D is thus shown in this case. For APGARCH(p, ¢) models, by iterating the previous arguments, we can
show by induction that (21) entails af +a] =...= af +a; =0. Thus \; = --- = )\, = 0 which leads to
a contradiction. The non-singularity of the matrix D follows. [

6.3 Proof of Theorem 2

The almost sure convergence of Dto D asn goes to infinity is easy to show using the consistency result.

The matrix D can be rewritten as D = (k,, — ky)B + (A, — 1)A, where the matrices A and B are given by
A= (Cp—Cp)JC +Crn(JE =T Y0 + Crnd N (CL, — C) + A,
B=(A—A)+ (ky — fn)lm + B,

with A= C,,J"*C! and B = (Fy — 1)1, — A. Finally, we have

D= D = (kg = i) B+ (g = 1) [(A = A) + (5 — feg) ] -
For any multiplicative norm, we have
ID = DI < Ity = &l Bl + 12 = 1] [I14 = All + |1ty = tylm]
and
[A = Al < 1Cr = CallITH G + NC T HIT = JIHITHHICH N + ICmllIlT~HIICr, = Crall-
In view of (13), we have ||Cp,|| < co. Because the matrix J is nonsingular, we have ||.J 71| < co and
|Jt =T — 0, as.
n—oo
by consistency of U,,. Under Assumption A5, we have |k, — 1| < K. Using the previous arguments and also
the strong consistency of ¥,,, we have
kg — fin| — 0, a.s.and |Cpy — Coul| — 0, a.s.
n—oo n—oo
We then deduce that ||B|| < K and the conclusion follows. Thus D — D almost surely.
n—oo

To conclude the proof of Theorem 2, it suffices to use Theorem 1 and the following result: if v/n9,, 4,

n—

N (0, D), with D nonsingular, and if D — D in probability, then n4/, D=4, 4., X2, O
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