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Transmission problem with 1 — D mixed type in
thermoelasticity and infinite memory

Mouhssin Bayoud, Khaled Zennir and Hocine Sissaoui

Abstract. This paper describes a polynomial decay rate of solution for a
transmission problem with 1 — D mixed type I and type Il thermoelastic
system with infinite memory acting in the first part. The main contri-
butions here are to show that the infinite memory lets our problem still
dissipative, and that the system is not exponentially stable, in spite of the
kernel in the memory term is sub-exponential. Also we establish that the
t~! is the sharp decay rate. We extend the results in [27].

M.S.C. 2010: 35L05, 35B40, 93D20, 93C20.
Key words: Infinite memory; thermoelastic transmission problem; polynomial decay;
exponential stability; semigroup.

1 Introduction and position of problem

A qualitative studies for problems described the thermo-mechanical interactions in
elastic materials has been increasing interest in recent years. The 1 — d linear model
of the dynamical problems for classical thermoelastic systems is given by:

u” — g, + 10, =0, z € (0,L),t>0,

(1.1)
0 —Opp +1u, =0, € (0,L),t>0,

where u(z,t) denotes the displacement of the rod at time ¢ and 6(z,t) is the tem-
perature difference with respect to a fixed reference temperature. This last system is
so-called the type I thermoelastic, which is special case when we take k = 0 from the
type II1 given by:
pu” — (auy, —10), =0,
(1.2)
et +lul, — (80, + k1) = 0.
When 8 = 0, the following thermoelastic system is named thermoelasticity without
dissipation, that is, the energy is conservative (type II):
pu” — (au, —10), =0,
(1.3)
et +lul, — k1pr = 0.
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These last three types were introduced by Green an Naghdi [13]-[14].
In the present paper, we consider a transmission problem with 1 — D mixed type I
and type I thermoelastic system and memory term for ¢ > 0 in the following:

i — a; (um — fioo p(t — s)um(s)ds) + 616, =0, ze(-L,0),

awy =10z, + Prul, =0, x € (—L,0),

P2’U” — A2Vzy + 62(11 = Oa YIS (Oa L)a

cowh — kws 4o + Bav), = 0, x € (0,L),
(1.4)

u(0,t) = v(0,1),

6(0,t) = q(0,1),

w1 (Oa t) = W2 (Ov t),

10,(0,t) = kws ,.(0,1),

ayug (0,t) — agv,(0,t) = $160(0,¢) + B2q(0,1),

where u, v are the displacement of the system at time ¢ in (—L,0) and (0, L) and 0, ¢
are respectively the temperature difference with respect to a fixed reference temper-
ature, wy, ws are the so-called thermal displacement, which satisfies

wi(.,t) = /O 0(., 8)ds + w (., 0)

and
wg(.,t):/o q(.,s)ds + wa(.,0).

The parameters a1, as, p1, p2, 81, B2, 1.2, k,l and L < oo are assumed to be positive
constants.
The system (1.4) satisfies the Dirichlet boundary conditions:

u(—=L,t) =v(L,t) =0, t>0,
(1.5)
wl(_L7t) = w2(Lat) =0, t>0,

and the following initial conditions:
{ u(,0) = W), ' (,0) = u! (2), wa (., 0) = wl(2), 6(.,0) = 6°(x), v € (~L,0)
(1.6)
v(.,0) = v°(x),v'(.,0) = v*(z), w2(.,0) = w(x), q(.,0) = ¢°(x),z € (0, L).

We treat the infinite memory as Dafermos [6], adding a new variable 7 to the system
which corresponds to the relative displacement history. Let us define the auxiliary
variable

n=n'(z,s) =u(z,t) —u(x,t —s), (z,s)€ (~L,0)xR".

By differentiation, we have

Hx,s) = —int(x,s) + %u(ac,t)7 (z,8) € (~L,0) x R,

@n ds
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We can take as initial condition (¢ = 0)
n°(z,s) = u’(x) — u(zx,—s), (x,8) € (~L,0) x R,
Thus, the original memory term can be rewritten as follows

fioo ,u(t - S)U’Il fO ull )dS
= (fo (t)dt) uzs — fo $) My (8)ds.

The problem (1.4) is transformed into the system

pu’ — aq (,uoum + fo (s)nk,.(s )ds) + p16, =0, z€(—L,0),

cawy =10z, + frul, =0, x € (—=L,0),

pQUH — A2Vzg + P2, =0, T E (OvL)a

cowy — kwa 4 + Py, =0, x € (0,L),

%nt(:v,s) + jsnt(x s) — di (z,t) =0, x € (—L,0),
(1.7)

u(0,t) = v(0,¢t),

0(0,t) = q(0, 1),

w1 (0,t) = wa(0,1),

w t
10,(0,1) = kuws.o (0, 1),
alua:(oa t) - CLQ’U;E(O, t) = 619(07 t) + BQQ(O, t)7
1°(x,5) = u(x,0) — u’(z, —s),5 > 0,

where po =1 — [ p(t)dt.

The stability of various transmission problems on thermoelasticity have been con-
sidered [8], [11], [20], [21], [22] and [25]. Without infinite memory, it is proved in [27]
that the energy of system (1.4) cannot achieve exponential decay rate. This paper
is devoted to show that our system can achieve polynomial decay rate. That is, our
main result here is to show that for these types of materials the dissipation produced
by the viscoelastic part is not strong enough to produce an exponential decay of the
solution despite that the infinite memory satisfies assumptions (3.1) and (3.2).

2 Previous results and stability

The transmission problem to hyperbolic equations was studied by Dautray and Lions
[7], where the existence and regularity of solutions for the linear problem have been
proved. In [21], the authors considered the transmission problem of viscoelastic waves

{ p1u — g, =0, x € (0, Lo),

2.1
(2.1) pav” — Qv + f(fg(t — 8)ze(8)ds =0, x € (Lg, L),

satisfying boundary conditions and initial conditions. The authors studied the wave
propagations over materials consisting of elastic and viscoelastic components. They
showed that the viscoelastic part produce exponential decay of the solution. In [18],
the authors investigated a 1D semi-linear transmission problem in classical thermoe-
lasticity and showed that a combination of the first, second and third energies of the
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solution decays exponentially to zero. Marzocchi et al [19] studied a multidimen-
sional linear thermoelastic transmission problem. An existence and regularity result
has been proved. When the solution is supposed to be spherically symmetric, the
authors established an exponential decay result similar to [18]. Next, Rivera and all
[22], considered a transmission problem in thermoelasticity with memory. As time
goes to infinity, they showed the exponential decay of the solution in case of radi-
ally symmetric situations. We must mention the pioneer work by Rivera and all in
[11], where a semilinear transmission problem for a coupling of an elastic and a ther-
moelastic material is considered. The heat conduction is modeled by Cattaneo’s law
removing the physical paradox of infinite propagation speed of signals. The damped,
totally hyperbolic system is shown to be exponentially stable. In 2009, Mesaoudi
and all [20] proposed and studied a 1D linear thermoelastic transmission problem,
where the heat conduction is described by the theories of Green and Naghdi. By
using the energy method, they proved that the thermal effect is strong enough to
produce an exponential stability of the solution. The earliest result in this direction
was established in [27], where the dynamical behavior of the system is described by

pruy — aruy go + P1b1, =0, z € (—

(2 2) ClT{/ - bel,zm + ﬂlull,x = 07 ( 17 )
: pauy — AU zx + Pob2, =0, x € (0
€ (0

1" /
CaTy — k7—2,zz + ﬂ2u2,x = 07

The system consists of two kinds of thermoelastic components, one is of type I, another
one is of type II. Under certain transmission conditions, these two components are
coupled at the interface. The authors proved that the system is lack of exponential
decay rate and they obtain the sharp polynomial decay rate.

3 Preliminaries

For simplicity reason denote u(x,t) = u,v(x,t) = v,w;(x,t) = w1 = 1,2,q(x,t) = ¢,

When there is no confusion. Here u’ = du(t)/dt,v' = dv(t)/dt and v" = d>u(t)/dt? v"
Zu(t)/dt?, wl! = dPw;(t)/dt?, i = 1,2.

Flrst we recall and make use the following assumptions on the functions p:

We assume that the function p : RT — RT is of class C! satisfying:

(3.1) 1 —/ pu(t)dt = pg >0, VteRT,
0

and that there exists a constants k1 > 0 such that
(3.2) W)+ kip(t) <0 VteRT.

We denote by A the unbounded operator in an appropriate Hilbert state space
Let
V*0,L) = {h € H*(0,L); h(L) = 0}.

Vk(~L,0) = {h € H*(~L,0); h(—L) = 0},
H =V (—L,0) x L*(—L,0) x L*(~L,0) x V*(0, L) x L*(0,L) x V*(0, L) x L*(0, L),
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equipped, for (u,u',0,v,v! ws,q), (1],1;17 é,f},zﬁ,ﬁ)g?(j) € H, with an inner product

<(u,u1,9,v,v1,w2,q), (avulaé71~)7vlaw27(j)>%

0 t —— =
/ [al (uoum + / u(s)n;(s)ds)fo + prutul + 0190} dz
L 0

L —
+/ {azvmﬂ + povtvl + kwg w3, + 62%67} dx.
0
with domain

u,0 € H*(—L,0),u' € H(—L,0),
ve H*0,L),vY g€ HY(0,L),ws € H*(0, L),
D(A) £38)u',0,v, v, wy,q) € H : 0(—L) = q(L) = 0,10,(0) = kws ,(0)
as otz (0) — $16(0) = agv,(0) — B2q(0)
u(0) = v(0),0(0) = ¢(0),

and
ul
0\ [ (an (o + 5 plnta()ds) - 516
y et ( ~ Bl + zom)
(3.4) Al v | = ol
v ! (@%; ~ foa)
! 02_1 ( — Bovl + k’wz,m)

For U = (u,u!,0,v,v", ws,q)T, the problem (1.7) can be reformulated in the abstract
from

(3.5) U =Au,
where U(0) = (u°,u!,0°,0° vl w9, ¢°)T € H is given.
We will use necessary and sufficient conditions for Cy-semigroups being exponentially

stable in a Hilbert space. This result was obtained by Gearhart [12] and Huang [10]

Theorem 3.1. Let S(t) = et be a Cy-semigroup of contractions on Hilbert space.
Then S(t) is exponentially stable if and only if

p(A) D {iC: ¢ e R} =3R

and
lim H(ZC[ — .A)_ng(H) < 0.
[¢|—o00
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4 Lack of Exponential Stability

Following the techniques in [2], it is easy to check that (#,||.][%) is a Hilbert space.
In this section we prove the lack of exponential decay using Theorem 3.1, that is we
show that there exists a sequence of values h,, such that

(4.1) [ (ihm I — A) | £(20) — 00

It is equivalent to prove that there exist a sequence of data F,, € H and a sequence
of real numbers h,, € R, with ||F},,||%x < 1 such that

(4.2) 1(ihmnd — A) " Ell = [Un I3, — oo

Theorem 4.1. Assume that the kernel is of the form u(s) = e ", s € RY, with
h > 1. The semi group S(t) on H is not exponentially stable.

Proof. As in [1], we will find a sequence of bounded functions

F, = (fl,mva,ma f3,maf4,m7f5,m7f6,maf7,m7f8,m)T € H,h € R,

for which the corresponding solutions of the resolvent equations is not bounded. This
will prove that the resolvent operator is not uniformly bounded. We consider the
spectral equation

thUy, — AU, = F,.

and show that the corresponding solution U,, is not bounded when F;,, is bounded in
‘H. Rewriting the spectral equation in term of its components, we get

ihu —u' = fim

ihpru® — (al(MOUa:m + M(S)Wim(s)ds) - 5191) = p1fom

iher6 = (= Buub +16.0) = 1 fom

ithv — Ul = f4m

ihpav' — (azvm - 52%) = pafsm

ihws — q = fom

thcaq — ( — Bavl + sz,m> = 2 frm

ihﬁt —u! + 77§ = me-

We prove that there exists a sequence of real numbers h,,, so that (4.3) verified. Let us
consider fi,m = fam = fom = fsm = 0. We eliminate the terms u',v'. We can choose
fom = fam = fsm = fem = Am and we obtain u! = ihu, v' = ihv and ¢ = thw,.
Then, the system (4.3) takes the form

—h?u—p;t <a1 (uoum + J57 ,u(s)n;x(s)ds) - 5103;) = Am
ih — ¢t ( — Brul + lé)m> =Am
(4.4) —h2v — py ! (agvm — /Bgih’wgﬁz) = A

_h2w2 - CQ_1 ( - ﬁQUal; + kw27x7;> = A7n
ihn' —ihu+nl =0
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We look for solutions of the form
U= aAm,V = bAm, 0 = A, wa = dA, ul = e, vt = f)\m,nt(x,s) =7(8)A\m

with a, b, c,d, e, f € C and v(s) depend on h and will be determined explicitly in what
follows. From (4.4), we get a,b,c,d, e and f satisfy

—h2%a —p;? (alhm (,uoa + J57 u(s)v(s)ds) - 5lch) =1,
the — 01_1 ( — fre+ lhmc) =1,

(4.5) —JRb-pgl(thmb-ﬁgﬁuQ =1,
ihd—cgl(—ﬁ&f+kmmd)=1,

Vs +ihy —tha = 0.

From (4.5)5 we get
(4.6) v(s) = a — ae™ .

Then, from (4.6) we have

/()mu<s>v<s>ds - /Omu<s><a—ae-ih8>ds
aAmM@@aAmM@miM@

a(l — po) — a/ p(s)e= s ds.
0

(4.7)

Now, we would like to find the parameters constants. To this end, we choose
(4.8) c1th = hyl, coth = khp,,

and using the equations (4.5)2 and (4.5)4, we obtain

(4.9) e = B
(4.10) [ = 5

We choose —h%py = agh,,. By equations (4.5); and (4.5)3, we have

1 —1 e’} 1
= e —p Thmaip) (1 + o1 hmay [y p(s)y(s)ds — py hm516>7

_ p
d_ﬂzih'

Since 3l = 1k, recalling from (4.9), (4.10) that
u+ ol = e+ fAm
A+ s

B1 B2
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we get

13+ '3 = [(2) "+ (2)]m2

631 B2
Therefore we have
Jim Ul = i [t 3+ o' )]
2 2
- (G ()
= 400
which completes the proof. 0

5 Polynomial Stability

Our main result reads as follows.

Theorem 5.1. Assume that (3.1) and (3.2) hold. Then t~* is the sharp decay rate.
Therefore there exists positive constant C' such that the solution of our system satisfies

(5.1) E(t) < —, vt e RY.

Proof. We will follow the idea for the proof of the corresponding results in [27]. We
would show that

(5.2) Jim (T — A7 < o0
We prove that there exist a sequence

Vi = (tn, w0, Up, Upy, W2 1, @) € D(A),
with |V, ||x = 1, and a sequence ¢, € R with ¢, — oo such that
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or

(5.3) CaliCpun —ul) =0, in H'Y(—L,0),

Cn (zCnu,ll — p@l.@zl (,uoun,m + /000 u(s)n;’m(s)ds) — ﬂlﬁn,aj)) — 0, in L*(—L,0),
)

(5.5) Cn (ignan e ( — Byl , + len,m) ~0, in L*(—L,0),
(5.6) CaliCpvn —vh) =0, in HY0,L),
(5.7) Cn (i{nv,ll —pyt (agvn,m — ﬁgq,Lx)) — 0, in  L?(0,L),
(5.8) CiChwan —aqn) — 0, in HY0,L),

(5.9) Cn(i(nqn—02_1<—62U,1L,w+kw27n,m)> 0, in L2(0,L),

(5.10) i’ —ul, +nl=0
Note that
Re(C (G — AV, Vi = CallVT 0222 — 0.
Then
(5.11) V¢ Onx—0, in L*(—L,0).

By Poincaré’s inequality, we get

(5.12) Ven 0, —0, in L*(—L,0).

Thanks to the Gagliardo-Nirenberg inequality, we have

(5.1BY/Cn 9n||LwS01\/||\/47 9n,x||L2\/H\/CTL Onllze + Collv/Co Oallre.

Thus,

(5.14) Ve 0,(0) = 0.
From (5.3), we have B31(i¢,) tul , is bounded in L?(—L,0). By (5.5) we have the

boundedness of (i(,) 10, . in Li(—L7 0).
Using again the Gagliardo-Nirenberg inequality, we have

I(VVG) busllin < anfIG " Ol VG Bualle +all (VVE) ™ Bl

— 0.
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which gives

-1 -1
(5.15) (\/\/gn) O o(—L) — 0, ( \/gn) 0,.2(0) — 0.
Multiplying (5.4) by p(x)un . in L? — norm for p(z) € C'[—L,0], we get

_672L<un7p(x)un,w>L2(—L,0) - pl_lal <,U0Un,aca:;p(z)un,x>L2(_L7o)

1 ~ t
ot [ et @)
(516) +p1_1ﬁ1<9n,arap(x)un,w>L2(fL,0) — 0.

Integration by parts gives

G (@) )20 = D=L (~L) = GOl + G pal@htm, ),

—pflaluo<un,mp(w)un,m>L2(fL’O) = —p1 a1op(0)|un = (0)* + p1"* ax prop(— L) [tin o (— L)|”
—1
+ m al,u0<pz($)un,w;un,w>L2(_L,0)
and
ortar( [ s peun) L= e ap(O) [ 0.5) s 0
0 L2(—L,0) 0
+oran(-L) [ )L s)dstina(~L)
0
+ pf1a1<pw(9c)/oo,u(s)nt (s)ds,u,m> .
0 e "/ L2(~L,0)
Since

P B (On,zr P(T)Un z) L2(—1,0) = 0,
then by the above integrations, for p(x) = z € C*[—L,0], (5.16) takes the form

~C2lun(=D)[? + 2 (s )

L2(—L,0)

*pl_lal,u0|un7fc(7L)‘2 + p1_1a1:U'0<una-T7 u”71>L2(,L70)

o0
it [ (L s)ds (1)

(517) b oota( [ s )
0

L2(—L,0)



28 Mouhssin Bayoud, Khaled Zennir and Hocine Sissaoui

and hence, u, »(—L) and ,u,(—L) are bounded.
Similarly, taking p(z) = + L € C*[—L,0], (5.16) takes the form

=GRl (O)? + G2t wn)

L2(—L,0)
-1 2, -1
—p1 " a1polung(0)]" + p1 a1N0<un,z7un,x>L2(7L’0)
“prtar [ (0. 5)dsun (0
0

5.18 —1 </ b (s)ds, M> 0.
(5.18) +oortal [ pema s L
Then, we get boundedness of (,u,(0) and u, ;(0).
Multiplying (5.5) by . and taking the integration, we get
) n 9717 TL.’L> ot < n,xrs n1> - _1l<9nlla n (L> 0'
% < tn, LZ(_L,0)+01 (e, tn, L2(—L,0) “ @) Un, L2(—L,0) -

By (5.12), after dividing by 4/, we have, where we have used ¢, > 0

i<”<9”’u"’I>L2(—L,0) -0
Integrating by parts, we get
Ui/G) ™ (One (=LYt (=) = O (0)it 2 (0)) + 13/ Cbns (Ga) ™tz )
(%—'ﬁ9w<u17n,m7 Unm>
By (5.15) and the boundedness of u, ;(—L) and uy, ,(0), we have
iV/G) ™ (Ona(— L)t (L) = O 2 (0)1 2 (0) ) = 0

Moreover, from (5.4), we obtain that (i(,) 'ty 4. is bounded in L?(—L,0). Thus

l(\/aen,wa (iCTL)71u1'L,(L'l') _> O

L2(—L,0)

L2(—L,0)

Hence by (5.19), we get

(5.20) V Ve Une—0, in  L*-L,0).

Thanks to the Poincaré inequality, we have

(5.21) Ve un—0, in  L*(—L,0)

By (5.20), (5.21) and Galiardo-Nirenberg inequality, we get

(5.22) Vi un(0) =0,
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From (5.4) and (5.11), using ¢, > 0, we have

5. 280 U1 n — p7 tan | potn.oe + w(s)nt . (s)ds) — 0, in L*(-L,0),
5 1 B o n,rxr

Multiplying the above by wu,,, we get

. —1 > t
n ny Un - n,TT n,TT d )7 n> -0
i< <u1, v >L2(7L,O) P a1<(u0u ’ +/0 s ’ (s)ds ) u L2(—-L,0)

Integrating by parts, we get

—(U1,n, UL, >
< n n L2(=L,0)

7p1_1a1,u0un,m(0)un (O) + pl_lalﬂoun,r(*L)un(*L) - p1_1a1/L0<un,ma un’I>L2(7L,O)

o0 . o0 -
tortan [ 09, 0) = o ar [ o)t (L s (<1
0

Jr/’1_1al</0 /‘(S)ni,m(s)dsa un,z>L2(7L’0) = 0.
Since Uy, 4(0), up o (—L) are bounded, by (5.20) and u,(—L) — 0, u,(0) — 0, we have
(5.24) Uty Gty — 0, in L*(—L,0).

Multiplying (5.4) by (2 + L)uy, 5, we get the real part as follows

2R~ (Curn, (@4 Luns )

L2(—L,0)

ot (ot + [ ()05 o+ D) ]

= —C2lun () + 62 (unsun) = P71 tolttn, o (0)[2 + i a o (ot )

L2(—L,0) L2(-L,0)

—pflal/ u(s)nfw(o,s)dsun@(O) +pf1a1</ u(s)nfw(s)ds,un@> — 0.
0 0 L2(—L,0)

Hence, by (5.20) and (5.24), we get
(5.25) Cntn(0), un - (0) = 0

Now, multiplying (5.4) by zu, ., we get the real part as follows

2% [ — <(6§Ziﬁ}), xun,w>

L2(-L,0)

oo
_p1_1a1<(.u0un,:cx + / M(S)Ui,m(s)d«S),wn,x>
0

L2(—L,O)]

= _<2|un(_L)|2 + CZ <un, un> - P;1a1N0|un,z(_L)|2 + pf1a1u0<un7m, un,1>

L2(—L,0) L2(—L,0)

—pi s / ()1t o (= Lo 8)dstun, o (<L) + i ( / B, o (8)dS )
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Then
(5.27) Cntin(—L), up (—L) — 0.

Taking again (5.4), multiplying by u,,, we have

\/(:<icnu11,n,un> +pi \/5151< 2 U n>

L2(—L,0 L2(-L,0)

*Pl_l Cnal,uf()<un,mz7 un>

L2(—L,0)
1 o0
- t
(5.28) —p] Cna1</0 u(s)nn’m(s)ds,un>L2(_L)0) — 0.
By (5.20) and (5.25), we have
e
pl Cnalﬂ0<un,xa:7un>L2(7L’O)

= —Pflaluo Cnun,z(o)un<0) + Pflaluo Cnun,I(_L)un(_L)

—1
n\ Un,z, Un,x —0
+p1 aipoV/ ¢ <U @ Un, >L2(—L,0)

and

VG [ a6 (s, )

L2(—L,0)

= plarnov/G / S0t (0, 5)dsun (0)
+p1 al/’(‘o V Cn/ nn:p L,S)dS’U,n(—L)

-1 > t
(529) +p1 a1po §n</0 ﬂ(s)nn,m(s)ds,Un,m>L2(7L10) — 0.

Thus, by(5.29) and (5.11), we go to

(5.30) VGl =0, in  L*(—L,0).

Multiplying (5.4) by (z + L)uy, 5, we have

(iVGGuthy @+ Dtne) 497 VB (O (@ + LYtin.s)

L2(—L,0) L2(—L,0)

-1
—P1 Cna1uo<un,xx7 (x + L)Un’I>L2(7L,0)

6530 o7 Vs [ nean s, o+ L)

L2(—L,0)
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Integrating by parts and using (5.11) and the boundedness of u, , in L?(—L,0), we
get

2 1 1 —1 2
- n y Un - n|%n,x 0
VOl OF + Vaunuh) = o ey Glune(0)

+pl_16l1,uo <n<un,x7 un,x>L2(_L70)

VG [ (0.8, 0
(5.32) —pT al\/@/ / $)1y, . (s )ds,un,x>

Thus by (5.20) and (5.30), we go to

(5.33) V VG (0),\/ V/Gatin,2(0) = 0

Multiplication of (5.23) by u, o yields

. 1
Z§n<un, 'Uzn,w>L2(_L’0)
—1 > t
(534) —p1 CL1</O M(s)nn,xw(s)d&un,w>L2(_L70) —0

Due to (5.25)and (5.27), we get

L2(—L,0)

-1
—P1 allu/0<un,wz7un,:r> .
L2(—L,0)

1 -1 - ¢
— n,xx; Un,x - n,TT d ’ nz>
P1 a1u0<u @ U, >L2(7L,0) A1 a1</0 s ’ (5)ds, tn, L2(—L,0)

1

= 5 (=p1 avo)|un 2 (O) + py a1 o) [, (= L)[*

prta / () (0, 8)dstun 0(0) + pitas / w(s)nts o (— L, 8)dstn o(~ L)

(5.35) —|—p1_1a1</ u(s)nfbjw(s)ds,un7x> — 0.
0

L2(—L,0)
Thus, it follows from (5.34) that
(5.36) (iCatil U, ) — 0.
Taking the product of (5.23) with 6,,, yields

Z'<"<u1’"’9”>L2(7L,o) B pf1a1uo<un,m,9n>L2(7L)O)
(5.37) —pf1a1< /000 u(s)nfl’m(s)ds,é'n> -0 in L*(—L,0).
Due to (5.11),(5.14) and (5.25), we have
—Pl_lal,uo<un,m, 0”>L2(—L,O)
= —p1 ' a10tn,2(0)0,,(0) + pi ' arpotin o (—L)0n(—L)
(5.38) +pf1a1,u0<un,z,9n,I>L2(7L’O) -0
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and
-1 = t
—P1 a1</0v M(S)nn,ww(s)ds’0n>L2(_L70)
— o [ ). (0.5)d58,10)
0
0 S —
bortar [ ulh (- Los)dsTn L)
0
-1 = t
(5.39) +p3 a1</0 u(s)nn,z(s)ds,0n$z>L2(7L’O) — 0.
Then from (5.37), we obtain
: 1
(5.40) zCn<un, 9n>L2(_L7O) 0
Multiplying (5.5) by ul, we have
41 .nn 1> __1<ncvz 1> o < . 1> 0
(5.41) <z§ O, uy, o 1 U Onzz, Uy LZ(_L70)+01 B Uny 5 Uy, L) —
By (5.36), (5.40), we have
1
(5.42) (Bnee ””>Lz(_L,O) 0.
Integrating by parts
(5:43)  0nu(0)UL(0) = On (~L)u (- L) = (One, “*1lvx>Lz<_L,o> 0
Due to (5.15)and (5.33), we get
(5.44) b (O)TL(0) — O o (— L)L) — 0.
From (5.43) we have
4 s UL > 0.

(5.45) <9 ) o

Multiplying (5.5) by (z + L), , and integrating, we get

sz‘gnen, (+ L)0n7x> - 01_1<(19n,3:x — By, ), (x + L)9n,x>

} —0
L2(—L,0)
(5.46)

L2(—L,0)

By (5.11) and (5.12), we obtain

(5.47) <¢gn9n, (z + L)Hn,w>L2(_L )0

Thus by (5.46) and (5.11), we have

(5.48) —¢1 M 103,2(0)01,5(0) + 2R[c By (u)y o, (x + L)0n0)] — 0.
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Then, by (5.45), we get

(5.49) 0,,(0) =0

Hence, by (5.35),(5.25),(5.14)and (5.49), we have

(5.50) Un,z(0), un(0), 0,(0), 0,2 (0) — 0.

Taking the product of (5.9) with (z — L)ws 4, yields
%[iC7L<QHa (:E - L)w2,n,x>

(5.51) —c;1k<wz,n,m, (z — L)w2,n,x>

+ 32_152<’071L,m (x — L)w27n,x>

L2(0,L) L2(0,L)

} — 0.
L2(0,L)

Using the transmission conditions in (1.4), we get

(552) (an qn) + Cglk(wln,x; w2,n,x) - 2§R 65162 Un,zv (il' - L)qn,z
L2(0,L)

Taking the product of (5.7) with (z — L)v,, 5, we obtain
i n , - L n w>
i <v”’(x Jon, L2(0,L)

(5.53) +py 1B2<Qn,ﬁca (z - L)vn,x>

—1
- n,TTH - L nw>
R CRSCE ST B

L2(0,L)

Integrating (5.53) by parts we have

1 1> -1
Uy, U +p a2<Un3: Un,ac>
< w2 " L2(0,L)

(5.54) +2%[p51ﬁ2<q”’m’ (z — L)qn’z>L2(O,L)}

Thus by (5.52) and (5.54), we obtain

1 1
a2<vn7m, ’Un’x>L2 (0.L) + <P2Um Un>L2(O,L) + ]C<’LU2,n,xa w2’n’I>L2(O,L)

(5.55) +02<qm q">L2<o,L>

Then

(5.56) Un,zs Ups Wona, gn — 0, in L*(0, L).

Thus (5.56) together with (5.12), (5.24) and (5.56), we give

(5.57) vV, = (un,u,ll,ﬁn,vmv,ll,wg,n,qn)T — 0,

which contradicts ||V;,|| = 1. Therefore, (5.2) holds. This completes the proof. O
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