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In this article, I investigate relationship of space structuring and multiplicative thinking with success in solving volume and area problems. The observations are made based on the analysis of written tests completed by 748 Czech pupils from grades 6 to 9. Phenomena observed in solutions of three volume problems are used as indicators of the level of space structuring and multiplicative thinking, which is then related to the pupils´ results in the conceptual part of the test. Relatively strong connections were identified for both factors.

Many Czech teachers mention measure in geometry as one of the critical parts of primary mathematics and Czech pupils scored in TIMSS well below their average in most of the tasks concerning area or volume. Moreover, our previous research [START_REF] Vondrová | Obtíže žáků 2. stupně ve zjišťování obsahu útvarů a objemů těles[END_REF][START_REF] Tůmová | Vliv používání vizualizace a matematických operací na úspěšnost žáků v úlohách týkajících se objemu a obsahu[END_REF] shows that pupils' problem often lies in conceptual understanding. However, the measurement in geometry is problem worldwidethe difficulty seems to be intrinsic to the topic itself [START_REF] Duval | A cognitive analysis of problems of comprehension in a learning of mathematics[END_REF][START_REF] Finesilver | Spatial structuring, enumeration and errors of S.E.N. students working with 3D arrays[END_REF]Kamii & Kysch, 2006).

The aim of my research has been to investigate how the conceptions of area and volume are built, what the major pitfalls and problems are, what skills and strategies are helpful for solving problems and what are the frequent unsuccessful strategies and pupils´ misconceptions.

Theoretical framework and review of existing literature

As [START_REF] Sáiz | Primary teachers' conceptions about the concept of volume: The case of volume measurable objects[END_REF] pointed out, it is helpful to distinguish between the concept of volume, which means a set of encyclopaedia knowledge of volume with its uses in various contexts (theoretical construct, or semantic field of volume) and conception of volume, which is its counterpart in the internal, subjective "universe of human knowing" (Pehkonen & Furinghetti, 2001, as cited in Sáiz, 2003, p.97).

The concept of volume is rather complex compared to area also because there are several ways it can be understood: e.g., as a capacity, a free space inside a closed surface or a space occupied by the solid (Potari & Spiliotopoulou, 1996). I will focus on the second perspective which I also understand like a space that can be filled with cubic units (limiting myself to rectangular prisms).

Further, I presume that pupils´ conceptions are built gradually and hierarchicallyas described in the hierarchic interactionism theoretical framework presented by Sarama and Clements (2009, pp. 20nn). In order to describe a likely trajectory that pupils may take while getting familiar with the concepts of area and volume, I will use a tool called hypothetical learning trajectory (HLT). A learning trajectory describes a sequence of levels of thinking. It consists of a goal, a developmental progression, or learning path (i.e., ordered sequence of mental ideas and actions), and therefore it has also teaching implications (i.e., what instruction helps pupils to move along that path).

The starting point of my further work has become the HLT for volume as proposed by Battista (2007, p. 903) as it distinguishes two parallel streams: numerical reasoning and non-numerical reasoning (Table 1). By non-numerical reasoning, I mean reasoning in the geometrical context about conservation, comparison, transformations, geometry motions, etc. The emphasis on non-numerical reasoning when building a conception of area or volume is in line with research [START_REF] Kospentaris | Exploring students' strategies in area conservation geometrical tasks[END_REF][START_REF] Huang | Developing children's conceptual understanding of area measurement: A curriculum and teaching experiment[END_REF].

Seeing the HLT as two parallel streams, we can see another important feature of geometrical measurement: the importance of building connections between numerical and non-numerical aspects. For example, [START_REF] Huang | Developing children's conceptual understanding of area measurement: A curriculum and teaching experiment[END_REF] showed that both the curriculum which stresses the numerical calculations for area measurement and the geometry motions curriculum aimed at developing the non-numerical reasoning have to be combined to improve pupils' performance.

Non-numerical reasoning

Numerical reasoning 1. I will use this HLT as a roadmap, showing a hypothetical way how the conceptions of volume and area is built. In my work, I will try to find relations between selected elements described in the HLT (e.g. space structuration into arrays) and success in solving conceptual area and volume problems. [START_REF] Battista | The development of geometric and spatial thinking[END_REF] distinguishes pupils' problems with space structuring of the situation and problems in connecting the space structuring with appropriate numerical procedures. The latter is apparently very difficult. Pupils often use a completely different formula (e.g., for the surface or area instead of volume) or substitute wrong measures into the formula (Vondrova & Rendl, 2015;[START_REF] Tan Sisman | A study on sixth grade students' misconceptions and errors in spatial measurement: Length, area, and volume[END_REF]studies cited in Battista, 2007, p. 893). These problems can be found not only with pupils, but also with prospective teaches (Dorko & Speer, 2013). [START_REF] Huang | Third-to fourth-grade students' conceptions of multiplication and area measurement[END_REF] found a significant relationship between multiplicative thinking and performance at solving a certain type of area measurement problems. In our previous research (Tumova & Janda, 2014), we also identified a relation between multiplicative thinking and success in solving application tasks for volume and area: pupils who were able to calculate the number of tiles needed using division were much more successful than pupils who had to draw the actual tiling and use multiplication.

Connections

The structuring of space into arrays is one of the main building blocks in the HLT. Dorko & Speer (2013) hypothesize that the ability to structure space into arrays of cubes is related to the computational success in all their tasks. I wanted to explore these two issues on a larger scale.

Research questions

The article focuses on the part of my work dealing with volume and grade 6 to 9 pupils. The research questions are: (1) Is the ability to structure space into arrays related to success in conceptual tasks?

(2) Can we see any relation between multiplicative thinking and success in conceptual tasks?

Methodology

Tasks I constructed tasks roughly corresponding to the HLT of area and volume. They can be divided into three categories. The first category consists of non-numerical tasks that aim to find whether pupils can de-compose and re-compose 2D and 3D objects and manipulate these objects (or their parts) mentally. Results of these tasks are not used for the data analysis in this article.

The second type are structuration tasksi.e., tasks that rely heavily on array structuration of space (manipulation). In 3D, tasks H12, H13 and H14 were used.

H12.3: The blue cube building has 20 cubes in the first layer. How many cubes do you have to add in order to get the smallest possible completely filled prism (in other words, if the building was in a tightfitting rectangular box, how many cubes you have to add in order to fill that box completely)?

H12.1. and H12.2. are similar, with different cube buildings with first layers of 9 and 12 cubes, respectively.

The aim of task H12 is to identify, how well the pupil can understand the array structure when the structure is depicted and unit cube is used. It can be solved by enumeration of the missing cubes, no calculation is needed.

Task H13: You have exactly 59 cubes (with the edge of 1 unit) to build a cube building 1 on a plot of land which is 4 units long and 3 units wide. You have to use all of the cubes but the building has to be as LOW as possible. How many layers will there be? How many cubes will there be in the top layer? [No drawing provided.] In H13, two types of solving strategies are possible. The first is calculation-based: divide 59 by the product of 3 and 4 (i.e., the number of cubes in one layer). The resulting whole number means the completely filled layers and the rest is the number of cubes in the last incomplete layer: 59 : (3 • 4) = 4 (rem. 11). The other approach is partially manipulative: draw cubes in the bottom layer and see how high we can continue building until all 59 cubes are used (using repeated addition or multiplication). Based on the method the pupil will use and drawings he/she will make (e.g., if he draws just a rectangle, or structure consisting of rows and columns), we can hypothesize what kind 1 This term was understood intuitively by pupilsit is a building made of unit cubes and a subset of a 3D array structure that can be physically built (all the columns must be built putting one cube on another).

Figure 1: Blue cube building
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Task H14: What is the maximum number of parcels measuring 2x1x1 dm that would fit into a cubic box with an edge of 6 dm? Justify your answer. [No drawing provided.] H14 also has two types of strategies. One is calculation-based: calculate the volume of the box and the volume of the small parcel and divide the two to get the correct number of fitting parcels. The manipulative strategy: draw or imagine how may parcels are in one layer and multiply it by the number of layers. H14 is more complex because the unit to be used is not a cube, also the volume of the box has to be calculated from the length of the side.

The third category of tasks are conceptual tasks (4 for area and 2 for volume)these are non-routine or novel tasks that require more advanced understanding of the underlying principles and concepts than a simple use of formula (see also the definition of Tan Sisman and Aksu, 2016, p. 1298). After piloting the tasks, only those were selected as conceptual tasks to the main test in which the percentage of pupils that used structuration as their solving strategy was less than 10 %. Task H16 is a typical example.

Task H16. A cuboid-shaped vase has a base of 9x12 cm. If I pour one litre of water inside, how high it will reach? (Hint: 1 l=1000 cm 2 ).

Data collection

After a small scale pilot testing of the tasks and revision based on discussions with experts, the test was distributed to more than 1 300 pupils (grades 4 to 9) from 8 different ordinary primary schools in Prague (it is to be noted that this was a convenience sample). The pupils solved the tasks within the first three weeks of September 2015, after summer holidays to eliminate the influence of the mathematics topic currently taught and test pupils' long-term knowledge. The test was given by mathematics teachers who got instructions from me. The test took 55 minutes and it was completed by 735 pupils in grades 6 to 9.

Data analysis

Pupils' solutions were coded by the author and two more coders. Based on the above a priori analysis of tasks, we had some preliminary codes. The coders first coded for the preliminary codes and while doing so, assigned points for each task and noted other phenomena such as what mistakes appeared, what other calculations appeared in the written solution, etc. Examples of codes are in Findings section. The codes were further grouped and analysed both quantitatively and qualitatively. The bulk of the quantitative analysis consisted of looking for relations between phenomena and the total result in all the conceptual tasks (CONC total). Note: Whenever I look at the performance of pupils, I always report the result of all conceptual tasks (CONC total)i.e., for both area and volume problems (tasks H3-H6 and H15-H16). I wanted to assess the conceptual understanding of geometrical measurement therefore I included both concepts into the result. The results are reported in percentages calculated as the number of points actually achieved by the pupil divided by the maximum number of points.

Findings

Phenomena identified for structuration problems H12, H13 and H14 will be related to CONC total regardless of age of pupils. The findings will be grouped according to research questions.

Structuration of space and its relation to the success in conceptual tasks

H12 to H14 are hypothesized to form a series of tasks with a growing demand on space structuring abilities. H12 tests pupils' ability to structure space properly in a situation when the structure of cubes is given (shown in a picture) and the unit is a standard unit cube. H13 tests whether pupils are able to calculate the height of a cuboid based on the knowledge of its volume and base in a discreet situation. H14 diagnoses how pupils can structure space using non-cubic units. The Venn diagram in Figure 2 shows the number of pupils who scored at least 50 % in H12, H13 and H14. The number in brackets is the average CONC result (i.e., of all conceptual tasks) for relevant group of pupils. For example, 252 pupils successfully solved H12 but not H13 or H14, the average CONC result for these pupils is 11%. There were 74 pupils successful in all three tasks (in the centre) and their average result was 51%.

As expected, H14 proved to be the most difficult and the pupils who solved it, also scored the highest in the conceptual part of the test. As we can see, there seems to be a relationship between pupils' ability to structure space into appropriate structure (3D array) and their success in the conceptual tasks in the test. If we calculate correlation between the result of structuration tasks (H2, H12-14) and conceptual tasks (CONC total), we get a relatively high Pearson correlation of 0.66.

Further, in the solutions of H13, we identified almost all the strategies for space structuring mentioned in the HLT (pupils most often drew the first layer only, so the structuring is, in fact, a tiling). The strategies were coded as follows (see Table 2): "Unable to structure" (incorrect number of cubes in a layer, structure only along the edgesperimeter or structures 5x4, etc.), "Individual cubes" (each cube drawn separately), "Rows and columns" (partitioning drawn for whole rows and columns), "3D structure" (3D drawing), "Implicit structure" (no drawing or only the rectangle drawn and number of cubes correct), "Unable to identify" (where the structuring strategy was unclear from the test).

The difference in CONC total result is statistically significant between strategy "Implicit structure" and all other strategies 2 . This means that the pupils who can determine the number of cubes in one layer without having to draw the structure (according to HLT, this means that they have reached the level where the structure became implicit for them), perform significantly better than other pupils. Again, there seems to be a relation between the way the space structuring is depicted and success in the testthe higher level of structuring (according to HLT), the better average result in the conceptual part of the test.

To see connections with space structuration, we look at manipulative strategies in H14 in more detail (about half of the pupils solving this task used manipulative strategy)see Table 2 First, we look at the manipulative strategies: 43 pupils were able to structure the space inside the box properly and solve the task (Structure correct)they scored the highest in the conceptual tasks (the average result of 47%). These pupils performed significantly better in the conceptual tasks than pupils who used other strategies. Quite a few pupils (41) were not able to structure even the first layer (their average CONC result is only 19%). If we presume that the strategies represent the level of skill in space structuration, we can say that pupils who cannot fill even the first layer would form the lowest level, those who did one level correctly but did not get the number of layers right would be on the next level, followed by those who drew the correct structure. We can see that pupils who structured space better score higher in CONC total.

Multiplicative thinking and its relation to the success in conceptual tasks

To analyse the use of operation, we look at H13. The codes we used are (Table 3): "No operation mentioned", "Unable to interpret results of operation" (includes 9 pupils who could not perform the operation of division correctly), "Repeated addition" (calculate the cubes one by one or by layersi.e., 12+12+…), "Repeated multiplication" (such as 3 • 12, 4 • 12 until something bigger than 59 is reached), "Division and correct interpretation" (division 59 : 12 = 4 (rem. 11) and correctly interpret results). All strategies were present in all gradesaround 5% of pupils in all grades were not able to interpret results of the operation they used and 18% of all pupils in grade 9 still used repeated addition strategy to solve this problem. The independent sample T-test in SPSS showed that the combined result of Structuration tasks and CONC total result for strategy DI is significantly different from all other strategies, except from RM. The same is true for CONC result. This means that the pupils who can use division and correctly interpret results in this task, performed significantly better in all conceptual tasks and in all conceptual and structuration tasks than pupils who used repeated addition or pupils who could not interpret results of their calculations. The difference between RM and DI groups was not significant.

Strategy_OPERATION

Quite a few pupils (33 in H13) were not able to interpret results of the operation they used. This is apparent in other tasks as well. In H14, there were 41 pupils who used what may seem to the observer like a random mathematical operation on given numbers and their interpretations of results were incorrect.

Conclusion and discussion

To sum up, the structuring of space seems to be related to the success in our conceptual tasks. We looked at space structuring from two perspectives. First, when pupils are able to apply the correct structuring (i.e., which of H12 to H14 are solved correctly). Second, how pupils depict the structure of a layer which is in a rectangular form with given lengths of sides. In both cases, the pupils who structure space better achieved better results in area and volume conceptual problems. This seems to confirm the hypothesis of Dorko and Speer (2013) above.

The relation between the use of mathematical operation (multiplicative thinking) and success in our conceptual problems seems to manifest itself even on a large sample which confirms our finding from the previous research (Tumova & Janda, 2014). From the observed number of pupils who were not able to interpret results of the operations they used we can see that connecting the appropriate mathematics operation with the geometrical situation is another major problem for Czech pupils as mentioned in [START_REF] Battista | The development of geometric and spatial thinking[END_REF]. Not only how good is their multiplicative thinking, but what operation in which situation they decide to use and with what numbers might be the most important. Investigating this connection in more depth (how it is built, what promotes building it) remains an open question for future research. Also, connections between multiplicative thinking and space structuring seem to be worthwhile to investigate further. The connection seems to be bidirectional: structuring of space guides enumeration but also enumeration can help space structuring (Finesilver, 2015, p. 257).

One of the limitations of my research is the fact that the results cannot be easily generalised as the sample was not representative. Another limitation is in the set-up of research -I did inferences on pupils' thinking based only on what was written in the test. Some of my interpretations of the written solutions might need additional support in interviews with pupils.
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Table 2 : Space structuring and strategies vs. success rates in tasks H13 and H14

 2 right.

	Structuring of area in H13	Avg CONC total	No. pupils	Strategy in H14	Avg CONC total	No. pupils
	Unable to identify Unable to structure	24% 11%	71 43	Strategy cannot be determined	16%	31
	Individual cubes	19%	68	First layer incorrect	19%	41
	Rows and columns	21%	80	No. of layers incorrect	24%	25
	3D structure	27%	31	Numerical error	34%	5
	Implicit structure	38%	93	Structure correct	47%	43
	Total H13	25%	386	Manip. strategis total	31%	114

Average result of CONC and Structuration tasks Average of CONC result

  

				No. of
				pupils
	No operation mentioned (NO)	25%	13%	126
	Unable to interpret (UI)	23%	16%	33
	Repeated addition (RA)	32%	22%	106
	Repeated multiplication (RM)	38%	30%	53
	Division and interpretation (DI)	47%	39%	68
	Total	33%	18%	386

Table 3 : Use of mathematical operation and success rates in H13
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