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REDUCING VARIANCE BY REWEIGHTING SAMPLES

MATHIAS ROUSSET, YUSHUN XU, PIERRE-ANDRE ZITT

ABSTRACT. We devise methods of variance reduction for the Monte Carlo estimation of an
expectation of the type E[¢(X,Y)], when the distribution of X is exactly known. The key
general idea is to give each individual of a sample a weight, so that the resulting weighted
empirical distribution has a marginal with respect to the variable X as close as possible to its
target. We prove several theoretical results on the method, identifying settings where the variance
reduction is guaranteed. We perform numerical tests comparing the methods and demonstrating
their efficiency.
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1. INTRODUCTION

1.1. The framework. Let (X,Y’) be a couple of random variables, and say that we are interested
in computing the expected value E [¢(Y)] — or more generally E [¢(X,Y)] — for each ¢ in some
class of test functions. Since the distribution of ¢(X,Y") is most often impossible to obtain in closed
analytic form, a classical approach is to resort to Monte-Carlo integration: given an iid sample
(X;Y) = (X1,...., Xn; Y1, ..., Yn), the usual "naive” Monte Carlo estimator is

N
1
®y0(X,Y) = N;qs(xn,yn). (1)
This estimator is unbiased, and its mean square error is given by its variance:
1
MSE(@x0) = E [(@nc(X,Y) — E[¢(X, V)])?] = 5 Var($(X, Y)).

The behaviour in N is inescapable and given by the CLT; however, over the years, many variance
reduction techniques have been devised to reduce the constant multiplicative factor, using various
kinds of additional hypotheses on the couple (X,Y"). For a general overview of these techniques,
see for example the survey paper of Glynn [Gly94], or the book [Rosl3]. We introduce in this
paper new techniques for reducing variance, which can be seen as a variation on the classical
post-stratification method, except that we do not have to fix strata. The method is based on two
assumptions on the distribution of the couple (X,Y).

Assumption 1.1. The distribution of the first marginal X is exactly known: X ~ v := N(0,1),
the standard Gaussian distribution.

We note that we could easily accomodate other distributions than the standard Gaussian, which
we consider for simplicity; the main point is that we know the distribution of X.

Before introducing the second assumption, let us first recall a classical decomposition of the
variance. If we denote by

My(X) = E[p(X, V)| X], Va(X) = E[(6(X, V) - My(X))?| ],

the mean and variance of ¢(X,Y) conditionally on X, then the variance of ¢(X,Y) may be
rewritten as the sum of the expected conditional variance and the variance of the conditional
expectation, so that the mean square error reads:

MSE(®:c) = B [Va (X)) + 1 Var(Ma(X)). 2)

We now state informally and unprecisely the second assumption, see Corollary and Re-
mark below for possible more precise statements.

Assumption 1.2. For the considered test function ¢, the (random) conditional variance V4 (X)
is sufficiently ’small’ compared to the variance of the conditional expectation Var(My(X)).

Under our two assumptions, we devise a generic method that estimates E[¢(X,Y)] with a
smaller variance than the naive method .

Since we do not have the liberty of choosing the values of (X,,)1<n<n, but we know exactly their
distribution ~y, our main idea is to use the samples X = (Xi,..., Xx) to devise random weights
(wn(X))1<n<n such that the empirical measure ) w,(X)dx, is "as close as possible” to the true
distribution . For instance, for some distance dist () between distributions — the choice of which
will be discussed below — we may look for solutions of the minimization problem:

N
>0,
minimize: dist (’y, anCSXn) subject to: {; » 1 ®)
nWn = 1.

This minimization problem typically admits a unique solution (w;(X),...,wx (X)), which can be
used instead of the naive uniform weights (1/N) to estimate E [¢p(X,Y)] by:

n=1

N
Py (X, Y) = Z wn (X)P(Xn, Ya).
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In the remainder of this paper, we study this estimator to show, both theoretically and empir-
ically, that it can indeed succeed in reducing the variance with respect to the naive Monte Carlo
method.

1.2. A decomposition of the mean square error. The mean square error of our estimator is
given by:

MSE(®y) = E |(@w (X, Y) - E[o(X.Y)])’]

=E <Z W (X)$(Xn, Yn) — an(X)M¢(Xn) + an(X)M¢(Xn) -Eo(X, Y)])

2

—E (an<X><¢<XmYn>—M¢<Xn>>> +E (an<X>M¢<Xn>—E[¢<X,Y>1>

since the cross terms vanish because E [¢(X,,,Y,) — My(X,,)|X] = 0. In the first term, we expand
the square, condition on X and use the conditional independence of the (Y,); we rewrite the second
term using the notation ny = >, w,(X)dx, and get

E|(@w (X, Y) ~E[6(X.Y))’]

=E +E

> OV () ([ Motrano - [ M¢(fﬂ)w(dx)>2] (1)

Let us note here that for the naive choice w,(X) = 1/N, Equation reduces to the decom-
position in two terms of the same order 1/N. By choosing weights that minimize the distance
between the reweighted measure 1y and v, our goal is to make the second term of the right hand
side of negligible; for this we pay a price by increasing the first term. If V(X)) is small enough
in a suitable sense, this price is expected to be small enough to still be able to decrease the global
mean square error. It is the purpose of the main theoretical results of this paper to make this in-
formal statement precise; see Section in particular Corollary (conditional on the validity
of Conjecture as well as Corolla and Remark

In order to give rigorous statements, we make two additional assumptions concerning the test
function ¢ and the distance we will use.

Assumption 1.3 (The distance). The distance dist() may be written in operator norm form

dist (n,7) = sup In(f) = (/)] ()

where D is a set of functions (typically a unit ball of test functions).

Assumption 1.4 (The test function). There exist two constants mg, vy such that:

o The conditional mean x — My(x) is in the set D defined in the previous assumption, up
to an affine transformation; more precisely, there exists ¢ such that (Mg(-) — ¢) /my € D.
If D is the unit ball associated with a norm, the optimal constant m, is the associated
distance between the line {My — ¢, c € R} and 0.

o The conditional variance Vg satisfies

V(X)) < vy a.s. (6)

Assuming this, we get, as an immediate consequence of :

E[(@w(X,Y) - E[6(X, V)] < 0sB [Z wn(X)?

. 2
+m2E [dlst (%) ] . (7)
We consequently propose to define and compute the weights (w,,(X))1<n<n according to

N
>0
minimize: dist <fy, anéxn> + (5211127 subject to: {;ﬁl = . (8)
—~ n Wn = 1,

or more simply to which is obtained from the former by taking § = 0.

n=1
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Remark 1.5 (On Assumption [1.4). One could weaken the almost sure bound @ to a moment
condition at the price of stronger constraints on the weights, using for instance Holder’s inequality.
Such cases won’t be treated here and are left for future work.

Remark 1.6 (On the choice § = 0). Depending on the choice of the distance dist (), solving (8 for
0 # 0, instead of § = 0 — which is exactly — can be almost free or quite costly numerically,
as will be detailed in the next section. Moreover it requires the tuning of another parameter 6. As
a consequence, for simplicity and homogoneity, we will mainly focus on the choice § = 0. From
the discussion above, this choice is formally appropriate in the limiting case of observables ¢ for
which vy < m}.

To specify completely the algorithm, we need to choose an appropriate distance between proba-
bility measures to use in the minimization problem —. Among the many possible choices, see
e.g. [GS02| for a review, we focus on two choices.

1.3. A regularized L? distance. The first distance uses the Hilbert structure of the space L?(7).
In this setting, a natural choice for comparing a probability measure 1 with the target Gaussian
distribution v would be the x? divergence i (g—: — 1)2d~y. Since this is degenerate if 7 is discrete,
we need to mollify 7 in some way before taking this divergence. A natural way of doing this in
L?(7) is to use the Mehler kernel

Kp(z,y) = b~ exp(—(x = V1 = hy)*/(2h)) exp(z* /2) (9)
_ Vv1—nh v1—h
=h 1/2eXp (— oh (x—y)2+m(x2+y2)>

and map 1 to [ Kj(x,y)dn(y): in probabilistic terms, we replace n by nP; where P, is the Ornstein—
Uhlenbeck semigroup, before taking the y? divergence. More formally, for any

h=1-e?€(0,1),
we will see below in Section B.2] that the formula
d(vP,
Gl || (10)
7T lizz(y) L2(v)

defines a norm on signed measures v satisfying some moment conditions, and we can set

Wl = H

dist (m1,72) = [lm — n2lln
in . The latter distance has a variational representation as follows

v, = sup vPf,
”f”LZ(—y)Sl

so that the set D in is the 'regularized’ image by the Ornstein—Uhlenbeck semigroup of the unit
ball of the Hilbert space L?(7), and the optimal constant m, in Assumption is defined by (see

also Remark [3.5)):
P! (M¢> - /M¢7) (11)
L2(y)

Finally, we will detail in Sectionhow the minimization problem turns out to be a quadratic
programming convex optimization problem, which can be solved using standard methods, typically
with a cubic polynomial complexity in terms of the sample size N. Solving the case § # 0 is in fact
easier than the case § = 0 since larger § simply improve the conditioning of the symmetric matrix
underlying the quadratic porgramming problem.

me = sup vMy =
vl <1v(1)=0

1.4. An optimal transport distance. The second choice we investigate is the Wasserstein dis-
tance Wy, defined classically as follows:

Definition 1.7 (Wasserstein distance). Let (E, d) be a Polish metric space. For any two probability
measures 11, N2 on E, the Wasserstein distance between m1 and ng is defined by the formula

Wi(n1,1m2) = ( inf /Ed(:cl,xg)dw(xl,IQ))

mell (12)

= inf {E[d(X1, X2)],  Low(X2) = m, Law(X2) = m },
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where 11 is the set of all couplings of m and 1.

Kantorovitch duality (see [Vil08]) implies that the latter distance is in fact an operator norm of
the form

Wi(n,m2) = |lm — 772||Lip = sup m(f) —n(f),
1 fllpip <t

where || f[|1;, = sup,, % is the Lipschitz seminorm. This is consistent with choosing for D
in the set of 1-Lipschitz functions.

Finally, we will see in Proposition that, at least in dimension 1 for the choice d(x1,x2) =
|z1 — x2|, the latter distance leads to an explicit formula for the optimal weights (w,(X))1<n<n,
that can be computed with a complexity proportional to the sample size N. This leads to faster
algorithms and more explicit bounds on the mean square error as compared to the L? case of the
last section. However, for this optimal transport method, solving the case § # 0 is non explicit

and thus harder (although still a convex optimization problem).

Remark 1.8 (On other Wasserstein distances). We do not really lose generality here by only con-
sidering the W, distance. Indeed, as can be seen from the proof of Proposition [I.1] below, the
optimal weights would be the same for any distance W, p > 1.

1.5. Theoretical results. Recall that X = (Xy,..., Xy) is an i.i.d. M(0,1) sequence in R. We

denote by
_ 1
N = N Z 0X,,-

the empirical measure of the sample X. The reweighted measure ) w,(X)dx, will be denoted
by:
® 1y n if the wy, (X) solve for the L? distance with parameter h and §;
® Nyass, v if the wy (X) solve (3) for the Wasserstein distance (we will only consider the case
0 =0).
We first focus on results on these optimally reweighted measures, shedding light on the behaviour
of the bound and especially the second term in it. We start by the L? minimization method.

Theorem 1.9 (The L? method). For any fived h, N and any 6 > 0, the optimization problem
with the distance ||-||;,, has almost surely a unique solution. The distance of the optimizer nj y to
the target v satisfies:

1 /1
E [l -l < [l -] = 3 (5 - 1) (13)
Moreover, in the case 6 =0, there exists a numerical hy such that, for all h > hg,
E ||l x 7] = o1/™) (14)

as N goes to infinity.

The following result, where the window size h is allowed to depend on h, is an easy consequence
of .

Corollary 1.10. If (hy)n>1 is bounded away from 1 and satisfies Nhy — oo, then
Moy Dy in probability.

The bound given by Equation justifies our strategy in the sense that we managed to decrease
significantly the second term in the decomposition of the mean square error. Considering the
first term in that decomposition leads naturally to the following conjecture, which is supported by
numerical tests.

Conjecture 1.11. For any h, there exists a constant C}, such that the optimal weights for the L?
method with 6 = 0 satisfy

limsup NE
N

< Ch,.

> wn(X)?




6 MATHIAS ROUSSET, YUSHUN XU, PIERRE-ANDRE ZITT
Remark 1.12 (The conjecture holds true for h = 0). A quick computation based on @ and

Section shows that the quadratic minimisation problem in the case d = 0 and h = 0 is
equivalent to the minimization over the simplex of the diagonal quadratic form

N
1
(wl,"';wN) — le'rzy,exp <2X1%) )
n=

which is solved by w,,(X) =Y,,/(},, Yim), where Y;, = exp (—3X2,). Therefore

2 2v2
E[Nzwgm E[(f;z;) —s[ ]

(X Ym)?

The random variable Sy = N2Y?/(>", Y,,)? < N? converges almost surely to Y?/E [V1]? by the
law of large numbers. Moreover, the Sy are uniformly integrable. Indeed,

1 _
E[Snlsy>ri] < N*P[Sy > K| < N?P lN ;Yn <K 1/2] ;

where in the last inequality we have used Y; < 1. If K~1/2 < E [Y1], the last probability is exponen-
tially small in V by Hoeffding’s inequality so that the uniform integrability follows. Consequently
_E[Y?] 2

lim E = = ,
EW]? V3

N —+o00

NY wa(X)?

and the conjecture holds with Cy = 2/v/3.

Corollary 1.13. Assume that Conjecture holds true. Let h be larger than the numerical
constant ho of Theorem |1.9, and assume that My is reqular enough so that is finite, i.e.
mg < 400 — for instance My is analytic. Assume also that Vy(x) is bounded above by a constant
vy. Then the L2 method with § < v¢/mi satisfies

MSE(@y) = E[(@w(X.Y) - B[ Y]] < D 4 m2o(1/n)

for some numerical constant Cp, and numerical o(1/N).
Therefore, under the above assumptions, the L? method is asymptotically better than the naive
Monte Carlo approach in terms of MSE as soon as vy < Var(M4(X))/(Cp — 1).

Remark 1.14 (On the optimal choice of h). The question of the best choice for the smoothing
parameter h is not easy to tackle: in the upper bound , h appears in the weights via C},, in the
distance and in mg. We will give below theoretical and empirical evidence that the best choice is
related to the regularity of the test function ¢, and that smaller h are needed if ¢ is very irregular.

We are able to prove similar but more complete results for the Wasserstein method.

Theorem 1.15 (The Wasserstein method). For any N, the optimization problem has almost
surely a unique solution. The distance D = W, (n‘{,Vass’N, 7) of the optimizer nyy, . n to the target
v satisfies for all integer p > 1 the moment bounds:

1
Pl — *
where O* means O up to logarithmic factors. In particular,
N Wass.N _Law in in probability.
o N—4o00

Moreover, the optimal weights satisfy:

E [zﬂ: wn(X)Q] < %.
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FIGURE 1. Comparison of methods for ¢(X) and § =0

Corollary 1.16. Assume M, is Lipschitz — so that my < 400, and that Vg (x) is bounded above
by a constant vy. Then

MSE(@w) = E |(@w (X,Y) — E[6(X, V)]’ < 52 +mo(1/N)

for some numerical constant co < 6 and numerical o(1/N).
Therefore, under the above assumptions, the Wasserstein method is asymptotically better than
the naive Monte Carlo approach in terms of MSE as soon as vy < Var(My(X))/(co — 1).

Remark 1.17 (The optimal ¢p). A careful look at the proof shows that, if the X; follow the uniform
distribution on [0,1], the bound on E [}, w,(X)?] may be divided by 4, leading to co = 3/2.
Numerical tests suggest that even in the Gaussian case, this bound still holds true asymptotically
in the sense that NE [}, w,(X)?] — 2. Therefore, we conjecture that the Wasserstein method is
better than the naive Monte Carlo approach as soon as vy < 2 Var(M,(X)).

1.6. Numerical experiments. We supplement our theoretical findings with numerical tests. In
the first series of tests, we compare numerically the naive Monte Carlo method, the L? method
with various choices of the bandwidth, and the Wasserstein method, in the toy case where X itself
is the variable of interest. For simplicity, and for homogeneity between the two methods, we have
chosen in this first serie of numerical tests § = 0 (up to numerical precision) in the the L?-method.
This case is an idealized case of concrete problems where vy < mi.

The full results may be found in Section 5] Figure [I] shows that both methods perform much
better than the naive Monte Carlo estimator. The L? method is often able to reduce significantly
the statistical error, but the bandwidth parameter h must be chosen carefully, depending on N and
the type of observable we are interested in. The parameter-free Wasserstein method is faster and
more robust, but may be outperformed by a well-tuned L? method for very regular observables
(for example the cosine function).

The second series of numerical tests in done in Section[fl We let G be a d-dimensional standard
Gaussian vector, and assume we are interested in the distribution of a non-linear function ¥ =
F(G). We linearize F near 0 and let X = (DF)oG, so that the distribution of X is an explicit
one dimensional Gaussian. We then use our method to estimate, for any fixed ¢, the cumulant
generating function logE [exp(tF(G))], using X as our "control variable”. In this more realistic
setting, we focus on the more robust Wasserstein method, and show how it can be compared to,
and combined with, a more classical control variate approach.
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Gaussian reference (No control variate) Without control variate

0.2

01}

0.0

0.1k -0.1k
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50

With control variate

0.2

— — — quantiles, weighted estim.
----------- quantiles, non- weighted estim
Target

-0.1tb

-0.50 -0.25 0.00 0.25 0.50

FIGURE 2. The figures above represents the [.05,.25,.75,.95]-quantile enveloppes
of the different estimators of the cumulant generating functions for F(G).

In Figure 2| we clearly see that our reweighting method always reduces variance in a substantial
way, without using any prior information of F'. This non-linear example also shows that a standard
variance reduction by a linear control variate may be useless.

1.7. Conclusion. We have proposed generic and robust variance reduction techniques based on
reweighting samples using a one dimensional Gaussian control variable. The latter can be seen
as generalization of post-stratification methodologies and can outperform variance reduction by
control variate even in simple situations.

Theoretically, the results, which prove effective variance reduction for both methods, are quite
similar. The main difference is that in the Wasserstein setting, we are actually able to control the
variance of the weights with an explicit constant ¢y < 6; in the L? case we only conjecture that
a similar result holds. This difference essentially comes from the fact that in our one dimensional
setting, the optimal Wasserstein weights are explicit, and therefore much easier to study.

Numerically, we have observed (as theoretically suggested) that the L? approach, as compared
to the Wasserstein approach, requires more regular obervables and some tuning, and is more costly
when the sample size become large. Note however, that the L? approach may be amenable to
control variables X in higher dimension, where Wasserstein optimization — optimal transport —
problems are known to be very cumbersome. This issue is left for future work.

1.8. Outline of the paper. In Section [2] we briefly discuss how our method fits in the landscape
of variance reduction techniques, and how it can be seen as complementing control variates and
generalizing post-stratification. In Section [3|we discuss the L? method; the results on the Wasser-
stein approach are established in Section[d The first numerical tests, considering only the gaussian
variable X, are presented in Section [f] Finally, the tests on more realistic models are presented in
Section [6l

2. COMPARISON WITH CLASSICAL METHODS

2.1. Comparison to variance reduction with control variates. The method presented in
this work can be seen as an alternative to control variates. More precisely, as we are about to
explain now, they can be interesting as a complement to control variates when the latter is either
not efficient or too expensive.

Within the framework of Section [I.1] a control variate is a computable function ¥ of X such

that the mean square error of E {(d)(X, Y) - ¢(X))2} is as small as possible (see [Owel3] [Glal3]
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for a general introduction). Recent works have studied various techniques to find an optimized ¢
using basic functions and a Monte Carlo approach (see for instance [Jou09, PS18]). The associated
estimator is then

1 N
Bov(X.Y) = 1 D2 00X Vo) = 0(X) + [ v,
n=1

whose mean square error (identical to variance since it is unbiased), satisfies

1 2
MSE(Boy(X, Y)) = B | (60.¥) = 6(x) + [ vy -~ Blo(x. 7))

This quantity is classically minimized by choosing ¥(X) = E[¢(X,Y)|X], up to an irrelevant
additive constant.
As a consequence, if a good control variate, close to the conditional expectation ¥(X) ~
E [¢(X,Y)|X] is available, and if we try to apply our method to ¢(X,Y) = ¢(X,Y) — (X)),
then Assumption will not hold for ¢. In the numerical experiment done in Section [6] —
see also Figure 2] — we compare the reweighting method with a natural affine control variate
U(X) = aX + b which is not sufficient to approximate correctly E [¢(X,Y)|X]; interestingly the
reweighting method is able to overcome this issue in a generic way, without specific analytic ap-
proximation of E [¢(X,Y)|X] contrary to what is required to improve the control variate.
The latter discussion suggests that the present variance reduction method based on re-weighting
samples will be useful in one of the following two situations:
e The available control variates behaves very poorly.
e One is interested in estimating E [¢(X,Y)] for a large class of test functions ¢, making the
calculation of control variates very costful.

2.2. Comparison to post-stratification variance reduction. The present work may be in-
terpreted as a generalization of post-stratification methods to continuous state spaces. In the
framework of Section post-stratification can be defined by first choosing a finite partition of R,
given by K ’strata’, for instance the K-quantiles z1/5 < ... < 2x_1/5 defined by ff::l//; dy=1/K.
In that context, the post-stratification weights are defined by
B, (X) = card {X,,, € strat(X,,), 1 <m < N},

where in the above strat(X,,) is the interval [xk_l/Q,xk_,_l/Q[ containing X,,. The latter post-
stratification weights are defined so that the sum of the weights of particles in a given stratum is
constant an equal to 1/K.

We can then check the following:

Lemma 2.1. Let us denote by Dk the space of functions on R that are constant on the srata

[Th—1/2; Tpt1/2[, for k=1... K. Consider the semi-norm over finite measures

pr(p) = sup ().
PEDK, [Pl o <1

Then the post-stratification weights is the solution to the minimization problem obtained by
setting dist(n,v) = px (n — ) in that is

N
>0
minimize: px | v — anéxn , subject to: Wn = (16)
n=1 Zn Wn, = 17

that moreover minimize the variance of the weight ", w? — 1.

Proof. 1t’s easy to check that, by definition,
K

PK (7 - nﬁ:lwnéxn> =>

k=1

1
? - Z wanne[mk_1/27ﬂ?k+1/2[

n

As a consequence, the weights that are solution to the minimization are exactly those such
that forall1 <m <mn

Z wn]-Xn€strat(Xm) = l/K
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which means that the sum of the weights of particles in the same stratum are equal to 1/K. Now
the unique minimum of 3, _; w2 under the constraint that Y one ) Wn = Co is constant is given by
uniform weights w,, = ¢o/card(I) since by Jensen

Z (co/card(I) <Z wn> Jecard(I) < Z w?. O

nel nel nel

As a consequence, the methods presented in this work can be interpreted as extensions of
the post-stratification methods from the semi-norm pg to the norms || .||, or to the Wasserstein
distance (which is in fact a norm) W;.

3. THE L? METHOD

In this section, after recalling a few classical facts and formulae on the Hilbert space L?(7), we
define precisely the h-norm on signed-measures, and study in Section [3.4] the corresponding opti-
mization problem. Finally, we prove in Section [3.5] and [3.6] the results announced in Theorem [T.9]

3.1. Useful tools in L?. We start by recalling a few useful definitions and results concerning the
standard Gaussian Hilbert space L?(v).

Orthogonalizing the standard polynomial basis with respect to the scalar product (f,g), =
[ f(x) () gives rise to the classical family of Hermite polynomials (Hy), see e.g. [AS92]
Chapter 22] for details: a Hilbert basis of L?(ga), where H,, is a polynomial of degree n, with
the normalization (H,,, H,) = m!1,,—,. We write h,, the corresponding orthonormal basis h,, =
(n~Y2H,.

Recall the definition of the Mehler kernel @:

Kn(z,y) = b exp(—(z — V1= hy)?/(2h)) exp(a®/2)
= h~Y2exp (— 12}: h (x —y)* + 2+21\/_1hih (z® + y2)) .

It will be useful to introduce another parameter ¢ such that h =1 — e~
kt($7 y) = Kh(.’l?, y) = Kl—e*% (‘T> y)

The classical formula of Mehler gives the spectral decomposition of this kernel.

Lemma 3.1 (Mehler’s formula). For all (x,y) € R? and t > 0,

zy) =Y e "ha(@)ha(y) = ki(y, z). (17)

2t. we let

It is also classical to interpret this kernel as the probability density kernel of the Ornstein-
Uhlenbeck semigroup with respect to the standard Gaussian.

Lemma 3.2. Let P; denotes the semigroup of probability transitions of the Ornstein—Uhlenbeck
process solution to the SDE dXt — X, dt++/2B, where By is a standard Brownian motion, that is
E[f(X:)|Xo ~n] = [ P.f(x)dn(z) for all bounded continuous test function f and any probability
measure 1. Then it holds

Pi(x,dz) = ki(x, 2)y(dz).

Proof. X; has the same distribution as e ¢Xy + v1 — e 2tG for a standard Gaussian random
variable G. Hence recalling (9) and h =1 — e~ %" it yields E [f(X,)| X0 = 2] = [ f(2)ke(2, 2)7(dz).
|

Let us collect a few consequences of this representation.

Lemma 3.3. Let v =N(0,1), then
/Kh (z,y)(dy) = /Kh(%y)v(dw) =1 (18)
[ felebil 21 (dy) = ke 2,2); (19)
//Kh(x,y)gv(dw)v(dy) = % (20)
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Proof. For the first equality, we integrate with respect to one of the variables:

/ ez, y)7(dy) = / S € () ()1 (d)
n=0

=§Zf“muq/m@www=hdwzl
n=0

The second equality is another way of expressing the semigroup property for the Ornstein Uhlen-
beck process: For all z, z € R

/ ke, )y, )7 (dy) = / S e () (5 () (2) ()
= Z e ") b (@) (2)

= kits(z, 2).

Applying this to the special case z = zand t = s, for h =1 — e 2

to y(dz) yields

/ / Kn(,y)*(da)y(dy) = / k(3 ) (dy) = / S 2%, (y) (dy)

oo
=y e L1 0
o 1—e 2t h

3.2. The h-norm: theoretical properties. We gather the definition and main properties of the
h-norm in the following result.

, and integrating with respect

Theorem 3.4. Let
h=1-e?, t>0.

Let M be the set of signed measures on R with a finite total mass, and let

S= {u € M,/exp (y:) In| (dy) < +oo}.

(1) For any v € S, the function v — [ Ky(z,y)dv(y) is in L*(7), so that
d(vP,
e I e
AL AIC) L2(y)
(2) Let us denote D := {Pyp; p € L?(v), [l p2(,) < 1} the unit ball of the space {¢ = Pip;p €
L?(y)} endowed with the norm ||Pt_1¢HL2(’y)' Then ||v||,, admits the dual representation

IYlln = sup /god(ypt)dfy = sup /wdz/ = sup /d)du. (21)

lelaz iy &y 1P 0] <1 ver

Il =

(3) The map v — |lv||, is a norm on S.

() 1l < -l when < 1.

(5) If (k)ken and n are probability measures in S, and if || — ||, — 0, then n converges
weakly to n.

Remark 3.5 (On the set D). The set D is the image of the unit ball of L? by the Ornstein-Uhlenbeck
semigroup and consists of very regular functions. Indeed, its coefficents on the Hermite basis must
decrease geometrically: 1 € D if and only if

2
TP ( / hwdﬂy) -1

k>0

The set D contains of course all conveniently normalized polynomials, as well as many explicit
non-polynomial functions. For instance, the cosine function is in D, as can be checked thanks to
the computations of P.e’*" in the proof below.
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Proof. (1) By Minkowski’s integral inequality, we have

Il = ( / ( / thc,y>v<dy>)2w<dm>>5
</ ( / (Khu,y))%(dx)f 1v] (dy).

By from Lemma applied with x = z and s = t, and a quick computation using the
explicit formula for ko, we can rewrite the innermost integral as follows:

[ e ?a(d) = barly) = (1= ) exp (() 7).

1+e 2

—2t

Therefore, ||v|, is finite whenever exp ((m) y2> is |v| integrable. In particular it

is finite for all h if |v| integrates exp(x?/4).

(2) The first equation uses the Hilbert structure of L%(v) and the second one follows from the
fact that the Ornstein—Uhlenbeck semigroup P; is self adjoint in L?(7y).

(3) Homogeneity and sub-additivity follow easily from the dual expression . Since the
positivity ||n||, > 0 is obvious, it is enough to prove that ||5||, = 0 implies n = 0. We
prove this fact using characteristic functions. Denote by F(f) the Fourier transform, for
any function f: R — C

F()E) = / ¢ E f() .

We recall that, for any a > 0,

Fle™™)(€) = \ﬁ exp (52) : (22)

Now, remark that the Ornstein Uhlenbeck semigroup P, leaves the set of functions
A
—h

P, (ce“") (z) = E [Ceii\(\/ﬁz+\/ﬁa)} — ceiVIRhag [eii\\/ﬁG]

) ~ hA2
{x > ce?*} invariant: indeed, for any A € R, let \ = and ¢ = e20-m | we have

— Cei)\x/efi(f\/ﬁs\)m,y(dx)’
by Fourier transform , we get

.7 . . Y 1 12
P, (ce”") (x) = ce”‘“"/eﬂ(f‘/ﬁ)‘)z—(de:ﬂ
V2T

. 32
= ceMTem e
— ei)\:xz.
Since Hcei’_\" = ce_% < |e|, then for any A € R
L2(w)
()] = v (P (ce™))| < lelsup_ 1) (71 (6)]

I8l 2 <1 (23)
= lel vl -
Therefore, if ||v||, =0, then |v(e"*)| = 0 for all A, which implies v = 0.
(4) Let i’ =1 —e2" then t < t’. By definition of |||, we have

v, = sup v(Pyp)= sup v(PPy_tp)
llell2<1 llellL2<1
< sup v (P Py_1p)
¢:| Py _e|<1

= sup v(Py)
lell 2 <1

=l
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where we have use that [|[Py_.¢||;2 < |||, 2 by Jensen’s inequality.

(5) Let (ng) and n be probability measures in S such that ||ny —n|| — 0. For any A and any
k, we apply to v = n; —n and let k go to infinity. This implies that 1 (e**") converges
to n(e*") for all \, so nx converges to 7 in distribution. O

3.3. Choice of the bandwidth h. We have seen in Theorem that the mapping h — |||,
is decreasing, whereas the mapping h — mg = Sup|, ||, <1 v (My) is increasing. If one tries to

2
minimize the second term miE U 7727 N~ 'yHJ in the upper bound 7 one can easily check that

its derivative with respect to h has the same sign as
d 9 d N 2
%mm(b—l—%lnE[th,N_'YHh} (24)

On the other hand, in the Hermite polynomials orthonormal basis, we have the simple formula
(see Remark m% =3 e (f h;fM¢dv)2 with h =1 —e~2 so that

d o dt kt ?
il -2

hm¢ 5 ke /hqugd'y ,
d d k>1

. —odm} . . .
and thus the ratio % In mi =m (ﬁ% can be interpreted as a strong measure of the irregularity

of  — My(z) — the more the observable M, is ’irregular’, the more the high frequency modes
are relatively large and the larger % In mi is. As a consequence, for any fixed h, a less regular
observable Mgy renders the gradient strictly positive, showing that the minimizer of h +—

mi]E U
This monotony between the best choice of bandwidth h and the regularity of the observable will
be observed numerically in Section

2
N — fyH h} is attained for smaller h — that is, as expected, for smaller kernel bandwidths.

3.4. The L? method as a quadratic programming problem. We now discuss the mini-
mization problem when dist () is the h-norm, first from a deterministic point of view. Let
x = (x1,...,7x) be a vector in RY. We want to solve the following minimization problem :

> o, Wy = 1.

Z wnéa:n -
n
N

Let us denote by Q the simplex {w = (wi,...,wy)|w; > 0, >, _;w, = 1}, and let F(w) =
1>°,, wndg, — 'y||i By definition, F' may be rewritten as follows:

minimize:

2

>0

+ (5211},2” subject to: {wn -
h n

2

N
F(w) = anKh(y,xn) -1
n=1 L2(v(dy))
N 2
-/ (Z wWn K (3, 2n) — 1) +(do)
n=1

N N
n,m n=1
By in Lemma we have

N N
F(U}) = anwmk% (.’L’n,l'm) -2 Z Wn, + 1

n=1
=w'Qw-—1,
where @ is the N x N matrix whose components are given by

Qn,m = kot (T, T), forany 1 <n,m < N. (25)
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For future reference, let us note that using Mehler’s formula, kot (2, z,) = >, e 2kt hy () hi (),
so that we can also write, for any weight vector (w, ..., wy),

N 2
Z wplz, — || = w Quw—1= Ze‘zkt (Z wnhk(xn)> -1
n=1 n

h k>0

2
= Z e 2kt (Z wnhk(xn)> .

k>1

2

(26)

The minimization problem is therefore reduced to the following quadratic problem over a convex
set:

minimize: w' (Q + 6Id)w subject to: w € Q. (27)

Proposition 3.6 (The quadratic programming problem). If the x,, are pairwise distinct, then Q
1s positive definite, and the minimization problem has a unique solution even if § = 0.

This holds in particular with probability one if the (z,)1<n<n = (Xn)1<n<n are iid samples
of v.

Remark 3.7. Here the solution may or may not be in the interior of the simplex: there are vectors
x = (21, ...,zy) for which some of the components of the optimal weight vector are zero.

Proof. For any column vector a = (ay,...,ay), we need to prove that a”’Qa = 0 if and only if
a = 0. The same calculation leading to yields

2
a’'Qa = Z e 2kt <Z amhk(xm)> =0,
k m

which implies that, for all integer k, 22:1 amhi(z,) = 0. Let P, be the Lagrange cardinal
polynomial that satisfies P, (z,) = dpm. Since P, may be decomposed on the basis of the hy, it
holds that ) am P, (zm) = 0, so a, must be zero. Since n is arbitrary, a = 0. This shows that Q
is positive definite.

We are therefore optimizing a strictly convex function over a compact convex set: the minimizer
exists and is unique. O

3.5. A first comparison with the naive empirical measure. Recall that 7y = % > n0x,
and ny N = >, w,(X)dx, denote respectively the naive and L?-reweighted empirical measure.

Proof of Theorem[I.g The existence and uniqueness of the minimizer follow from Proposition [3.6]
We now want to establish , that is,

E (It~ 1) < I -] = 5 (5 - 1)

The first inequality follows from Jensen’s inequality. Indeed, by definition, the (w,,) solve , SO
that almost surely,

78 =+ 0> wa(X)? < 7y — A}, +8/N.

Jensen’s inequality on the weights (w,,) then implies

2
1/N? = (Z wn<x>/N> < S wl(X)/N
so that
l|7is 3 — VHhN <y = -

To compute the expected value of |77y — 'y||i7 we use the spectral decomposition (26]) to write

E [i7y — ] = 2 SE

n,m

> e (X i (Xom) |
k=1
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where ¢ satisfies h = 1 —e~2t. Since X1, ..., Xy are i.i.d. A'(0,1) and the (hi);>, are all orthogonal
to hg = 1 in L3(v),

[y~ 1] = 5 3 e 3B [0))] + X El(XE (X))}

k=1 n=m n#m

concluding the proof of Equation . (]

We end this section by proving the weak convergence result of Corollary The proof uses the
following classical result (see e.g. [Kal02, Lem. 3.2]), which implies in particular that convergence
in probability is a topological notion that does not depend on the choice of a metric.

Lemma 3.8 (Subsequence criterion). Let Y1,Ys, ... be random elements in a metric space (S, d).

Then Y, =Y iff for all sub-sequence (k) C N, there exists a further subsequence (l,) C (kn)
such that'Y,, =Y a.s. along (Ix,).

Proof of Corollary[1.10. We let N — 400 with % < hy < hg < 1, and show that in probability,
the random measure 7, \ converges weakly to .

Let hy = 1 — e~ 2. By Lem. [3.8] it is enough to prove that from any subsequence of Nh N>
we can extract a further subsequence along which NN converges in distribution to . Let us
consider an arbitrary subsequence of 7y . By Equation ,

N 2 1 1
E it =l < 5 (5 ~1) 5520 O

so the random variable HT]’;LN7 N th converges in L?(PP) to 0. Convergence in L? implies con-
N

vergence in probability so that by Lemma there is a further subsequence along which
a.s.

—— 0.

o =My 2

Since hy < hg, we get by Theorem item (4), that along the sub-subsquence,
75 = ¥y =0

Since |[|-[|,,,-convergencence implies weak convergence by item (5) of Theorem [3.4 7} v %) vy
along the sub-subsequence.

3.6. Fast convergence of the weighted measure and a conjecture. In this Section we prove
the second part of Theorem in the § = 0 case, for h sufficiently large,

E[ln7.x = ;] = o(1/M).

3.6.1. Strategy of proof. Recall that 0y y is defined by minimizing ||> w,dx, — fy||i over all weight
vectors. The main difficulty here is that this minimizer is not explicit. However, for any integer
K, the spectral decomposition giving can be used to split the cost function in two terms:

K 2 2
||77 - ’Y”}QL = 2672]616 (Z wnhk(Xn)> + Z 672]“ (Z wnhk(Xn)> . (28)
k=1 n n

k>K

Let w(X) be an optimizer of the first, finite dimensional term. If N is large enough with respect
to K, then it is reasonable to expect that, with high probability, the value of this finite dimensional
problem is zero.



16 MATHIAS ROUSSET, YUSHUN XU, PIERRE-ANDRE ZITT

Definition 3.9 (K-good vectors). A wvector x = (1, ...,xn) is said to be K-good if there exists a
weight vector (wn,...,wy) in the simplex 0 such that

VISE<K, Y wphi(zn)=0.
n

Let G be the "good event” G = {X is K-good}. On G we compare w, (X) to wX(X); on the
bad event we simply use the naive empirical measure:

B lmin = ;] <E [[lnn =15 26 + B | llmix =[5 2]
2

<E 1o | +E [I7y -7} 1o

h

Z wy (X)ox, —

n

For the first term, on the good event GG, we apply : by definition the first term vanishes and
we get

lg< Y e (Z wﬁ((x)hk(Xn)>
h n

k>K

<) e PPl (X)hE(Xa).

k>K n

> wk(X)dx, —v

where we used Jensen’s inequality with the weights w in the last line. We now take the expec-
tation, bounding wX by one, to get
2

lo| < )Y e E [hi(X,)]

h kE>K n

S N Z 67215]6
k>K
e—2t(K+1)

SR

E

Z w; (X)dx, =7

On the bad event we use Holder’s inequality:
_ 2 — 4 1/2 c11/2
E [y =l 1oe] <E [I7x —l1,] " BIGT.

—2t(K+1) 1/2
N 2 (& — c
E [th,N - 'YHh} < Nﬁ +E {HUN - 7”2,& PG ]1/2~ (29)

In order to bound the 4th moment of the h-norm, we proceed as follows. Recall that h = 1—e~?¢,

and suppose that e? > 3, so that we can write ¢t = s + u with s satisfying e?* = 3. Then

din P 2 dijn P :
_ 4 NINLt NIN{Lw
— = -1 = || P, -1

P
<l (%)

_ 2
(e )
dy 9

where the last line uses Nelson’s theorem, that is, the hypercontractivity of the Ornstein-Uhlenbeck
semigroup (see e.g. [Gro93]) which here holds true between L* and L? for time greater than
s=(n3)/2.

Taking expectations and reusing , we get

1 1 1 1
IEJ{* - 4]<— s )= 7).
I =] = § \T== N \T_3e2

2
2

4
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Putting everything together, we have for ¢t > (In3)/2:
—2t(K+1) 1 1
2 e
E [HUZ,N - ’th} <N 1—e2t + \/N(l — 3e—2t

To go forward, the main challenge is to get a bound on the probability of the bad event.

— )PP G (30)

3.6.2. Control on the bad event by coupon collecting. Let M be an integer and decompose the real
line R in M segments between the quantiles (2;)o<i<nr, where Fy(z;) = [ ~(dz) =i/M.

Definition 3.10 (Well spread vector). A wector x = (z1,...,xn) is said to be M-well-spread if it
visits each of the M quantiles of the Gaussian:
VlSJSM,EHSZSN J)Z‘E(Zi_l,zi).
The main results of this section are the two following lemmas.

Lemma 3.11 (M-well-spread implies K-good). There exists a universal constant C' such that, if
x is M-well-spread, then it is K-good for all K such that

M > CK°/?8K.
Lemma 3.12 (Large samples are well-spread). Suppose that N > (2p + 2)M In(M). For X =
(X1,..., XN), an iid gaussian sample, the probability that X is not M -well-spread is small:

. M 1
P[Bi,vn, X ¢ (zie1, 2] < 37— 31

We start by the short proof of this second lemma.

Proof of Lemma[3.14 We interpret the question as a coupon collecting problem. For M coupons,
the number of trials 7" needed to get a complete collection admits the following classical deviation
bound, see for example [MR95, Section 3.6.1, p. 58]:

VieN, P[T>1<M(1-1/M) < Mexp(—I/M),

obtained by expressing {T" > [} as the union of the M events “the k' coupon never appears in
the [ trials”. Thus

Vi, P[T > MIn(M)+ Mt] < MM 7 exp(=t),

where the M /(M — 1) factor comes from the fact that M In(M) + Mt might not be an integer.
We choose t = (2p 4+ 1) In(M), and recall that by assumption (2p + 2)M In(M) < N. This yields
a bound on the probability of not being well-spread:
P[3i,Vn, X, ¢ (xi—1,2;)] =P[T > N| <P[T > (2p + 2)M In(M)]
M 1
e ——
- M —1Mz?F1
The proof of Lemma [3.11] is a bit more involved. Let us first state and prove three additional
lemmas.

O

Lemma 3.13. x is K-bad if and only if there exists a polynomial P such that deg(P) < K, P is
orthogonal to hg, and
Vli1<n<N, P(l‘z)>0

Proof. By definition, x is K-bad if and only if the origin of R¥ is not in the convex hull of the N
points (h1(X,), ..., hx(X,)). If this is the case, then by the hyperplane separation theorem there
exists an « = (a1, ..., i ) that has a positive scalar products with the N points, that is,

K
V1<n<N, Z arhi(Xn) > 0.
k=1
In other words, the polynomial P = Zszl h;. takes positive values on each of the X, for1 <n < N.
Since the (hy) are orthogonal, P is indeed orthogonal to hg.
Conversely if such a P = Zszl oy, exists then a = (aq,...,ax) has a (strictly) positive scalar
product with the N points (h1(Xy,), ..., hx (Xpn))1<n<n, S0 it has a positive scalar product with any
convex combination of these points, therefore 0 cannot be in the convex hull of these points. O
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Lemma 3.14. There is a universal constant C' such that, if P = Zle aghy is a polynomial of
degree at most K orthogonal to hg, then

1/3
E [|P(Z)|3} " < oKy [P(2)2]"?.

Proof. Without loss of generality we may assume Zszl ai = 1.

e[1P)F] " < Y B 2]

< CKVA2K2 N "
< 0K1/42K/2,

where the second line follows from Theorem 2.1, eq. (2.2) in [LCO2], remarking that our hy are
normalized in L? instead of monic, and the last line from the bound 3~ |ax| < VK (Y, lax|*)/2. O

Lemma 3.15. If X € L? satisfies E[X] =0, then

E [x?]°
PIX >0 > —— .
4E [X3]

Proof. Since E[X] =0, E[X}] =E[X_] = £E[|X|]. Therefore by Holder’s inequality,
EE IX]? =E[X+)° =E[X1xso) <E[X?]P[X > 0].
Moreover, another application of Holder’s inequality yields
e [x?) <Ex["2E IxP]".

Putting these two inequalities together, we get

2 213
IP[X>O]ZIEE£|§(]2} > E[X7]

C4E [\X|3]2'

Proof of Lemma[3.11 Suppose that x is M-well-spread but K-bad. By Lemma there exists
a Py of degree at most K that takes positive values on each of the x;. This Py has L < K real roots
ry < --- < rp. To fix ideas, suppose that P is negative at —oo. Setting ro = —oo and rp1 = o0,
the open set {z : Px(z) < 0} may therefore be written as the union of disjoint, possibly empty,
intervals Um even.m< L(rm, Tm+1). These intervals cannot contain the z;, so each one is included in
the union of two 7adjacent interquantiles intervals, so that for m even, m < L,

Tm41 d 2
< —.
JRRCEE

m

Furhtermore, the number of intervals is at most [(K + 1)/2] < (K + 3)/2. Rewriting the gaussian
integral as a probability, we get, for Z a standard Gaussian random variable,

P [Pe(Z) < 0] < (K + 3)/M.

The key point now is that Py is orthogonal to hg = 1, that is, in probabilistic terms, E [Px(Z)] = 0,
so that we can use the concentration lemma to bound the left hand side from below and get:
K+3_ E[P2? .
M TR (PP K3

This bound implies the claim. O
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3.6.3. End of the proof of Theorem . Let us recall the bound for t > (In3)/2:
—2t(K+1) 1 1
2 e
E {an*tN - ’VH;J <N 1_ o2t \/>(1 3e-2t
For each N choose M and K the largest possible integers such that
N > 4M In(M), M > CK®/?8%, (32)

Note that in particular N = O*(M). This relation between M and K ensures that, by Lemma
the sample X is K-good as soon as it is M-well-spread, so that by Lemma [3.12]

P[GY] = O(1/M?) = O*(1/N?),

and the last term in is o(1/N). For the first term of (3I), the bound is in Ne #%. The
definitions of K and M ensure that N = O((8+¢)%), so that N2e~2K = o(1) if t is large enough, or

— )PP G (31)

2
in other words Ne™2*X = o(1/N). Putting everything together, we get E {HUZN — WHJ = o(1/N),
concluding the proof of Equation and of Theorem
3.6.4. Proof of Corollary , Let us denote by w?(X) and by 77?\’,* the optimal weights and the

associated weighted empirical distribution obtained by the optimization problem for a given ¢
(we drop the subscript & in notation for simplicity). By construction,

E [dist (n?f,’y)? + 5ng(X)2 >E {dist (77?\}*,7)2] + 5Zwi(X 2
>E [dist (n?\}*,'y)Q] + 5Zw2(X 2

so that > w3 (X)2 < > wY(X)2. As a consequence, the MSE obtained with a given & can be
first bounded using and then using the wieghts w?(X) so that

E [(@%V(X,Y) —]E[QS(X,Y)])Q} (v5—0m2)E

Z w, —|—m$E ldist (77?\}*, 7) ’ +94 Z wg(X)Q] .

The corallary then follows from Theorem [I.9] and Conjecture [[.11}

4. THE WASSERSTEIN METHOD

4.1. An exact expression for the optimal weights. The fact that the Wasserstein method is
both easier to analyze and faster in practice stems from the fact that the minimization problem
can be solved explicitely.

Proposition 4.1. Let x = (z1,...,2x) be a set of N distinct points in R, let (x(1) < T(2) - < T(n)
be their ordered relabelling, and let (yn)o<n<n be the middle points (1/2)(x(n) + T(n41)), with the
convention yo = —oo and yn = 00.

For w = (wy, ..., wy) in the simplex @ = {(w1,...,wy) € RY, > w, =1}, let F(w) be the cost

N
=W <Z wnéa:,,Lv'V) .
n=1

minimize: F(w) subject to: w €

The optimization problem

has a unique solution w(x) = (w1 (x), ..., wn (X)), given by

)
/ Ym
Ym —

where m is the unique integer such that T, = ().
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| [ ] u
x(l) yl x(2) y2 .’I;(g)

Given the sample (x), the optimal Wasserstein weights are obtained by computing the middle points
Yn = (T(n) + T(ns1))/2, and letting wp = y([yn—1,yn])-

FIGURE 3. The optimal weights w(x).

Proof. First, note that thanks to the relabelling in the last part of the statement, is enough to
prove the result when the (z,,) are already ordered; we assume from now on that 1 < --- < zy.

Let n be any probability measure on R, and recall that « is the standard Gaussian measure;
denote by F;, F, their respective cumulative distribution functions. The Wasserstein distance W,
between 1 and v admits the following classical representation, see for example [Vil03, Remark 2.19
item (iii)] :

Wily,n) = | [Fy(z) — Fy(z)] da.
R

Consider now the discrete measure n(w) = Zf:[:l wp 0z, . By cutting the integral at the points

x, and isolating the first and last terms, we get the explicit formula

N
F(w) =W, (Z wn5wn,’y>
n=1

Z wm — Fy(2)

Note that the extremal terms do not depend on the weight vector w. For 1 <n < N — 1, consider
now the n'" term in this sum, and write it as ¢, (> _, wy,), where

oule) = [ " s By de.

n

dz—l—/zl |Fv(z)|dz+/oo\l—F7(z)|dz. (33)

—o00 TN

Writing ¢, (c) = (zp41 — 2n)E[Jc — Fy(U)|] for U a uniform variable on [z,, 2, 1], we see by
classical properties of medians, see e.g. [Strlll p. 43], that ¢, attains its minimal value at the
unique median of the distribution of F.(U), that is, at the point p where P [F,(U) <p|] = 1/2.
Since

]P)[F“/(U) <p =P [U < Fy_l(p)] = (Fy_l(p) = 2n)/(Tny1 — Tn),
the minimum of ¢,, is attained at the unique point F, (y,), where we recall that y,, is the midpoint
(zp + Tpa1)/2.

To conclude the proof, it is now enough to remark that letting w, = ;"_1 ~v(dz), we get
S Wi = Fy(yy,), so that (wy,...,wy) minimizes all the terms in the sum (33). O

4.2. Probabilistic properties of the optimal weights. Let Xi, ..., X,, be i.i.d. N(0,1). In
this section we investigate the behaviour of the Wy distance D = D(X) = Wi (>, wn(X)dx,,7)
between the optimally reweighted sample and the target Gaussian measure. We start by proving
the first part of Theorem for any integer p,

E[DP] = O (;p)
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where O* means O up to logarithmic correction terms.

Proof of Theorem[I.15, first part. Let us first note that, since v is absolutely continuous with
respect to the Lebesgue measure, classical results on optimal transportation in dimension 1 for the
usual distance (see for example [Vil03, Theorem 2.18] and the remarks that follow it) imply that
the Monge-Kantorovitch problem defining W (1, v) distance has an explicit minimizer, given
by the deterministic coupling (T'(Z), Z), where Z ~ ~ and T is the monotone transport map

T(z) = F, ' (Fy(2)).
Therefore, the optimal coupling between a Gaussian random variable X and the optimally reweighted
empirical measure ) wy(x)d,, is given by the piecewise constant transport map that sends each
interval |Yn, Yn+1[ to Zn, so D has the explicit expression

D= /min\aj — X, | y(dx).

We start by a rough bound: for any A > 0, the Laplace transform exp exp(AD) may be bounded
as follows using Jensen’s inequality:

Elexp(AD)] =E {exp ()\/mgn |z — X, 'y(dz)ﬂ
<E {exp ()\mnin | X — Xn|)] ,
where X ~ « is independent of X = (X7, ..., X},). Then
E [exp(AD)] < E[exp (A |X — X1])]
<E[exp (A |X]))*.
Since the last expression is finite, we have established
YA, 3C\, YN, El[exp (AD)] < Ch. (34)

We now let M < N be an integer and decompose the real line R in M segments between
the quantiles (z;)o<i<nr, where F(z;) = [*° ~y(dz) = i/M. We let G be the ”M-well-spread
event” (Definition that there is at least one of the (X, )1<n<n in each of the M "bins”
(Jwi—1, zi[)1<i<m- We then proceed in three steps.

Step 1: D is small on the well-spread event. Indeed, on G, there exist N(1),..., N(M)
such that Xy ;) €]z;_1,2;[. Therefore

Dilg = 1g/min |z — X, | y(dx)
n

M g,

=1¢ Z/ min |z — X,,| v(dx)
i=1Jwior "
M,

< 1GZ/ |2 = X | v(de)
i=17%i-1

M—1 i
S lei—aial [ 2@ +2 [ o= anlatdo)
i=2 Ti-1

IN

TM—1

IN

2
—xM,1+2/ |z — zpr—1]y(dx)
M TM—-1

IN

2 oo
MxM_l + 2/m 2y (dx)

M-—1
2 2
< —op-1+ —ex —x%, . /2).
MM1 \/% P( Ml/)

From the classical gaussian tail estimate

\/% (1 - ;) exp(—12/2) <1 - F(t) < ﬁ (1) , (35)
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applied to t = xp_1, it is easily seen by taking logarithms that xp;_1 ~ 1/2log(M). Using the
first inequality in again, we get exp(—z3, ,/2) = O*(1/M), and finally

1
Step 2: the well-spread event is very likely. Assuming from now on that M satisfies
N > (2p+2)M In(M), we get thanks to Lemma that

PG = O(1/M*+1).

Step 3: conclusion. We decompose E [DP] in two parts, depending on whether the sample X
is well-spread or not. On G we use the result from Step 1; on G¢ we apply Holder’s inequality,
the bound on P[G*] from step 2, and the a priori control on E [D??] given by the preliminary

bound :
E[DP] = E[DP1g] 4+ E [DP1g]

1
<O* (W) + VE[D?]/P[G°)
1 1
<0 (355) +© (37
1
=0 (M>
Since M may be chosen large enough to guarantee N = O* (M), this implies E [D?] = O* (ﬁ) ]

Proof of Theorem [1.15, second part. We now turn to the proof of the control in I? of the optimal
weights, and show that

E

al 6
2
< —.
S un(X) ] <8
n=1
By definition,
wy(X) = Fy(Yny1) — Fy(Ya),
where the Y, are the middle points of the reordered sample and F, is the cdf of the standard
Gaussian distribution. By a rough upper bound, for 2 <n < N —1,
Wy < F’Y(X(n-i-l)) - F’Y(X(n—l))'
The cdf F,, maps the ordered sample (X(y),..., X(n)) to an ordered sample (U(yy, ..., U(ny) of the
uniform distribution on [0, 1], so
Wn < Ung1) = Um—1),
for2<n<N-1,w < U(Q) and w, <1-— U(N—l)-

Let us upper bound E [wi] for 2 < n < N — 1, using known results on order statistics for
uniform variables that may be found e.g. in [Daslll Chapter 6, Theorem 6.6]. Conditionnally on
Uins1) = u, Uy is distributed like the second largest value in a sample of n uniform variables
on [0,u], that is, like
uUl/nvl/(nfl)

where U and V are iid uniform on [0, 1]. Therefore

E[w2] SE[Uf4)(1 - UMy em)]

=E [U(2n+1)} (1 — Q/ul/"vl/("_l)dudv + /uQ/"UZ/("_l)dudv))

6 2
“mrnmryt Vel
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N Number of samples
M  Number of repetitions
h Bandwidth
TABLE 1. Notation for the numerical tests

Now U(,41) follow a Beta(n + 1, N — n) distribution, so

E [U(Qn—&-l)} = Var(Ugp41)) +E [U(n+1)]2
(n+1)(N —n) N (n+1)?
(N+1)2(N+2) (N+1)2
(n+1)(n+2)
(N+D)(N+2)’

so that E [w,ﬂ < m, for all 2 <n < N — 1. One easily checks that this bound also holds

for n =1 and N, and by summing we get

E

N 6N 6
;1“’5(")1 SFIONID SN =

5. NUMERICAL EXPERIMENTS I

In this section we focus on the comparison between the weighted empirical measures 7, U

*
and nWass,N .

5.1. Implementation. The implementation of the Wasserstein method is straightforward: given (x),
we only need to sort it, compute the middle points (y,) and deduce the weights by applying F.,.

For the L? method, the quadratic programming optimization problem [3| (6 ~ 0 case) is solved
using a standard Scilab library based on the dual iterative method detailed in [GI&3].

The methods are then tested by computing estimators for the expected value of three functions
of X: E[X], E[cos(X)] and E [1x~1]. The estimators are computed on samples of size N, and the
experiment is repeated M times. We present the results as boxplots representing the quantiles on
the M repetitions.

5.2. Regularity of the test function and choice of the bandwidth. We first investigate
the influence of the bandwidth parameter h on the L? method, by testing various values of h €
{0.01,0.05,0.1,0.2,0.5,0.8} on the three test functions ¢: a) z — x, b)  — cos(z) and ¢) = —
151

Figure corresponds to the test function x — x which is very specific, the symmetry ensures
that the estimator is unbiased, and the method seems to be better the larger h is. Figure
corresponds to the test function cos; a bias clearly appears in that case, and the estimator is better
when h is quite large, with a trade-off at h = .5 (h = .8 is not as good). In both cases, the fact
that the estimators are better when h is quite large may be linked to two remarks made above:

o Remark where it is recalled that  — z and cos are regular test functions that belongs
to the image by the Orstein-Uhlenbeck semi-group P, of an L? function on which the
optimization is based on;

e Remark [T.14] where it is suggested that the more 'regular’ this test function is, the larger
the optimal h should be.

However, when we apply the method to estimate the expectation of a discontinuous function
of X, here x — 1|;>1, which does not belong to the appropriate class of regularity, the picture
is completely different and the best estimator is obtained for a much smaller h = 0.05, as can be

seen in Figure
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L2 method; E[X] L2 method; E[cos(X)]
0.15 ]
[ = n=0.01
4| = n=005
o4 d|| = p=01
13| £ h202
] h=0.5
1|| = h=08 N x
0.05 ]
] * 0.66 x
] ‘0.0QQHIQ—\ T - ]
0 = & = = 1
] \Tl 4 0.64 -
] X ] x
-0.05 X 4
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-0.1 x 0.6 -
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2 3 4 5 6 7 2 3 4 5 6 7
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0.8 4
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Ficure 4. M = 1000, N = 100
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(a) z+— cosx (b) = Ljp>1

Ficure 5. M = 1000, N = 100

5.3. Comparison between naive, L? and Wasserstein. Next, we compare the naive Monte
Carlo method, the L? reweighting (h = .5 and h = .05) and the Wasserstein reweighting.

Figure corresponds to the cos test function case, and the naive Monte Carlo approach is
outperformed by all reweighting methods, even with sub-optimal tuning (L? for h = .05). On
the contrary, in Figure which corresponds to the step test function the naive Monte Carlo
approach is much better than the L? reweighting methods with sub-optimal tuning (h = .5), and
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similar to the L? reweighting methods with quasi-optimal tuning (b = .05). This is consistent
with the fact that the L? reweighting method has been derived for regular test functions, which
excludes the step function case.

The Wasserstein reweighting is in both cases (cos and step) much better than the naive Monte
Carlo, and better than the L? reweighting in the step function case. For the cos case, the Wasser-
stein reweighting is similar to the L? reweighting method with sub-optimal A = .05 and much
worse than the L? reweighting method with quasi-optimal h = .5.

5.4. Conclusion. The Wasserstein reweighting is more robust (no parameter to tune) than the
L? reweighting, and outperforms the latter for irregular test functions. However, for sufficiently
regular test functions and with well-chosen bandwidth h, the L? reweighting is much better.

6. NUMERICAL EXPERIMENTS II

In this section, we present numerical results exhibiting the variance reduction obtained with the
reweighting method.

For simplicity, and having in mind the various drawbacks of the L? method in terms of speed
and parameter tuning, we will only focus on weights computed with a Wasserstein distance in the
minimization problem — that is, the minimization problem with é = 0.

6.1. Exchangeable functions of Gaussian vectors. Let (Gi,...,Gy) denotes a sequence of
N ii.d. centered Gaussian vectors in R? with identity covariance matrix. We consider the problem
of reducing the variance of Monte Carlo estimators of the distribution of F(G) where
F:R*-R
is a smooth non-linear function, which is invariant by permutation of the d coordinates (exchange-
ability). We assume for simplicity the following normalization:
F(0) =0, DoF = (1/Vd,...,1/Vd)
and set foreachn=1,...,N:
Xp = (DoF) - G, ~ N(0,1), Y, = F(G,).

We are then interested in estimating the cumulant generating function of the distribution of F(G)
denoted by
ky (t) :=logE (") = logE (etF(G)) ,
and possibly to compare it to the cumulant generating function of the distribution of the standard
Gaussian distribution
t2
jx(t) :==logE (etX) =logE (et(DOF)'G> =3
We will consider, compare and combine various estimators. The first two are the naive and Wasser-
stein reweighted estimators of ky, defined by

N N
1
knic (V) (1) = log 1 > e w (X, Y) (1) = log 3w (X)e
n=1 n=1

where the weights w(X) are computed with the control variables X through the minimization
problem associated with the (Euclidean-based) Wasserstein distance.

We define similarly two estimators for jx,

Jmc(Y)(t) = log — Z etXn w (X,Y) (t) = log Z wy, (X

Since jx (t) is explicit, it is quite natural to try and use e'X

estimator:

n as a control variate, leading to a new

kev(Y)(t) = kme(Y)(t) — jmc(X)(t) + jx (),
Finally, we combine the reweighting and the control variate idea by defining

keviw (X, Y) (1) = kw(X,Y)(t) — jw(X)(t) + jx (1),
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Note that the control variate has been defined as the best linear approximation of F' around the
mean 0 € R?.

We run our tests with the following particular choice of a non-linear function:

with the parameters d = 10 and r € {0.1,1}. Note that r encodes the strength of the nonlinearity,
in the sense that

lim F,.(g) = g.

r—0

In all this section, we have taken samples of size N = 30. This choice has been made so that
the quantiles of the estimators scales appropriately with the target function ky to be estimated.

6.1.1. The almost linear case, r = .1. This case corresponds to a function F' which is close to the
identity function. In Fig. @, we have represented the quantiles of the different estimators of ky (t)
for t € [-0.7,0.7].

Gaussian reference (No control variate) Without control variate

03}
02}

01}

0.0

-0.1k -0.1k
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50

With control variate

031 — — — quantiles, weighted estim.
----------- quantiles, non- weighted estim
0.2 Target
0.1t
0.0
-0.1t

-0.50 -0.25 0.00 0.25 0.50

FIGURE 6. Case r = .1. The figures above represents the [.05,.25,.75,.95]-
quantiles of the different estimators of the cumulant generating functions for F(G),
both without weights (dotted), and with weight (dashed). The figure in the up-
per left corner represents the estimators of the Gaussian reference jyc(X) and
jw(X). The figure in the upper right corner represents the estimators kyic(Y)
and kw (X,Y) (without control variate). Finally, the figure in the lower left corner
represents the estimators of koy(X,Y) and kevw(X,Y) (with control variate).

In Fig. [7] we zoom in on the figure the lower left corner of Fig. [f] where a linear control
variate is used, by plotting the difference kov(X,Y) — jx = kmco(Y)(t) — jmc(X)(¢) as well
as keviw(X,Y) —jix = keviw (X, Y) = jw(X).
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With control variate

0.0000

-0.0025

-0.0050

-0.0075

-0.0100

1 1 1 1
-0.50 -0.25 0.00 0.25 0.50

FIGURE 7. Case r = .1. The figure above represents the [.05,.25,.75,.95]-
quantiles of kcy(X,Y) — jx (dotted) and keyviw(X,Y) — jx (dashed).

6.1.2. The nonlinear case, r = 1. This case corresponds to a function F' with a significant non-
linear behavior. In Fig. [8] we have represented the quantile envelopes of the different estimators
of ky(t) for t € [-0.7,0.7].

Gaussian reference (No control variate) Without control variate
0.2+
01f
0.0
-0.1t -0.1t
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50

With control variate

— — — quantiles, weighted estim.
----------- guantiles, non- weighted estim
Target

-0.1tb

-0.50 -0.25 0.00 0.25 0.50

FIGURE 8. Case r = 1. The figures above represents the [.05,.25,.75,.95]-
quantiles of the different estimators of the cumulant generating functions for F(G),
both without weights (dotted), and with weight (dashed). The figure in the up-
per left corner represents the estimators of the Gaussian reference jyc(X) and
jw(X). The figure in the upper right corner represents the estimators kyic(Y)
and kw(X,Y) (without control variate). Finally, the figure in the lower left corner
represents the estimators of key(X,Y) and kevw(X,Y) (with control variate).

6.1.3. Interpretation. First note that the non-linearity of the function F' in the case r = .1 has a
non-negligible influence on the distribution of F'(G), as can be seen in the upper right and lower
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left figures of Fig. |8) where the cumulant generating function ky (t) (the ’target’, represented with
a full line) is substantially different from the Gaussian reference jx(¢) (the ’Gaussian reference’,
represented with a full thin line), and has a much smaller variance.

We first immediately observe that in all cases (the Gaussian reference, the estimator of k, with-
out control variate, and the estimator of k, with control variate) the use of the studied weighting
method substantially improve the estimation by:

(1) Significantly reducing the spread of the tail distribution (the {.1,.9}-quantiles) of the es-
timators.

(2) Significantly reducing the statistical error of the typical outcomes (the {.25,.75}-quantiles)
of the estimators.

Then we can observe that as expected, the error reduction due to the weighting method is
slightly better for the Gaussian reference. However, it is clear that the error reduction due to
the weighted method is very significant in each case. For instance the typical error (as given by
the {.25,.75}—quantiles) of the estimator kw(X,Y) is reduced almost by a factor 2 as compared
to kpme(Y). As a reference, the typical error on jw(X) is reduced by a factor 5 as compared to
Jme(X).

Finally, it is remarkable to notice that in the case r = 1 the control variate method is useless
and may even be counterproductive. On the contrary the weighting method behaves well and
reduces the error (with or without control variate). It clear from Fig that the weighting method
outperforms the control variate method which is not useful here.

This experiment demonstrates that the weighting method can then very easily and very effi-
ciently be used to reduce the statistical error caused by non-linear functions, without resorting to
ad hoc analytic calculations.

6.2. A physical toy example.

6.2.1. Model. In this section, we illustrate the use of the weighting method with a more concrete,
physical example. We consider a Langevin stochastic differential equation in R?

dQ¢ = Pdt

dPt = —Qtdt + EF(Qt)dt — Ptdt + \/§th
which is a toy model for a thermostatted linear mechanical system. The latter is perturbed out
of equilibrium by an exterior force field F : R — R? and we are interested in computing the
distribution of the long time stationary back reaction, that is to say the distribution of F(Q)
where @ € R? is distributed according to the invariant distribution of the Langevin process, and
this for £ small.

For simplicity we assume that F;(Q) = F(Q) € R is independent of ¢ with again
F(0) =0, DoF = (1/Vd,...,1/Vd).

We set X,, = F(Qr) where 7 is a sufficiently large decorrelation time. We also set Y,, = DyF - Qm
where @ is solution to the coupled, non perturbed linear system

th = Ptdt
dP, = —Qudt — Pdt + v/2dW;
so that Y,, is a Gaussian sequence of unit standard Gaussian variables that are approximately

independent (for large 7). Using elementary calculations (see e.g. [BGMI0]), one can check that
the positive definite quadratic Lyapunov functional

~ 2 ~ 2 ~ ~
Dt1:|Pt—Pt| +|Qt—Qt| +(Qt_Qt)'(Pt_Pt)
satisfies almost surely the following differential inequality:

d 1
@Dt < _§Dt + 4Dt1/25 |F(Q¢)] -

Assuming for simplicity that ||F|| ., = 1, a Gronwall-type integration yields that for any ¢t > 0
‘Pt_Pt‘2+|Qt_Qt|2 <cDy §€+O<e_t/2)7
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for some numerical constant c. Hence (Q:, P;) converges when ¢ — 0 to the Orstein-Uhlenbeck
process (Q¢, P;) uniformly in time. This coupling calculation thus suggests that (Q-y,),>1 will be
close to a i.i.d. Gaussian sequence when € — 0 and 7 > 1.

6.2.2. Numerical ezperiment. We present in Figure [9] some numerical results in a test case with
the same non-linear function:

d
F(g) = Vdsin (cll Zsin(gi)>
i=1

with the parameters (¢ = .01,d = 10, N = 50). The methodology is the same as in the last section.

Gaussian reference (No control variate) Without control variate

-0.1k -0.1k
-0.50 -0.25 0.00 0.25 0.50 -0.50 -0.25 0.00 0.25 0.50

With control variate

02f.

— — — quantiles, weighted estim.
----------- guantiles, non- weighted estim
Target

-0.1t

-0.50 -0.25 0.00 0.25 0.50

FIGURE 9. The figures above represents the {.05,.25,.75,.95}-quantiles of the
different estimators of the cumulant generating functions for the stationary distri-
bution of the exterior force F(Q), both without weights (dotted), and with weight
(dashed). The figure in the upper left corner represents the estimators of the
Gaussian reference kyic(X) and kw (X). The figure in the upper right corner rep-
resents the estimators kyo(Y) and kw(X,Y) (without control variate). Finally,
the figure in the upper right corner represents the estimators of kcy(X,Y) and
kw(X,Y) (without control variate)

6.2.3. Interpretation. We first remark that the target distribution has an increased variance due
to the presence of € # 0. We then remark that the result are very similar as in previous section,
except that the statistical error reduction in the case with weights is similar with control variate
or without control variate. For any choice of estimator (with or without control variate), we see
that the use of weighting substantially improve the statistical error.

6.3. Conclusion. In various non-trivial cases where a random quantity is approximated by a
Gaussian one dimensional control variate, the Wasserstein reweighting method significantly reduces
variance (as compared to a naive Monte Carlo calculation), and outperforms a control variate
variance reduction.

6.4. Acknowledgments. We thank P.-M. Samson for suggesting the short proof of Lemma [3.15
and J. Bigot for many constructive remarks that led to many clarifications, and a much nicer proof
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