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A Dialectica-Like Interpretation of a Linear
MSO on Infinite Words*

Pierre Pradic?2 and Colin Riba!

! ENS de Lyon, Université de Lyon, LIP**
2 University of Warsaw, Faculty of Mathematics, Informatics and Mechanics

Abstract. We devise a variant of Dialectica interpretation of intuition-
istic linear logic for LMSO, a linear logic-based version MSO over infinite
words. LMSO was known to be correct and complete w.r.t. Church’s syn-
thesis, thanks to an automata-based realizability model. Invoking Biichi-
Landweber Theorem and building on a complete axiomatization of MSO
on infinite words, our interpretation provides us with a syntactic ap-
proach, without any further construction of automata on infinite words.
Via Dialectica, as linear negation directly corresponds to switching play-
ers in games, we furthermore obtain a complete logic: either a closed
formula or its linear negation is provable. This completely axiomatizes
the theory the realizability model of LMSO. Besides, this shows that in
principle, one can solve Church’s synthesis for a given V3-formula by only
looking for proofs of either that formula or its linear negation.

Keywords: Linear Logic - Dialectica Interpretation - MSO on Infinite
Words

1 Introduction

Monadic Second-Order Logic (MSO) over w-words is a simple yet expressive
language for reasoning on non-terminating systems which subsumes non-trivial
logics used in verification such as LTL (see e.g. [27,2]). MSO on w-words is decid-
able by Biichi’s Theorem [6] (see e.g. [26,22]), and can be completely axiomatized
as a subsystem of second-order Peano’s arithmetic [25]. While MSO admits an
effective translation to finite-state (Biichi) automata, it is a non-constructive
logic, in the sense that it has true (i.e. provable) V3-statements which can be
witnessed by no continuous stream function.

On the other hand, Church’s synthesis [8] can be seen as a decision problem
for a strong form of constructivity in MSO. More precisely (see e.g. [29,12]),
Church’s synthesis takes as input a V3-formula of MSO and asks whether it
can be realized by a finite-state causal stream transducer. Church’s synthesis is
known to be decidable since Biichi-Landweber Theorem [7], which gives an ef-
fective solution to w-regular games on finite graphs generated by V3-formulae. In
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traditional (theoretical) solutions to Church’s synthesis, the game graphs are in-
duced from deterministic (say parity) automata obtained by McNaughton’s The-
orem [17]. Despite its long history, Church’s synthesis has not yet been amenable
to tractable solutions for the full language of MSO (see e.g. [12]).

In recent works [23,24], the authors suggested a Curry-Howard approach to
Church’s synthesis based on intuitionistic and linear variants of MSO. In partic-
ular, [24] proposed a system LMSO based on (intuitionistic) linear logic [13], in
which via a translation (—)f : MSO — LMSO, the provable ¥V3(—)l-statements
exactly correspond to the realizable instances of Church’s synthesis. Realizer
extraction for LMSO is done via an external realizability model based on alter-
nating automata, which amounts to see every formula ¢(a) as a formula of the
form (Ju)(Vx)ep(u,x,a), where pp represents a deterministic automaton.

In this paper, we use a variant of Godel’s “Dialectica” functional interpreta-
tion as a syntactic formulation of the automata-based realizability model of [24].
Dialectica associates to ¢(a) a formula ¢ (a) of the form (3u)(Vx)pp(u,z,a).
In usual versions formulated in higher-types arithmetic (see e.g. [1,15]), the for-
mula ¢p is quantifier-free, so that ¢P is a prenex form of . This prenex form
is constructive, and a constructive proof of ¢ can be turned to a proof of P
with an explicit witness for Ju. Even if Dialectica originally interprets intuition-
istic arithmetic, it is structurally linear, and linear versions of Dialectica were
formulated at the very beginning of linear logic [19,20,21].

We show that the automata-based realizability model of [24] can be obtained
by a suitable modification of the usual linear Dialectica interpretation, in which
the formula ¢p essentially represents a deterministic automaton on w-words
and is in general not quantifier-free, and whose realizers are exactly the finite-
state accepting strategies in the model of [24]. In addition to provide a syntactic
extraction procedure with internalized and automata-free correctness proof, this
reformulation has a striking consequence, namely that an extension LMSO(€) of
LMSO is complete in the sense that for each closed formula ¢, it either proves ¢ or
its linear negation ¢ —o L. Since LMSO(€) has realizers for all provable V3(—)%-
statements, its completeness contrasts with the classical setting, in which due to
provable non-constructive statements, one can not decide Church’s synthesis by
only looking for proofs of V3-statements or their negations. Besides, LMSO(¢)
has a linear choice axiom which is realizable in the sense of both (—)” and [24],
but whose naive MSO counterpart is false.

The paper is organized as follows. We present our basic setting in §2, with a
particular emphasis on particularities of (finite-state) causal functions to model
strategies and realizers. Our variant of Dialectica and the corresponding linear
system are discussed in §3, while §4 defines the systems LMSO and LMSO(¢)
and shows the completeness of LMSO(C).

2 Preliminaries

Alphabets (denoted X, I', etc) are finite non-empty sets of the form 27 for some
p € N. We let 1 := 2°. Note that alphabets are closed under Cartesian products



and set-theoretic function spaces. It follows that taking [o] := 2, we have an
alphabet [7] for each simple type 7 € ST, where

o,7€ST == 1 | o | ox7 | =71

We often write (7)o for the type o — 7. Given an w-word (or stream) B € X¢
and n € N, we write Bln for the finite word B(0).--- .B(n — 1) € X*.

Church’s Synthesis and Causal Functions. Church’s synthesis consists in
the automatic extraction of stream functions from input-output specifications
(see e.g. [28,12]). These specifications are in general asked to be w-regular, or
equivalently definable in MSO over w-words. In practice, proper subsets of MSO
(and even of LTL) are assumed (see e.g. [5,11,12]). As an example, the relation

(3®k)B(k) = (3®K)C(k) resp.  (VR)B(k) = (@®K)CE) (1)

with input B € 2“ and output C' € 2% specifies functions F' : 2% — 2% such
that F'(B) € 2% ~ P(N) is infinite whenever B € 2% ~ P(N) is infinite (resp.
the complement of B is finite). One may also additionally require to respect the
transitions of some automaton. For instance, following [28], in addition to either
case of (1) one can ask C' C B and C not to contain two consecutive positions:

(Vn)(C(n) = B(n)) and (Vn)(C(n) = -C(n+1)) (2)

In any case, the realizers must be (finite-state) causal functions. A stream
function F': X% — I'* is causal (notation F' : X —g I') if it can produce a prefix
of length n of its output from a prefix of length n of its input. Hence F' is causal
if it is induced by a map f : X7 — I' as follows:

F(B)(n) = f(B(0)-...-B(n)) (for all B € X* and all n € N)

The finite-state (f.s.) causal functions are those induced by Mealy machines. A
Mealy machine M : X — I'" is a DFA over input alphabet X equipped with an
output function A : Qum x X — I' (where Qo is the state set of M). Writing
0* : % — Qaq for the iteration of the transition function 9 of M from its initial
state, M induces a causal function via (3.a € ¥T) — (A\(0*(3),a) € I).

Causal and f.s. causal functions form categories with finite products. Let S
be the category whose objects are alphabets and whose maps from X' to I" are
causal functions F': X — I'“. Let M be the wide subcategory of S whose maps
are finite-state causal functions.

Ezample 1. (a) Usual functions ¥ — I' lift to (pointwise, one-state) maps
Y —nm I'. For instance, the identity Y — X' is induced by the Mealy
machine with (9, \) : (—,a) — (—,a).

(b) Causal functions 1 —g X' correspond exactly to w-words B € X“.

(¢) The conjunction of (2) with either side of (1) is realized by the causal function
F : 2 =y 2 induced by the machine M : 2 — 2 displayed on Fig. 1 (left,
where a transition alb outputs b from input a), taken from [28].

Proposition 1. The Cartesian product of X1,...,%, (forn > 0) in S;M is
given by the product of sets Xy x -+ x X, (so that 1 is terminal).
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Fig. 1. A Mealy machine (left) and an equivalent eager (Moore) machine (right).

The Logic MSO(M). Our specification language MSO(M) is an extension of
MSO on w-words with one function symbol for each f.s. causal function. More
precisely, MSO(M) is a many-sorted first-order logic, with one sort for each

simple type 7 € ST, and with one function symbol of arity (o1, ..., 0,;7) for each
map [o1] x - x[on] =m [7]. A term t of sort 7 (notation t7) with free variables
among =7, ...,z (we say that t is of arity (o1, ...,0,;7)) thus induces a map
[t] : [o1] % -+ x [on] —m [7]. Given a valuation x; — B; € [0;]¥ ~ S[1, [o:]]
for i € {1,...,n}, we then obtain an w-word

[t] o (B1,...,Bn) € SA,[r]] =~ [7]¥

MSO(M) extends MSO with 327 and Va” ranging over S[1,[r]] ~ [r]* and
with sorted equalities t7 = u” interpreted as equality over S[1,[7]] ~ [7]“.
Write = ¢ when ¢ holds in this model, called the standard model. The full
definition of MSO(M) is deferred to §4.1.

An instance of Church’s synthesis problem is given by a closed formula
(Vz7)(3u™)p(u, ). A positive solution (or realizer) of this instance is a term
t(x) of arity (o;7) such that (Vz7)p(t(x),x) holds.

Proposition 1 implies that MSO(M) proves the following equations:

Ti((t1, . s tn)) =0, ti and t Zoixoxo, (T1(t),...,m(t))  (3)

Hence each formula ¢(aj',...,a2") can be seen as a formula ¢(a”***7n).

Eager Functions. A causal function 3 —g I' is eager if it can produce a prefix
of length n+1 of its output from a prefix of length n of its input. More precisely,
an eager F': X —g I is induced by amap f: X* — I as

F(B)(n) = f(BO)-...-B(n-1)) (for all B € X% and all n € N)

Finite-state eager functions are those induced by eager (Moore) machines (see
also [11]). An eager machine £ : X' — I' is a Mealy machine X' — I" whose output
function A : Q¢ — I' is does not depend on the current input letter. An eager
£ : ¥ — I induces an eager function via the map (3 € X*) — (A¢(05(a)) € I').

We write F': X —g I' when F : Y —g I is eager and F': ) —gy [’ when F
is f.s. eager. All functions F : X —y 1, and more generally, constants functions
F : X —g I are eager. Note also that if F': X' —g [ is eager, then F': X —pgy I
On the other hand, if F': X' —gy " is induced by an eager machine £ then F



is finite-state causal as beeing induced by the Mealy machine with same states
and transitions as £, but with output function (g,a) — Ag(q).

Eager functions do not form a category since the identity of S is not eager.
On the other hand, eager functions are closed under composition with causal
functions.

Proposition 2. If F is eager and G, H are causal then H o F o G is eager.

Isolating eager functions allows a proper treatment of strategies in games and
realizers w.r.t. the Dialectica interpretation. Since X+ — I' ~ X* — I'*| maps
¥ —g I'* are in bijection with maps X —g I'. This easily extends to machines.
Given a Mealy machine M : ¥ — I, let A(M) : X — I'* be the eager machine
defined as M but with output map taking ¢ € Qa to (a = (g, a)) € I'¥.

Ezample 2. Recall the Mealy machine M : 2 — 2 of Ex. 1.(c). Then A(M) :
2 — 22 is the eager machine displayed in Fig. 1 (right, where the output is
indicated within states).

Eager f.s. functions will often be used with the following notations. First, let
@ be the pointwise lift to M of the usual application function I'* x ¥ — I". We
often write (F)G for Q(F,G). Consider a Mealy machine M : ¥ — I" and the
induced eager machine A(M) : X — I'*. We have

Fu(B) = @(Fa(B),B) (for all B € 5%

Given F : I' —»g X1 we write e(F) for the causal Q(F(—),—) : I' =g X. Given
F: T —s X, we write A(F) for the eager I' —g X1 such that F = e(A(F)).
We extend these notations to terms.

Eager functions admit fixpoints similar to those of contractive maps in the
topos of tree (see e.g. [4, Thm. 2.4]).

Proposition 3. For cach F : ¥ x I' —g X1 there is a fix(F) : I —g 21 s.t.
fix(F)(C) = F(e(fix(F))(C), C) (for all C € ')

If F is induced by the eager machine £ : ¥ x I' — X1, then fix(F) is induced by
the eager H : I' — X1 defined as € but with 9y : (¢,b) — de (g, (Ae(q))b,b)).

Games. Traditional solutions to Church’s synthesis turn specifications to infi-
nite two-player games with w-regular winning conditions. Consider an MSO(M)
formula ¢(u”,2%) with no free variable other than w,x. We see this formula
as defining a two-player infinite game G(p)(u™,27) between the Proponent P
(Jloise), playing moves in [7] and the Opponent O (Vbélard), playing moves in
[o]- The Proponent begins, and then the two players alternate, producing an
infinite play of the form

X = UgXp:oUpXp-or =~ ((ugp)k, (xk)k) € [T]” X [o]“



The play x is winning for P if ¢((ug)k, (x)x) holds. Otherwise x is winning for
O. Strategies for P resp. O in this game are functions

[e]* — [7] resp. [7]1t — [o] =~ [7]" — o] [

Hence finite-state strategies are represented by f.s. eager functions. In particular,
a realizer of (Vz7)(Ju")p(u, ) in the sense of Church is a f.s. P-strategy in

g(go((u)x, x)) (u(T)”, 9:")

Most approaches to Church’s synthesis reduce to Biichi-Landweber Theo-
rem [7], stating that games with w-regular winning conditions are effectivelly
determined, and that the winner always has a finite-state winning strategy. We
will use Biichi-Landweber Theorem in following form. Note that an O-strategy
in the game G()(u",z%) is a P-strategy in the game G (—¢(u, (z)u)) (z(7)7,u7).

Theorem 1 ([7]). Let o(u”,27) be an MSO(M)-formula with only u,x free.
Then either there is an eager term u(x) of arity (o;7) such that = (Vx)p(u(x), x)
or there is an eager term x(u) of arity (7; (0)T) such that = (VYu)—p(u, e(x)(u)).
It is deciable which case holds and the terms are computable from .

Curry-Howard Approaches. Following the complete axiomatization of MSO
on w-words of [25] (see also [24]), one can axiomatize MSO(M) with a deduction
system based on arithmetic (see §4.1). Consider an instance of Church’s synthesis
(Vx?)(Fu")¢(u, z). Then we get from Theorem 1 the alternative

Fmsoovy (Vz)e(e(u)(z), #) or  Fusomy (Vu)—e((w)(x(u)), x(u))  (4)

for an eager term u(x) or a causal term x(u). By enumerating proofs and ma-
chines, one thus gets a (naive) syntactic algorithm for Church’s synthesis. But it
seems however unlikely to obtain a complete classical system in which the prov-
able V3-statments do correspond to the realizable instances of Church’s synthesis,
because MSO(M) has true but unrealizable V3-statments. Besides, note that

(Va7 )p(e(®)(2), ) Fusomn (Ve7)(EFu7)p(u,z)
(V) o () (x(w)). %)) Fusoay  (Vul)7)(Fa") g ((u)e, )
~(v27) @ e, ) Fusonn (YD) (E27) o ((u)e, )

while it is possible both for realizable and unrealizable instances to have

Fusoy  (V27)(BuT)p(u,x) A (VulD7)(E27)p((w), «) ()

In previous works [23,24], the authors devised intuitionsitic and linear vari-
ants of MSO on w-words in which, thanks to automata-based polarity systems,
proofs of suitably polarized existential statments correspond exactly to realiz-
ers for Church’s synthesis. In particular, [24] proposed a system LMSO based
on (intuitionistic) linear logic [13], such that via a translation (—)f : MSO —



LMSO, provable V3(—) -statments exactly correspond to realizable instances of
Church’s synthesis, while (4) exactly corresponds to alternatives of the form

Fumso (Va7)(3u”) [¢((w), x)]L or Fimso (Vu(M7)(327) [—o((w)z, x)]L (6)

This paper goes further. We show that the automata-based realizability
model of [24] can be obtained in a syntactic way, thanks to a (linear) Dialectica-
like interpretation of a variant of LMSO, which turns a formula ¢ to a formula
©P of the form (Ju)(Vx)ep(u,z), where pp(u,r) essentially represents a deter-
ministic automaton. While the correctness of the extraction procedure of [23,24]
relied on automata-theoretic techniques, we show here that it can be performed
syntactically. Second, by extending LMSO with realizable axioms, we obtain a
system LMSO(€) in which, using an adaptation of the usual Characterization
Theorem for Dialectica stating that ¢ oo P (see e.g. [15]), alternatives of the
form (6) imply that for a closed ¢,

Fimsoe) ¢ or Fimso(e) ¢ — L

where (—) — L is a linear negation. We thus get a complete linear system with
extraction of suitably polarized V3-statments. Such a system can of course not
have a standard semantics, and indeed, LMSO(€) has a functional choice axiom

(V) By )e(z,y) —o (BFT7)(a)p(z, (f)x) (LAC)

which is realizable in the sense of both (—)” and [24], but whose translation to
MSO(M) (which precludes (5)) is false in the standard model.

3 A Monadic Linear Dialectica-like Interpretation

Gédel’s “Dialectica” functional interpretation associates to ¢(a) a formula ¢? (a)
of the form (Ju™)(Vz?)¢p(u,z,a). In usual versions formulated in higher-types
arithmetic (see e.g. [1,15]), the formula ¢p is quantifier-free, so that ¢? is a
prenex form of . This prenex form is constructive, and a constructive proof of
¢ can be turned to a proof of ¢ with an explicit (closed) witness for Ju. We call
such witnesses realizers of . Even if Dialectica originally interprets intuitionistic
arithmetic, it is structurally linear: in general, realizers of contraction

pla) — ¢la) Ap(a)

only exist when the term language can decide ¢p(u,x,a), which is possible in
arithmetic but not in all settings. Besides, linear versions of Dialectica were
formulated at the very beginning of linear logic [19,20,21].

In this paper, we use a variant of Dialectica as a syntactic formulation of the
automata-based realizability model of [24]. The formula ¢p essentially repre-
sents a deterministic automaton on w-words and is in general not quantifier-free.
Moreover, we extract f.s. causal functions, while the category M is not closed.
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Fig. 2. Deduction for MF (where 27 is fresh).

As a result, a realizer of ¢ is an open (eager) term u(z) of arity (o;7) satisfy-
ing ¢p(u(z),x). Thanks to Biichi-Landweber Theorem, contractions on closed
¢ have realizers which are correct in the standard model. But this is generally
not the case for open p(a). We thus work in a linear system, in which we obtain
witnesses for V3(—)%-statements (and thus for realizable instances of Church’s
synthesis), but not for all V3-statements.

Fix a set of atomic formulae At containing all (t™ =u7).

3.1 The Multiplicative Fragment

Our linear system is based on full intuitionistic linear logic (see [14]). The for-
mulae of the multiplicative fragment MF are given by the grammar:

pp s= 1] Llalp—oy | ey | B¢ | (@) | (VaT)e
(where a € At). Deduction is given by the rules of Fig. 2 and the axioms

[£7] =[]

Ftr =t t7T =uT, p[t7 /27| pluT /27 Ftm=u"

(7)

Each formula ¢ of MF can be mapped to an MSO(M)-formula |¢] (where I, —o,
®, % are replaced resp. by T,—, A, V). Hence |¢| holds whenever F .

The Dialectica interpretation of MF is the usual one rewritten with the con-
nectives of MF, but for the disjunction % that we treat similarly as ®. To each
formula ¢(a) with only a free, we associate a formula ¢ (a) with only a free,
as well as a formula pp with possibly other free variables. For atomic formulae
we let P (a) := ¢p(a) := ¢(a). The inductive cases are given on Fig. 3, where
pP(a) = (Bu)(V2)pp(u,2,a) and P (a) = (Fv)(Vy)Yp(v,y, a).

Dialectica is such that ¢? is equivalent to ¢ via possibly non-intuitionistic
but constructive principles. The tricky connectives are implication and uni-
versal quantification. Similarly as in the intuitionistic case (see e.g. [15,1,30]),
(¢ —o )P is prenex a form of P —o ¥ obtained using (LAC) together with
linear variants of the Markov and Independence of premises principles. In our



(o)) = Hu,v)¥(z,y). (p@Y)p((u,0), (z,y),a) =
H(u,vW(m,y). SOD(U’I’ a) ® ¢D(vav a)

(@BY)P@) = Hu,0)¥(z,y). (0 BY)p((u,0), (x,y),a) =
H<U,U>V<l’,y>. QOD(U’I’ a) ) 'l/)D(U,y, a)

(0 = 9)P(a) = 3f, F)V(u,y). (p =) p((f, F), (. y),a) :=
El(fv F)V(u,y) QOD(U, (F)Uyﬂ a) - wD((f)uv% a‘)

Buw.p)P(a) = (u,w)Vz. (Fw.p),((u,w),z,a) = Hu,w)Vz. ¢p(u,z, (a, w))
(Vw.p)P(a) = 3fV{z,w). (Vw.p)p(f, (z,w),a) = AfV(z, w). ep((fw,z,(a,w))

Fig. 3. The Dialectica Interpretation of MF (where types are leaved implicit).

case, the equivalence ¢ oo P also requires additional axioms for ® and 2. We
give details for the full system in §3.3.

The soundness of (—)” goes as usual, excepted that we extract open eager
terms: from a proof of ¢(a”) we extract a realizer of (Va)p(a), that is an open
eager term u(z, a) s.t. F op(Q(u(z, a),a), z, a). Composition of realizers (in part.
required for the cut rule) is given by the fixpoints of Prop. 3. Note that a realizer
of a closed ¢ is a finite-state winning P-strategy in G(|¢p])(u, x).

3.2 DPolarized Exponentials

It is well-known that the structure of Dialectica is linear, as it makes problematic
the interpretation of contraction:

pla) —o pla)@p(a) and  ¢(a)Bpla) —o ¢(a)

In our case, the Biichi-Landweber Theorem implies that all closed instances of
contraction have realizers which are correct in the standard model. But this is
in general not true for open instances.

Example 3. Realizers of ¢ — ¢ ® ¢ for a closed ¢ are given by eager terms
Uy (u, 21, 2), Us(u, x1,22), X(u, 1, z2) which must represent P-strategies in the

game G(P)((U1,Usz, X), (u, x1,x2)), where @ is

lep(u, (X)uzize)|  —  [ep((U)u,z1)] A [ep((U2)u,z2)]

By the Biichi-Landweber Theorem 1, either there is an eager term U(z) such
that |¢p(U(z), )| holds, so that

lep(w,z1)]  — [ep(e(U)(z1),z1)] A [pp(e(U)(z2), 22)]

or there is an eager term X(u) such that —|¢p(u,e(X)(u))| holds, so that

lep(uw,eX)(w)]  —  lep(u,z)] A lpp(u,22)]



Ezample 4. Consider the open formula ¢(a®) := (Va°)(t(z,a) = 0¥) where
[t](B,C) = 0"T11% for the first n € N with C(n+1) = B(0) if such n exists, and
such that [t](B,C) = 0¥ otherwise. The game induced by ((Va)(p — ¢ ® ¢))
is G(?)(X, (x1,21,a)), where @ is

= —

t((X)z1200,a) =0¥ —  t(z1,a) =0 A t(ze,a) =0%

In this game, P begins by playing a function 23 — 2, O replies in 23, and then
P and O keep on alternatively playing moves of the expected type. A finite-state
winning strategy for O is easy to find. Let P begin with the function X. Fix some
a € 2 and let i := X(0,1,a). O replies (0,1,a) to X. The further moves of P
are irrelevant, and O keeps on playing (—, —, 1 —4) (the values of 27 and x5 are
irrelevant after the first round). This strategy ensures

t((X)x1200,a) =0“ A =(t(z1,a) =0% A t(x2,a) =0%)

Hence we can not realize contraction while remaining correct w.r.t. the stan-
dard model. On the other hand, Dialectica induces polarities generalizing the
usual polarities of linear logic. Say that ¢(a) is positive (resp. negative) if P (a)
is of the form p”(a) = (3u)pp(u,—,a) (resp. pP(a) = (Vo%)op(—,x,a)).
Quantifier-free formulae are thus both positive and negative.

FEzxample 5. Polarized contraction
et —o T ® et and T WY~ —op” (¢ positive, 1) negative)
gives realizers of all instances of itself. Indeed, with say o (a) = (3u)ep(u, —, a)
and ¥ (a) = (Vy)p(—,y,a), A(m1) (for 71 a M-projection on suitable types)
gives eager terms U(u, a) and Y(y,a) such that
pp(w—a) —o  (¢p(e®)(w0),—0) & ¢p(eV)(wa),-a))
and (U (-~ e(M)(y,a) a) T vp(—eM)(y.a)a)) — vn(-y.0)

We only have exponentials for polarized formulae. First, following the usual
polarities of linear logic, we can let

(e )P(a) = (Fu)((¢")plu.—a) = (GQu)lpp(u,—,a) )
C@WNPla) = (W)W )p(=y.a) = (V2)%p(-y.a)

Hence ! is positive for a positive ¢ and 71 is negative for a negative 1. The
following exponential contraction axioms are then interpreted by themselves:

(") —o HeN)@le") and  2(W7)B2YT) —o 2(Y7)

Second, we can have exponentials !(¢~) and ?(¢™) with the automata-based
reading of [24]. Positive formulae are seen as non-deterministic automata, and
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Fig. 4. Exponential rules of PF.

? on positive formulae is determinization on w-words (McNaughton’s Theo-
rem [17]). Negative formulae are seen as universal automata, and ! on neg-
ative formulae is to co-determinization (an instance of the Simulation Theo-
rem [10,18]). Formulae which are both positive and negative (notation (—)¥)
correspond to deterministic automata, and are called deterministic. We let

({(y))P(a) ({7 ) p(=—a) = UVz)p(—,z,a) )
2(e*)P(a) = (Ue*))p(=—a) = ?(Bu)¢p(u,—,a)
So !(3~) and ?(p™) are always deterministic. The corresponding exponential

contraction axioms are interpreted by themselves. This leads to the following
polarized fragment PF (the deduction rules for exponentials are given on Fig. 4):

eE t n= 1 | Llaller) | 2eh) | vt | pEByt | ot —y*
et Yt = so | ™) | Bz%)et | ot @yt | Tt Byt | o= — gt
e u= T | ) | (Va%)eT | 9T @Y™ | om BYT | oF —o

3.3 The Full System

The formulae of the full system FS are given by the following grammar:

o, = ot |7 | o—t | oy | oBY | F2")p | (Va7)e

Deduction in FS is given by Fig. 2, Fig. 4 and (7). We extend |—] to FS with
llo] := |?¢] := |p]|. Hence || holds when F ¢ is derivable. The Dialectica
interpretation of FS is given by Fig. 3 and (8), (9) (still taking »”(a) := ¢p(a) :=
¢(a) for atoms). Note that (—)” preserves and reflects polarities.

Theorem 2 (Soundness). Let ¢ be closed with ¢P = (Ju™)(Vx)pp(u,z).
From a proof of ¢ in FS one can extract an eager term u(z) such that FS proves

(V27)ep (u(z), ).

As usual, proving ¢ oo o requires extra axioms. Besides (LAC), we use the
following (linear) semi-intuitionistic principles (LSIP), with polarities as shown:

(Va)(p™(a) @97) — (Va)p~(a) ®
(Va)(p~(a) BY™) —  (Va)p~(a) ¥
(Fa)e (@) By —  (3a)(¢™(a ) ) (LSIP)
(V™ — (BFa)p~(a)) —o (Ja)(y~ — ¢~ (a))
(Va)p™(a) — v*) —o (Ha)(wi( ) —o )



as well as the following deterministic exponential axioms (DEXP):
§ —o 16 and 72 —o 4 (6 deterministic)
All these axioms but (LAC) are true in the standard model (via |—]). Moreover:

Proposition 4. The azioms (LAC) and (LSIP) are realized in FS. The axioms
(DEXP) are realized in FS + (DEXP).

Theorem 3 (Characterization). We have

Frst(LAC)+(LsiPy+(DEXP)  ®(a) oo ¢ (a) (¢ FS-formula)
FrstLsiP)+(DExP)  @(a) oo ©P(a) (¢ PF-formula)

Corollary 1 (Extraction). Consider a closed formula ¢ := (V27)(Iu")d(u, x)
with § deterministic. From a proof of ¢ in FS 4+ (LAC) + (LSIP) + (DEXP) one

can extract a term t(x) such that = (Vx?)[(t(x),x)].
Note that FS 4+ (DEXP) proves 6 % (0 — L) for all deterministic 4.

3.4 Translations of Classical Logic

There are many translations from classical to linear logic. Two canonical pos-
sibilities are the (—)” and (f)Q—translation of [9] (see also [16]) targeting resp.
negative and positive formulae. Both take classical sequents to linear sequents
of the form !(—) F ?(—), which are provable in FS in part. thanks to the PF rules

Blokp, A 2AC
phlp—y, 7 P (V2)p, Y
For the completeness of LMSO(€) (Thm. 6, §4), we shall actually require a
translation (—)¥ such that the linear equivalences (with polarities as displayed)

2t oo |t |F 5% oo [0F* I~ oo |4 |* (10)

are provable possibly with extra axioms that we require to realize themselves. In
part., (10) implies (DEXP), and (—) should give deterministic formulae. While
(—)" and (—)Q can be adapted accordingly, (10) induces axioms which make the
resulting translations equivalent to the deterministic (—)%-translation of [24]:

1l=1 TLi=1 oali=a (pv)l =plByl  (Fz7.p)L = 2(327) et
(e )t =t =gt (pAP)ti=ptaylt  (Va%.p)" = (V27"

Proposition 5. The scheme (10) is equivalent in FS to (DEXP)+(PEXP), where
(PEXP) are the following polarized exponential axioms, with polarities as shown:

2pt) —o (") @) — ¥7)
™) = 2(Y1) —o 2(p~ —9t) WpT) —=l(W7) —o NpT —y7)
) @2Ypt) —o et eyt o™ ®@y7) —o NpT)@!(¢7)
™) B2YPT) —o 2pt BYT) o™ Bp™) —o e ) BU(Y7)



Proposition 6. If ¢ is provable in many-sorted classical logic with equality then
FS + (DEXP) proves o*.

Proposition 7. The axioms (PEXP) are realized in FS + (LSIP) + (DEXP) +
(PEXP). Corollary 1 thus extends to FS + (LAC) + (LSIP) 4+ (DEXP) 4 (PEXP).

Note that ¢! is deterministic and that |l ] = .

4 Completeness

In §3 we devised a Dialectica-like (—)? providing a syntactic extraction proce-
dure for V3(—)L-statements. In this Section, building on an axiomatic treatment
of MSO(M), we show that LMSO, an arithmetic extension of FS + (LSIP) +
(DEXP) + (PEXP) adapted from [24], is correct and complete w.r.t. Church’s
synthesis, in the sense that the provable V3(—)’-statements are exactly the re-
alizable ones. We then turn to the main result of this paper, namely the com-
pleteness of LMSO(€) := LMSO + (LAC). We fix the set of atomic formulae

aeAt m= t7=u |10 Cu | E(Y) | NE) | S(%u%) | 0(°) | 0 £ uf

4.1 The Logic MSO(M)

MSO(M) is many-sorted first-order logic with atomic formulae o € At. Its sorts
and terms are those given in §2, and standard interpretation extends that of §2
as follows: C is set inclusion, E holds on B iff B is empty, N (resp. 0) holds on
B iff B is a singleton {n} (resp. the singleton {0}), and S(B,C) (resp. B < C)
holds iff B = {n} and C = {n+1} for some n € N (resp. B = {n} and C = {m}
for some n < m). We write z* for variables z° relativized to N, so that (3z*)p
and (Vz')p stand resp. for (3z°)(N(xz) A ¢) and (Va°)(N(z) — ¢). Moreover,
z* € t stands for ¢ C t, so that t° C u® is equivalent to (Va')(z €t — x € u).

The logic MSO™ [24] is MSO(M) restricted to the type o, hence with only
terms for Mealy machines of sort (2,...,2;2). The MSO of [24] is the purely
relational (term-free) restriction of MSO™. Recall from [24, Prop. 2.6], that for
each Mealy machine M : 2P — 2, there is an MSO-formula §x(X, z) such that
for all n € N and all B € (2¥)P, we have Fa(B)(n) = 1 iff S,(({n}, B) holds.

The axioms of MSO(M) are the arithmetic rules of Fig. 5, the axioms (7)
and the following, where M : 2P — 2 and vy, z, X are fresh.

F (VX)) (0 € (X)) © om(@ X))  FOX)T)@EX < ¢)

?,0(x) Folz/2] 8 B,5(y,2), ly/xl + olz/a], @
or (Va)e, ¥’
The axioms of MSO(M) completely axiomatize its standard model. This
extends [24, Thm. 2.11 (via [25])].

Theorem 4 (Completeness of MSO(M)). For closed MSO(M)-formulae ¢,
we have |= ¢ if and only if Fuso) ©-




PFtC 2% 3,2CtHE(R),z2=t,% &NZ),zCtFzCu@
EG)FtCu  BFEE),? P - N(t), E(t), 7 prtCu@ N(t),E(t) F

FtCt tCuuCvhktCv tCuuCtkFt=u N(t),uCtFE@),u=t S(t,u),0()kF

NEt)Ft<t t<uyu<vFt<v t<uu<tkt=u S(t,u)Ft<u O0(t)F N(t)

%,0(x) - %
pr7 S(u,v),t <vFt=v,t<u t<ukN(@E) t<ukN(u) S(t,u)k N(t)
?,S(t,2) - ¢
72 v 0(t),0(u) Ft=u S(t,u),S(t,v)Fu=v S(u,t),S(v,t)Fu=v S(t,u)F N(u)

Fig. 5. The Arithmetic Rules of MSO(M) and LMSO (with terms of sort o and z fresh).

4.2 The Logic LMSO
The system LMSO is FS 4 (LSIP) + (DEXP) + (PEXP) extended with Fig. 5 and

F(VX7)(Vat) (2 € (X)) oo Ghy(2, X)) F?2EXO)(Var) (z € X oo §F)
12,0(2) F ¢~ [2/2], 79" 19,5(y,2), Yo" [y/a] - o~ [2/x], 7P
1B+ (V2 )p~, 77

Let LMSO(C) := LMSO + (LAC). Note that Fusomy [¢] whenever Fimso ¢.
Proposition 6 extends so that similarly as in [24] we have

Proposition 8. If Fmsom) ¢ then Fivso Y. In part., for a realizable instance
of Church’s synthesis (V%) (3u")p(u, ), we have Fivso (Va?)(3u™ )l (u, z).

Moreover, the soundness of (—)” extends to LMSO. It follows that LMSO(€) is
coherent and proves exactly the realizable V3(—)%-statements.

Theorem 5 (Soundness). Let ¢ be closed with ¢P = (Ju™)(Vx)pp(u,z).
From a proof of ¢ in LMSO(C) one can extract an eager term u(z) such that
LMSO proves (Vz7)pp(u(x), x).

Corollary 2 (Extraction). Consider a closed formula ¢ := (V27)(Iu")d (u, x)
with § deterministic. From a proof of ¢ in LMSO(C) one can extract a term t(x)
such that = (Vz7)|0(t(z), z)].

4.3 Completeness of LMSO(€)

The completeness of LMSO(€) follows from a couple of important facts. First,
LMSO(C) proves the elimination of linear double negation, using (via Thm. 3)
the same trick as in [24].

Lemma 1. For all LMSO-formula ¢, we have (¢ — L) — L i psoce) ©-



Combining Lemma 1 with (LAC) gives classical linear choice.

Corollary 3. (Vf)(3z)e(z, (f)7) Fimsoe) (F2)(Vy)e(z, y).
The key to the completeness of LMSO(C) is the following quantifier inversion.
Lemma 2. (V27)o(t"(z),z) Fimso(e) (Fu™)(Va?)p(u, ), where t(x) is eager.

Lemma 2 follows (via Cor. 3) from the fixpoints on eager machines (Prop. 3). Fix
an eager t7(z%). Taking the fixpoint of [(f)t(z)] : [o] x [(¢)7] —rm [o]1()7]
gives a term v7(f(?)7) such that v(f) = @Q(f,t(v(f))). Then conclude with

(Va?)p(t(z),z) Fmso  ¢(t(w(f)), v(f))
FLmso e(t(v(f), Q(f,t(v(f))))
FLmso (Fu)e(u, (f)u)
FLmso (Vf(U)T)(HUT)SD(Ua (f)u)
Fuvso(e)  (Fu”)(Va?)p(u, z)

Completeness of LMSO(€) then follows via (—)”, Proposition 5, completeness of
MSO(M) and Biichi-Landweber Theorem 1. The idea is to lift a f.s. winning P-
strat. in G(|¢p(u, ) |)(u, z) to a realizer of oP = (Ju)(Vx)ep(u,z) in LMSO(C).

Theorem 6 (Completeness of LMSO(€)). For each closed formula o, either
Fimsoce) ¢ or Fimsoce) @ — L.

5 Conclusion

We provided a linear Dialectica-like interpretation of LMSO(€), a linear vari-
ant of MSO on w-words based on [24]. Our interpretation is correct and com-
plete w.r.t. Church’s synthesis, in the sense that it proves exactly the realiz-
able V3(—)l-statements. We thus obtain a syntactic extraction procedure with
correctness proof internalized in LMSO(€). The system LMSO(€) is moreover
complete in the sense that for every closed formula ¢, it proves either ¢ or its
linear negation. While completeness for a linear logic necessarily collapse some
linear structure, the corresponding axioms (DEXP) and (PEXP) do respect the
structural constraints allowing for realizer extraction from proofs. The complete-
ness of LMSO(€) contrasts with that of the classical system MSO(M), since the
latter has provable unrealizable V3-statements. In particular, proof search in
LMSO(¢€) for V3(—)E-formulae and their negation is correct and complete w.r.t.
Church’s synthesis. The design of the Dialectica interpretation also clarified the
linear structure of LMSO, as it allowed us to decompose it starting from a system
based on usual full intuitionistic linear logic (see e.g. [3] for recent references on
the subject).

An outcome of witness extraction for LMSO(€) is the realization of a simple
version of the fan rule (in the usual sense of e.g. [15]). We plan to investigate
monotone variants of Dialectica for our setting. Thanks to the compactness
of X*, we expect this to allow extraction of uniform bounds, possibly with
translations to stronger constructive logics than LMSO.
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A Proofs of §2 (Preliminaries)

We decompose Prop. 2 as follows.
Proposition 9 (Prop. 2).

(1) If F: X =g I is eager and G : I' =g A is causal then Go F : ¥ —g A is
eager.

(2) If F: X —g I is eager and G : A —g X is causal then Fo G : A =g I is
eager.

Proof. Assume that F': X' —g I' is induced by f: X* — I

(a) Assume that G : I' —g A is induced by g : I'" — A. Then

(FoG)(B)(n) = F(G(B))(n) = f(G(B)(0)-.. -G(B)(n—1)) = f(9(B(0))-..-g(B[n))

So (F' o G)(n) only depends on B(0),...,B(n —1).
(b) Assume that G : A —g X' is induced by g : A* — I'. Then

(GoF)(B)(n) = G(F(B))(n) = g(F(B)(0)-.. -F(B)(n)) = g(f(e)-.. .. f(BIn))
So (G o F)(n) only depends on B(0),...,B(n —1).

A.1 Proof of Proposition 3 (Fixpoints for Eager Functions)
We split Proposition 3 into two statments.

Proposition 10. For each F : ¥ x I' =g X1 there is a fix(F) : I’ —g X1 such
that
fix(F)(C) = F(e(fix(F))(C), C) (for all C € I'*)

Consider an eager function
F @ IxI —gxt
We are going to define a causal function
fix(F) : I —g 5T
such that for all C' € ',
Bx(F)(C) = Fle(ix(F)(C),C) = F(a(ix(F)(C),0),0) ¢ (27)°

Intuitivelly, fix(F)(C) is the fixpoint of the map (B — F(B,C)). Assume first
that F' is induced by

f o U(E”XF"“)—)E ~ (IxD)"— X
neN



and let us look at how
fix(F) : I' —y Y ~ I —g3"

can be induced induced by a function h : I't — ¥ defined from f. We should
have

Ch(b) = fle,b) = A )

Nh(b1b2) = f(]i(b17€),b}bg) = f(alable) = az

h(bibsbs) = f(f(b1,e)- f(f(e,b1),biba), bibsbs) = f(aiag, bibabs) = a3
h(by...bybuyi1) - f@r...an, by...bybuy1) = apy

That is, for n > 0, iz(bl ...bn) = a,, where the ay’s are given by the recurrence:

a; = f(e’:‘, bl) and dk+1 = f(al...ak, b1...bkbk+1)
In terms of

f o (ExD)"— X"  suchthat F(B,C)(n) = f(BIn,Cn)

this amounts to define

h @ I*— 5" such that fix(F)(C)(n) = h(CIn)
as follows:
h(e) == f(e) = g eXf
h(bi) = f(ar,bs) = goeX
h(bibs) := f(ajaz, biby) = g3e XT
h(bl...bn) = f(al...an, bl...bn) = gn+1 € EF

where ap = gi(by), that is
a; = Q(f(e),by) and ag+1 = Q(f(ay...ap, by...bg), brt1)
This easily gives an eager machine for fix(F') given an eager machine for F'.
Lemma 3. Consider a f.s. eager function
F @ 2xI —py X
induced by an eager machine
(E:XxTI =X = (Q,¢,0,)\)

Then
fix(F) : I —py X5



1s induced by the eager machine
H:I' -2 = (Q,q¢"0u, N\

where
O :QxI' — @

(¢, b) +— 09(q, (@(\(g),b), b))

Proposition 10 will mostly be used in the following context. Consider a Mealy
term u(z,y) of sort (¢, 0;7) and an eager term t(x,y) of sort (7, 0;¢). Intuitivelly,
the term u(t(z,y),y) is “eager in 27, in the sense that it can be seen as an eager
Moore function

[r]x[o] —zm [7]

Lemma 4. Given

F YxI —g ©6
and G : OxXxI —g (A1)®

there is an eager H : X x I' =g AL such that such that for all B € X* and all
C eI%, we have

Q(H(B,C),C) = @(G(F(B,C),B,c) , F(B,0), c)
Moreover H is finite-state whenever F' and G are finite-state.

Proof. Assume that F' and G are induced respectivelly by

oo (ZxD) . e
g @ (OxXxI) — (A®

Then for all B € X¥, all C' € I'¥ and all n € N we have

@(G(F(B,C),B,c) , F(B,0), c) (n) @(G(F(B,C),B,C)(n), F(B,C)(n), C(n)

@(g(F(B,C)tn, BIn,Cln), f(Bn,Cn), O(n))

Let h: (¥ x I')* — AT take (a,b) € (¥ x I')" to
(b — @(g(f(s)-~-f(§75)7§, b), f(3a,b), b)) e Al

and let H : ¥ x I' =g A be the eager function induced by h. Then we are done
since

Q(H(B,C),C)(n) = Q(h(B[n,Cln),C(n))
O

In particular, given F' as in Lemma 4 and given G : @ x I' —g A, since
AG: 0 x I' =g AF@ we obtain H such that

Q(H(B,C),C) = @(AG(F(B,C),C),F(B,C),C) — G(F(B,C),0)



Corollary 4. If G: O x I' =g A is causal and F : X x ' —g O is eager, then
there is an eager H : X x I' =g A" such that for all B € X* and all C € T*,
we have

Q(H(B,C),C) = GF(B,C)C)
Moreover, H is finite-state whenever so are F and G.

Returning to u(z,y) and t(z,y), consider H defined from G := [u] and
F := [t] as in Corollary 4. Note that H is finite state since so are [u] and [t].
By applying Proposition 10 to

H : YxI —mu 2F
we thus obtain a fixpoint of (:U — u(t(z,y), y)) since

fix(H) : I' —gu X7
is such that

Tul (Te] (e(Eix(H))(C), €), €)= e(H)(e(tix(H))(C), C)

B Proofs of §3 (A Monadic Linear Dialectica-like
Interpretation)

B.1 Soundness of Dialectica (Theorem 2)
Notation 7. Consider formulae p(a) and i(a) with free variable a¥ and let
pP(a) = (3u")(Va%)pp(u,z,a)  and PP (a) = (Bv")(¥y )¢p(v,y,a)

We write
pla) == ax Y(a)

if there are eager terms

v(u,y,a) of sort (7,¢,v;(K)vT)
and x(u,y,a) of sort (7,s,v;(0)vsT)

such that
YD (u 9 @(X(U, Y, a)7 u, Y, CL) ’ a) l_FS+Ax wD (@(v(u, Y, CL), u, a) » Y a)

In particular, p(a) = (a) stands for —— w.r.t. the system FS without further
arioms.

We will prove Theorem 2 with the following inductive invariant. Let

®<icowi(a) == T and  Figjcotila) = L



Theorem 8. Assume given @(a) = ¢1(a),...,pn(a) andp(a) = Pi(a), ..., Ym(a)
with free variables among a. The we have

p1(a), ..., onla) Fesiax Y1(a), ..., Pm(a) = (®i ‘Pi(a)) 7 Ax (ygj (0 (a))
Remark 1. Note that
@(a) —+Ax w(a) — Sol(a) — Ax w/(a)

whenever

() (ota) —v(@))” = ((va)(¢'(a) — w(a)))"

We first list some (expected) structure of —+ax and then give the proof of
Theorem 8.

Basic Structure.
Lemma 5. ¢(a) +—ax ¢(a).

Proof. We have
pP(a’) = (Bu)(Va")pp(u,z,a)

and we have to provide eager terms

u(u,z,a) ofsort (7,0,v;(T)vT)
and x(u,y,a) of sort (1,0,v;(c)voT)

such that
©D (u, Q(x(u,z,a),u,x,a), a) Frsiax ©D (@(u(u,x, a),u,a), x, a)
For x(u, x, a), consider the M-projection
[l [l x el x[v] —m [o]
We obtain x(u,x,a) by composising the eager term for
A([]) = [rIx[ol x ] —eu [o]I¥00<T

with the M-iso
[o]UIxIedxll -~ (([o]00T)loT)lr]

For u(u, z,a), we take the eager term obtained by composing the eager function

FIx Il 205 [ Sy (o]l
(where 7 is a suitable projection) with the Mealy projection
[7] < [ol x [v]  —m [r] x o]
Then we are done since FS proves

FQ(u(u, z,a),u,a) =4 u and Fa(x(u,z,a),u,x,a) =,



Proposition 11.
po(a) ——=ax p1(a) = ¢i1(a) +—=axp2(a) = wola) ——ax p2(a)

The proof of Proposition 11 relies on the fixpoints of (finite-state) eager functions
given by Proposition 3 (see also §A.1). For legibility reasons, we may refrain from
writing free variables of terms explicitely and manipulate explicit substitutions.
In such a case, given a term t(...,xz,...) with free variable x and a term u of
the appropriate sort, we write t[u/z] for the substitution of z by u in t. Let

¢f (@) = (Fug’)(vx3°)(vo) p(uo, 70, a)
e (a”) = (Qup') (V2T ) (1) p(ur, 21, a)
ef(a%) = (Fuy)(V23*)(¢2) p(u2, 72, 0)

By assumption, there are eager terms

ug(ug,x1,a) of sort (719,01, v; (11)vT0)
%o(uo,z1,a) of sort (79,01, v; (00)vo170)
ug(u, x2,a) of sort (11, 02,v; (2)vT1)
and x1(u1,22,a) of sort (71,09, v; (01)vo2T1)
such that
(¢0)p (w0, (x0)uozia, a) Frsiax  (¢1)p((w)uwoa, 1, a)
and (e1)p(ur, (x1)urzea, a) Frsiax  (02)p((w2)ura, z2, a)

From this data, our goal is to produce eager terms

v(ug, z2,a) of sort (79,02,v;(T2)vTp)
and y(ug, x2,a) of sort (79, 09, v; (0g)voaTy)

such that

(v0)p (uo, (Y)uoraa, a) Fesiac  (2)p((V)uoa, 22, a)
We would like v and y to satisfy the following equations in FS:
(y)ugx2a : (x0)upria where up = (u1)uga
(V)upa = (w)uia x1 = (x1)uizaa

But the variables z]* and u]', which are free in u; and %1, should not occur in

the terms y, v. We are thus lead to solve the following equations in FS

(Y)uoraa = (xo[y1/71])uoy1a vi = (wlyi/z1])uoa
Wua = (i fm)va VP v = (e /u])viesa O
with terms

y1(ug,e,a) of sort (79,092,v;01)
vi(uo, z2,a) of sort (79, 02,v;71)



Assuming (11) satisfied, we are done since
(v0)p(uo, (y)uozaa, a)  Frs (20)
Festax (1)

|_FS ((pl)D Vi, (xl[vl/ul])lega, a)
Frstax  (¥2)
Frs (¢2)

We now turn to the resolution of (11). We first discuss the construction of
y1 and vy and then turn to y and v.

Definition of y1(uo, x2,a) and vq(ug,z2,a). Note that if y; satisfies

Frs oy1 = (Xl[(ul[m/fl])uoa/ul]) ((wily1/z1])uoa) 22 a (12)

then a by taking vi := (u1[y1/21])uoa one obtains a term satisfying the corre-
sponding equation in (11). The Mealy term

t(u, ug, x2,a) = (xl[(u)uoa/ul]) ((u)uoa)z2 a
induces a finite-state causal function
G : [(m)vr] x ([r0] x [o2] x [v]) —& [o1]
while the eager term u; (ug, 21, a) induces (via Prop. 9) a f.s. eager function
F ¢ [o1] x ([ro] x [o2] x [v]) —em  [(11)v70]
By Corollary 4, there is a (f.s.) eager function
H : [o1] x ([7o] % [o2] % [v]) —&m [o]Trelx [o2DxTv]
such that, for all X1 € [o1]“, Uy € [10]*, X2 € [02]* and B € [v]¥,
e(H)(X1,Up, X2,B) = G(F(X1,Up, Xs, B), Uy, X2, B)
Take the fixpoint
fix(H) : [rol x [oa]  [o] —sme [oa]oI0oe0e]
of H given by Proposition 10. We thus get
fix(H)(Uo, X5, B) = H(e(fix(H))(Uo, X2, B) , Uy, X», B)

Note that fix(H) is finite-sate by Lemma 3. Let y; be the Mealy term of sort
(10,09,v;01) for e(fix(H))(—, —, —). It follows that y; satisfies (12) since

Frs  yi(uo,22,a) = t<u1(U0,Y1(U07$2,G)’@)’U0,$27a>



Definition of y(ug, x2,a). We have to provide a term
y(ug, T2, a) (10, 02,v; (0g)voaTy)  of sort
First, since xg is eager it follows from Prop. 9 that the term
xo(uo ; y1(uo,22,0a), a)
is eager. Let
Fo == [xo(uo, y1(uo,z2,a), a)] : [ro] x [o2] x [v] —em [(00)vo170]
and
Go = [(fluoyra] : [(o0)vormo] x ([ro] x [o2] x [v]) —wm  [o0]
By Corollary 4 there is a finite-state eager function
Hy : [r] x[oo] x [v] —mm  [oo]lrodxle=lxI¥]
such that for Uy € [19]“, X2 € [02]“ and B € [v]¥,
e(Ho)(Uo, X2, B) = Go(Fo(Uo, X2, B),Uo, X2, B)
Letting y(ug, 2, a) be the term for e(Hy), we thus get
Fes (Yuomza = (x0ly1/z1])uoyra
Definition of v(ug,x2,a). Our goal is to find a finite-state eager
Vo Il x ol x o] —em ([r2]01)T

with term v(ug, 2, a) such that
@(V(Uo,xma), ug,a) = @('LIQ(Vl(Uo,JZQ,CL),J,‘Q,G),Vl(Uo,J?Q,U,),a)

Let X := [o2], I' := [70] x [v] and © := [r1]. We apply Lemma 4 to

F [vi(ug,x2,a)] : X xT —em O
and G = [u(up,z2,0)] @ OxEXxI —gy (AD)®

Then we are done since we obtain obtain a finite-state eager
vV . YxTI —EM AF
with term v(ug, 2, a) such that
Fes  @Q(v(ug, 2, a), ug, a) = @(UQ(W(UO,JJ%@)a$2,a)>v1(uo7$27a),a)

This concludes the proof of Proposition 11.



Monoidal Structure.

Lemma 6.
(1) If p(a) ——ax ¢'(a) and P(a) ——ax V' (a), then p(a) @ P(a) ——ax ¢'(a) ®

(2) glzp()a) ——ax ¢’ (a) and ¥(a) —+—ax V' (a), then p(a) B P(a) —+—ax ¢’ (a) B
(3) o) @ b(a) +>ax ¥(a) © ().

(4) p(a) B p(a) ——ax Y(a) B p(a).

(5) p(a) ®T ——ax p(a).

(6) p(a) ——=ax LB p(a).

(7) (pla) B Y(a)) ©(a) =—=ax p(a) B (P(a) @ 7(a))

Exponential Structure.

Lemma 7.
(1) Yp(a) ——ax p(a).
(2) lo(a) +—nax 1.
(3) Yp(a) —=ax lp(a) @ lp(a).
(4) pla) ==ax To(a).
(5) L ——=ax 7¢(a).
(6) 7p(a) B 7p(a) ——ax 7p(a).
Proof. Let
Pa’) = BN )pp(u,,a)
The cases of (™) and ?(¢™) are easy. The cases of !(¢™) and 7(p~) amount

to the corresponding rules in PF and follow by taking terms similar to those of
Lemma 5. We only detail some cases. We first consider cases of !(¢~) and ?(¢™).

(1) We have

D
(Vo) (@) — ¢ (@) =
(Vxl)(Va)(!(Va:O)@D(—,xo,a) - <PD(—7$17Q))
and the result follows from

¢p(—,z1,a) Fop(—,x1,a)
(Yxo)ep(—,x0,a) - ¢p(—,x1,0a)
!(VJTO)QDD(—,I‘O’CL) F @D(_vxlaa)

(2) We have

((‘v’a)(!gp‘(a) — I))D = (Va)(\(Vo)ep(—,z,a) —o 1)

and the result follows from the that FS proves !¢ —o I for all 9.



(3) We have

(V)o@ — (@ ol @) =
(Va)((Vz)ep(—,2,a) —o V2)pp(—,2,a) ®!(Vz)pp(~,,a))
and the result follows from the that FS proves 1 —o It @ 1 for all 4.
We now turn to cases of !(p™) and ?(¢ 7).

(1) We have

(V) (6™ (@) — o)) =
(3l (V) (Ya®) (lop (ug, — @) —o  @p((ur)uga, —, a))

and we conclude as in Lemma 5, using that FS proves !¢ —o 9 for all 1.
(2) We have

D
(V)¢ (@ — D) = (w)va)(eplu,—a) —o 1)

and we conclude from the fact that FS proves i) — I for all 4.
(3) We have

(Vo) (@) — @ olt@) =
(Fur) (Fuz) (Yuo) (Va) (lep (uo, — a) —o lop((ur)uoa, —, a)®pp((uz)uoa, —, a))

and we conclude as in Lemma 5, using that FS proves !¢ —o i) ® !4 for all

. O

Lemma 8.

(1) If 7(a) —=—=ax p(a) B 7p(a) then v(a) ——ax lp(a) & 74 (a).
(2) If 7(a) © p(a) ——=ax 7(a) then 1y(a) @ Tp(a) ——ax 74(a).

Proof. First, note that !y(a) is positive and that ?¢(a) is negative. We thus have
()P (a) = Gw)(1y) p(w, —, a) and )P @) = (V) () p(—,y,a)
where (1) (resp. (?¢) ) is an !-formula (resp. a ?-formula).
(1) Consider first the case of ¢ negative. We have
(p)P(a) = (9)p(=—a) = (Ya)ep(-,z,a)

By assumption, FS 4+ Ax proves

(!V)D(w7 I a) F @D(_vxv &) » (?w)D(_’y7a)



and the result follows from

(’7) ( ] ) F@D(_vxva)v(?w)D(_vyaa)
( )D( 70’) (Vx)QDD(_ﬂx7a)7(?¢)D(_7y7a)
( )D(w _7a) '(Vﬁ)@D(—axaa%(71/))13(—7:%@)

Consider now the case of ¢ positive. We have
()P(a) = @Cu))plu,—a) = (Gu)lop(u,—a)
By assumption there is an eager term u(w, y, a) such that
(M) p(w, = a) Fessax v (Q(u(w,y, a), w, a), —,a) B () p(—,y, a)
and the result follows from

(!’7)D(wa R a) F @D(@(u(wvyv a)7w7a)7 R a)? (?w)D(_’y’ a)
@(u(wa y7a)’ w7a)’ _70“)’ (71//)9(—79’ CL)

=
S
B
!
S
—
=
9.

Consider first the case of ¢ positive. We have
(79)P(a) = (9)p(=—a) = ?Eu)ep(u,—a)
By assumption, FS 4+ Ax proves
(") p(w, =, a) @ ep(u, — a) & (7)o (=, y, a)

and the result follows from

(!V)D(wa B a)v @D(u7 g a) F (?w)D(_v Y, (1)
(!V)D(u% ) a)’ (HU)QDD (U, ) a) - (?d))D(_? Y, a)
(!’7)D(w7 T a)v 7(3U)<PD(U7 s a) H (?w)D(fa Y, a)

Consider now the case of ¢ negative. We have
(?79)P(a) = (V2)(¢)p(—z.a) = (Va)lpp(—,z.a)
By assumption there is an eager term u(w, y, a) such that
() p(w, =, a) ® pp(=, Ax(w,y, a), w,y,a),a) Fesiax (79) p (=, y, a)
and the result follows from

('V)D(w - (l) ( ,@(x(w,y,a),w,y,a),a) F (?w)D(iayaa)
() p(w, =, @), 2ep(—, Q(x(w, y, a),w,y,a),a) = (?74) p(~, y, a)




Closed Structure.

Lemma 9.

(1) We have v(a) ® p(a) ——ax ¥(a) if and only if v(a) 4= ax ¢(a) —o ¢(a).
(2) Ify(a)®lp(a) ——ax Y(a) By (a) then v(a) ——ax (lp(a) — ¥(a)) B (a).

Proof. Let

¢P(a) = (Fu)(Yz)ep(u,z,a)
YP(a) = @) (W)vp(v,y,a)
vPa) = (Ew)(Vz)yp(w,z a)

(1) Note that

(pa) = v(@)” = (Ev,2)(%u,y) (o (. @uy.a) — vo((©)u.y,a))
First, note that

D

((Va)(v ® ¢ —o w)) =
(Fv, z, 2)(Yw, u, y, a) (713 (w7 (z)wuya, a) ®eDp (u7 (x)wuya, a) —o Yp ((v)wua, Y, a))

and
D
(Vo) (v — (0 —w)) =
(Fv, z, z)(Yw, u,y,a) (’yD (w, (z)wuya, a) —o (@D (u, (z)uywa, a) — Yp ((v)uwa, Y, a)))

So both formulae have the same realizers modulo (1) ~y (X4)!. The
result then follows from

¢p b Yp FYp

vp,%p F Yp and vp F@p — Yp ©p — Yp,pp Pp
¥ ¢ —e Yo _p.epFdp
YD ® ¢p = Yp

(2) Note that !¢ is positive and that 79’ is negative, so that
()P (a) = Gu)('p) p(u, —, a) and (?79)P(a) = (V) () p(—, 2, a)

where (1¢), (resp. (77')p) is an !-formula (resp. a ?-formula). We have

(V(a)® 77’(a))D (F)(Vy, 2') (¥p(v,y.0) B (77) p(—, 2, a))
and ('(p(a) - 1/)((1)) = (Hv)(vuvy)(O@)D(uv —,CL) - ’l]/)D((’U)U,y,CL))

It follows that

D

Na)@lp(a) = (@37 (@) = (@) =ac (kp(a) — (@) 377 (a)



since

(’7(‘1) ®lp(a) —o P(a) B ?’7’(a)>D =
(B0, 2) (V. 2) (30 (w, (2Jwuys', a)2(06) (0, —0) — (0w, y, @) (=2 )

and

D
(7@ — (9(a) = b(@) T (@) =

(30, 2)(Vw, w9, 2') (70 (w, (Jwuyz',a) —o ((49) p (= @) = Yp((V)wu,y, @) B () p(—, 7', a)
O

Quantifiers.

Lemma 10.

(1) ¢(a,t(a)) —ax (32)p(a, 2)
(2) (Vz)p(a,z) ——ax @(a,t(a))

Proof. Let

©P(a,2) = (Fu")(V2%)ep(u,z,a,z)
We thus have

(Fz0(a,2)” = Gu)(32)(Va)pp(u,z,0,2)  and  (Vz.p(a, 2))P = (Fu'7")(Va)(V2)ep((u)2, 7,0, 2)
In both cases we assume a¥, z* and t(a) to be of sort (v; k)

(1) We have to find eager terms u(u, z,a), z(u, x,a) and x(u, z,a) such that

op(u,Q(x(u, x,a),u,z,a),a,t(a)) —o p(Qu(u,r,a),u,a),r,a Q(z(u,r,a),a))

We let u and x be given as in Lemma 5. As for z(u, x, a), we take the eager
term obtained from the composite

[l x [o] x o] B o] 22 [s]!

where [7] is a suitable Mealy projection.
(2) Note that the variable u now has type (7)x. We have to find eager terms
u(u, z,a), z(u, x,a) and x(u,x,a) such that

©D ((u)(@(z(u, r,a),2)),Q(x(u, z,a),u, xf), a,Q(z(u, z,a), a)) —o

op(Qu(u, z,a),u,z,a), x,a,t(a))

First, for z(u,x,a), we take as above the eager term obtained from the
composite

P ol x ol e [o] 28 [



It thus remains to find u and x such that
@D(@(u,t(a)),@(x(u,x,a),u,x,a),a,t(a)) —
op(Q(u(u,z,a),u,z,a),,a,t(a))

We then take for x the same term as in Lemma 5. It remains to deal with
u. Consider the Mealy term u for

M x o x o] P [0 o] 5 ]

Then we take for u the eager term

K A(d Al x o v = VI [eT [ L]
10 x ol x ol S [IUIEIET Sy (g thih

O
Lemma 11.
(1) If v(a) ® p(a,b) ——ax ¥(a), then v(a) ® (3b)p(a,b) ——ax ¥(a).
(2) If v(a) ——ax p(a,b) B 29(a), then y(a) ——ax (VD)p(a,b) B 79(a).
Proof. Let
(@) = Guw)V2)yp(w,za) and  ¢P(a,b) = (Bu)(Vz)ep(u,z,a,b)
(1) Let
wD(aa b) = (EIU) (Vy)wD (U, Yy, a, b)
We have

b (Elw,u)(Vz,z)(*yD(w,z,a) ®@D(u,z,a,b))

(Bw,u, b)(Vz,x) (’yD(w, z,a) @ pp(u,,a, b))

(v(a) ® ¢(a,b)

)
and (v(a) @ (3b)p(a, b))D

It follows that
(@) ® plab) —= v(@)” =
(F,2,2) Vo, u,) (Y (w, (2)wuy, @) @b (u, (@)wuy, a,b) —o p((v)wu,y,a))
and
(V@) © @)p(ab) — i) =
(@0, 2.2) (5w, u,b.9) (v (0, (Jwuby, a) @i o, (x)wuby, a,b) — wp((v)wub,y.a))
We thus obtain

Y(a) ——ax p(a,b) B 7¢(a) = V(@) == ax (Vb)p(a,b) B 74(a)



since

((va,b) (+(a) @ p(a,b) —o w(a)))D -
(@, 2, 2)(Vw, u,9,b, a) (’YD(w’ (z)wuyba, a)@¢p(u, (x)wuyba, a,b) —o ¢Yp((v)wuba,y, a))

and

(va) (3(@) @ @)pla.b) —ov(@)) =
(30, 2, 2)(Vw, u,b,y, ) (70 (w, (2)wubya, @)@ (u, (v)wubya, a,b) —o Y ((v)wuba, y,a))
Note that 71 is negative. We thus have
()P) = (W) p(=y.a)
where (71))  is a ?-formula. Moreover,
(Vb.(a, b))D = (Ju)(Vz,b)pp((u)b, z,a,b)

We have
D

(go(a, b) % ?w(a))
and ((Vb)ap(a, b) % ?w(a))

It follows that

(Elu)(vxa y) (¢D(u7 z,a, b) 2 (?w)D(_a Y, a))
(Hu)(vx7 bv y) (@D((U)IL Z,a, b) 2 (?w)D(_7 Y, a))

D

D

(v(@) —o pla.b) B (@) =
(Fu, 2)(Vw, x,y) (ﬂyD(w, (2)wzy, a) —o @p((w)w,z,a,b) B Yp(—,y, a))
and
D
(7(@) — (D)p(a,b) B (@) =

(Fu, 2)(Vw, x, b, y) (VD(w7 (2)wxby, a) —o ‘PD((U)bw,x,a,b)%’z/;D(_’y’a))
We thus obtain
7(@) “=acp(@d) Bla) = y(a) ax (Wb)e(a,b) B 2y(a)
since
D

((a.0)(+(a) — p(a.h) (@) =
(u,2)(Vw,z,y,b,0) (71)(@0, (2)wzyba, a) —o ¢p((w)wba, x,a,b)BYp(—, y, a))
and

D
((va) (v(a) —o (Vb)¢(a,b) ¥ w(a))) —

(Fu, 2)(Yw, x,b,y,a) (VD(w, (2)wzxbya,a) —o @p((w)bwa, x,a, b)3pp(—, vy, a))
O



The Equality Axioms (7). Realization of the equality axioms (7), follows from
the fact that atomic formulae are interpreted by themselves, so these axioms are
interpreted by instances of themselves.

Proof of Theorem 8. Assume given ®(a) = ¢1(a),...,on(a) and (a) =
P1(a), ..., ¥m(a) with free variables among a. We show

v1(a), ..., on(a) Frspax ¥1(a), ..., m(a) = (®i sDi(a)) — Ax (75’j ; (a))
with, as expected,
®1<i<owi(a) =1 and Fi<j<o Pj(a) = L
We reason by induction on derivations.
— The cases of
- 09,07 oFF, 00,9
" [ AT

directly follow from Lemmas 5 and 6.
— Case of

pEY.Y YAy
-, =
Y EE, Y

We show that if
p(a) =—=acy(a) B ¢'(a)  and  P(a) @ y(a) ——ax P (a)

then
p(a) @ p(a) ——ax ¢'(a) B¢ (a)

Proof. Assuming ¢(a) ——ax v(a) % ¢'(a), Lemma 6 gives
pla)@Y(a) —ax  (v(a) B ¢'(a)) @ Y(a)

from which Lemma 6 together with Proposition 11 implies

pla)@y(a) —ax ¢'(a) X (P(a) @ y(a))

Since ¥(a) ® v(a) ——ax ¥'(a), Lemma 6 together with Proposition 11 give
the result. 0
— The cases of
Y o Y

7,19 FI 1+ k1,9

directly follow from Lemma 6 together with Proposition 11.



— The cases of
D, 00,01 F @ Do, 01,@
Prpo @1 -7 PEwo B 1,7
are tautological.
— Case of

_ _ — —
pre® Y
— —
PR, P, Y

We show that if

pla) ——=axv0(a) B ¢'(a)  and  Y(a) ——ax v1(a) T ¥ (a)
then
p(a) @ P(a) ~—=ax (Yo(a) ®11(a)) B ¢'(a) B¢’ (a)

Proof. By Lemma 6, we have

p(a) ® ¥(a) ——ax (Y0(a) B ¢'(a)) @ (11(a) B ¢'(a))
from which we deduce by Lemma 6 and Proposition 11

p(a) ® ¥(a) ——ax (Y0(a) ® (y1(a) B ' (a)) B ¢ (a)
and then

p(a) ®P(a) ——ax (10(a) ® (a)) B¢ (a)) B ¢'(a)

— Case of B -,
BT Y
— —
B, oBY LY

We show that if

/ /

p(a) @ vo(a) =—=acy'(a)  and  P(a) ®vi(a) ——ax ¥'(a)
then
v(a) @ ¥(a) ® (v0(a) B 71(a) ——ax ¢'(a) B ' (a)
Proof. By Lemma 6 we have
(v(a) ® 10(a)) B (¥(a) ® 1(a)) ——rax ¢'(a) B¢/ (a)

On the other hand, by Lemma 6 we have

p(a) @ Y(a) @ (vo(a) B 11(a)) ——ax ((0(a) ®70) B 71(a)) @ ¥(a)
so that Lemma 6 together with Proposition 11 give

pla) @ P(a) ® (vo(a) B 11(a)) ——ax (p(a) ©70) ¥ (11(a) @ P(a))

and we conclude by Propsition 11.



— Lemma 7 (together with Lemma 6 and Proposition 11) handles the rules:

s 0,10, ¢ b7
Oty Ok Pl

oY P 20,7%0,9 @Hp,@

G209 G209 PH2%,9
— Lemma 8 handles the rules
AL B0+ 1
B H1p, 7% ', 70 7
— The rules B -, - -,
Pk olt/a], P, olt/2] P
pE(F2)e, ¥ @, (Vr)p -7
follow from Lemma 10 (together with Lemma 6 and Proposition 11).
— The cases of .
PoF® pEe,
2, (32 F P F (V2)p, 7
are tautological (Lemma 11).
— Lemma 9 handles the rules

Pty L Blerv.
pEp—y pElo—o, 7
— It remains to deal with
—_ —
A A
o ., —
P, 0 — b PP

Since

poblo—y by
oY,k VY
— — — —
Pe@ Yo — ok
— —
@71/}7804011)|7¢/31/)
We are left with showing

v(a) =—=ax p(a) = P(a) and 7'(a) =—=ax p(a) imply Y@y ——ax P(a)
Proof. Assume ~y(a) ——ax p(a) — ¥(a) and +'(a) ——ax ©(a). Lemma 9
gives
V(a) @ p(a) ——ax P(a)
while Lemma 6 gives
v(a) ®7'(a) +—ax v(a) @ ¢(a)
and we conclude by Proposition 11.

This concludes the proof of Theorem 8.



B.2 Realization of Additional Axioms (Proposition 4)
We decompose Proposition 4 as follows.

Lemma 12. The azioms (LSIP) are realized in FS:

(1) (Va) (¢~ (a) @97) == (Va)p~(a) @y~
(2) (Va)(¢™(a) BY™) ——=  (Va)p~(a) By~
(3) Ba)p™(a) By == (Fa)(p™(a) B ¢)

(4) 4~ — (a)p ( ) == (Fa)(¥T — v (a))
(5) (Ya)p™(a) = ¢*) —— (Ja)(¢*(a) —9¥)

Proof. Let
¢P(a) = GuVz)pp(u,z,a) and  PP(a) = (Gu)(W)¥p(v.y,a)
In each case we are done by taking terms similar to those of Lemma 5:

(1) We have

(Vo) @w )"
(e~ (@) ©07)”

(2) We have

(vxvya a) (SOD(_’:Eva) ® ¢D(—,y))
(vaa x,y) (ch(—,x,a) & wD(_vy))

((va) (‘p_(a) 2 ¢_)>D (vxa Y, a) (@D(_v Zz, G,) » wD(_v y))
D
(Vo) @ Fw7) = (Va.z.y)(en(-2a) 3 vp(-1))

(3) We have

(Ee-@30) = @a0)ve,9)(en(~2.0) 3 vo(v.y)
D
(Gae @3 v)) = Gao)ve,y)(eo(-z.0) 3 vn(v,y))

(4) We have

(47— @ @) = (@Ean)a)(Wo(— w)) — op(-2.0))

(Ga(@ ¢ (@) = Gaya) (o= m)) - ep(-,0)

(5) We have

((va)e*(a) = v*) " = (Ba)(¢n(~~a) — (-, -))
D
(Go)(p*(@) —v*))" = @a)(pn(- - a) —vn(-,-))



Lemma 13. The aziom (LAC) is realized in FS:

(Va®)(I7)p(a,b,c) ——  (3F77)(Ya”)e(a, (f)a,c)

Proof. Let
‘PD (a, b, C) = (Elu) (V:c)ch (u» Z, <aa b, C>)
We thus have
(ve)(va)@)p(a.b.c)) = (3b.u)(Ve,a.hpp((wac, . {a, (Bac, )

and

D
(V0@ Ga)ea, (fla. ) = (Gfu)(Va,a,)en((wac,z. (a, (fac, )
Hence we are done by taking terms similar to those of Lemma 5. a

Lemma 14. The azioms (DEXP) are realized in Ax+ (DEXP), in the sense that
for all deterministic § we have

1) _'_>(DEXP) 16 and 70 _'_>(DEXP) 1)
Proof. If §(a) is deterministic, then 6”(a) = dp(—, —, a) with §p deterministic.
It follows that the axioms reduce to themselves:
dp(—,—,a) Frsiexp)y !9p(—,—,a)
and ?0p(—,—,a) Frstoexp)y Op(—,—,a)

B.3 The Characterization Theorem (Theorem 3)

Theorem 3 can be split in two statments, one for polarized formulae and one for
all FS-formulae.

Characterization for The Full System FS. We begin by the full system.
We show by induction on formulae that

Fest(LaC)(Lsipy+(DExP) (@) oo P (a)

— If ¢ is atomic, then the result is trivial since p” = .
— Consider the case of ¢(a) O(a) with O is either ®, % or —o. By induction
hypothesis, we have

p(a) oo (Ju)(Vz)pp(u,z,a)
7/}(0“) oo (Hv)(Vy)¢D (U7 Y, a)

and in each case we are left with showing

(¢(a) O9(a))” oo ¢P(a) O9"(a)



o (Case of p ® 1. We first show
(p@Y)? — PP ey”
using the axiom

(Va)(p~(a) ®97) — (Va)p~(a) @9~

(Vay) (op (1, 7) ® p(v,9)) - (V2)op(uw,2) ® (WW)en(v,y)
(V29) (o (1, 2) ® U (v, 9)) - (30)(Y2) 9 (4, 2) @ (30) (V) (0, )
(3v)(Vay)(ep(u, ) @ Yp(v,y)) F (Fu)(Vz)pp(u, z) @ (30)(Vy)Yp(v,y)

(Fuv)(Vay) (pp (v, ) @ ¢Yp (v, y)) F (u)(Vo)ep (v, 2) ® (Jv)(Vy)Yp (v, y)
where 2 is

(Vz)ep(u,2) - (Vo)pp(u, z) (Vy)vp (v, ) - (Vy)vp (v, y)
(Vz)pp(u,z) = (Fu)(Ve)ep(u,x)  (Vy)vp(v,y) = (Bv)(Vy)vp (v, y)
Va.op(u,x),Vyp(v,y) F FJuVz.op(u,z) ® Jv.Vy.p(v,y)
Va.op(u,x) @ Vy.op(v,y) b JuvVe.op(u,z) @ Fv.Vy.dp(v,y)
The other direction is trivial:

op(u,z),¥p(v,y) Fop(u,z) ®Yp(v,y)
¢p(u, ), (Vy)¥p(v,y) F ¢p(u,z) @ Yp(v,y)

(V2)op(u, ), (Yy)Yp(v,y) - op(u, ) @ ¥p(v,y)
(V2)ep(u,x), (Yy)Pp(v,y) = (Vay)(ep(u,z) @ Pp(v,y))
(Va)ep(u,z), (Vy)¥p (v, y) = Fuv)(Vey)(ep(u, ) @ Pp(v,y))
(V2)ep(u,x), (30)(Yy)Pp(v,y) = (Fuv)(Vey)(ep(u,z) @ Pp(v,y))
(Fu) (V)b (u, z), (F0)(Vy)Yp (v, y) F (Fuw)(Voy)(ep(u, ) @ Yp(v,y))

(Fu)(Yz)ep(u, ) @ (3v)(Vy)¢p(v,y) = (Fuv)(Vay) (ep(u, ) @ Yo (v, y))
e Case of p X 1. We first show

(@BY)? — PP BYP
using axiom

(Va)(p~(a) B Y7) — (Va)p~(a) By~

(Voy)(ep(u,2) BYp(v,y)) = (Vo)op(u,2) X (Vy)p(v,y) 2
(Vay) (pp(u, ) B ¢Yp(v,y)) - (Vo)ep(u, z), (Vy)¢p (v, y)
(Vay)(ep(u,2) B ¢Yp(v,y)) = (Vz)ep(u, 2), (Fv)(Vy)¥p(v,y)
(Voy)(ep(u,2) B Yp(v,y)) = Gu)(Vr)ep(u,z), (Fv) (VY)Y (v, y)

(Buv)(Vry)(ep(u, 2) B ¢p(v,y)) - Bu)(Va)pp(u, x), (30)(Yy)¥p (v, y)
(Fuo)(Vey)(ep(u, 2) B ¢p(v,y)) - (u)(Ve)ep(u, ) B (F0)(Vy)¢p(0,y)



where 9 is

(Vz)op(u, ) B (Vy)¢p(v,y) = (V2)ep(u, ), (Vy)¢p(v, y)
(VI)QOD(U, x) N (VZ/)Q/JD(% y) - (W)SDD(% l‘), (3’0)(V?J)1/1D(’U7 y)
(Ve)ep(u, 2) B (Vy)ip(v,y) F (Bu)(Vr)ep(u, z), (30)(Vy) D (v, y)

For the converse implication, we use the axiom

(Ba)p™ (@) XY —o (3a)(yp (a) B )

FuNr.op(u, ) ¥ JvVy.pp(v,y) - JuVe.op(u,z) B Jv.Vyp(v,y) Q’ i
(Fu) (Vz)ep(u, ) B (3v)(Vy)¢p(v,y) E Guo)((Vz)ep(u,2) X (Vy)dp(v,y) 7
(Fu)(Vz)ep(u, ) ¥ (Jv)(Vy)vp(v,y) F Guv)(Vey)(ep(u, 2) ¥ ¢p(v,y))

where Z is obtained by proceeding as in

(Va)p(a) B ¢+ p(a), v
(Va)p(a) B F @la) B 1)
(Va)p(a) B ¢+ Va(p(a) 3 )

and where 2’ is obtained using the axiom
(Fa)e™(a) By —o (Ja)(p~ (a) BY)

Case of p —o 1p. We first show

(p—p)? —o P —yP

o (u, (Fluy) — ¥p((f)w,y), ep(u, (Fuy) F ¢p((f)u,y)
u, (Fuy) — ¢p((fw,y), (Ve)ep(u,z) b op((f)u,y)

¢p(u, (F)
(Vuy) (¢p (u, (F)uy ) Yo ((Hu,y), (Vo)ep(u,z) F op((f)u,y)
(Vuy) (¢ (u, (F)uy) — f Y)), (Yo)ep(u,x) = (Vy)ep((fu,y)
(Vuy) (op (u, (F)uy) —o Y), (Vo)ep(u,z) + (30)(Vy)ep(v,y)
(3, F)(Vuy) (ep (u, (Fuy) —o (( )u y)), Bu)(Va)pp(u,x) F (30)(Vy)ep(v,y)

(3f, F)(Vuy) (¢p (u, (F)uy) — ¥p((f)u,y)) F Gu)(Va)ep(u, ) — (Fv)(Vy)en (v, y)

For the converse direction, we use the axioms (LAC) as well as
* Y~ — (Fa)p(a) — 3a.(P” — ¢ (a))
* ((Va)p*(a) = ¢*) —o (Fa)(p*(a) — ¢¥*)



We have to show

(Fu)(V2)pp (u, 2) —o (30)(Vy)Yp(v,y) = OF, F)(Yuy) (e (u, (Fluy)) — ¥p((f)u,y))

Since

o(a) F (3a)p(a) YEY
(Fa)p(a) — ¥, p(a) -9 and
(Ja)p(a) < p(a) — 1)

(Fa)p(a) — o F (Va)(p(a) — ) b —o (Va)p(a) F (Ya) (¢ — p(a))

and using the axioms
* ¢ — (Ja)p~(a) — Ja.(¥™ — ¢ (a))
* (Va)p*(a) = 9*) —o (Ja)(p™(a) — ¥*)
we derive
(Fu)(Va)pp(u,x) — (30)(Vy)¥p(v,y) = (Vu)(Fv)(Vy)(3x) (¢ (u, 2) — ¥p(v,y))
We can then conclude with (LAC).
— Case of (a)p(a). Let
¢P(a) = (Euvz)ep(u,z,a)
and by induction hypothesis assume
P (a) o= p(a)
Hence we are done if we show
(3a.p(a))? o= (3a)p” (a)
But this is trivial since (Ja.¢(a))? = (3a)¢? (a) by definition.
— Case of (Va)p(a). Let
¢P(a) = (Guvz)ep(u,z,a)
and by induction hypothesis assume
P (a) o= p(a)
We have to show
(Fu) (V) (Ya)pp((u)a, z,a) oo (Va)p® (a)
The right-to-left implication is given by (LAC) and the left-to-right implica-
tion follows from

¢p((w)a,x,a) F ¢p((u)a,z,a)
(Va)ch((u)a,z,a) F op((u)a,x,a)
(Vza)pp((w)a, x,a) F ¢p((u)a,z,a)
(Vza)ep((u)a,x,a) = (Vz)ep((u)a,z,a)

Ju)(Va)ep(u, x,a)
(Fu)(Vz)ep(u,z,a)
Va)(Ju) (V) ep(u, z,a)

(Fu)(Vza)ep((u)a, x,a
(3u)(Vxa)pp((u)a,z,a)

}_
(Vza)pp((w)a,z,a) F (
) F
= (



— We finally deal with the exponentials. By induction hypothesis, assume
p(a) oo (Fu)(Vz)ep(u,z,a)
In each relevant case we show
(lp)? oo 1P and  (?2p)P oo o7
e Cases of !(¢~) and ?(p™). Both cases are trivial since
((p7))? = Wa)pp(— z,a) = p7)P  and  (2(¢")” =?Cu)pp(u,—a) = 2(p*")"
o Cases of !(¢1) and ?(p™). We have
Me™)NP = Fu)lep(u,—a)  and  (2(¢7))? = (V2)?0p(~—, 2, a)
We first have

¢p(u, — a) - op(u,—,a) ¢p(—,z,a) - op(—,,a)
lop(u,— a) - op(u, —,a) ¢p(— z,a) - 7op(—,z,a)
oo, —a) F Gu)pp(e,—,a) and (F2)en(—,2,0) F Top(—,2,0)
lop(u,—,a) F1(Buw)ep(u, —, a) ?(Vx)op(—,x,a) F 2op(—, xz,a)
(Fu)lep(u,—,a) F1(Fuw)ep(u, —, a) ?(Vx)ep(—,z,a) F (Vz)?op(—,z,a)
For the converse implications, we use the exponential axioms (DEXP):
ep(u,—,a) Flop(u,—, a) 2op(—,z,0) F op(—,x,a)
op(u,—,a) F Gu)lop(u,—,a) and (Vz)?op(—,z,a) F op(—, z,a)
(Fw)ep(u,—,a) F (Fu)lep(u, —, a) (Vx)?¢op(—,x,a) F (Vx)pp(—, z,a)
1(3uw)ep(u,—,a) F (Fu)lop(u,—,a) (Vx)?¢op(—,x,a) F ?(Vx)op(—, x,a)

Characterization for Polarized Formulae. There are two ways to see char-
acterization for polarized formulae. The first one, stated in Theorem 3,

Festasip)+DExp)  @(a) oo P (a) (¢ PF-formula)
amounts to the following.
Lemma 15. FS + (LSIP) proves
p oo P 1h oo P F (9 —o ) oo (o — ) (p(a) —o ¢(a) polarized)
o(a,8) o0 P (a,b) F (Vb.(a, b)) oo (h.p(a,b)°  ((¥6)(a,b) negative)

The second one is to notice that characterization for polarized formulae is
provable within the polarized fragment PF augmented with the following polar-
ized weakening of (LSIP) (with polarities as displayed):

(Va)(¢*(a) ®¥™) —o (Ya)p*(a) @~

(Va)(¢* () Bp~) —o  (Va)p*(a) B ¥~
Fa)p* (@) Byt —o  (3a)(p*(a) B oY) (PLSIP)
Y~ — (3a)p*(a) —o (3a§(w’ —o ¢*(a))

(Ya)p™(a) = ¢F) —o  (Ja)(p*(a) — ¥7)

We only detail Lemma 15, as it corresponds to the statment of Theorem 3.



Proof of Lemma 15. Consider first the case of p(a)
0 either ¢ or ¥, we have

0T (a) oo FJu.bp(u,—,a)
0= (a) oo Va.bOp(—, z,a)
(gi(a) oo Op(—,—a)

The case of p*(a)

—o 1)(a). By assumption, for

—o 1™ (a) is trivial. The other cases are given by the following

derviations (where we did not display the free variable a).

— Case of (p~ —o )P,
We first show

(0~ =9 — ((¢7)"

— (¥1)P)

¢p(z)

Yp(v) - ¢p(v)

Fop(z)
(Vx)ch( )Fep(x)  Yp(v)F

(3v)¢p(v)

¥YD
¢p(x) — ¥p(v), (Vo)ep(z) H

(3v)¥p(v)

);
sOD() ()F(fv) p(r) —

(av)wa)

(Fv,z)(ep (v)) F (Vz)ep(z
For the converse imphcatlon we use the axioms
o ¥~ —o (Ja)p*(a) (Fa)(y~ —o ¢*(a))
o ((Va)p*(a) — 9*) (a)(

—o0

—0

p*(a) —o )

— (F0)¢p(v)

7 By, y6)( ( ) = 9p(v)) -

(Jv, 7) (SDD

(z) — ¥p(v))

' ) ((Vo)ep(z) — ¢¥p(v)) F

(Fv,7) (¢

(z) — ¥p(v))

(VSC)WD( ) —o (HU)I/JD( ) (3v,2)(¢p
where & is obtained from the axiom
(Va)p*(a) — ¢*) —o (Ja)(p
and 2’ is obtained from the axiom
¥ — (3a)p™ (a)

— Case of (pT — )P,
We first show

—o0

(T —yp)P

(z)

F(a) —

— thp(v))

PE)

(Ba)(™ — ¢*(a))

—o ()P — ¥7)")

¢p(u) F op(u)

Yp(y) - ¥p(y)

¢p(u) — ¥p(y), op(u) =¥

¥p(y)

u) = 4¢p(y)

(Vy,u)(ep(u) — ¢¥p(y)), en(
(Vy,u)(ep(u) — ¥p(y)), Fu)en(

u)

(Yy)¥p(y)

(Vy,u)(ep(z) — ¥p(u) - (3

u)pp(u) —o

(Yy)¢p(y)



The converse direction is given by

¢p(u) Fep(u) Yp(y) - ¢¥p(y)
¢p(u) - (3u)pp(u) (Yy)¥p(y) F ¥p(y)
(Fu)ep(u) — (YY) (y), po(u) - ¥p(y)
(3u)pp(u) — (Yy)¥p(y) = wp(u) — ¥p(y)
(Fu)ep(u) — (Y9)¥p(y) F (Yu,y) (¢p(u) — ¥p(y))

Consider now the case of (Va)p~(a). Let

¢Pa) = (Yo)pp(—,7,0)

and by assumption
P (a) oo p(a)

We have to show
(Vz)(Va)pp (=@, a) oo (Va)p® ()
But this is trivial since for negative ¢ =, we have (VYa.¢(a))? = (Va)e® (a) by

definition. O
B.4 Extraction (Corollary 1)
Let recall the statment of Corollary 1

Corollary 5 (Extraction (Cor. 1)). Consider a closed formula ¢ := (Vz7)(3u")d(u, )
with § deterministic. From a proof of ¢ in FS 4+ (LAC) + (LSIP) + (DEXP) one
can extract a term t(x) such that = (Vx7)[(t(x),x)].

Proof. Note that
e = EfO)VE)dp(— — {(fz, @)

By Theorem 2 (Thm. 8) and Proposition 4 (Lem. 12 & 13), from a proof of ¢
in FS 4 (LAC) + (LSIP) 4 (DEXP) we get an eager term u(™)? (%) such that

Fesy(pExp)  Op(—, —, (e(w)(z), )
Since ¢ deterministic, we have
§%(a) = op(~,—,a)
and from Characterization for polarized formulae (Theorem 3) we get
Frs+(DEXP)+(PEXP)  d(e(u)(x), )
We thus obtain
= (va%) 6] (t(a), ) (where £7 (z) = e(u)(x))

O



B.5 Proofs of §3.4 (Translations of Classical Logic)

While the usual (—)” and (—)% translations target resp. negative and positive
formulae [9] (see also [16]), one can consider the following deterministic variants:

Tr+ = 71 TR+ = 11

LTi = 9?2 LQi —_—
t=u)'" = 2(t=u) (t=u) = l(t=u)
(pow)’™ = M= o) (P )T = et —o Ty
(pAD)T™ = 2™ @) T (pa)®T = (et @)
(p V) " = 2eTER YT (sovw)Qi = 1(2pQF 3 290%F)
Q)™ = ?(Fn)lpT* (Fa.p)% = 17(3w)pQ*
(Vo.o)TE = N(Vz)pTE (Vo) 9% = 1(Va)?7pQF

Soundness (Proposition 6). The soundness of (—)"= and (—)%* proceeds

as that of (—)" and (—)Q. We then easily deduce the soundness of (—)%.

Proposition 12. If many-sorted first-order logic proves a sequent

@1,--~790nk1/)17---71/1m

then N N
lor T 10 T bes T
and golQi7...,gani Fes ?lei,...,?win

Proof. The proof goes on as in the case of (—)T and (—)Q. We obtain sequents

provable in FS because both translations produce sequents of the form !(—) F
?(—), so that the right — and V rules of FS

o, B,
PElp—, 7 pE(V2)p, 79

can be used for the right — and V rules of classical logic

Bo Y A 2K

o —, Y Pk (V2)p, 9

We only detail the cases which differs from [16]. As usual we write

e = tory  and ¥ = Tpos
T+ .
— Case of the (=)~ translation of the rule
@7 $0, P1 F E

PopoNpL Y



The result follows from

2004, 17(0) 7 17(01) e My
%7, 17(0) s @ 17(01) s - Try
%rs, 2(12(p0) g ©12(01) 7y ) - MWops
17814, 17(17(0) e @ 12(01)7s) b Wps
— Case of the (=) translation of the rule
Pre® P-4,
A OALT P

The result follows from

= —_ —/
%y b 2ors, 70 1y Py b s, 7y

— — — —
ory F 120y, 70 1y 1279y B 12pa, 0 py

— — . —/
P8re, py 12071 @ s, @ py, T g

— — . —/
PBra, Tps E2(00rs @ 17974 ), 70 1y, 7y

— Case of the (=) translation of the rule

@ ole/alF Y
@, (Vz)p by
The result follows by cutting

Tors F Yory
(Vz)?prs F 2074
(V) ?ors - Tors

(V) ?ors F Tors

'7'(Vx)7g0Ti F ?QOT:I:

'7'(Vx)7cpTi F !?SDT:I:
2M(Va)?ore E (V)1 7074
(V) ?ore F (V) Ty
1M(Va) 2oy F12(Va) 2oy

with

%rs, Pors[t/a] b 2y
o7, (Vo) ?ore F 7py
oy, ?(Vw)!?ngi F 7y

%7y, 1 2(V2) 207 s - T0hpy




— Case of the (=)™ translation of the rule

@F%Ei
P (V2)p,

The result follows from

7Gry b ors, Mhry
Gy b (V2)20rs, Try
2By H1(V2) 2074, Mpy
oy F2N(V2) 20y, ?ETﬂ:

— Case of the (—)QﬂE translation of the rule

ToF? Pk
CRUNAVRV NS TS
The result follows from
1B, !gpQ; - oy Dows Wos F 2 o1
Bos, Moot F P or  Wow, Mos F 7 o

o — . —/

o — . —/
— Case of the (—)“* translation of the rule

P o, 01,7
PV, @

The result follows from

Boxr F7(MNpogs B Ne1g4), ?!¢/Qﬂ:

— Case of the (—)“% translation of the rule

Pt Y
?,(F2)p 9



The result follows from

Do+, loq+ - ?@Qﬂ:
P04+ (F2) o+ F ?!EQi
B0+, 7(32)lpq+ = ?@Qi
B0+, !7(32) 0+ F ?!EQi

— Case of the (—)“* translation of the rule

ok plt/z], ¢
o (3x)e, ¢

The result follows by cutting

logs Flogs

!(in - (Hx)!goQi

lpg+ F1(3x) o+

!(in H '?(Eix)IQOQi

lpox F 21?7(3x) v

?!SDQ:I: F ?!?(395)!%0@1
(Fz)Npgx F MN?(3x) pox
'(Elx)7'<in F 7'?(3I)'¢Qi
?'(3$)7'@Qi H ?'7(3$)'¢Qi

with

Do+ Npox[t/z], ?!@Qi
Do+ (Fz) g+, ?@Qi
Pos '(3z) Mg, ?@Qi
Do+ 2 3z) Mg, ?!EQi

O

The soudness of (—)L (Proposition 6) then follows by noticing that FS+ (DEXP)
proves that (=)=, (=)9* and (—)E are all equivalent.

Lemma 16. For all formula ¢ of classical logic with equality, we have

T+ oo b oo GRF

Frs+(DEXP)



Corollary 6 (Prop. 6). If many-sorted first-order logic proves a sequent

%017"'7%077,'_’(/)17"'7,(/}1%

then

@f7 .. -#Pﬁ "FS+(DEXP) ¢1L7 e ,1/151

Proof. Tt remains to deal with the equality axioms (7). But they follow from the
fact that a* = « for each atomic formula o € At. O
Proof of Proposition 5. We now turn to Prop. 5, namely the equivalence of
(DEXP) + (PEXP) with

(e 0% oo [5% )% W~ oo [y |

First, notice that

117 4 [1]9* T
L™ = 71 |L]9t = 11
(t=w)]™ = 2%t= w) (t=u)]°" = lt=u)
lo—v]™* = )™ = 9" e =% = (e -7 p] %"
le@yp)™™ = 7 m“wwi) le®@p]9* = (lp]°F ® ]
leB o)™ = "(LJ 3 v leB ]9 = 1?09 B2 w] )
o)™ = M lo]9F = [p)®*
170)7* = o™ 170]9% = [p)?F
Fz.p)™* = 2@F2) )" [Fz.p)% = 12(3)|p)°"
Vr.p)™F = N(vx)|p)" [Vz.p) ¥* I(Vz)? || 9*
Hence (DEXP) proves
lp]™ oo [plt oo [p]®F
Moreover, (DEXP) follows from the equivalence
|6]F oo 6§ (6 deterministic)

T+

So we can as well prove Proposition 5 with (=)~ instead of (—)¥. We split this

into two statments.
Lemma 17. FS augmented with the azioms
T+ T+ _ _ T+
2ot oo o] 0% oo |6 1~ oo |97

(for formulae @& b=, 8% with the displayed equalities), proves all instances of
(DEXP) and (PEXP).



Proof. We show that FS augmented with the axioms

20t oo o] 5 oo 547 W~ oo [y
proves
(1) 6% —o 16%.
(2) 720% — 6%
(3) (") — 2(e™).
(4) 12(p7) — 1(y7).
(5) (p™) = 2(yT)) — 2~ — )
(6) (?(¢™) = 1(¢p7)) — Np™ — v7)
(7) 2(™) @ 7(yF) — 2t @ 9T)
(8) Np~ @97) — ™) @!(¢7).
(9) (") B 2(*) —o et W PT)
10) W™ B9p™) — ™) BUyT)
(1) We have [16]" = [5]"™ and we obtain the result by following the chain of
implications

5% —o [0%]7F = [16%]TF o 15*
(2) Similar.
(3) We have |lp|™® = |¢]™™ and we obtain the result by following the chain
of implications

2pt) —o Lot = L)t — 2(0)t
(4) Similar.
(5) We have

) oo o]0 2WT) oo [9F]  and  2(pT —opt) oo [pT —o gt

Using the ! and ?-properties of determinisitic formulae, it follows that we
have the following chain of implications:

Mp™) = 2@h) — (o) — lot]™)
(P R [
= |y~ —yt]™F
— (7 —yt)
(6) Similar.
(7) We have

2(pt) oo [ ] 2T) oo 97T and  2pteyt) oo [pt @yt]TT

Using the ! and ?-properties of determinisitic formulae, it follows that we
have the following chain of implications:

2N @2W™)) — (et @ (vt
— (et et
= |t eyt)™
— et @yt)

T+



(8) Similar.
(9) We have

2pt) oo loT]TT 2wt oo [9t]TT and  2pTRYT) oo [pF WYt

Using the ?-property of determinisitic formulae, it follows that we have the
following chain of implications:

2T B2WT) — (et T3 [yt
Ak U M
= |pt Byt
— et YY)
(10) Similar. O
Lemma 18. The equivalences
2t oo [pF] " 5 oo |54 W~ oo 7)™

(where @, 6% and ¢~ have the displayed polarities) are provable in FS +
(DEXP) + (PEXP).

Proof. First note that using the ! and 7-axioms on deterministic formulae, for a
deterministic 6%, the equivalence

follows from the series of equivalences
(517 o0 2(5%) 00 8% o0 1(57) oo |57

Conversely, the equivalence
5 oo [5]T%

entails
20 oo [0F]7T  and 107 ) oo [67]7F
We proceed by simulateneous induction on formulae.
— Case of ¢ and atomic formula «. Since || 7% = 20, we have to show
20t oo 20 and la™ oo ?a

and we are done by the ! and 7-axioms on deterministic formulae.
— Case of (¢~ —o )T, We have

lo—w]™ = 20p]™F — [v])

so that we have to show

2o~ —o ) oo 2! ) TF —o |9



By induction hypothesis we have

T

(™) oo [ ] and 2T oo [t T

We are thus left with showing
2™ — ") oo 2(lN(p7) — 2(¥T))

The left-to-right implication follows from

A A A
o~ — Pt T oyt
p~ =T ) YT
o~ — gt NpT) Fyt
¢~ =T 7)) F2(yT)
¢~ =T (7)) — 2(yT)
p~ T 2(!N(p7) — ?2(yT))
o~ — ) F2(N(e7) — 2(yT))

The right-to-left implication follows from the ?/ —o-axiom for positive im-
plications:

™) FUe™)
e ) FMe™) 2 h)F2(p7)
(™) — 2(p™), 1 (e7) F 2(yT)
™) = 2(PT) F Y p7) — () ™) = 2T F2(p~ —9™)
Np™) = 2(T) F2(p” — ™)
2(M(e7) = 2(WT)) 2T —9T)

— Case of (p*T —o1p™)~. We have
Lo — )™ = 2™ — [9)7)
so that we have to show
(ot —o 7)o 2(!Lp) T — (9]

By induction hypothesis we have

2pt)oo lo™)"T  and  MgT) e [T

We are thus left with showing

(ot —op7) o0 2(12(p™) —o 1(yp7))



The left-to-right implication follows from the !-axiom for deterministic for-
mulae. We cut

et U
e 2e") G
2pt) @), e F YT
") =) et — g

with

17(p™) —o
2(17(0™") = (7)) F (T — 7))

The right-to-left implication follows from the !/ —o-axiom for negative im-
plications:

Case of o™ @ ™. We have
leeu)™ = 0™ e!y™)
so that we have to show

T+ T+
et @yT) oo 2 T @ YT
The induction hypothesis gives

T+ T+
2(¢") oo [p7] and (") oo [¢7]
We are thus left with showing

et @9T) oo 2(17(p") @ 17(y 7))



The left-to-right implication follows from the !-axiom on deterministic for-
mulae:

et vyt
e NN E2(eT) w2 2w F12(yT)
¢ H17(p") YT EI2(yT)

ot YT 12(eT) @17(yt)
et T E2(12(eT) @ 12(w))
et @Yt 2(12(p") @ 17(yT))
et @yT) F2(12(p") @12(p™))

The right-to-left implication follows from the ?/®-axiom for positive formu-

lae:
7). W) F (et @ yT)
12(0%), 121 F 2t @9 )
2N @12(h) et @ y)
") R F 2T ©97)
— Case of ¢~ ® 1p~. We have

le@y]™ = )T @1y

so that we have to show
_ _ _ T+ _ T+
o~ @y7) oo (™| "y~ )

The induction hypothesis gives

+

) oo L] and 7)o [0
We are thus left with showing
o™ @¢7) o= I(N(p™) @ 1(47))

The left-to-right implication follows from the !/®-axiom for negative formu-
lae:

™) F i) ) FW7)
) EMe) My FNyT)

5
=15
|5
3

2

§

! !
e~ @9 ) FleT)®(y7) e )™ ) Fie) @!MyT)
e~ @97 ) Fliem) @ (YT)
e~ @97) FIMeT) @!M(yT))




The right-to-left implication is given as follows:

o o Y Fy”
e ) F e ) Fy
W)k~ My )k~
e ) M ) Fe™ @y
e )@MW ) Fe~ @y~
M) @MW ) Fe™ @y

() @ NP F (e~ @97)
— Case of o+ 2 1. We have
ey = 2l 3 [y
so that we have to show
et Buh) oo 2|t A )
The induction hypothesis gives
2(pt) oo g
We are thus left with showing
et BYT) 00 22ph) B 2YT))

The left-to-right implication is given by

+JTi

and  ?(F) oo [T )T

§0+ - 50+ ¢+ - er
ot F (") P E2(yT)
et Bt ("), 2(p7)
et BT E2(pT) B2 (YT
et BYPTE2(2pT) B2(YT))
2T WY 2(2eT) B 2(YT))

The right-to-left implication follows from the ?/%-axiom on positive formu-
lae:

TeN) B 2t BYT)
2(2(p") B2YT)) 2t BYT)
— Case of o~ % 1p~. We have
o™ = ()3 ")

so that we have to show

™ B ) oo 2l ) T B [

Ti)



The induction hypothesis gives

(™) oo )

We are thus left with showing
™ B p™) o= 2(He7) B 1(¥7))
The left-to-right implication follows from the !/Z%-axiom for negative formu-
lae:
e~ BT ) E e ) B(7)
o™ By7) F2(He7) B U(¢7))

The right-to-left implication follows form the ! and 7-axioms on deterministic
formulae:

g Fe Yy Ry
e ) F o™ 7)) Fy
e ) BIWT) F 7,9

e ) BT ) o™ By~ " BYT (e DY)

(e )BT ) FlieT) B (w7) e ) B ) F ™ By
M) BIWT)) F e ByT)
Case of (\(¢T))T. Since |lo] ™™ = [¢]"F we have to show

JTi

N oo |
We have [+ |"™ o0 ?(¢%) by induction hypothesis. We are thus left with

(™) oo 2(™)

and the result follows from the !-axiom on positive formulae.
Case of (!(¢~))*. Since L!cpjTi = LngTi we have to show

T+
lp oo [ ]

JT:t

We have [~ oo I(¢ ™) by induction hypothesis. We are thus left with

lp ool
and we are done.

Case of (?(¢7))~. Since |?7¢|™* = |p|™™ we have to show

+
17 o0 )"

We have L(p‘jTi

showing

o— I(¢7) by induction hypothesis. We are thus left with

170 o0 lip

and the result follows from the 7-axiom on negative formulae.



— Case of (2(¢*)E. Since |?7¢]"F = |]"™ we have to show

T+
7 oo | ]

We have [+ |"™ o0 ?(¢%) by induction hypothesis. We are thus left with
7p oo Tp

and we are done.
— Case of ((3x)p)™. Since

LFx)e)™ = 2(3)e)™"

we have to show
2(Jr)p oo 7)) T
The induction hypothesis gives
T+
(") oo [T

and it follows from the !-axioms on deterministic formulae that we have the
sequence of equivalences

@) )™ oo 23) o) TE o0 7(3m) 7
We are thus left with showing
?(3z)p o0 7(Ix) 7

and the result follows from

phe phy
p F (Fx)p 7
pk?7(3x)e and ek (3x)?
2o B ?7(3x)e pH?23x)?
(Fz)?p F ?2(3x)e (Fz)p - 2(Fx) %
?(3x)?p F ?7(3x)p ?(3x)e F 7(3x) 70

— Case of ((Vz)p)~. Since

L(V2))™F = N(va)|e)F

we have to show .
(V) oo ?!(Vz) | ¢ |

The induction hypothesis gives

(p™) oo [¢7 |



and it follows from the 7-axioms on deterministic formulae that we have the
sequence of equivalences

20(¥) )" oo (V) [ 0) " oo (V)N
We are thus left with showing
1(Va)p oo (V)

and the result follows from

_vhe oo
(Vz)p @ ok
(Vo) ko and (Va)lo o
I(Vz)p o I(Vz)lp @

I(Vz)p - (V)le I(Va)lp F (Vo)
I(Vz)p F 1(Va)lp I(Va)lp - 1(Va)p

O

Proof of Proposition 7 (Extraction from FS 4 (DEXP) + (PEXP)). We
first show that FS + (LSIP) + (DEXP) + (PEXP) realises all instances of (PEXP).

Lemma 19. The axioms (PEXP) are realized in FS+(LSIP)+(DEXP)+ (PEXP):
(1) 2p™)  —o ")

(2) (7)) — UyP7)

(3) Wp™) = ?2(¥F) —o ;’(80* — )

(4) 2p7) = W7) —o Mg —v7)
(5) NeT)@2(PT) —o et @yT)
(6) o~ @9p™) — e )@!(y7)
(7) UAeT)B2YT) —o pt BYT)
(8) ™ BY™) — )W !(y7)
Proof. Let
P = (Guz)ep and PP = (Bu)(Vy)¥p(v,y)

(1) We have to show

7Guwep(u, =) — ?(Fuw)ep(u, )
This follows from (DEXP):

¢p(u) Flop(u)
p(u) F (Gu)lop(u)
¢p(u) - (Gu)lep(u)
¢p(u) F7(Fu)lep(u)
(HU)@D(U) - ?(3u)lep(u)
?(Ju)pp(u) F ?2(3uw)ep(u)




(2) We have to show
'(vy)?p(=y) — UVy)Yp
This follows from (DEXP):

Mp(y
(Vy)?p

Fp(y)
y) - ¥p(y)
l_

(

)
(

(Vy)?¥p(y) F¥p(y)
'(Vy)?¢p(y) F (Vy)¥p(y)
{(Vy)?¥p(y) - 1(Yy)Yp(y)

l_
'_
(3) We have to show
!(vx)QDD(*ax) - ?(H”U)T/JD(% 7) - 7(31))(3%) (QDD(fax) - ¢D(U> *))
With (LSIP) we have

(Vz)pp(@) —o (I0)¢p(v) F (Fv)(3) (ep () — ¥p(v))

and we conclude with (PEXP).
(4) We have to show

?(Fu)ep(u, =) = (Vy)¥p(—2) —o W(Vu)(Vy)(¢p(u, —) — ¥p(=,y))
First, with (PEXP) we have
?(Fu)ep(u, =) — I(Vy)Yp(—z) — NEu)ep(u,—) — (W)¥p(-,y))
We the conclude from

(Fuen(u, =) — (Vy)vp(=,y) —o (Vu)(Vy)(¢p(u,~) — ¥p(=,1))
(see the case of (—)P —o (=)P —o (= — —)P in the proof of Theorem 3,

§B.3.)
(5) We have to show

?(3u)ep(u, =) @ 2(F)Pp(v,—) —o ?(Fu,v)(ep(u, —) @ Yp(v, -))
First, with (PEXP) we have
?(Qu)ep(u,—) ® 2(F)p(v,—) — ?((Fu)ep(u,—) @ (F)¢p(v,-))

We then conclude as follows:

¢p(u),¥p(v) = op(u) ®¢Yp(v)
ep(u),Yp(v) F Ju,v. op(u) @ Yp(v)
(Fu)pp(u), (Fv)¢p(v) - Ju,v. wp(u) ® Yp(v)
Buw)ep(u) @ (Fv)p(v) F Ju,v. op(u) @ Yp(v)




(6) We have to show

\(Vz,y) (ep(— 2) @ ¥p(—,y)) — (Va)pp(—z)@ ! (Yy)¥p(—,Yy)
First, by (LSIP) we have

(Vz,y)(ep(=2) @ ¥p(—y)) — (Va)pp(—2) @ (Vy)¢p(-,y)

and we conclude with (PEXP).
(7) We have to show

"(Fuw)en(u, =) B 2(F0)p(v,—) — () (¢p(u,—) B ¥p(v,—))
First, by (PEXP) we have
?(Qu)ep(u, =) B 2(F)p(v,—) — ?((Fu)en(u,—) F (Fv)¢p(v,-))

and we conclude with (LSIP).
(8) We have to show

(V2 y) (¢p(— 2) BYp(—y)) — (Va)ep(—2) B (Wy)vp(—y)
First, by (LSIP) we have
(Vz,y) (¢p(— ) BYp(—y)) — (Y2)ep(—2) 3 (Vy)vp(—,y)
and we conclude with (PEXP). O
The corresponding extension of Corollary 1 (Cor. 5) is the following. The
proof is exactly that of Cor. 5, but invoking Lemma 19 in addition to Theorem 2
(Thm. 8) and Proposition 4 (Lem. 12 & 13).
Corollary 7. Consider a closed formula ¢ := (Vz7)(3u™)d(u, z) with & deter-

ministic. From a proof of ¢ in FS+ (LAC) + (LSIP) 4+ (DEXP) 4 (PEXP) one can
extract a term t(x) such that = (Vx7)|6(t(x),x)].

C Proofs of §4 (Completeness)

C.1 Completeness of MSO(M) (Theorem 4)

Thanks to the equational theory of MSO(M), we reduce Theorem. 4 to the
completeness of MSO™ [24, Thm. 2.11]:

Theorem 9 (Completeness of MSO™). For each closed formula ¢ of MSO™,

X% — Fumso+ ¢



First, recall that Proposition 1 implies that MSO(M) proves (3). In particular,
MSO(M) proves

t = (mt,...,Towt) ([e] = 2P)
Hence each term t of sort (o1,...,0,;7) with [r] = 2P is provably equal to a
tuple of terms (t;)1<;<2r with each t; of sort (o1, ...,0,;0). Now, we turn terms
t of sort (01, ...,0,;0) with

[o1] % -+ x [on] = 29

to terms t of sort
(2,...,2;2)
——
q
Moreover, we replace each such term t with the MSOT-term (t) representing
the Mealy machine 29 — 2 for t. To summarize, we have

FuMso(a)w) t=cu — /\ (ti) =0 (wi) (t,wofsort (o1,...,00;7))
1<i<2p
Consider now an MSO(M)-formula ¢ with free variables among z*, ..., z7". To
¢ we can associate an MSO™-formula () with free variables among TR

(where [o;] = 2™¢) and such that

/\ z7t = <$g,1a v ax?,ni> FMSO(/”)(W) p <<P>
1<i<n

Theorem 4 then follows from Theorem 9.

C.2 Proof of §4.2 (The Logic LMSO)
We split Proposition 8 into two statments.
Proposition 13. IfFusov) @ then Fivso ok

Proof. The result directly follows from Proposition 6 (Cor. 6) and the fact that
LMSO proves the (—)% translation of all the axioms of MSO(M). They are dealt
with exactly as in [24].

— The arithmetic rules of Fig. 5 follow from the fact that a’ = « for each
atomic formula o € At.

— The induction scheme of LMSO requires one hypothesis to be under an ex-
ponential modality !(—) to accomodate arbitrary negative formulae; the sit-
uation is resolved by cutting with the LMSO axiom enabling to remove ex-
ponentials over deterministic formulae.

By the induction hypothesis (and since (—)
we have proofs of

L commutes over substitution),

Ph.0(2) F Ple/al, 7 and  B5,S(y,2), ¢ [y/a] - o lz/a), 0"

myo e

o
s T 1y

7, My,



Using (DEXP) we thus derive

P50 bt l/al, 7T and 155, S(y,2), Y Iy/al b ¢ le/al, 20
from which the induction scheme of LMSQO gives
Bl b (Vo )k, 7"
and we directly get
15" - (Vat)p", 7"
— The translation of each instance of the comprehension scheme of MSO(M)

is an instance of the comprehension scheme of LMSO.
— The axiom scheme defining terms in MSO(M) is as follows

- (VX ) (Vat) (z€fm(X) «— dm(z, X))

Clearly, it is equivalent to the following scheme where we make the universal
quantification implicit by using formulae with free variables

FN() = (z €fm(X) «—  dml(z, X))

which translate to the following, which is then clearly derivable from the
corresonding scheme in LMSO by instantiating the universal quantifiers by
the free variables

FN(z) — (2 € (X)) oo da(z, X)E)
O

Proposition 14. Given a realizable instance of Church’s synthesis (Vx?)(Ju")p(u, ),
we have Fivso (V7)) (3u™)pl (u, 7).

Proof. Assume that there is a Mealy term u”(x”) such that
= (V27)p(u(z), z)
It then follows from the completeness of MSO(M) (Theorem 4) that
Fmsom) (V27)p(u(z), x)
so that Proposition 8 (Proposition 13) gives
Fuvso (V2% pk (u(z), z)

We then easily derive
Fumso ¢ (u(), )

whence the result. O



Theorem 10 (Soundness of (—)P (Theorem 5)). Let ¢ be closed with P =

(Fu™

Y(Yx?)op(u, x). From a proof of ¢ in LMSO(C) one can extract an eager

term u(z) such that LMSO proves (Vz7)pp(u(x), x).

Proof. The result follows from the soundness of (—)? in FS + (LAC) + (LSIP) +
(DEXP) 4 (PEXP) given by Theorem 2 (Thm. 8), Proposition 4 (Lem. 12 & 13)
and Lemma 19, and the fact that the axioms of LMSO are realized.

For the arithmetic rules of Fig. 5, this follow from the fact that atomic
formulae are interpreted by themselves, so these axioms are interpreted by
instances of themselves.

For comprehension, this follows from the fact that the axiom is a determin-
istic formula, so its realizers are trivial, and the fact that each instance is
interpreted by an instance of the axiom.

For the axiom giving definition definitions of Mealy machines, since atomic
formulae are interpreted by themselves and since (—)’-formulae are deter-
ministic, each instance is interpreted by a formula of the form

z € fpm(X) oo (6507 (2, X)

The result then follows from Characterization (Theorem 3).
Consider now induction:
1%,0(2) F ¢~ [2/x], 7¢ 12,S(y, 2), lo~ [y/z] F ¢~ [z/x], 7F
BF (o), 77

First, note that the conlusion is of the form (—)* I (=), so no realizers have
to be provided and we just have to show that the axiom is interpreted by in
instance of itself. Now, (=), takes !-formulae to !-formulae and ?-formulae
to ?-formulae. So we are left with showing that from a proof of

(!a)Da S(ya Z)v ('wi)D[y/x] F @D(fv iﬂa Z)(?‘PD/)D
one can get a proof of
(!E)Dv S(y7 Z)v !SOD(_a jv [y/Z]) F @D(_v ‘%7 Z)(?SOD/)D
But this is trivial since

(!(p_)D(a)Z!(VCZ')(pD(—,i',CL) - !@D<_7i‘7a)

C.3 Proofs of §4.3 (Completeness of LMSO(¢))

Lemma 20 (Lem. 1). For each LMSO-formula ¢, we have

(p(a) — L) — L Frusoce) ¢(a)



Lemma 20 relies on a combinatorial property already used in [24].

Lemma 21. Let P and O be sets such that O may be well-ordered. Then the
following is true

VF € P 3pePVoe03f e OP.[F(f)=p and f(p)=o]
Proof. Fix I € PO’ The negation of our statement is equivalent to
Vp e P.30€ 0.~ (3f € OP.[F(f) =p A f(p) = 0))

Using an instance of choice available thanks to the fact that O may be well-
ordered, this is in turn equivalent to

36 € OP.Vp e P~ (3f € O°.[F(f) =p A f(p) = 6(p)])
It follows that we only need to prove
VFePY ¥6e 0P 3pePIfcOP.[F(f)=p and f(p)=o(p)]

But this is now easy: given F € PO and 6 € OP, we can take f := 6 and
p = F(6) to conclude. O

In particular, given alphabets X and I', there are functions
uw : (Y((HT) — T and g : (D) xY — (DT
such that for all F': (X)[" — I" and all x € X,
Q(F, g(F,x)) = u(F) and Qg(F,z),u(F)) = =z
We can now prove Lemma 20. Recall that
Fimso 6,0 — L (0 deterministic)

so that
(0 —~l)—Ll Fimso 0 (6 deterministic)

Proof (of Lemma 20). Let
vla) = (pla) = L) —L
Thanks to the Characterization Theorem 3, we are done if we show
PP (a) Fimsoe) ¢ (a)

Assume
pP(a) = (Bu")(V2")ep(u,z,a)
We thus have

(pla) = )P = (3¢ (V") (en(u (9)u,a) — L)



so that
((pla) — L) — 1)7 oo @FO@D) (g )0 ((F)g, (9)((F)g) , a)
Then we are done if we show that LMSO proves
(vFOUID)(3u7)(v2") 3g7) (¢ ((F)g, (9)((F)g), a) —o wplu,z,a))
Consider the functions

v [()(@)n)] — [ and g : [(D)((@)D)]x[e] — [(o)7]

given by Lemma 21. Let u(F') and g(F, =) be terms representing their pointwise
lift to M. We then have, in LMSO

u(F) = @(F, g(F, m)) and @(g(F,a:) , u(F)) =z
and we conclude as follows:

l_LMSO @D(@(Fv g(va)) ) @(g(F,l’), @(Fv g(va))) ) a) - @D(u(F)a .’t)

Fwso (v2%)(39”7) (wn((F)g. (9)(F)g).a) — ¢p(ulF), x))

F)
uso  (FFO@)3un)(v2%) (3g) (n((Flg, (9)(F)g), a) —o ¢p(u.a))
O
Lemma 22 (Lemma 2).
(Va?)e(t7 (), 2)  Fumso(e)  (Fu")(Va”)p(u, x) (t eager)
Proof. Thanks to Corollary 3 we are done if we show
(Va7)p(t7(x),2) Fuwsoe)  (VfOT)EFu)e(u, (f)u) (t eager)
We use fixpoints for finite-state eager functions (Proposition 3 and §A.1). Let
T=A=[o] I[=[0)7] 6:=1[
We apply Corollary 4 to
F :=1t] : ¥xI' —gu O and G:=Q:I'x0 —y A
We thus obtain a f.s. eager
H : YxI —pgu A*
such that

Q(H(B,C),C) = @Q(C,[t](B)) (for all B € 5%, C' € I'*)



We now apply Proposition 3 and obtain a finite-state fixpoint of H, that is
a finite-state eager

fix(H) : I' —gu X7
such that

Q(fix(H)(C),C) = e(fix(H))(C)
(for all C € I'¥)

I

o

=

o

jap)

By
3
)
a
—a

Let v(f(®)7) be the (Mealy) term for e(fix(H)) : [(¢)7] —m [o]. We thus have
Fuwso - v(f) = Q(f, t(v(f)))
and it follows that

(Vz7)p(t(2),z) Fimso @ (t(v(f))
Fuvso o (t(v(f)), Q(
Fivso  (FuT)o(u, (f)
Fivso (VAT (Fum ) (u, (f)u)

O

Theorem 11 (Completeness of LMSO(€) (Theorem 6)). For each closed
Jormula ¢, either Fimso(e) ¥ or Fimso(e) ¢ — L.

Proof. Let ¢ be a closed LMSO-formula and ¢p(u”, %) be the body of its Di-
alectica interpretation. We apply Biichi-Landweber Theorem 1 to the MSO(M)-
formula |¢p(u”,27)]. There are two cases.

— Either there exists an eager term u(x) of sort (o, 7) such that (Vz7) | ¢p (t(z), z) |
holds. We then proceed as follows.

MSOM) F |ep(u(z),z)] By Completeness of MSO(M) (Thm. 4)
LMSO(€) + |¢p(u(z),z)|F By Proposition 8

LMSO(€) +F ¢p(u(z),x) By Proposition 5 (¢p is always +)
LMSO(¢) + (Vz%)ep(u(z),z) V-right

LMSO(®) + (Fu")(Vz?)ep(u,x) By Lemma 22, since u(x) is eager
LMSO(¢) F P By definition

LMSO(¢) F ¢ By Characterization (Thm. 3)

— Otherwise, there exists a term x(u) of sort (7; o) such that (Vu™)=|¢p(x(u),u)]
holds. Note that

“lep(x(u),w)] = lep(x(u),u) — L]



We then conclude as follows.

MSOM) + |ep(u,x(u)) —o L] By Completeness of MSO(M) (Thm. 4)
LMSO F o lep(u,x(u)) — L|E By Proposition 8

LMSO F oop(u,x(u)) — L By Proposition 5 (¢p is always +)
LMSO F (329)(¢p(u,x) — L) F-right

LMSO F (Mu™)(32%)(ep(u, ) — L) V-right

LMSO(€) F (397)7)(vu") (@ (u, (g)u)) — 1) By (LAC)

LMSO(€) F (p— 1)V By definition (see Fig. 3)

LMSO(€) F ¢ — L By Characterization (Thm. 3)

a
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