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Abstract

This work is devoted to establish a bang-bang principle of time optimal controls for a con-
trolled age-structured population evolving in a bounded domain of R™. Here, the bang-bang
principle is deduced by an L null-controllability result for the Lotka-McKendrick equation
with spatial diffusion. This L null-controllability result is obtained by combining a method-
ology employed by Hegoburu and Tucsnak - originally devoted to study the null-controllability
of the Lotka-McKendrick equation with spatial diffusion in the more classical L? setting - with
a strategy developed by Wang, originally intended to study the time optimal internal controls
for the heat equation.

1 Introduction

We consider a linear controlled age-structured population model with spatial diffusion described
by the following system:

Op(t, a, ) + Oup(t, a,x) + p(a)p(t, a,x) — Ap(t, a, x)
= Xw(w)u(t,a,x), t > O, a < (O,CI,T), x e Q,
g (t,a,z) = t>0, ae(0,a4), v €09, (1.1)
p(t,0,z) / B(a)p(t,a,z)da, t>0, x€Q,
(O,a,x) :p0(a7x)a a < (O,(IT), r e Q.

In the above equations:

e O CRM, N > 1, denotes a smooth connected bounded domain and A is the laplacian with
respect to the variable z;

0
* 5 denotes the derivation operator in the direction of the unit outer normal to J€2. We thus
v

have homogeneous Neumann boundary conditions, thus the considered population is isolated
from the exterior of €Q;

e p(t,a,x) denotes the distribution density of the population at time ¢, of age a at spatial
position z € €;
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e po denotes the initial population distribution;
e a; € (0,+00) is the maximal life expectancy;

e ((a) and u(a) are positive functions denoting respectively the birth and death rates, which
are supposed to be independent of ¢ and x;

e w C ) is a nonempty open susbet of {2 and x,, denotes the characteristic function of w.

We make the following classical assumptions on 8 and u:

(H1) 8 € L>™(0,a4), B(a) > 0 for almost every a € (0, a;),

(H2) p € L0,a*] for every a* € (0,a4), p(a) = 0 for almost every a € (0,a1),
a
(H3) / p(a) da = +oo.
0

In a recent work, Hegoburu and Tucsnak [15] proved that the above system (1.1) is null con-
trollable in any time 7 > 0, in the sense that for any py € L*((0,at) x ), there exists a control
function u € L>((0,7); L?((0,a4) x w)) such that the corresponding solution p of (1.1) satisfies

p(t,a,z) =0 ((a,z) € (0,a3) x Q ae.).

Our aim is to study the associated time optimal control problem, in an L setting. More precisely,
given M > 0, we define the set of admissible controls by

Uga = {u € L=([0,00) x (0,a3) xw) | |u(t,a,z)] < M a.e. in [0,00) x (0,a;) X w}.

Given pg € L>=((0,a+); L*(£2)), we define the set of reachable states from py as

R(posUaa) := {p(7,-,-) | 7> 0 and p is the solution of (1.1) with u € Uyq}.

For py € L*((0,a4); L*(Q)) and p1 € R(po,Uaq), the time optimal control problem for system
(1.1) consists in determining an input u* € U,q such that the corresponding solution p* of (1.1)
satisfies

p*(7"(po,p1)) = p1,

where 7*(pg, p1) is the minimal time needed to steer the initial data py towards the target popu-
lation p; with controls in U4,

7™ (po,p1) = min {7 | p(7,-,") =p}. (1.2)
UEULq

The main result in this work asserts that the solution is bang-bang and unique. More precisely,
we have

Theorem 1.1. With the above notations and assumptions, for any po € L>((0,a+); L*(Q)) and
any p1 € R(po,Uad), there exists a unique solution u* of the time optimal control problem (1.2).
This solution u* has the bang-bang property:

lu(t,a,z)] =M ae. in [0,00) X (0,a1) X w. (1.3)

It is know (see, for instance, Micu, Roventa and Tucsnak [31] - Proposition 2.6.) that the
existence and uniqueness of the time optimal control problem (1.2) which has the bang-bang
property (1.3) may be induced by the L null-controllability of the system (1.1) in any arbitrary
time 7 > 0 over any subset F of positive measure in [0,7]. Hence, in order to prove the above
Theorem 1.1, we need to derive from [15] the following L° null controllability result for the Lotka-
McKendrick equation:



Theorem 1.2. With the above notations and assumptions, let T be a positive constant and let E be
a subset of the interval [0, 7] with positive measure. Then the system (1.1) is L null-controllable
in time T > 0 over E, in the sense that for every py € L>((0,a+); L*(2)), there exists a control
u € L>®((0,7) x (0,a4) xw) such that the solution p of the following controlled population equation:

atp(t7 a, x) + 6ap(ta a, 1’) + ,u(a)p(t, a, ‘T) - Ap(tv a, $)
= x5(t)Xw(®)u(t, a,7), te(0,7), ae(0,at), z€Q,
9p
%(tvaﬂx) =0, te (0,7), ac (O’O’T)7 x € 0N, (14)
p(t,0 / B(a)p(t,a,z)da te(0,7), z€Q,
p(0,a,z) = po(a, x), a€(0,a4), z€Q,
satisfies p(T,a,z) =0 for almost every (a,x) € (0,a4) x Q. Moreover, we have
llull oo ((0,7) % (0,a1) xw) < LllPollLoe ((0,a1);22(02))5 (1.5)

where L is a positive constant independant of pg.

Remark 1.3. In this work, the initial condition py is restricted to belong to L>((0,a+); L*(Q)) in
order to get a corresponding L™ null controllability result - more precisely, in the case when py does
not belong to L>=((0, at); L*(2)), there may not exists a control function in L>((0,7) X (0, at) X w)
driving po to zero in any arbitrary small time T.

The null-controllability of the the system modelling age-dependant population dynamics is by
now well understood in the case in which diffusion is neglected (see Barbu, Ianelli and Martcheva
[11], Hegoburu, Magal, Tucsnak [14], Maity [28], Anita and Hegoburu [7]). In the case when spatial
diffusion is taken into account, namely for (1.1), the particular case when the control acts in the
whole space (the case corresponding to w = 2) was investigated by S. Anita (see [6], p 148). The
case when the control acts in a spatial subdomain w was firstly studied by B. Ainseba [1], where
the author proves the null controllability of the above system (1.1), except for a small interval of
ages near zero. The case when the control acts in a spatial subdomain w and also only for small
age classes was investigated by B. Ainseba and S. Anita [2], for initial data pg in a neighborhood
of the target p. As already mentioned, Hegoburu and Tucsnak proved the null controllability
of system (1.1), using an adaptation of the Lebeau Robbiano strategy originally developed for
the null-controllability of the heat equation. This result has been recently improved by Maity,
Tucsnak and Zuazua [29], assuming that the young individuals are not able to reproduce before
some age a, > 0 , where the control function u in system (1.1) has support in some interval of
ages [a1,az], where 0 < a1 < az < a4. In [29] the authors proved the null controllability result
with this additional age restriction, provided that the control time 7 is large enough, and the age
a1 is smaller than a. Related approximate and exact controllability issues have also been studied
in Ainseba and Langlais [4], Ainseba and Iannelli [3], Traore [35], Kavian and Traore [22].

The time optimal control problems for age-structured populations dynamics without diffusion
has been extensively studied in the past decades, essentially in the case when the control acts as
an harvesting rate (see, for instance, Brokate [12], Barbu and Iannelli [10]). In this case, the bang-
bang structure of the optimal harvesting has been obtained in several papers (see, for instance,
Medhin [30], Anita [5, 6] Anita et al [33], Hritonenko and Yatsenko [16], Hritonenko et al [17]
and references therein). The literature devoted to the time optimal additive control problems
for age-structured populations dynamics with spatial diffusion (namely for system (1.1)) is less
abundant, but several important results and methods are available for the heat equation (see, for
instance, Apraiz, Escauriaza, Wang, Zhang [9], Wang [36], Micu, Roventa, Tucsnak [31], Wang
and Zhang [37], Apraiz and Escauriaza [8] and references therein). Here, we shall use the strategy
developed by Wang [36] (which is, roughly speaking, a generalization of the Lebeau Robianno
strategy) with the methodology developed in Hegoburu and Tucsnak [15] (based on the Lebeau



Robianno strategy) in order to prove the L null controllability of system (1.4) in any time 7 > 0
over any subset E C (0,7) of positive measure. As already claimed, this L° null controllability
result implies the bang-bang principle stated in Theorem 1.1.

The remaining part of this work is organized as follows. In Section 2 we introduce some basic
results on the Lotka-McKendrick semigroup without spatial diffusion, corresponding to the L? and
the L™ settings, and we state an L null controllability result associated to system (1.4) without
spatial diffusion. In Section 3 we recall and introduce some results corresponding to the Lotka-
McKendrick semigroup with spatial diffusion, associated to the L? and the L™ settings. Section 4
is devoted to study the L null controllability of low frequencies for the solution of system (1.4).
We prove the main result in Section 5, by using a strategy developed by Wang [36], originally
intented to study the time optimal internal controls for the heat equation.

Notation: In all what follows, C' will denote a generic constant, depending only of the coeffi-
cients in (1.1), on  and w, whose value may change from line to line.

2 Some background on the Lotka-McKendrick semigroup without dif-
fusion

This section is devoted to recall some existing results on the population semigroup for the linear
age-structured model without spatial diffusion relatively to the classical L? setting, and to introduce
the corresponding results relatively to the L setting. In particular, we recall the structure of the
spectrum of the semigroup generator and we shall state a null controllability result, in the L*°
setting, concerning the diffusion free case.

2.1 The free diffusion semigroup in L?(0,a;)

In this paragraph we remind some results on the diffusion free case, which is described by the
so-called McKendrick-Von Foster model. We do not give proofs and we refer, for instance, to Song
et al. [34] or Inaba [20] for a detailed presentation of these issues.

The considered system is:

Op(t, a) + Bap(t, a) = —p(a)p(t,a), >0, a € (0,a1),

p(t,0) = [ Blap(t,a)da, £>0,
0

p(0,a) = po(a), a€ (0,a4),
where p and B satisfy the assumptions in Theorem 1.2.

The above system is described by the operator Ay defined by

at d(p
plan) = {p e Pl0.e] | 90 = [ Bla)et@)da -5 - g € 220, |
(2.1)
dp
Aop = = — pp (¢ € D(A)).
a
Theorem 2.1. The operator Ay defined by (2.1) has compact resolvent and its spectrum is con-
stituted of a countable (infinite) set of isolated eigenvalues with finite algebraic multiplicity. The
eigenvalues (A\2),>1 of Ao (counted without multiplicity) are the solutions of the characteristic
equation

F(\) = /OaT B(a)e *m(a)da = 1. (2.2)

The eigenvalues (A2),,>1 are of geometric multiplicity one, the eigenspace associated to \° being
the one-dimensional subspace of L*(0,a4) generated by the function

w?l(a‘) = 6_>‘%7r(a) = e—)\ga—fo‘l n(s) ds.



Finally, every vertical strip of the complex plane oy < Re(2) < ao, a1,as € R, contains a finite
number of eigenvalues of Ag.

Theorem 2.2. The operator Ay defined by (2.1) has a unique real eigenvalue \Y. Moreover, we
have the following properties :

1. N} is of algebraic multiplicity one;
2. A} >0 (resp. \) <0) if and only if F(0) > 1 (resp. F(0) < 1);
3. A} is a real dominant eigenvalue:

A > Re(\2), Vn > 2.

It is well known (see, for instance, Song et al. [34] or Kappel and Zhang [21]) that A generates
a C° semigroup of linear operators in L2[0, a;] which we denote by T4° = (T;),>0. We also have
the following useful result (see, for instance, [20, p 23]):

Proposition 2.3. The semigroup T4° generated on L?([0,at]) by Ag is compact for t > ay.

According to Zabczyk [39, Section 2]), this implies in particular that
wa(Ao) = wo(Ao),

where w,(Ap) = t_13+moc tn ”T?OHLQ(OM) denotes the growth bound of the semigroup T:° and

wo(Ap) := sup{ReX | A € o(Ap)} the spectral bound of Agy. It is worth noticing that the above
condition ensures that the exponential stability of T4 is equivalent to the condition wq(A4g) < 0.
According to Theorem 2.1 and 2.2, it follows that the exponential stability of T4° is equivalent
to the condition \{ < 0, where \{ < 0 is the unique real solution to the characteristic equation
defined by (2.2).

The following subsection is intended to show that the condition A} < 0 is also sufficient to get
a stability type result in the L setting.

2.2 About the diffusion free semigroup in L*(0, a;)

This subsection is devoted to discuss some properties of the Lotka-McKendrick semigroup T#4¢
without diffusion, in the case when the initial inputs are restricted to belong to the state space
L*>(0,a4). More precisely, we shall introduce an L> exponential stability type result, and state
an L null-controllability result associated to system (1.4) in the diffusion free case.

The following Lemma 2.4 states that the condition A < 0 (where A\? < 0 is the unique real
solution to the characteristic equation defined by (2.2)) is sufficient to get an L™ exponential
stability type result:

Lemma 2.4. Let \) be the unique real solution to the characteristic equation defined by (2.2).
There exists a constant C > 0 such that for every py € L>(0, a+), we have

lpo(a — 1)) if a>t,

T po(a)] < { (2.3)

0 .
Cekl(t_a)HpOHLl(O’aT) if t > a.

Proof. Let pg € L*°(0,a+). It is well known (see, for instance, Iannelli [19] or Webb [38]) that the
semigroup T4 satisfies

(T{po)(a) = 7T(7;(a_)t)p0(a—t) if t<a,

m(a)b(t — a) if t>a,

(2.4)



where 7(a) = e~ Jo #(@)do

b(t) = (T7po) (0 / B(a)(Tpo)(a) da is the total birth rate function.

is the probability of survival of an individual from age 0 to a and

If a > t, it is clear that we have |T2pg(a)| < |po(a — t)| due to (2.4), so that the first estimate
of (2.3) holds.

Let s > 0. It is shown in JTannelli [19, p. 21 and 22] (see also Anita [6, p. 54]) that for every
s > 0 we may write the total birth rate b(s) in the following form:

b(s) = M2 (by + e M F(s) + Qo(s)) (s> 0), (2.5)
where by is a nonnegative constant satisfying

0 < bo < Mollpollz1(0,a1) (2.6)
the function Qy € L*°(0, +00) satisfies, for every s > 0,

1Q20(s)| < Mollpollz1(0,a4)s (2.7)
and the map F' € L>°(0,400) is defined by

/ Bz )po(x—s)dx if s€(0,a4],

if s> ay,

(2.8)

where the constant My given in the inequalities (2.6) and (2.7) do not depend on py. It follows
from (2.5), (2.6), (2.7) and (2.8) that for every s > 0 we have

0 2\
[b(s)| < e (Mollpoll 21 0,00y +( suD €M) ||Bl| 1< (0,0 P01l 1 0,00) +Mo Dol L1 0,0) (5> 0),

o€l0,a4]
so that the second estimate of (2.3) follows from the above inequality, setting
40
C := 3max (Mo ; ((sup e M) 181> 0,a) ) .
o€(0,a4]

O
Recall that the main motivation of this paper is to show that the system (1.4) is null controllable
in any time 7 > 0 with controls u € L*((0,7) x (0,a4) X w) which are additionnaly supported
in time in an arbitrary subset E C (0,7) of positive measure. To this aim, it will be needed - in

the following Section 4 - to get a corresponding null controllability result in the diffusion free case.
More precisely, the diffusion free control problem associated to system (1.4) writes as

Op(t; a) + dap(t, a) + pla)p(t, a) = v(t,a)xe(t)  t€(0,7), a €(0,a1),
p(t,0) / B(a)p(t, a)da, te(0,7), (2.9)

(O,G,) *pO( )v aec (Ova]‘)a

where v denotes the control function and E is a subset of [0, 7] with positive measure. Let us state
an L*° null-controllability result for the above system (2.9):

Proposition 2.5. Under the above assumptions, let T > 0 and E be a subset of [0, 7] with positive
measure, i.e. m(E) > 0. Then for every po € L>(0,at), there exists v € L>((0,7) x (0,a4)) such
that the solution p of (2.9) satisfies

p(r,a) =0 (a € (0,at) a.e.).

Moreover, for almost every (t,a) € (0,7) x (0,a+), we have

0] € = Tom@)] (e € 0.7) x (O.a) ae). (210)



Proof. Let T > 0. For almost every (t,a) € (0,7) x (0,az), we set

v(t,a) = fﬁ('ﬂ‘fopo)(a) (t €(0,7), a€(0,a4)). (2.11)

With v defined as above, the (mild) solution p of (2.9) satisfies

p(t, a) = T po(a) + / (T yp(0)u(0))(a) do
0

= T;*po(a) — m(lE)/O xe(0)T72, (T2opo) (a) do

#E) /0 XE(U)TfOpO(a) do

m(E N (0, t)))
m(E) ’

=T/*po(a) —
= Tfopo(a) <1 —

so that we have p(7,-) = 0 since E is a subset of (0,7). The estimate (2.10) is then a direct
consequence of (2.11). O

3 The population dynamics with diffusion

This section is devoted to recall and introduce some results concerning the Lotka-McKendrick
semigroup with spatial diffusion, in both L? and L™ settings. More precisely, we recall the structure
of the spectrum of the semigroup generator and we give a stability result in both L? and L™
settings, conditionally to the sign of AY (where A} denotes the unique real solution to (2.2)).

3.1 The Lotka-McKendrick semigroup with diffusion in L?*((0,a;) x Q)

The existence of a semigroup on L?((0, ay) x Q) describing the linear age-structured population
model with diffusion coefficient and age dependent birth and death rates, with homogeneous Neu-
mann boundary conditions has been proved in Huyer [18, Theorem 2.8] (see also Guo and Chan
[13] for the case of homogeneous Dirichlet boundary conditions).

More precisely, let H := L?((0, at) % §2) and let us consider the diffusion free population operator
Ay : D(A1) — H defined by

D(A;) = {(p € H | (-, x) is locally absolutely continuous on [0, a4),

ay
»(0,z) = / B(a)e(a,x)da for a.e. x € Q, g—(: + pp € H}7
0

dyp
Ajp=—=2 —
1P = =5~ 1P,

and the diffusion operator Ay : D(A2) — H defined by
dp
D(As) = {gﬁ eH |35 =0on aQ}, Asp = Ag.
The population operator with diffusion A : D(A) — H is defined by
The generator A of the population semigroup can be seen as the sum of a population operator

without diffusion —d/da — I and a spatial diffusion term A. It turns out that spectral properties
of A can be easily obtained from those of these two operators.



Theorem 3.1. Let 0 = Ay < A1 < A2 < ... be the increasing sequence of eigenvalues of —A with
Neumann boundary conditions and let (pn)n>0 be a corresponding orthonormal basis of L*(S2).
Let (A\2),>1 and (¢9),>1 be respectively the sequence of eigenvalues and eigenfunctions of the free
diffusion operator Ay defined by (2.1) (see Theorem 2.1). Then the following assertions hold:

1. The eigenvalues of A are given by
o(A)={\) -\ |ieN*, jeN}L
2. A has a dominant eigenvalue:
A=A > Re()), VA €a(A), A # 1.
3. The eigenspace associated to an eigenvalue X of A is given by

Span{is? (a)g;(x) = e m(a)p; (@) | A = Xy = A}.

N
x A3
X
X
X
X Ao A1 Aj — 00
¢ - (| — - - o d
x v
X
X
X
x A
A

Figure 1: The spectrum of the free diffusion operator Ag (green crosses) and of —A (red circles)

Since the operator A generates a C° semigroup of linear operators in H which we denote by
T4 = (T{!)>0, this allows to define the concept of (mild) solution of (1.4) in the following standard
way: we say that p is a mild solution of (1.4) if

p(tv') :T?p()"'q)t,Eu (t>07 u € L2([07OO),H)), (31)
where the control operator B € L(H) is defined by
Bu = x,u (u S H),

and where

By pu = /0 TA Byn(o)u(o)do (t>0, ueL?(0,00): H)).  (3.2)

It is worth noticing, for instance by using a spectral decomposition, that the semigroup T4 is
exponentially stable if A\{ < 0, where we recall that A} denotes the unique real solution to the
characteristic equation defined by (2.2).



Remark 3.2. In order to prove the null controllability of system (1.4), we may assume, without
loss of generality, that the so called reproductive number satisfies

/ Bla)m(a)da < 1,

which implies that the unique real solution A} to the characteristic equation defined by (2.2) satisfies
a

:
A < 0. Indeed, in the case when / Bla)m(a)da > 1, we may consider the auxiliary system
0

Oz(t,a,x) + 0g2(t,a,x) + p(a)z(t, a,x) — Az(t,a,x)
= Xw(m)XE(t)v(ta,x), t> O, a e (O,GT), xT € Q,
0z
£ —(t,a,x) = t>0, a€(0,at), z €09, (3.3)
z(t,0,x) / B(a)z(t,a,x)da t>0, x €,
(O,CL,.Z‘) :po(a,l‘), ac (07G’T)a T e Qa

with f(a) = p(a) + A\, where A = 0 is large enough to have

/ B(a Es)ds qq < 1.

Suppose that the above system (3.3) is null controllable with control function v. Then, system (1.4)
is null controllable with control function u = e v, which has the same reqularity as v.

From now on, without loss of generality (see the above Remark 3.2), we assume that the unique
real solution \J to the characteristic equation defined by (2.2) satisfies the following assumption:

(Stable) : the unique real solution \? to the characteristic equation (2.2) satisfies A9 < 0.

Recall that the above assumption gives the stability of the semigroup T4 in the space H =
L>((0,a4); L*(©2)). The aim of the following subsection is to prove that the above assumption
(Stable) also induces some stability type results in the subspace L>°((0, at); L*(Q2)) of H.

3.2 Stability results in L>((0,a;); L*(Q2))

In order to derive from the above subsection some stability results in the L setting, let us recall
from Theorem 3.1 that {¢;};>0 denotes an orthonormal basis in L?(£2) formed of eigenvectors of
the Neumann Laplacian and (A;),>0 is the corresponding non decreasing sequence of eigenvalues.
In other words (g;);>0 is an orthonormal basis in L?(£2) such that for every j > 0 we have

—Apj=Ajp;  in

9¢j

£y =0 on Of).

The following Lemma 3.3 states that the condition A < 0 (where A is the unique real so-
lution the characteristic equation defined by (2.2)) ensures some stability results in the space
L>((0,a4); L*(£2)). More precisely, we have

Lemma 3.3. Under the assumption (Stable), there exists a constant C > 0 such that for every

po € L*((0,at); L*(Q)), for every (t,a) € (0,+0c) x (0,at) we have

“+oo

D (T7p5(a))* < Clpoli= (a2 (=0, a€(0,a1) ae), (3.4)
7=0



and for every t > 0 we have
HTpr”%OO((O,aT);Lz(Q)) < CllpollZ o ((0,a): 220 (t=0), (3.5)
where p%(a) = (po(a,-),v;)r2(q) for almost every a € (0,a;) and every integer j > 0.

Proof. Let pg € L>((0,at) x Q)). For every j > 0 and for almost every a € (0,at), denote by
po(a) = (po(a,-), ¢;)r2(a)- Note that, for almost every a € (0,a;) we have

Z(p%(a))QZ/on(a,x)de, (3.6)

j=0
as a consequence of Parseval’s formula.
Let a > t. Using (2.3) together with (3.6), we have

—+o0 —+oo

Z(Tf‘op%(a))z < Z(pﬂ(a - t))z = /on(a —t, 35)2 dz < ||p0H%°C((O,aT);L2(Q))' (3.7)

Jj=0 Jj=0

If t > a, since \Y <0, from (2.3) we have

+0o too
D (Tiop(a)* <C D Ipbll71(0,0)
§=0 §=0
+oo )
< CZ 1261172 (0,0:) (3.8)
3=0

= ClipollZ2 (0,022
< Cllpollis (000222
so that the estimation (3.4) follows from (3.7) and (3.8).

In order to get the estimation (3.5), notice that for almost every (¢,a) € (0,400) x (0,a4) we
have

T po(a, Z]ﬂ (t,a)p; in L*(Q), a.e. in (0,400) x (0,at),
7=0
where
O’ (t,a) + 0,07 (t,a) + (()+/\)p7( a)=0 t>0, ac(0,ay),
P (t,0) / B(a)p’ (t,a)da, t>0, (3.9)
P (0,0) = (o), @ e (0,0p).

It is easy to check that the solution p’ of (3.9) satisfies p’(t,a) = e T (p))(a), so that for
almost every (t,a) € (0,+00) x (0,a+) we have

+oo +oo “+oo
T po(a, )72y = D P/ (ta)) =Y e > (Tioph(a)® < Y (T7oph(a))?,
j=0 j=0 §=0
and the estimation (3.5) follows from (3.4) and the above inequality. O
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4 Low frequency control in L>((0, ay); L*(2))

In this section, we prove that the projection of the state trajectory of (1.4) on an infinite subspace
of H = L*((0,a4); L?(2)) (defined using the eigenfunctions of the Neumann Laplacian) can be
steered to zero in any time and we estimate the norm of the associated control.

In the sequel, for any u > 0, we denote by
N (p) := Card{k : \p < u},

E, = Span{yi : Ay < p},

and I, : L?(Q) — L?(Q2) the orthogonal projection from L?(2) onto E,,. The main result of this
section is:

Proposition 4.1. Under the assumption (Stable), let p > 0 and let T > 0. Let E be a subset
of positive measure in the interval [0,T]. There exists u, € L>((0,T) x (0,a+) x w) such that the
solution p of (1.4) satisfies

Hg,p(T,a,-) =0 (a € (0,at) a.e.).
Moreover, we have the following estimate:

2 Cre®VE
Huﬂ HLOO((O,T) x(0,a+)Xw) < W ”pO HLW((O,at);L2(Q))7

where Cy and Cy are two positive constants.

The main ingredient of the proof is an inequality involving the eigenfunctions of the Neumann
Laplacian:

Theorem 4.2. For any non-empty open subset w of 2, there exists two positive constants C1,Cy >
0 such that for any p > 0, for any sequence (a;);>0 C R, we have

1/2

Z la;|? éC’leC“m/ Z ajp;(z)| da. (4.1)

JiAjSp AV DYEY
The above inequality may be obtained by combining results and methods from Lebeau and
Robbiano [23], [24] (see also Lii [27]), and analyticity arguments due to Apraiz et al. [9, Proof of
Theorem 5. Besides the above inequality, we will use a classical duality argument, following the

methodology in Micu, Roventa and Tucsnak [31] - roughly speaking, the L' observability induces
the L°° controllability.

Proof of Proposition 4.1. Note that the solution p of (1.4) writes

= ij(t,a)gpj in L*(Q2), a.e. in (0,7) x (0,a+),

=0

where
P’ (t,a) + 0up’ (t,a) + (u(a) + N\))p’ (¢, a) = XE(t)/ u(t, a, x)p;(z) de, te (0,T), ac(0,a4),
P (t,0) / B(a t e (0,7),
P'(0,a) = py(a) a € (0,at),

11



and where

Zpo a)p; in L*(Q), a.e. a € (0,a4).

The aim is to solve the following moment problem: find u € L*>((0,T") x (0, a3) X w) such that for
every j € [0, N(u)], we have

/ w0, 2)p;(x) dz = vi(ta)  ((ta) € (0,T) x (0,ay) ae.),
where v; denotes a null control associated to the system
0ep’ (t, a) + 0ap’ (t,0) + (p(a) + Aj)P’ (t,a) = xe(t)v;(t,a),  t€(0,T), a€(0,a),
i(t,0) / B(a)p! (t, a) da, te(0,7), (42)
P (0,a) = a € (0,az).

Recall from Proposition 2.5 that for every j > 0, there exists v; € L*((0,T) x (0,a4)) such
that the corresponding solution p? of the above system (4.2) satisfies p?(T, a) = 0 for almost every

a € (0,ay), with v;(t,a)| < 5/ (T{°pj(a))| (since we can choose v;(t,a) = —%; [;g (Tiop?) (a)).

Let p > 0. Define the map G : L?(w) — RN (W+1 by

Gu = ( /w u(@)p; (@) da;) .

+1

It is easy to check that for every w = (w;)o<j<n(n) € RN+ we have

N ()
Grw = Z W;Pj-
§=0
Inequality (4.1) ensures that for every w € RV W+ we have
ol < CreC™VTG¥ il o). (43)

Define the mapping K : E, — RN+ by the formula K(G*w) = w for all w € RN+ Using
(4.3), it follows that the mapping K is well defined and that

1K lpnion < Cre®Vilzl ) (2 € By). (4.4)

For every i € {0,...,N(p)}, define the linear mapping K; : E,, — R by the formula K;(z) = (K(z));
for all z € E,,, where (K(z)); denotes the i-th component of the vector K(z). It follows from (4.4)
that, for every i € {0,...,N(u)} and for every z € E,, we have

|ICZ(Z)| < CleczﬁHZ”Ll(w) (i € {07 s vN(M)}a Z € E#)v

so that from the Hahn-Banach theorem we can extend each linear functional K; to a bounded
linear functional KC; on L!(w) such that

i)l < Cre®V lzllpiwy (i €{0,... . N ()}, 2 € L'(w)). (4.5)

Now, let us define the mapping K : L (w) — RN+ by the formula K(z) := (Izi(z))ogigj\/(“) for
all z € L'(w), so that the mapping K is a bounded linear extension of the mapping K on L' (w).
Notice that, using (4.5), for every z € L*(w) we have

|Rzllanion < Cre®VEW(n) + D}zl (= € L'w)).
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By Weyl’s formula (see, for instance, Netrusov and Safarov [32] for a reminder), there exists a
constant K > 0 such that N () < Ku?, so that we may infer from the above estimation that

IK2llgaos < Cre®VP|2lliw) (2 € L'(w)), (4.6)

for some other constants C7,Cs > 0.
Note that for every w € RN+ since G*w € E,, we have

K(G*w) = K|p, (G w) = K(G*w) = w,
so that /EQ* = IdC(RN‘(u)+1) and since K and G are bounded opeartors, it follows that we have

g (E>* = Idﬁ(RN(u)+1). (4.7)

Noting that the range of (I%) is included in (L'(w))’ = L*(w) (from the Riesz representation

theorem), it follows from the above equality (4.7) that for every w € RVNU)+1 there exists u :=
~\ *
(IC) (w) € L*>(w) such that Gu = w, with

lullz=ey = ||(£) " ()|

<[()

- H’CHE(Ll(w),RN(HHl) [[wllgro+1

< 01€C2\/ﬁ”w”RN(u)+1.

Lee(w)

L(RN )+ 00 (w)) ”wHRN(“Hl

= ||
LRN (0)+1 00 (w)) H L(LY (w),RN(0)+1)

gether with the estimation HIEH < C1e2VE which follows from (4.6).
L(LY (w), RN ()+1)

~\ *
In the above inequalities, we have used that H (IC)

Let (t,a) € (0,7) x (0,at). Setting w(t,a) := (vj(t,a))ogj<nr(u) Where v; is the null control
defined by Proposition 2.5 (with p(a) replaced by ((a)+A;)), it follows that there exists u,(t,a,-) €
L*>(w) such that Guy(t,a) = w(t, a), i.e

/uu(t,a,x)goj(a:) dz = v;(t, a) (G € [0, N(w)], (t,a) € (0,T) x (0,a) a.e.),

with
(s a, )| Lo () < Cre®VE[[w(t, @) |[pag - (4.8)
From the above inequality (4.8), it follows that for almost every (¢,a) € (0,7T") x (0, at), we have
N(w) 1z
lup(t,a, )z wy < Cre™ | Y o ta)l® |
7=0

Ao g
where |v;(t,a)|> < % by Proposition 2.5, so that using (3.4) together with the above

inequality we get that
2 Cie?vi 2
||uu(taa/7')||L°°(w) < C x (m(E))2 ||p0||Loo((07aT);L2(Q)) ((t,a) S (O,T) X (O,G/T) a.e.)’

and we deduce from the above inequality (recalling the constant C' x C% by C; and recalling 2C5
by C3) that we have

2 Cie®vi o
HuHHLw((O,T)X(O,aT)Xw) < W||POHL00((0,M);L2(Q))~
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5 Proof of the main result

In this section we prove Theorem 1.2 by using a slight adaptation of the strategy developed by
Wang [36], initially proposed to study the time optimal internal control problem for the heat
equation.

First, recall from Proposition 4.1 that, given a time T > 0, a subset E C (0,7T) of positive
measure and a cutting frequency p > 0, there exists u, € L>((0,T") x (0,a4) x w) such that the
solution p of (1.4) belongs to the orthogonal of E,, at time T', for every a € (0,a;). The control
cost behaves like e“V#, and may be compensated by the natural dissipation of the solution - under
assumption (Stable) - stated in the following Proposition.

Proposition 5.1. Under the assumption (Stable), let y > 0 and suppose that 1lg,po(a,-) = 0
for almost every a € (0,a4). Then there exists a constant C' > 0 such that for every t > 0, the
solution p of (1.4) with u =0 satisfies

1Pt )l Lo (0,522 (2)) < Ce ™ IIpoll e ((0,a1):L2(2) (t>0).

Proof. Suppose that I1g, po(a) = 0 for almost every a € (0,a;). With u = 0, the solution p of (1.4)
satisfies

p(t,a,-) = Z pj(tva)<pj in Lz(Q)7 a.e. in (0,7) x (O,Gf’-),

Jr Aj>p
where . , )
O’ (t,a) + 0ap’ (t,a) + (u(a) + Aj)p’ (t,a) =0 £>0, a € (0,at),
P (t,0) / B(a)p’ (t,a)da, t>0, (5.1)
7 (0,a) = p)(a) a € (0,a4).

Let \j > p. Tt is easy to check that the solution p/ of (5.1) satisfies p/ (t,a) = e~ T (p)(a),
so that for almost every (¢,a) € (0,7) x (0, at) we have

p(t,a )zey = Y W)l

Jr Aj>p
+o0 )
ey (T ph(a))?,
j=0
and using inequality (3.4) we deduce from the above inequality that we have

Ip(t; a, ')”%2(52) < Ce_2ut||p0|‘%°°((0,at);L2(Q))’

so that the estimation of Proposition 5.1 holds. O

In order to prove Theorem 1.2, we will need the following known and useful result from the
measure theory, whose proof may be found in Lions [25, p. 275].

Lemma 5.2. Let T > 0 and E be a Lebesgue measurable set with positive measure in [0,T]. For
almost every t € E, there exists a sequence of numbers {t;}52, in the interval [0, T) such that

b <tyo<--<ti<tig1<---<t, ty—=1tasi— oo, (5.2)

m(E N [ti’tiJrl]) > p(ti+1 - ti)v i=1,2,..., (53)
tiy1 —t; .

SR <Gy, i=1,2,. ., (5.4)
tito — tiy1

where p < 1 and Cy are two positive constants which are independant on i.
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We now have all the ingredients to prove Theorem 1.2, following the ideas developed in Wang

[36).

Proof of theorem (1.2). With no claim of originality, we borrow some ideas from [36] (see also Lii
[26]). Without loss of generality, we may assume that the assumption (Stable) is satisfied (see
Remark 3.2). We may also assume that C; > 1, where C} is the positive constant given in (4.1)
(resp. in (5.3)). Let C' > 1 be a fixed constant such that (3.5) and (5.1) hold. By Lemma 5.2, we
can take a number ¢ € E with < T and a sequence {ty}3_; in the interval (0,7) such that (5.2)

- (5.4) hold for some positive number p < 1 and Cp, and

. 1
t—1t1 <min(1,>.
|w]

Let us consider the following equation :

hp(t,a,z) + 0,p(t, a,x) + p(a)p(t, a,x) — Ap(t, a, x)
= Xw(l‘)XE(t)ﬂ/(t,a,,.’L‘), te [tlaﬂ? a € (OaaT)7 T e Qa
op -
a—(t,a,x):(), tefti,t], ae(0,a4), x € 09, (5.5)
p(t,0,z) / B(a)p(t,a,z)da t € [t, 1], x €Q,
p(tlvaax) —po(a,z), ac (OaaT)a x €.

We shall first prove that for each pg € L*((0,a4); L?(£2)), there exists a control @ in the space
L>®((t1,t) x (0,at) x w) with the estimate 8l Lo (42,8 x (0,01) xew) < LllDollo<((0,a1);22()) for some
positive constant L independant of py, such that the solution p to (5.5) vanishes at time £, i.e.

p(t,a,x) = 0 for almost every (a,z) € (0,a3) x €.

Set Iy := [tan—1,tan], JN := [tan,tany1] for N =1,2,.... Then we have
[tl,f) = U (IN U JN>
N=1

Notice that for each N > 1, we have m(FE N Iy) > 0 thanks to (5.3).

Now, on the interval I; = [t1, t3], we consider the following controlled equation:

8tp1 (tv a, l') + 8Clpl (t7 a, .’,U) + :u“(a’)pl (tv a, ‘T) - Apl (t7 @, .’,U)
= XW(Z‘)XE(t)Ul(t,a,J?), te [tlatQL a € (O,CLT), T e Qa
0
apyl(t a,z) =0, t € [t1,t2], a € (0,at), z € 09,
a
p1(t,0,2) = / B(a)pi(t,a,z)da, t € [t1,ta], © €Q,
0
p1(t1,a,2) = po(a, x), a€(0,a4), z €.
(5.6)
By Proposition 4.1, for any r1 > 0, there exists a control u; in the space L™ ((t1,t2) % (0,a+) X w)
with the estimate:
C Cay/r1
L° (5.7)

2 ~ |12
||U1||Loo((t1,t2)x(o,aT)xw) < (m(E N [t1, t2]))2 ||p0HL°°((O,aT);L2(Q))’

such that I, pi(ts,a,-) =0 for almost every a € (0,at). Then, using (5.3) with (5.7) we have

9 C1eC2VT
[l Zoe ((t1,42) % (0,01) xw) S 2(ts—11)2 ||p0HLoo((o at);L2(9))
Cy

— ~ 112
= 2t — i)z Pl (.apizz
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where a; := e“2V"1. Moreover, from (3.1), (3.2) and (3.5) we get that the solution p; of (5.6)
satisfies

to
P12, s M Lo ((0,01):22(2)) < CH%||L°°((0,aT);L2<9))+C/ lur(o)l Lo (0,a1):22(w)) do
t1

< Cllpoll Lo ((0.a4);:22(02)) + Cta — ta)|wll|u ]| Lo ((t1,£2) % (0,a4) xw) 59)
. .

C(lpoll o ((0,a1):2(2)) + Ul Lo ((t1,2) % (0,a1) xw))
Cl 2 ~
<20 —F—— o |
(pz(t2 - t1)2 al) HpO”L ((0,a1);L2(Q))

Here, we have used the fact that (t2 — ¢;) < min (1, ﬁ), p < 1and Cy > 1, together with (5.8).

On the interval J; = [tg, t3], we consider the following population equation without control:

Oaqr(t,a,z) + Oaqi(t,a, ) + pla)qi (t, a, ) — Agy(t,a,2) =0, t € [to,t3], a € (0,a4), z €Q,

0

%(t,a,w) =0, t € [ta, t3], a € (0,ay), = € AN,
at

q1(t,0,2) = / B(a)q(t,a,z)da, t € [ta,t3], = € Q,
0

QI(t27aa-T):p1(t27a7$)a a e (07041‘)7 ‘TGQ

Since Ig, pi(t2,a, ) = 0 for almost every a € (0, a;), from Proposition 5.1 we have

g1 (3 M7 oo (0,000 22 (0 < CZ exp(=2r1(t3 = t2)) - [P1 (2,5 )| Foe (0,05 ):22(02)) (5.10)
and using (5.9) with (5.10) we get that

la1(ts, -, M Zoe (0,0 )220y < 4CHX ar-exp(—=2r1(ts—t2)) - [1ol|7 = (0,0, );22())- (5-11)

1
pA(ta —t1)?

On the interval I = [t3,t4], we consider the controlled population equation as follows:

8tp2(t7 a, .13) + aap2(t7 a, Jf) + /’L(a’)pQ(ta a, Z‘) - Ap?(tv a, Jf)

= Xw(@)XxE{t)u2(t, a, ), t € [ts,ta], a € (0,a), z €9,
0
%(t,a,x) =0, t € [ts,ta], a € (0,as), x € O,

at
p2(t,0,2) = / B(a)p2(t, a,x) da, t € [ts, ta], x € Q,
0
p2(t37a7I)ZQ1(t3aa7I)a a € (O,GT), x € Q.
(5.12)

Then by using Proposition 4.1, for any ro > 0, there exists a control us in the space L>((t3,t4) X
(0,a+) X w) with the estimate:

s 2 S i L PP (5.13)
2l (ot x 0anxe) < GuiE A a2 19 08 M= (oaniza@) :

such that I, p2(ts,a,-) = 0 for almost every a € (0,at). By using (5.4), (5.11) and (5.13) we
have

C g _
/)2(152—751)2> Coon-a- 180017 ((0,01):22(02)) (5.14)

where oy := exp(Ca\/T2) exp(—2ri(t3 —t2)). Given (3.1), (3.2) and (3.5), we may infer from (5.14)
that the solution ps of (5.12) satisfies

[42]17 o ((15,00) ¢ (0,00 ) ) < Act (

& eC2Vr2 2

2 26 4 ~ 12
P2 (tas - Lo ((0,01):L2(0)) < 4°C <P2(t2—tl)2) Co a1 az - [polle (0,02 (5-15)
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On the interval Jy = [t4,t5], we consider the following controlled population without control:

Orqa(t, a, ) + 0uqa(t,a, ) + p(a)gz(t, a, x) — Aga(t,a,z) =0, t € [ta,ts], a € (0,a4), z € Q,
%(t,a,x) =0, t € [ta,t5], a € (0,a4), x € 090,
q2(t,0,2) = /aT B(a)gs2(t, a, ) da, t € [tg,t5], © € Q,
q2(ta, @, ) = ](;2(154761,16), ac(0,a1), v €

Since Ilg,, pa(ts,a,-) = 0 for almost every a € (0, ay), from Proposition (5.1) we have

1255 )7 o (0,000 22 () < CF exp(=2ra(ts — ta)) - [P2(ta, -5 ) Foe (0,05 ):22(02)) (5.16)

and using (5.15) with (5.16) we get that

Gy _
laz(ts, - M E o (0,000 22(02)) < 4°C° (M) Cy-ar-ag-exp(=2r2(ts—t1)) Dol Foo (0,0 )12 (2)) -
(5.17)
On the interval I3 = [ts5, tg], we consider the controlled population equation as follows:

a15173 (tv a, x) + aap3 (tv a, LE) + M(a)p3 (t7 a, {E) - Ap3 (tv a, LE)

= xw()xE)us(t, a,x), t € lts,te], a € (0,a4), z €Q,
0
%(w,w):(h t € [ts, ts], a € (0,ay), = € AN,

af
ps(t,0,2) = / B(a)ps(t,a, ) da, t € [ts,te], = € Q,
0

pg(t57(l,.’II) :CI2(t57a7$)7 a € (O,a-l—), z € Q.

Then by using Proposition 4.1, for any 5 > 0, there exists a control us in the space L™ ((t5,ts) X
(0,a+) X w) with the estimate:

2 < G t 2 5.18
ltallze o6 <000 0) < GrrE A g2 192005 e 0apizzn: (5.18)

such that g, ps(ts, a,-) = 0 for almost every a € (0,at). By using (5.4), (5.17) and (5.18) we
have
Ch

3
M) CoCo” - ar - s aslBollt~(o,apiz2@:

[3]17 o0 (15,6 (0,05) ) < 47C° (

where s := exp(Cay/73) exp(—2ra(ts — t2)Cy?).

Generally, on the interval Iy, we consider the following controlled population equation:

atpN(tv a, .’E) + aapN(tv a, ‘T) + M(a)pN (t7 a, {E)

- ApN(tv CL,ZL') = Xw(I)XE(t)UN(t7Q,I), te [tQN—latQN]a a € (07 CL-‘-), S Q7
dpn .
W(t,a,x) =0, t € [tan-1,tan], a € (0,a4), z € 0, (5.19)

ay
pN(t,O,Z‘) = / ﬁ(a)pN(t,a,x) da) te [tQN—17t2N]7 MRS Q,
0

pn(tan—1,a,2) = qnv—1(tan—-1,a, ), ac(0,a1), €.
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On the interval Jy, we consider the following uncontrolled population equation:

8th(ta a7:17) + aan(tv 0’71:) + M(a)qN(t7aax)
—AqN(t,a,ac):O, te [t2N,t2N+1}, a < (O,GT), T €,

0

%(m,x):o, t € [tan,tan+1), a € (0,a4), z € 09,
ay

QN(t,O7$) = / B(G)qN(t7a/a .’L') da? te [t2Nat2N+l]a HARS Qa
0

qN(tQNaavx) :pN(tQNaaam)v ac (O,GT), z e

It may be shown by induction that, for each rn > 0, there exists a control uy € L>®(Iy X
(0,a+) x w) satisfying:

2
”uN”LOC(INx(O,aT)Xw)

(41 < (5.20)

G N 4(N—-1 -
M) ciop... CO( dajag - - olN||po|\%oo((0,af);L2(Q))7

where
eXp(CQ\/ﬁ)a N =1,
QN = —2(N-2)
exp(Ca+/TN) exp(—2rn, (t3 — t2)C ), N =2,
such that HETNPN(tQN,a, -) = 0 for almost every a € (0,a4). It is easy to check that for each
N > 1 we have
un [l oo (1 x 0,01y ) < (CYY VD -+ o - [IBoll oo (0,01 );12(0)
where cic
- 4 A )
Ci=———-——-Cf.
P2ty —t1)> °

Now, for every N > 1 we set

TN = [(th—tQ)CNlr (N >1).

With this choice of the sequence {ry}n>1 given by the above formula, it is shown in [36] that
the sequence {(C)NWV-Dqy ... an }n>1 is bounded by some nonnegative constant L, so that from
(5.20) it follows that for every N > 1 we have

lun Lo (1x x (0,a)xw) < Lol (0,a5);22)) (N = 1). (5.21)

We now construct a control @ by setting

t tel 0 N>1,
ﬂ(ta,x): UN( 7a,x), € 1IN, a‘e( 7aT), (522)
0, teJy, CLE(O,CLT), N2>1,
so that from (5.21) it is clear that @ € L>((¢1,%) x (0,a;) X w) with the estimate
@l Loo (21, (0,a1) xw) < LlPoll o< ((0,a4)522(02))- (5.23)

Denote by p the solution of (5.5) corresponding to the control @ defined by (5.22). Then on
any interval Iy, we have p(t,-,-) = pn(t,-,-), where py is the solution of (5.19). Since we have
g, pn(tan,a,-) = 0 for almost every a € (0,at) and for every N > 1, using the fact that
ry <re <---<ry <..., by making use of (5.22) we get that

HETNpN(t2M7CL, )=0 forall M > N. (5.24)
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On the other hand, since toas — ¢ as M — oo, we obtain that
p(tans, -, ) = p(t,-,-) strongly in L*((0,a;) x Q) as M — oo.

This, together with (5.24), implies that HETNpN(f,a, -) = 0 for almost every a € (0,a4) and for
every N > 1. Since ry — oo when N — oo, it holds that p(¢,-,-) = 0. Thus, we have proved
that for each py € L>((0,at); L?(R)), there exists a control @ € L>((t1,%) x (0,at) X w) with the
estimate (|| Lo (¢, .7 x (0,a1)xw) < LllDollLo((0,a4);22(2)) such that the solution p to (5.5) reaches
zero value at time ¢, namely, p(¢,-,-) = 0.

Now, we take py to be T{i po and we construct a control u by setting, for almost every (¢, a,x) €
(0,7) x (0,at) x €,

0 in (0,t1) x (0,a4) x €,
u(t,a,x) = { (t,a,x) in (t1,%) x (0,at) x Q, (5.25)
0 in (£,7) x (0,at) x Q.

It is clear that this control u is in the space L>((0,7) x (0,a4) x Q) and that the corresponding
solution p of (1.4) satisfies p(7,-,-) = 0. The norm estimation (1.5) in Theorem 1.2 easily follows
from (3.5), (5.23) and (5.25). O
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