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Introduction

The study of geometric transformations originates from the observation of phenomena and regularities present in real life, and takes on a particularly important role in the field of mathematics, both as a mathematical concept in itself and as a tool that can be used to describe geometric figures. For this reasons, it can offer an interesting lens through which investigate and interpret geometric objects, thus contributing to the development of students' reasoning and argumentation skills [START_REF] Xistouri | Elementary students' transformational geometry ability and cognitive style[END_REF]. However, an effective use of transformational geometry in mathematics education requires a correct mathematization process of real life observations, ending with the mathematical formalization of concepts and properties [START_REF] Ng | Young children reasoning about symmetry in a dynamic geometry environment[END_REF]. This process of construction of meanings could be fostered by the use of artefacts. But, the design of the teaching sequences needs to be developed according to a theory that can take into account the key transitions from the personal meanings, emerging from the activities, to the mathematical meanings, that are the aims of the teaching. This paper presents a teaching sequence aimed at the construction/conceptualization of axial symmetry and its properties, in which a crucial role is played by a duo of artefacts [START_REF] Maschietto | Designing a duo of material and digital artifacts: The Pascaline and Cabri Elem e-books in primary school mathematics[END_REF]. This is composed of a concrete artefact and a virtual artefact which address the same mathematical content. The design of the teaching sequence is framed by the Theory of Semiotic Mediation and is developed with the purpose of exploiting the synergy between the artefacts. Both the artefacts have been chosen for their semiotic potential, in terms of meanings that can be evoked when carring out suitable tasks involving their use. The components of the concrete artefact are a sheet of paper and a pin, while the components of the virtual artefact originate from the components of a specific dynamic geometry environment (New Cabri -Cabrilog), in which microworlds focused on particular concepts can be created. The research hypothesis concerns the synergic action expected to develop when alternating the use of the concrete artefact and the virtual artefact, so that each activity can boost the learning potential of all the others. The aim of the paper is to highlight key moments of the design of a teaching sequence and to underline, in particular, how the meaning emerges not only through the unfolding of the semiotic potential of the two different artefacts, but also strongly through the synergy activated by the alternate experiences gained using the duo.

Theoretical framework

The geometric concept addressed in this research is axial symmetry, in the sense of the isometric transformation of the plane itself, with a line of fixed points (the axis); from the definition it can be deduced that axial symmetry transforms straight lines into other straight lines, segments into other congruent, comparable segments, and it is an involutory function [START_REF] Coxeter | Introduction to geometry[END_REF]. Attention will therefore be paid to the symmetrical properties by means of which it is possible to construct the symmetrical point from a given point in regard to a straight line, in other words the perpendicularity of the axis with respect to the line joining the corresponding points, and the equidistance of the two points from the axis. Although geometric transformation is traditionally reserved for high school students, we believe that it becomes crucial already for the primary school students to move from a generic perception of regularity to that of correspondence between figures, and subsequently to the transformation (point by point) of the plane in itself [START_REF] Sinclair | New opportunities in geometry education at the primary school[END_REF]. The design we present is based on the theoretical framework of semiotic mediation. The Theory of Semiotic Mediation (TSM), developed by [START_REF] Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF] in a Vygotskijan perspective, deals with the complex system of semiotic relations among fundamental elements involved in the use of artefacts to construct mathematical meanings: the artifact, the task, the mathematical knowledge that is the object of the activity, and the teaching/learning processes that take place in the class. The aim of the teaching is to guide the evolution of personal meanings toward mathematical meanings, recognized as such by the math culture that the teacher needs to mediate. In a long, complex interweave process the teacher can foster the shared construction of mathematical signs. Some recent researches have drawn on TSM focusing the interplay between static and dynamic reasoning in the teaching and learning of geometry (i.e. [START_REF] Bartolini-Bussi | Geometry in early years: Sowing seeds for a mathematical definition of squares and rectangles[END_REF]. The main aspect that we focused upon in the design process of the teaching sequence was the semiotic potential. The semiotic potential of an artefact consists of the double relationship that occurs between an artefact and, on the one hand, the personal meanings emerging from its use to accomplish a task (instrumented activity), and on the other hand, the mathematical meanings evoked by its use and recognizable as mathematics by an expert (Bartolini [START_REF] Bussi | Semiotic mediation in the mathematics classroom: Artifacts and signs after a Vygotskian perspective[END_REF]. This potential is the basis underlying both the design of the activities and the analyses of both the actions and production of signs and the evolution of meanings.

The duo of artefacts involved

As stated above, a duo of artefacts is employed: concrete and virtual. The concrete artefact consists of a sheet of paper, with a straight line drawn on it marking where to fold it, and a pin to be used to pierce the paper at the right points in order to construct their symmetrical points. This artefact allows an axial symmetry to be created in a direct fashion because the sheet naturally models the plane and the fold allows the production of two symmetrical points using the pin. The virtual artefact has been designed by the Authors to exploit the added value conferred by technology to the use of the chosen concrete artefact. It is embedded in an Interactive Book (IB) created within the authoring environment of New Cabri, which allows learning activities to be designed and created, including the objects and tools of a dynamic geometry environment. The IB appears as a sequence of pages including the designed tasks, together with some specific tools that correspond to specific elements of the concrete artefacts. In particular, among the tools available in the authoring environment, and in agreement with the general principles of dynamic geometry, the tools chosen are: those that allow the construction of some geometric objects (point, straight line, segment, middle point, perpendicular line, intersection point), the "Symmetry" and "Compass" artefacts and the "Trace" tool. A fundamental role is also played by the drag function, boosted by the "Trace" tool, that allows to observe the invariance of the properties characterizing the figures.

Research methodology

The study reported in this paper is inserted in a larger project that is aimed at validating the hypothesis regarding the possible synergic effect of the use of the two artefacts. The methodology employed is that of the teaching experiment [START_REF] Steffe | Teaching experiment methodology: Underlying principles and essential elements[END_REF]. In this context the design of the teaching sequence plays a key role, because it is this sequence, designed in conformity with the chosen theoretical framework and the teaching hypotheses formulated, that constructs the teaching/learning environment where the observations will be made and, in general, the data collected on which to analyze the results of the experiment. In accordance with the TSM, the design of the teaching sequence follows the general scheme of successive "didactic cycles". The expression didactic cycle refers to the organization of teaching in activities. These consist of using the artefact, individually producing signs and then in the end collectively producing and absorbing signs through Mathematical Discussion activities [START_REF] Bartolini Bussi | Verbal interaction in mathematics classroom: A Vygotskian analysis[END_REF]. As regards the design of the activities using the artefact, in accordance with the study hypothesis that the two types of artefacts may be complementary, it was decided to alternate activities involving the use of one or the other artefact, formulating tasks that could exploit the complementarity of their semiotic potentials. The devised sequence was accompanied by an a priori analysis illustrating the semiotic potential expected to emerge during the activities.

Developing the sequence

In this paper we present the design of the sequence, addressed to 4 th grade students, describing the six didactic cycles that make it up, and the tasks and semiotic potential of the artefacts involved. These are related to the conceptualization of axial symmetry as punctual transformation, and the properties that allow us to construct a symmetrical copy of an object with respect to an axis.

The first didactic cycle and the semiotic potential of the concrete artefact

The first didactic cycle involves three tasks (T1, T2 and T3). Given a figure (convex quadrilateral) drawn (in black) on a sheet, at the moment when handing over the sheet a red line is drawn on it. In T1 the pupils are asked to draw in red a symmetrical figure to the black one, with respect to the red line, by folding the sheet along the line and using the pin to mark the necessary symmetrical points by piercing the paper. After completing this task, on the same paper a blue line is drawn and in T2 they are asked to draw a blue symmetrical figure to the black one, employing the blue line. In T3 the pupils are asked to write an explanation of why and how they drew the red and blue figures and what looks the same and what looks different about them. In these first three tasks, folding the paper along the line evokes the meaning of axial symmetry, while the holes/points created with the pin evoke the idea of symmetry as puctual correspondence. In addition, joining the points obtained with the pin is the process that yields as product the symmetrical figure, provided that the correspondence between the segments is preserved. This evokes the idea of symmetry as a one-to-one correspondence that transforms segments into other congruent segments. Finally, comparing what changes and what stays the same when drawing two symmetrical figures with respect to two distinct axes evokes the dependence of the symmetrical figure on the axis. The use of the pin can allow the meaning of the punctual correspondence to emerge without necessarily needing to explain the functional dependence between the points. In addition, folding the paper, so as to make one figure coincide with the other, can allow the intuitive meaning of line/axial symmetry to emerge as the element that characterizes the transformation. Finally, T3 makes the pupils reflect on the invariant aspects and the key role of the axis, when creating a symmetrical figure by folding the paper.

The second didactic cycle and the semiotic potential of the virtual artefact

The second cycle involves two tasks (T4 and T5) to be carried out using the virtual artefact: the button/tool "Symmetry" with the dragging function. In T4, the pupil is asked to build the symmetric point of a point A with respect to a given line, using the "Symmetry" tool and call it C. The second step is to activate the "Trace" tool on point A and point C, move A and see what moves and what doesn't, and explain why. In the next two steps, in the same way the pupils are asked to move the line and the symmetrical point, after having activated the "Trace" tool on A, and to watch what happens during the dragging. In T5 the pupils are asked to write down in a summary table the answers to the questions asked by the interactive book in T4. In T4 and T5 clicking on "Symmetry" evokes the meaning of symmetry as punctual correspondence and once more underlines the key role of the axis as the element that characterizes the application, because in order to obtain the symmetry it is necessary to click not only on the point but also on the axis. Moreover, dragging the point of origin and observing the resulting movement of the symmetrical point evokes the idea of the dependence of the symmetrical point on the point of origin; dragging the axis and observing the resulting movement only of the symmetrical point evokes the idea of dependence of the symmetrical point on the axis; dragging the symmetrical point and observing the resulting rigid movement of the entire configuration evokes the idea of the dual dependence of the symmetrical point both on the point of origin and on the axis: the effect of the various drags is made even more evident by the "Trace" tool and by the observation of the relations among the trajectories. The difference in the movements between the symmetrical point and the point of origin can be compared to the distinction between dependent and independent variable.

The synergy resulting from alternate use of the artefacts

The hypothesis formulated is that the observation the pupils need to do in T4 will cause the concrete experiences they have already had with the concrete artefact to reemerge, in other words, that the images on the screen can be better interpreted in the light of the previous acts of folding and piercing. In this way we expect that the meanings that have already emerged thanks to the use of the concrete artefact may be extended and completed by the specific meanings that should emerge using the virtual artefact. In short, the expected phenomenon is that a reciprocal boosting process will occur, in the form of a synergic process of mediation through the different types of artefacts. For example, after having constructed the symmetrical point using the button, the relation between the two points can be interpreted through the actions of folding, so the two points can be seen as two holes. But the meaning of the relation, that is symmetrical, can be enhanced by the distinction between the original point and the corresponding point, thus contributing to the development of the mathematical meaning of a functionalasymmetricalrelation between a point (independent) and its symmetrical point (dependent).

The third didactic cycle and the semiotic potential of the concrete artefact

According to our hypothesis, the third didactic cycle involves three tasks (T6, T7 and T8) again using the concrete artefact. In T6 the pupils are guided as they see how correct folding yields the perpendicularity between the segment joining two symmetrical points and the axis, and the equidistance of the symmetrical points from the axis. In T7 they are asked to construct a symmetrical point without using the pin but just by correct folding. In T8, finally, they are asked to explain what two segments joining two distinct pairs of symmetrical points have in common and what is different about them. In the tasks of the third cycle, folding the paper along the line passing through the two corresponding points and then, without opening, along the axis and finally observing the superimposition of four right angles, evokes the properties of perpendicularity between the axis and the segment joining two corresponding points; observing that the two points are superimposed when folding along the joining line and then, without opening, along the axis, in other words that the segment joining the two corresponding points is cut in half by the axis, evokes the property of equidistance of each of the two points from the axis. The complex folding processes required in the accomplishment of these tasks can be compared to the symmetry of the relationship between perpendicular lines and evokes the idea that the perpendicularity and equidistance properties allow a symmetrical copy of points to be constructed with respect to a line without needing to use the pin but just by folding correctly. Comparing the segments to be created in T8 could allow to see the perpendicularity and the equidistance as being characterizing properties. Finally, from the mathematical point of view, the step that leads to the elimination of the pin is fundamental in order to bring about the evolution of the meaning of symmetry from the simple operative level of folding, to the mathematical meaning of geometric transformation identified by a line and the geometric properties that characterize it.

The synergy resulting from alternate use of the artefacts

We expect that, the interpretation of the actions and the configurations with the concrete artefact might be related to the experiences within the virtual environment. In particular, we may expect that two different points, of which to construct the symmetric points, can be interpreted as different positions adopted by a point that has been dragged, thereby contributing to the generalization of the two properties (perpendicularity and equidistance) and to the evolution of the status of these properties from being seen as contingent to being seen as characterizing.

The forth didactic cycle and the semiotic potential of the virtual artefact

The fourth cycle involves two tasks (T9 and T10) to be carried out using the virtual artefact composed by the buttons/tools "Perpendicular line", "Compass" and the dragging function. In T9 pupils are asked to construct the symmetrical point of a point A with respect to the given line, without using the tool "Symmetry", and call it C. Then it asks them to check whether the construction they have made is correct, using the tool "Symmetry" and moving point A. In T10 it asks them to explain how they found C and why what they did works. Clicking the button "Perpendicular line" and then on point A and on the axis, evokes the idea of the perpendicularity between the segment for A on which the symmetrical point lies and the axis; clicking on the button "Compass" and then on the intersection point between the axis and the line through A perpendicular to the axis and on A, evokes the idea that the symmetrical point is obtained from the intersection between the circumference thus created and the perpendicular line, and so is at the same distance as A from the axis; constructing the line through A perpendicular to the axis and the circumference with the center at the intersection point between the axis and the perpendicular line and radius at the distance of A from the axis, evokes the idea that by using the properties characterizing the symmetry, already previously constructed, it is possible to identify the symmetrical point.

The synergy resulting from alternate use of the artefacts

In the same way as occurred for task T7 we expect that so as to construct C, without using the tool "Symmetry", the pupils will need to rely on the properties of perpendicularity and equidistance, already emerged from folding activities. However, this will bring them to recognize and to reuse these properties to construct the symmetrical point using specific buttons. These are quite complex notions and we do not expect the resolution process to be immediate but rather to be the result of trial and error. We also expect that the recognition of perpendicularity and so the possibility of using the button "Perpendicular line" may act synergically on the construction of the signs built up during the whole process, in terms of both images and words. We then expect a quite different complexity to present when transforming the properties of equidistance using the tool "Compass" (whose use should not be correctely linked to the mathamtical meanings embedded into it): the conceptualization of the configuration could consist of the relation between the segment joining the two points and the axis that divides it in half, rather than have been conceptualized in terms of distances and equalities among distances.

The fifth and sixth didactic cycles: inverting the order of the artefacts

In the fifth and sixth cycles the order of use of the two artefacts is inverted and they start with the virtual artefact. Both the cycles consist of the same two tasks (T11 and T12; T13 and T14), the difference is in the artefact. In T11 and T13 there are a pair of points A and C that must be interpreted as symmetrical points with respect to a symmetry where the axis is hidden. They are asked to identify and trace the axis. Finally, they are asked to check, using the button/tool "Symmetry" or with the pin, whether the symmetrical point of A with respect to the line is really C. In T12 and T14 they are asked to write down how the axis was identified and to explain why what they did works. In the tasks of these two last cycles, drawing the segment AC and then using the button "Midpoint", such as folding along the line through A and C, and then without opening the paper, folding so as to superimpose points A and C, evokes the idea that the middle point is a point that is equidistant between A and C and so must belong to the axis; observing that by folding so as to superimpose A and C you obtain the superimposition of four equal angles, evokes the idea that the line/fold for the middle point that allows the superimposition of A and C is perpendicular to segment AC; clicking on the button "Perpendicular line" and then on the middle point between A and C and then on segment AC, such as folding first along the line through A and C and then without opening, superimposing A and C, and seeing that four right angles are formed, evokes the idea that the axis is perpendicular to the segment joining A and C, as well as that it is perpendicular to the axis, as they had already seen. It should be noted that these tasks have been devised so that the same properties of symmetry used to construct the symmetrical point with respect to a line (without using the artefacts "Symmetry" and pin) can be used to identify the axis that generates a pair of symmetrical points. But to draw up the construction the pupils need to invert the relation of perpendicularity between the axis and line through A and C. In addition, the property "the middle point of segment AC lies on the axis" must be redefined as "the axis passes through the middle point". Also in this case it is a form of inversion of the belonging relationship, expressed in two different ways that have the same geometric meaning but that focus attention (by inverting the subject of the sentences) on one or the other element of the relation.

The synergy resulting from alternate use of the artefacts

The use of the same task (T11 and T13) with the two different artefacts, is not accidental but has been designed with the aim to bring out the common elements between the different schemes of use of the artefacts. We expect that this strengthens the idea that the two construction are both based on the use of the characteristic properties and are feasible only using them. In particular, what emerged in the previous activities, related to the double folding and to the properties of axial symmetry needs to be thinked over within the collective discussion aiming to bring out the development of the operational meaning of perpendicularity toward the geometric meaning of mutual relationship between lines. This is expected to recognize the geometrical meaning of the word perpendicular and of the configuration composed by two intersected lines so that four right angles are formed. In conclusion, two signs could be shared, a verbal and an iconc, defining the perpendicularity as "a property concerning two lines that by interesction form four equal angles". It could be also noted that, this can be connected to the common routine to construct the "sample" of a right angle by means of a double folding. In T12 and T14, we expect that the pupils will describe the construction by listing, in the fifth cycle the used button and in the sixth the folding actions carried out and their effects. The relationships between a button and its embedded property such as the ones between the folding and its effects should emerge in the pupils' descriptions.

Final remarks

The teaching sequence described above has already been experimented in a first pilot study. The analysis of results, based on videotapes and dialog transcriptions, has shown that the use of the duo of artefacts seems to develop a synergy whereby each activity enhances the potential of the others [START_REF] Faggiano | Creating a synergy between manipulatives and virtual artefacts to conceputalize axial symmetry at primary school[END_REF]. Our research hypothesis concerning the synergy developed through using the artefacts has been validated. For instance, in the second cycle it was seen that the dynamic representation of the points and the observation of the coordinated movements of the points of origin and its symmetrical point, characteristic of the virtual artefact, recalled the meaning of correspondence between points that had previously emerged when piercing the paper with the pin using the concrete artefact. In this way, the dynamism of the virtual artefact enahnced the understanding of point-to-point correspondence, paving the way to making further considerations about the correspondence between segments and between lines. The study is still in progress but the results obtained encourage us to go ahead and develop a long term teaching experiment to confirm them.
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