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In this paper I will present the implementation and some preliminary results of a teaching experiment conducted in a 9th grade geometry class within the framework of my doctoral studies. For the teaching experiment I designed geometry tasks in a Dynamic Geometry Software (DGS), with specific characteristics: they involve transitions from 2D to 3D geometric objects (and vice versa), they are "Black Box" tasks and they are designed to cause surprise, uncertainty or cognitive conflict to the students. The main foci of the paper are the description of the tasks, examples of strategies that a pair of students followed while dealing with them and the influence that the characteristics of the tasks had on students ' strategies, visualization and argumentation. 

Introduction

In the lesson of geometry students are often asked to solve a problem, which is usually accompanied by a drawing. In many cases the drawing acts as an obstacle for students' argumentation, as "since they are able to see results on the drawings, since they can work easily on it, mathematical proof seems to be useless" (Mithalal, 2009, p. 796).

The idea behind the study presented in this paper could be expressed by the following question: What would happen if we asked students to solve geometry tasks designed in a DGS, in which the drawing of a geometrical solid that they would have to identify was actually invisible to them? This is something that one couldn't do with physical objects, hence the designing of the tasks in a DGS. My hypothesis is, that when challenging the students with such a task, they will reach a point at which they will realize that when naive visualization is limited or fails, they have to turn to more efficient strategies in order to prove a conjecture or justify an answer. In this hypothesis the strategies are based on the use of geometrical properties of the figure. The aim of the study is to examine how students' argumentation can be promoted by using tasks with specific characteristics and how visualization and argumentation are interweaved in 3D-DGS tasks.

I will show how these two parts of the geometrical activity are linked theoretically and then present the teaching experiment that was conducted and some preliminary results.

Theoretical background

The interplay between visualization and argumentation in the frame of tasks designed in DGS

The notion of visualization has constituted a topic of research interest both for psychologists and mathematics education researchers. Nevertheless, until today researchers have not yet agreed on one unique definition regarding this notion. In this problem-solving context it is the cognitive part of visualization that will be taken into account, as it is related to argumentation. [START_REF] Duval | Les conditions cognitives de l'apprentissage de la géométrie: développement de la visualisation, différenciation des raisonnements et coordination de leurs fonctionnements[END_REF] classifies visualization into two categories, iconic and non-iconic visualization. In iconic visualization "the drawing is a true physical object, and its shape is a graphic icon that cannot Thematic Working Group 04 Proceedings of CERME10 be modified. All its properties are related to this shape, and so it seems to be very difficult to work on the constitutive parts of it" (Mithalal, 2009, p. 797). In non-iconic visualization the figure is analysed as a theoretical object represented by the drawing, using three main processes: Instrumental deconstruction: in order to find how to build the representation with given instruments. Heuristic breaking down of the shapes: the shape is split up into subparts, as if it was a puzzle. Dimensional deconstruction: the figure is broken down into figural unitslower dimension units that figures are composed of -, and the links between these units are the geometrical properties. It is an axiomatic reconstruction of the figures, based on hypothetico-deductive reasoning (ibid, p. 797) It follows that argumentation isolated or visualization isolated, is not enough for students to solve a problem or prove a statement. There needs to be a continuous interplay between the two, for students' geometric reasoning to progress and evolve. And it is through the use of tasks designed in a DGS that the interplay between visualization and argumentation is made stronger.

Several studies that have been conducted show that the use of DGS can promote students' visualization skills (see for instance [START_REF] Christou | Developing the 3DMath dynamic geometry software: Theoretical perspectives on design[END_REF]. During the last three decades DGS, like GeoGebra and Cabri, are being used more and more in the teaching of mathematics in secondary education. In this paper, the focus regarding DGS will be on their use in geometry teaching.

As Laborde characteristically writes: "DGS contain within them the seeds for a geometry of relations as opposed to the paper and pencil geometry of unrelated facts" (2000, p. 158). [START_REF] Healy | Software tools for geometrical problem solving: Potentials and pitfalls[END_REF] and [START_REF] Jones | Providing a foundation for deductive reasoning: Students' interpretations when using dynamic geometry software and their evolving mathematical explanations[END_REF] argue that DGS could play an important role in supporting students formulating deductive explanations and therefore also in the development of students' deductive reasoning, as they appear to have the potential to provide students with direct experience of geometrical theory and thereby break down what can be an unfortunate separation between geometrical construction and deduction (Jones, 2000, p. 81) Before I proceed to the presentation of the study and the tasks, I would like to give some more insight regarding the theoretical perspectives on which the task-design was based.

Theoretical perspectives behind the task design in this study

The design (the characteristics) of the tasks, aims at challenging the students to produce conjectures and examine their validity using strategies that go beyond iconic visualization and naïve empirical justifications, engaging them naturally in mathematical activity that involves non-conic visualizations and argumentation.

Characteristic No 1 -D-transitional tasks

According to [START_REF] Markopoulos | Teaching and learning of solids with the use of techological tools[END_REF], understanding the properties of a solid is equivalent to understanding the characteristic parts of a 3D shape, the comparative relations between the same or different structural parts and how the elements of the solid are interrelated. That is an idea which is very close to what [START_REF] Duval | What kind of activity is required for understanding and solving problem in geometry? A M.R.I. of geometrical activity[END_REF] calls "figural units" of a figure. That means that the properties of the component parts (figural units) of a 3D geometrical object are also properties of the 3D geometrical object itself. This correlation of properties between shapes and geometric objects of different dimensions is vividly present in tasks that involve both 2-dimensional (2D) and 3-dimensional (3D) geometric objects. This thought generated the idea of what I call D-transitional tasks. These are tasks involving transitions from 2D to 3D (and vice versa) geometric objects. Such tasks provide students with the opportunity to think about an object through the manipulation of another, and thus combine their properties and identify the relationships, connections and dependencies between their properties. Furthermore, contrary to other studies which also use 3D DGS geometry tasks (see for instance [START_REF] Hattermann | The drag-mode in three-dimensional dynamic geometry environments-two studies[END_REF], the students are not asked to see 2D units in 3D shapes, but to identify 3D shapes by studying 2D sub-figures of them.

Laborde argues that:

If properties of figures are not conceived as dependent, a deductive reasoning has no meaning. The question of the validity of a property conditional on the validity of other properties would not arise in a world of unrelated properties (2000, p. 157)

As Pittalis and Christou explain:

Students should understand that each paradigm of a 3D shape has a number of invariant and variant geometrical properties based on the properties of the isolated component parts and its own properties as a unified structure. The invariant properties constitute the criteria that the 3D shape should meet in order to represent an example of a class of 3D shapes (2010, p. 194) 

Characteristic No 2 -Cognitive conflict, uncertainty and surprise

As cited in Hadas et al.: Goldenberg, Cuoco, and Mark (1998) stated that: "A proof, especially for beginners, might need to be motivated by the uncertainties that remain without the proof, or by a need for an explanation of why a phenomenon occurs. Proof of the too obvious would likely feel ritualistic and empty" (p. 6) They concluded that DGS may provide opportunities for the creation of uncertainties, leading students to seek for explanations (2000, p.128).

But uncertainty is not the only possible motivation for students to seek for a proof of the validity of their conjecture. According to [START_REF] Healy | Software tools for geometrical problem solving: Potentials and pitfalls[END_REF], and [START_REF] Laborde | Dynamic geometry environments as a source of rich learning contexts for the complex activity of proving[END_REF] students feel the need for explanation when what they observe on the computer screen gives them a feedback that is surprising or is in conflict with what they expected.

Characteristic No 3 -Black Box: A way to create uncertainty and surprise

Black Box activities were designed by [START_REF] Laborde | Visual phenomena in the teaching/learning of geometry in a computer-based environment[END_REF] in the context of geometry teaching. Such activities have also been used by [START_REF] Knipping | Schwarze Kisten-Mit Black boxes Zusammenhänge erkunden[END_REF] during a research in geometry teaching using Cabri Geometry. In such a task, a construction is already offered to the students but the properties and rules on which this construction is based are hidden. The Black Box activities give to students the opportunity of interesting and productive explorations. "When students' predictions turn out to be wrong, this is a good opportunity for asking 'Why is it so?' and calling for an explanation or even proof" (Laborde, 2002, p. 311).

The teaching experiment

The teaching experiment was designed by the researcher and implemented by the participating teacher as part of his geometry lesson. The participants were 24 students of a 9 th grade class. Five Dtransitional tasks were designed in the 3D Graphics environment of GeoGebra 5. Before the implementation of the teaching experiment, a 90' session was dedicated to introduce the software to the students. During the teaching experiment the students worked in pairs on the computers.

For the purposes of the data collection there were used 3 cameras. Each camera was focused on one pair of students. For the three pairs of students that were video recorded, a screen-recording program was used to record their work in GeoGebra. The analysis of the data is based on the transcribed video of the students' discussions, the screen recordings and their notes on the worksheet they were provided with for each task.

Description of the tasks

In each task the GeoGebra window was divided into two sub-windows. On the right sub-window (3D Graphics) there was a 3D coordinate system in which a solid was designed, and a blue plane defined by axes x and y. On the left sub-window (Graphics) there were three sliders (h for height, t for tilt and s for spin), which the students could manipulate in order to move the solid, and a 2D depiction of the cross-section that was created when the solid intersected with the blue plane. The decision for the use of this representation was made, based on the prior knowledge of the students, who had already worked on intersections of solids in previous geometry lessons. In Task 1 (see Figure 1), the solid (a cylinder) was visible. The students were first asked to experiment with the three sliders and describe what the function of each slider was and how it affected the position of the solid in space. Subsequently, they were asked to examine the shapes of the cross-sections that were created in some different (h, t, s) positions of the sliders.

In Tasks 2, 3A, 3B and 3C (see Figure 2) the solid was hidden. The question set to the students in each of these tasks was "Which solid do you think this could be, judging from its cross-sections?".

The teaching experiment was conducted in two phases. During each phase the students worked as shown in Before each phase, the teacher explained the lesson procedure to the students. He explained to them that the focus of these tasks should be the justification of their answers. That was both linked to the didactical contract and the tasks. The students were asked to be as precise and explicit as possible in their explanations, to use mathematical arguments in order to support their answers to the rest of the classroom, during the classroom discussions that would follow.

During the time the students worked on the tasks, the teacher and the researcher were only observers of the situation. During the classroom discussions the teacher acted as a facilitator of the discussion.

Preliminary results

As the analysis of the collected data is still in progress, I will here present an example from the data as part of the preliminary results of this study. I will present the analysis of some excerpts from Gabriel and Elbert's discussion while working together on Task 3C (see Table 2). The students started by exploring freely the situation in the task, without using the worksheet that has been given to them as a helper. The first sign of surprise is seen in the reaction of Gabriel, when he starts exploring the cross-sections performed, by the blue plane, on the solid when moving it with the sliders The students' first conjecture, based on their visual perception, is that the hidden solid is a cube. Nevertheless, as soon as they find some unexpected cross-sections like pentagons and hexagons, their naïve visualization proves insufficient and they start questioning their initial conjecture. They start following a more organized exploration, by identifying some figural units of the hidden solid. They now start looking at the properties of the cross-sections (the 2D geometrical object), that is of the figural units, of the solid and relate and transfer them to the hidden solid (the 3D geometrical object). At this point, they discuss that according to the characteristics and properties of the cross-sections they have seen until now, they can only argue that the solid is a cuboid and not a cube yet. Although they have moved from iconic visualization to identifying figural units of the solid and some of their properties, they haven't yet reached the level of dimensional deconstruction.

Dialogue

[…] E: We know that the height and the width are equal. We know that it is square. G: Yes, as we proved, the face is square. We have proved that. But

The students end up to the conclusion that their initial conjecture was true, basing their justification on deductive arguments linking together and relating the properties and the characteristics of both the visible cross-sections and the invisible solid. This process resulted to the reconstruction of the hidden solid by first achieving the dimensional deconstruction of its cross-sections.

the length, the width and the height are equal, we have proved, because we changed the tilt and the object was always a square at 90, 180, 270 and 360 and 0. Just turned round the axis. 

Conclusion

Gabriel and Elbert wanted to come up with a justification of their conjecture that would be satisfying for them. The nature of the task and the students' initially "unorganized" exploration soon caused them surprise and cognitive conflict. The students started doubting their conjecture and they turned to a deeper exploration moving from iconic visualization to identifying figural units of the solid and their properties. They based their reasoning on the properties of both the cross-sections and the solid and also the dependencies between them. They achieved the reconstruction of a hidden solid, judging by its 2D cross-section and subunits. At the end they correctly identified the hidden 3D shape as a cube by studying its 2D sub-figures. They stopped and accepted their conjecture as true only when they had produced what for them constituted a valid argumentation.

There is still a long way to go until I can present some more general results from my study.

Nevertheless, examples like the one presented here show that it is possible to support students' visualization, argumentation and deductive reasoning in geometry, by using tasks whose design is based on the idea of the interplay between visualization, argumentation and which have the characteristics presented in this paper.

Figure

  Figure 1: Snapshot of Task 1 Figure 2: Snapshot of Task 3C

  ****! What is this sh**? It should be symmetric! E: It could also be a cube. Change the height again. Make it zero (the tilt) and change the height. (They have set h=0 and d=0 and they change the tilt) E: Ay ay ay! G: We have here a diagonal crosssection, that is no... E: No cube (he laughs) G: No cube… Right?

  a cube. But it should be a cube. G: Could be one (cube). E: The other face is definitely square. We have seen that. G: Mhm.. (affirmative) E: The top face is also square. So, it could be a cube, it could -G: Wait, wait, wait. Spin 90, 90. So, 45. So, now is this thing perfectly oriented. E: Or it could be awhat do you want to see? G: More than one, more than one. I have more than one, therefore lets try the tilt. Now it is straight, right? I have simply oriented the thing (the solid) on the coordinate system E: That would work, if it is a cube, but it could also be a, a thingy. How is it called again? Prism? [...] G: That would be a cuboid.

Table 1 : Phases of the teaching experiment

 1 Table 1 below.

	Phases	Steps of the Phases	Duration
	1 st Phase -Students work in pairs	Task 1 -Visible Cylinder	22'
	(1 st day)	 Classroom discussion	18'
		Task 2 -Invisible Sphere	15'
		 Classroom discussion	5'
	2 nd Phase -Work in parallel. Students	Task 3A -Invisible Cone	
	work in pairs	Task 3B -Invisible Pyramid	50'
	(2 nd day)	Task 3C -Invisible Cube	
		 Classroom discussion	30'

Table 2 : Excerpts from the collaborative work of Gabriel and Elbert on task 3C
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