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Abstract. Typed decorated trees are used by Bruned, Hairer and Zambotti to give a des-
cription of a renormalisation process on stochastic PDEs. We here study the algebraic
structures on these objects: multiple pre-Lie algebras and related operads (generalizing
a result by Chapoton and Livernet), noncommutative and cocommutative Hopf algebras
(generalizing Grossman and Larson’s construction), commutative and noncocommutative
Hopf algebras (generalizing Connes and Kreimer’s construction), bialgebras in cointeraction
(generalizing Calaque, Ebrahimi-Fard and Manchon’s result). We also define families of
morphisms and in particular we prove that any Connes—Kreimer Hopf algebra of typed and
decorated trees is isomorphic to a Connes—Kreimer Hopf algebra of non-typed and decorated
trees (the set of decorations of vertices being bigger), through a contraction process, and
finally obtain the Bruned-Hairer-Zambotti construction as a subquotient.

Key words: typed tree; combinatorial Hopf algebras; pre-Lie algebras; operads
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1 Introduction

Bruned, Hairer and Zambotti used in [3, 5] typed trees in an essential way to give a systematic
description of a canonical renormalisation procedure of stochastic PDEs. Typed trees are rooted
trees in which edges are decorated by elements of a fixed set T of types. They also appear in
a context of low dimension topology in [20] (there, described as nested parentheses) and for the
description of combinatorial species in [1]. We here study several algebraic structures on these
trees, generalizing results of Connes and Kreimer [10], Chapoton and Livernet [9], Grossman
and Larson [14], Calaque, Ebrahimi-Fard and Manchon [7].

In the work of Bruned, Hairer and Zambotti, the considered trees are typed, with a finite set
of types denoted by £, and labeled. We here forget about the labels and study the algebraic
structures induced by types. We first define grafting products of trees, similar to the pre-Lie
product of [8]. For any type ¢, we obtain a pre-Lie product ; on the space gp 7 of T-typed trees
whose vertices are decorated by elements of a set D. For example, if | and | are two types,
if a,b,c € D, then

b g b b b ¢ YZ
Ia°| 'c:v“+ @ Ia-: e = \t/.“-i-la.

This paper is a contribution to the Special Issue on Algebraic Structures in Perturbative Quan-
tum Field Theory in honor of Dirk Kreimer for his 60th birthday. The full collection is available at
https://www.emis.de/journals/SIGMA /Kreimer.html
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Then gp,7, equipped with all these products, is a 7T-multiple pre-Lie algebra (Definition 3.1),
also called matching pre-Lie algebras in [25]: for any types ¢ and ¢, for any x,y, z € gp 7,

rxoy(yerz)—(vepy)eyz=x0 (z0yy)— (re, 2)ey.
This relation appears in [4]. We prove in Corollary 3.11 that it is the free 7-multiple pre-Lie
algebra generated by D, generalizing the result of [9], first mentioned in [4, Proposition 4.21].
Consequently, we obtain a combinatorial description of the operad of 7-multiple pre-Lie algebras
in terms of T-typed trees with indexed vertices (Theorem 3.17): for example,

3 3
I
.1

'2 12 '2

1101}1:.\‘/14_}17 }10211:

We also give a desription of the Koszul dual operad and of its free algebras in Propositions 3.19
and 3.20, generalizing a result of [8].

For any family A\ = (M) with a finite support, the product ey = > \;e; is pre-Lie:
using the Guin—-Oudom construction [21, 22], we obtain a Hopf algebraic structure ’HgL* =
(S(gp,7), *x, A) on the symmetric algebra generated by 7T-typed and D-decorated trees, that is
to say on the space of T-typed and D-decorated forests. The coproduct A is given by partitions

of forests into two forests and the *) product is given by grafting. For example,

c c
.
c
b b b b

Y b
Ia*)\.c=1a.c+)\ Va+)\ a+)\:\”a+)\:1a
| |

In the non-typed case, we get back the Grossman—Larson Hopf algebra of trees [14]. Dually, we
obtain Hopf algebras Hglg-*, generalizing the Connes—Kreimer Hopf algebra [10] of rooted trees.
For example,

ac(ly = ligivielisn e,

b c

b b
b c
ACKA(\/a)= Vegl+1® \/a+)\| Lo . +A| le@er 402 co @ ov o,

b ¢

b ¢ b ¢
b 0 €
ACKA(\”Q):\’,a®1+1®\’/.a+)\iIa®.c+)\|;a@.b+)\|)\i.a®.b.

This Hopf algebra satisfies a universal property in Hochschild cohomology, as does the Connes—
Kreimer’s Hopf algebra. We describe it in the simpler case where 7 is finite (Theorem 5.5).
We finally give a second coproduct § on 'Hg%%, such that Hglgﬁ is a Hopf algebra in the category
of (S(gp,7), m,d)-right comodules, generalizing the result of [7]. This coproduct § is given by
a contraction-extraction process. For example, in the non-decorated case,

(+) =
6()—1@..+ @I
( ) = \/® +21®I.+.®\/,

5(\’):\’ ®...+I®I+I®I.+.®\”.

J

J

We are also interested in morphisms between these objects. We prove that if A and p are
both nonzero, then the pre-Lie algebras (gp,7,ex) and (gp,7,e,) are isomorphic (Corollary 4.8).
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Consequently, if A and p are both nonzero, the Hopf algebras HGLA and HSLT“ are isomorphic;

dually, the Hopf algebras 7-[CKA and HDT are isomorphic (Corollary 5.7). Using Livernet’s
rigidity theorem [16] and a nonassociati\;e permutative coproduct defined in Proposition 4.1,
we prove that if A # 0, then (gp 7,e)) is, as a pre-Lie algebra, freely generated by a family of
typed trees D' = T(to) satisfying a condition on the type of edges born from the root (Corol-

lary 4.2). As a consequence, the Hopf algebra ’HD 73 of typed and decorated trees is isomorphic

to a Connes—Kreimer Hopf algebra of non typed and decorated trees ’Hg(, and an explicit
isomorphism is described with the help of contraction in Proposition 5.9.

This paper is organized as follows: the first section gives the basic definition of typed rooted
trees and enumeration results, when the number of types and decorations are finite. The second
section is about the 7T-multiple pre-Lie algebra structures on these trees and the underlying
operads. The freeness of the pre-Lie structures on typed decorated trees and its consequences
are studied in the third section. In the last section, the dual Hopf algebras HGL* and HCIEF
are defined, studied and related to the constructions of Bruned, Hairer and Zambottl [3, 5]
forgetting the labels, the two coproducts they use on a family of typed and partially decorated
trees are a subquotient of a the construction presented here.

Since the first version of this paper, written in 2018, multiple pre-Lie algebras have appeared
in [4, 6] in a context of SPDEs. When the set of types has more structures (for example a product
making it a commutative semigroup), then other possibilities for grafting products of typed trees
are studied in [13, 18, 25|, giving other interesting structures on these objects.

Notation 1.1.

e We denote by K a commutative field of characteristic zero. All the objects (vector spaces,
algebras, coalgebras, pre-Lie algebras, ...) in this text will be taken over K.
e For any n € N, we denote by [n] the set {1,...,n}.

e For any set 7, we denote by K7 the set of family A\ = (\)ser of elements of K indexed
by T, and we denote by K(7) the set of elements X € K7 with a finite support. Note that
if 7 is finite, then K7 = K(7).

2 Typed decorated trees

2.1 Definition
Definition 2.1. Let D and T be two nonempty sets.
1. A D-decorated T-typed forest is a triple (F,dec, type), where

e F'is a rooted forest. The set of its vertices is denoted by V(F) and the set of its
edges by E(F).

e dec: V(F) — D is a map.

e type: E(F) — T is a map.

If the underlying rooted forest of F' is connected, we shall say that F' is a D-decorated
T-typed tree.

2. If (F,decp,typer) and (G,decq,types) are two D-decorated T-typed forests, they are
isomorphic if there exists a rooted forest isomorphism f from F' to G such that for any
vertex v of F', decg(f(v)) = decp(v) and for any edge e of F', types(f(e)) = typer(e)

3. For any finite set A, we denote by T7(A) the set of A-decorated T-typed trees T such

that V(T) = A and dec = Idy4, and by F7(A) the set of A-decorated T-typed forests F
such that V(F) = A and dec = Id 4.



4 L. Foissy

4. For any n > 0, we denote by Tp 7(n) the set of isomorphism classes of D-decorated T-
typed trees T' such that |V(T)| = n and by Fp7(n) the set of isomorphism classes of
D-decorated T-typed forests F' such that |V (F)| = n. We also put

Tpr = | |To7(n),  For=||Fpr(n)

n=0 n=0

Example 2.2. We shall represent the decorations of the vertices by letters alongside them. If T
contains two elements, represented by | and !, then

Fpr(1) ={.4,de D},

FDJ%Q)::{.a,b,I:,E:,a,bei)}’

.a. .C (Z.C ‘(Z.C a a'a

Note that for any a, b, ce D,

Moreover,
Fpr([1]) = {+1},
FD,T<[2J>={.1.2 1 b :i}’
) ) ) )
( 2 3 1 3 1 2
el 62 o3 11.3711.2712.3 12.1713.2’13.1’
2 3 o1 *3 o1 02
d1 03 4142 4243 4241, 4342 4341,
23 1 3 1 2 2 3 3 2 1 3 3 1 1 2 2 1 2 3 1 3 1 2
. . . . . . L N

FD;]’([?)]):{ \/17 \/2’ .\/3’ \/17 \/13 \/2 ' 2, \/3, \/37 \"lla \"/Qa \"/Sa ;-

3

1
I

3

)
2 43 o1 42 o1 o3 42 o3 2
3[1 [3 [1 [2 PP P PR PR
1 1 1 1 1 1
1,462, 62, 43 43 41 1,62, 42, 63 43
Y Y Y Y 7‘7‘7‘ ¢ ¢ ¢
2 43 41 42 41 43 42

* '3 '1 '2 '1
iz $3 41 43 41 ¢2 42 43 41 43 41 42
1 I1 Iz Iz 13 13 ol el 42 &2 &3 &3

\§ 7 ) ) ) ) 7‘ 7‘ 7‘ 7. 7. 7‘

Remark 2.3. If |[7| = 1, all the edges of elements of Fp 7 have the same type: we work with
D-decorated rooted forests. In this case, we shall omit 7 in the indices describing the forests,

trees, spaces we are considering.

2.2 Enumeration

We assume here that D and 7 are finite, of respective cardinality D and 1. For all n > 0,

we put
tpr(n) = [Trp(n)l, for(n) = |Frp(n)l,

TD’T(X) = Z tD’T(n)X", FD7T(X) = Z vaT(n)X”.
n=1
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As any element of 7 p can be uniquely decomposed as the disjoint union of its connected
components, which are elements of Tp 7, we obtain

FD,T<X) = H (1 — Xi)tD,T(n) . (21)

n=1

We put 7 = {t1,...,tp}. For any d € D, we consider

By: (Fp. )" — Tp1,
(Fl, - ,FT) > Bd(Fl, . ,FT),

where By(F1,. .., Fr) is the tree obtained by grafting the forests Fi,..., Fj,, on a common root
decorated by d; the edges from this root to the roots of F; are of type t; for any 1 < ¢ < T.
Then By is injective, homogeneous of degree 1, and moreover Tp 7 is the disjoint union of the
Bd((]FD,T)T), d € D. Hence,

Tpr(X) = DX(Fpr)T = DX H (2.2)

— xn)tor(m)T

Note that (2.2) allows to compute tp r(n) by induction on n, and (2.1) allows to deduce fp r(n).
Lemma 2.4. For any ne N,

trpa(n)

tD7T(n) = T

Proof. By induction on n. If n =1, tp (1) = D and trp (1) = T'D, which gives the result.
Let us assume the result at all ranks k£ < n. Then tp 7 (n)T is the coefficient of X™ in

n—1
1
TDX H Xk T — TPX H (1 — xFk)trpa(k)’

which is precisely trp 1(n). [ |

Example 2.5. We obtain

tp,r(1) =D,
tD,T(2) = DQT,
D*T(3DT + 1
tpr(3) = ZTOPTHD),
D?*T(8D*T? 4+ 3DT + 1)
tD,T(4) = 3 3
DT (125D3T% + 54D*T? + 31DT + 6)
tD,T(5) = 24 5
D*T(162D*T* + 80D*T? + 45D*T? + 10DT + 3)
tD,T(G) = 15 )
b (7) D*T(16807D°T® + 9375D*T* + 5395D3T% + 2025D*T2 + 838DT + 120)
D, T = .

720

We shall give tables of values of tp 7 (k) in the appendix.
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3 Multiple pre-Lie algebras

We here fix a nonempty set T of edges types.

3.1 Definition

Definition 3.1. A 7T-multiple pre-Lie algebra is a family (V, (e;)e7), where V' is a vector space
and for all ¢t € T, e; is a bilinear product on V such that

vt,t' €T, Vax,y,z€V, rzopy(yerz)—(xopy)eorz=ue(z0py)— (xe2)epy.
Remark 3.2. For any t € T, (V,e;) is a pre-Lie algebra. More generally, for any family
A= (M)teT € K(), putting ey = D> Arey, (V,e)) is a pre-Lie algebra.
Proposition 3.3. Let D be any set; we denote by gp 1 the vector space generated by Tp 1. For

any T,T" € Tp7, ve V(T) and t € T, we denote by T ogv) T’ the D-decorated T -typed tree
obtained by grafting T' on v (that is to say adding an edge between v and the root of T'), the
created edge being of type t. We then define a product e; on gp 1 by

VI,T'e€Tpy, TeT = > T o,
veV (T)
Then (gp,1, (9¢)teT) s a T-multiple pre-Lie algebra.
Proof. Let T, 7", T” be elements of Tp 7 and ¢/, t" € T.
(T oy T') o T" —T o (T 0 T")

= 2 (T T oy T = 3 Te) (e T)
veV (T)w'eV (T)uV (T) veV (T)W'eV (T7)

= Y @)L Y (@ ) &) T T o (T T
veV(T)v'eV(T) veV (T)v'eV(T")

= Z (T .E;U) T/) .E}/)/) 7"
veV (T)w'eV(T)
S wmr
veV(T)v'eV(T)
= (T .t” T”) .t’ T/ — T .t” (T” .t’ TI)
So gp,7 is indeed a T-multiple pre-Lie algebra. [

Example 3.4. If a,b,ceDand |, | €T,

c
*
c
b b b o b

Rt .
Iaol ¢ = \/a+ a, Iao: ¢ = \n'/a—i—Ia_

3.2 Guin—Oudom extension of the pre-Lie products

Notation 3.5. Let (0;)te7 be a family of formal symbols indexed by 7. For any vector space V/,
we denote
VT — V @ Vect(dy, t € T).
Then
VvoT = (—B V® ao.
teT
In order to enlighten the notations, we write vd; instead of v ® ¢ for any v € V and for any

teT.
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Lemma 3.6. If for any t € T, e is a bilinear product on a vector space V, we define e:
(V®7’)®2 — VT by

20y @ 'Oy = (z oy y)O;.
Then (V, (8)ie7) is a T -multiple pre-Lie algebra if, and only if, (V®T, o) is a pre-Lie algebra.
Proof. Let z,2/, 2" e V., t,t/,t" € T. Then

20; o (2'0p 0 2" 0pr) — (x0y @ '0p) @ "0 = ((w oy @) o 2" — x 0y (2 oy ")) 04,
which implies the result. |

Notation 3.7. The symmetric algebra S(V') is given with its usual coproduct A, making it
a bialgebra:

Yoz eV, Alz) =21+ 1®«x.

We shall use Sweedler’s notation: for any w e S(V), A(w) = Y w® @ w®. The counit of this
coproduct is denoted by e: this is the unique algebra morphism from S(V') to K sending any
veV to0.

Theorem 3.8. Let V' be a T -multiple pre-Lie algebra. One can define a product
o: SV)®S(VOT) — S(V)
in the following way: for any u,ve S(V), we S(VOT), zeV, teT,

lew =e(w),
uel=mu,

UV o W = Z (u . w(l))(v ° w(2)),

uew(zd) = (uew) e,z —xe(wex),

where o, is extended to S(V)®V and S(V@T) ®V by the following: for any x1,...,xp,x €V,
foranyty,... . tx €T,

k
xlxk.tx:le(xl.tx>$k7
=1

k
(€104, -+~ (z100,) s @ = ) (2104,) -+~ (wi & w)0y,) - - (w10,

=1

Proof. Uniqueness. The last formula allows to compute x e w for any z € V and w € S (V@T)
by induction on the length of w; the other ones allow to compute u e w for any u € S(V') by
induction on the length on w. So this product e is unique.

Ezistence. Let us use the Guin-Oudom construction [21, 22] on the pre-Lie algebra Ve,
We obtain a product e defined on S (V@T) such that for any u,v,we S (V@T), reVoT:

lew =e(w),
uel=mu,

UV o W = Z (u . w(l))(v ° w(2)),

uewr = (uew)ex —xe(wex).
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Let f: T — K be any nonzero map. We consider the surjective algebra morphism F': S (V@T)
—> S(V), sending xd; to f(t)x for any x € V, t € T. Its kernel is generated by the elements
Xipx = (f(t')0r—f(t)0p)x, where x € V and t,t' € T. We denote by J the vector space generated
by the elements X; yx. Let us prove that for any w € S(V@T), J e w < J by induction on the
length n of w. If n = 0, we can assume that w = 1 and this is obvious. If n = 1, we can assume
that w = 2’dy». Then

Xipxow = (f(t'")0r — f(t)0p)x o ' = Xy pw 0w 2’ € J!

Let us assume the result at rank n — 1. We can assume that w = w’z’0;, the length of w’ being
n — 1. For any z € J,

row= (rew)ex —ze(wea).

The length of w’ and w’ e 2’ is n—1, so x ew’ and z e (w’ e ') belong to J. From the case n = 1,
(xow)ex'eJ, soxeweJ.
For any x € J, u,veS(VeBT),

zuev = (ze v(l)) (ue v(z)) € Ker(F).
J
€

This proves that Ker(F) e S(V®7) < Ker(F). Hence, o induces a product also denoted by e,
defined from S(V)® S (V) to S(V). It is not difficult to show that it does not depend on the
choice of f and satisfies the required properties. |

Definition 3.9. Let de D, Ty, ..., T, € Tp T, t1,...,tx € T. We denote by

B{I]n%)
i€[k]

the T-typed D-decorated tree obtained by grafting 71, ..., T on a common root decorated by d,
the edge between this root and the root of T; being of type t; for any . This defines a map
By: S (Vect(Tp1)®7) — S(Vect(Tp 7))

Lemma 3.10. For anyde D, Ty,..., T, € Tp 7, t1,...,t, €T,
&(Hn@>=ﬁoﬁn@.
i€[k] i€[k]

Proof. We write F' = Hie[k] T;0,: the integer k is unique and denoted by ¢(F'). We proceed

by induction on ¢(F'). If ¢(F) = 0, then FF = 1 and + ¢1 = «4 = By(1). let us assume the
result for any forest F with ¢(F') = {(F') — 1. Putting k = ¢(F), we can write F' = F'T0;, with
UF")=4(F)—1,T =Ty and t = t;. Then

cdioF =(edeF)eTd— «d e (F ¢T0;)
— By(F') o, T — By(F &, T)
— Bu(F'To,) + Ba(F' o, T) — Ba(F' o T)
_ Bu(F).

So the result holds for all forests. [ |
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Corollary 3.11. Let A be a T -multiple pre-Lie algebra and, for any d € D, aq € A. There exists
a unique T -multiple algebra morphism ¢: gp 7 — A, such that for any d € D, ¢(+) = aq.
In other words, g p is the free T-multiple pre-Lie algebra generated by D.

Proof. Uniqueness. Using the Guin—-Oudom product and lemma 3.10, ¢ is the unique linear
map inductively defined by

¢<Bd< ] Tiati>) ~aq e H &(T) ;.
i€[k]

Existence. Let T,T" € Tp and t € T. Let us prove that ¢(T e, T") = ¢(T') e, ¢(T") by
induction on n = |T|. If n = 1, we assume that T'= «d. Then T o, T" = By(T'd;), so

QT o1 T') = ag e (p(T")0r = aq o1 $(T") = H(T) o H(T").
Let us assume the result at all ranks < |T'|. We put

k
T—Bd<HTiati>.

=1

By definition of the pre-Lie product of gp 7 in terms of grafting,

k
TOT/IBd(HTiatiT/at> ZBd<HTat Tjo T’ aty>

i=1 z;éj

K
ST oT) =age | [ ¢(T:)o(T") at+2ad'l_[¢ )01, (S(Tj 0 T")) 0y,
=1

7=1 1#]

k
=qge® (;5( atl T/ O + 2 aq ® H o(T; atl ) e (T ))atj

1#]

ad0ﬁ¢(Ti)8tl¢( at+ad.<<1_[¢ atl> T')&)

k
= (aas[Joman ) sora
=1
= ¢(T) o ¢(T).

So ¢ is a T-multiple pre-Lie algebra morphism. |

3.3 Operad of typed trees

We now describe an operad of typed trees, in the category of species. We refer to [2, 17, 19] for
notations and definitions on operads.

Notation 3.12. Let A be a finite set. If T'e T7(A) and a € T

1. The subtrees formed by the connected components of the set of vertices, descendants of a
(a excluded) are denoted by Tl(a), . ,Téz). The type of the edge from a to the root of Ti(a)
is denoted by ¢;.

(a)

2. The tree formed by the vertices of T" which are not in 7} ,T,(LZ), at the exception of a,

is denoted by Té ),
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Example 3.13. Let us consider the following tree:

Ty

igdsk
flgj
/=

T =

with a,...,m € D, then

b c
o~ N\ (0 gy :{ Ry }
., falgv ’

H h

Proposition 3.14. For any nonempty finite set A, we denote by Pr(A) the vector space gene-
rated by T1(A). We define a composition o on P in the following way: for any T € Ty (A),
T e Tr(B) and a € A,

TouT'= N (e (T ) 1)) ) T

VUng Ng ?
U1 7"’7vnaEV(T/)

where a’ is the direct ascendant of a in T and ty is the type of the edge between o' and a. If a
is the root of T', by convention Téa) OSO) T =T'. With this composition, Pr is an operad in the
category of species.

(a)
Proof. Note that the tree (- (( éa) OE\tO) T’ OUtll) Tl(a)) ) ofna) Ty, , which is shortly denoted

VUng

by T OE\U) T’, is obtained in the following process:

1. Delete the branches Tl(a), e ,T,(LZ) coming from a in T. One obtains a tree T”, and a is
a leaf of T".

2. Identify a € V(T") with the root of T". One obtains a tree T".

3. Graft Tl(a) on the vertex vy of T"”v with an edge of type t1, ..., graft quz) on the vertex v,
of T" with an edge of type t,. The obtained tree is T .g\v) T.

This obviously does not depend on the choice of the indexation of Tl(a), e ,Téz).
Let T € Tr(A), T" € T (B), T" € T+(C).

o Ifd/,a" € A, with @’ # a”, then

(T Ou/ T/) Oy T” = Z (T .((;/)/) T/) .S/)/”) T//
’U’EV(T’)”E’ ,v”EV(T”)na”
= Z (T .((;/}/N) T”) .gl//) Tl

UIEV(T’)TLG/ ,v”EV(T”)na//
= (T Oa// T”) Oa/ T/,

o If ¢’ € A and V"’ € B, then

(T Oa/ T/) Obu T” = Z (T .((;')/) T/) .[(;/Lj//) T//
U'EV(T’)”G’ ,U”EV(T”)”IJ”
= Z T 'E:’/) (T/ ol(;iﬂ) T”)

’U’EV(T’)”G’ ,U”GV(T”)nb”
=T Oy’ (T/ Oy T”).
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Moreover, «« ey T' =T for any tree T', and if a € V(T'), T'e) «=T. So Pr is indeed an operad
in the category of species. |

Consequently, the family (Py(n))n>0 is an operad in the category of vector spaces, which we
denote by Pr.

Example 3.15.

3
02

3
2 ?\3 Iz 02 2 2
Ilolilz ‘/14-11, 110211211

Remark 3.16. Another operad on typed trees is introduced in [11]. It is a typed version of the
operad of nonassociative, permutative operad of [16], and is different from ours.
In the non-typed case, this theorem is proved in [9]:

Theorem 3.17. The operad of T-multiple pre-Lie algebras is isomorphic to Py, via the iso-

2
morphism ® sending, for any t € T, e; to the tree I , where the edge is of type t.

Proof. The operad of T-multiple pre-Lie algebras is generated by the binary elements e,, t € T,
with the relations

! 23
Vi,t' e T, oy 0y e — e, 01 8y = (8;,0p 0y — e 01 8)3)

where in the right side we used the action of the symmetric group &3 on 7(3), and more
specifically the action of the transposition (23). Firstly, if ¢ and ¢’ are elements of T, symbolized
by | and i, by the preceding example:

02 02 2 02

2 2 2 3 2 3 . ) ,
Il 0] #1 — &1 09 I1 _ '\/1:(\/1>(23):<11 o Il B Il oy ;1>(23).

So the morphism ¢ exists. Let us prove that it is surjective: let T' € Ty (n), we show that it
belongs to Im(®) by induction on n. It is obvious if n = 1 or n = 2. Let us assume the result
at all ranks < n. Up to a reindexation we assume that

T = Bi(T10, - T4, ),
where for any 1 < i < j <k, if z € V(T;) and y € V(T}), then < y. We denote by T the
standardization of T;. By the induction hypothesis on n, T; € Im(®) for all i. We proceed by
induction on k. The type t; will be represented in red. If £ = 1, then

2

T =11 0y Ty € Im(®).
Let us assume the result at rank &k — 1. We put 77 = By(T 04, - - - Tx—104,_, ). By the induction
hypothesis on n, 7" € Im(®). Then

2
I 1oy T =T +z,

where z is a sum of trees with n vertices, such that the fertility of the root is kK — 1. Hence,
x € Im(®), so T € Im(P).
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Let D be a set. The morphism ¢ implies that the free Pr-algebra generated by D, that is to
say gp, 1, inherits a 7-multiple pre-Lie algebra structure defined by

Vo,yegpr, VieT, zojy=.

where - is the Pr-algebra structure of gp 7. For any trees T', T” in Tp 7, by definition of the
operadic composition of P,

ToT' = Y TeT,
veV (T)

so o, = e, for any t. As (gp,7, (8¢)e7) is the free T-multiple pre-Lie algebra generated by D, ® is
an isomorphism. [}

Remark 3.18. Let us assume that 7 is finite, of cardinality T. Then the components of Py are
finite-dimensional. As the number of rooted trees which vertices are the elements of [n] is n" ™1,

for any n = 0 the dimension of P7(n) is 7" 'n"~!, and the formal series of Pr is

fr(x) = 3 APr() o _ o ()"t e _ H(TX)

| !
n>1 G 1 T

3.4 Koszul dual operad
If T is finite, then P is a quadratic operad. Its Koszul dual can be directly computed:

Proposition 3.19. The Koszul dual operad Pf!r of Pr is generated by o, t € T, with the
relations

vt,t' e T, Opr 01 O = Ot 02 Oy, op 01 0p = (04 01 Ot')(zg).

The algebras on Plr are called T -multiple permutative algebras. Such an algebra A is given with
the bilinear products ¢, t € T, such that

Vo,y,z € A, (xory)op 2z =m0 (yop 2), (zory)op z = (xop 2) 01 y.
In particular, for any t, ©¢ is a permutative product.
Of course, the definition of T-multiple permutative algebras makes sense even if 7 is infinite.
Permutative algebras are introduced in [8]. If A is a 7T-multiple permutative algebra, then for

any (\)wer € K7, 0, = 3 \jo; is a permutative product on A.

Proposition 3.20. Let V' be a vector space. Then V ® S(V®T) is given with a T -multiple
permutative algebra structure:

VteT, v eV, wwe S(V@T), (v@w) o (V@uw') =v@uww (v'd).
This T -multiple permutative algebra is denoted by Pr(V). For any T-multiple permutative

algebra V' and any linear map ¢: V. — A, there exists a unique morphism ®: Pr(V) — A
such that for anyv eV, ®(v®1) = ¢p(v).
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Proof. Let t, ' € T, v, v, 0" eV, w, v, w" € S(V@T).

(W@wor v @uw) oy v @u’ =v@w o, (VW op v @uw”)
=wQuwov op v @u") @uw
= v @ ww'w” (v'o;) (v" o),
so Pr(V) is T-multiple permutative.
Existence of ®. Let t1,...,tx € T, v,v1,...,0, € V. We inductively define ®(v ® (v10,) - -
(Ukatk>) by
P(v®1) = ¢(v),
P(v® (v101) -+ (vk0y,)) = P(V® (V104) -+ (V104 ) o, G(vg)  if k> 1.

Let us prove that this does not depend on the order chosen on the factors v;d;, by induction
on k. If K =0 or 1, there is nothing to prove. Otherwise, if i < k,

P(v® (v104) + -+ (Vim10t,_, ) (Vit 1084, ) -+ (Vk0y,)) Ot D(v5)
= (P ® (v104) -+ (vie10t,_, ) (Vig100,,) -+ - (V=101 ) Ot D(Vk)) O1; D(vi)
= (P(v® (v104) -+ (Vi—104,_, ) (Vi4104;1) -+ (Vk—104;,_,)) 0t; (Vi) o1, P(vi)
(v ® (v10,) -+ (Vk—10, ) o1, (k)
D(v® (v104) - -+ (Vk0,)).

So @ is well-defined. Let us prove that ® is a 7T-multiple permutative algebra morphism. Let
v, 0" eV, w,w' = (v10y,) - (vgdy,) € S(VOT), and t € T. Let us prove that ®(v@wov’' @u") =
P(v®w) oy (v ®w') by induction on k. If k = 0,

PrvRwov®1) = P(v@w'dy))
(v®w) o ¢(v)
(V@w) o ®(v ®1).

Otherwise, we put w” = (v10y,) - -+ (Vk—10,_,). Then

Pv@wor v @u') = (v @ ww” (V') (vkdr,,))

(v @ ww" (V') o, d(v)
P(v@wor v @w”) o p(v)

= (P(v@w) o (v @w")) o, P(uy)
v@w) o (P(v @ w") o, d(v))
v@w') o ®(v @w').

¥
¥

So @ is a T-multiple permutative algebra morphism.
Uniqueness. For any v,v1,...,v5 €V, t1,...,tr €T,

v (Ulah) T (vkatk) = (U ® (Ulatl) T (vk—latkfl)) Oty Uk

It is then easy to prove that Py (V) is generated by V ® 1 as a T-multiple permutative algebra.
Consequently, ® is unique. |
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Remark 3.21.

1. We proved that Py (V) is freely generated by V, identified with V' ® 1. Consequently,
P%—(n) has the same dimension as the multilinear component of V ® S (V®T) with V =
Vect(X1,...,Xy), that is to say

Vect (Xz ® (X15t1> e (Xi_lati_l)(X,-H&tm) (X &t'n) Z n, t € T)
SO
dim(Pk(n)) = nT™ 1.

The formal series of 73%— is

im ! n n—1
o) - 3, SPHO o 5 T sl - A

n>=1 n=1

2. It is possible to prove that 73%- is a Koszul operad (and, hence, Py too) using the rewriting
method of [17].

4 Structure of the pre-Lie products

4.1 A nonassociative permutative coproduct

For all t € T, we define a coproduct p;: gp,7 —> 9%27- by

VT = Bd< 11 Tiati> eTpr,  p(T)= ZH 5t,thd< I Tiati> ® Tjo).
Jelk

i€[k] ie[k], i#j
Proposition 4.1.
1. For allt,t' € T, (pt ®1Id) o py = ((py ®Id) 0 p;)?), where in the right side we use the
classical action of the symmetric group S3 on 9%37- by permutations of the tensors, and

more specifically the action of the transposition (23). With Sweedler’s notation for py, this
can be written, for any x € gp 1, as

ZZ t, (D) l‘(l)t/)@)t Q zv = ZZ (x(nt)(l)y Rzt (x(1)t)(2)t/.

2. For any x,y € gp.T, t,t' € T, with Sweedler’s notations pi(x) = Zx(l)t ®z@r,
pi( oy )_5tt'$®y+2$( ey y @ +29€ feyy.
3. For any = (u)er € KT, we put
= Z Htpt: 8D, T — 9%727-'

teT

This makes sense, as any tree in Tp 7 does not vanish only under a finite number of p;.
Then p, is a nonassociative permutative (NAP) coproduct; for any x,y € gp 1, by the
second point, using Sweedler’s notation for p,,

p(l")\y <Z)\tut>9}®y—|—2x ”‘AZJ@I’ H+Zx(1)u®x ey .
teT

In particular, if e Mepe = 1, (9p,7, 97, pu) 95 a NAP pre-Lie bialgebra in the sense
of [16].



Algebraic Structures on Typed Decorated Rooted Trees 15

Proof. 1. For any tree T',

(pe®1d) o pp(T) = Z 5tp,t5tq,t'3d< H Ti%) ® T,0: ® Ty0p,

p,q€[k],p#q ie[k],i#p,q

which implies the result.
2. For any tree T, T",

pt(T oy T/) = Pt <Bd< H TiﬁtiTlﬁt/> + Z Bd< H ,_Tj(}tj (E oy T')8t1>>
JE

ic[k] ie[k] je[k],ji

= 5t,t'Bd< H Tz’%) QT + Z 5ti,th< H Tjﬁth/@t/> ®T;0;
Jj€

ie[k] i€[k] [k],j#3

+ 2 5%th( 11 Tj%) ® (T; o T') 0,
je

ie[k] (k].j#i

+ Z 5@,th< H Tp0y, (T} oy T/)atJ) ® T;0;
i#je[k] pe[k],p#i,j
=0y TRT + 2 5ti,th( H Tjatj> o T' Q@ T;0;
i€[k] jelk],j#i
+ Z 5%th( 1_[ Tjatj> R T; oy T’at
i€[k] Jelk]j#i
=6y TRT +TWr ey T'QT@r + TWr @ TP 0, T

3. Obtained by summation. |

Corollary 4.2. If A € K(7) is nonzero, let us choose ty € T such that Ay, # 0. The pre-Lie

algebra (gp 1, e)) is freely generated by the set TgO)T of T -typed D-decorated trees T such that
there is no edge outgoing the root of T of type tg.

Proof. For any tree T', we denote by ap the number of edges outgoing the root of 1" of type Tp.
Our aim is to prove that (gp 7, ) is freely generated by the trees 7" such that ar = 0. We define
a family of scalars (u)wer by

0 ift#t,
Vt e =41
Tooom=y L g
Ao
Note that p, = %pto. By Proposition 4.1, (gp,7,ex, pu) is a NAP pre-Lie bialgebra, so by
0
Livernet’s rigidity theorem [16], it is freely generated by Ker(p,) = Ker(ps,). Obviously, if
ar =0, T € Ker(py,). Let us consider z = >y, 27T € Ker(py,). We consider the map

90,7 ® 9D, 7 — 9D, T
T® T T .zoot(T) T
. .
By definition of py,, for any tree T', T o py,(T') = arT. Consequently,

0="Top,(x)= Z xparT.

TET'DﬂT

So if ar # 0, z7 = 0, and z is a linear span of trees such that ar = 0: the set of trees T such
that ar = 0 is a basis of Ker(py,). [
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If |D| = D and |T| = T, the number of elements of T(Dt(h)- of degree n is denoted by ¢}, 7(n);
it does not depend on ty. By direct computations,

tlD,T(l) = Dv
tpr(2) = DT - 1),
D*(T —1)(3DT — D + 1)
2 Y
, D*(T —1)(16D*T? — 8D*T + D* + 6DT — 3D + 2)
tpr(4) = 5 .

In the particular case D = 1, T' = 2, we recover sequence A005750 of the OEIS.

tpr(3) =

4.2 Pre-Lie algebra morphisms

Notation 4.3. Let 7 and 7" be two sets of types. We denote by /\/l7— 7(K) the space of matrices
M = (M) eT 77> such that for any t' € T, (myp)er € K. If T = T, we shall simply
write M7 (K). If M € My 7(K) and M" € My 7+(K), then

/
= < 2 mt7t/mt/’tu

€ My 7 (K).
teT! ) (t,t”)ETXT”

If A\e K7 and p e K7, then

M)\ = ( > my t/)\t,) eKT, MTu= (th,t,m> eK”.
teT t'eT’

teT! teT
In particular, M7 (K) is an algebra, acting on K(7) on the left and on K7 on the right.

Definition 4.4. Let M € My 1(K). We define a map ®p: Hp 7 — Hp7, sending F €
Fp 7 to the forest obtained by replacing type(e) by D1 My type(e)t for any e € E(F), F being
considered as linear in any of its edges. The restriction of ®); to gp 7 is denoted by ¢:
9D, 77 — 9D, T-

Example 4.5. If 7 contains two elements, the first one represented by | and the second one
by !, if M = <:§), for any x,vy,z € D,

Yy Yy oY

ou(le) =alssqls
Z) :BI

. y oV

v oz
¢M(\”) —aﬁv +a5\ @+ By / —I—’yé
Remark 4.6. For any M € Mt 1 (K), M’ e MT/’T//(K), Drro®py = Poypyr.
Proposition 4.7. Let \e K7, e K7 and M € M7 1(K). Then ¢ur is a pre-Lie morphism
from (gp 77, 5) to (9p,7, 9mx) and a NAP coalgebra morphism from (gp 77, pps7,,) to (80,7 Pu)-
Proof. Let T,T" € Tp . For any t € T, for any v e V(T),
¢>M T ' Z my t¢M ) o4 ¢M(T,);

t'eT

Y

SO

(T oxT') = D7 myhidn(T) oy dar(T') = dar(T) enra da (7).

tteT

We proved that ¢y is a pre-Lie algebra morphism from (gp 77, ) to (gp,7, @)



Algebraic Structures on Typed Decorated Rooted Trees 17

For any T' € Tp 7,

proom(T) = 2 myp (dm @ dar) o pp (1),

t'eT
SO
puodu(T) = > mypp(dnr ® dar) © py(T) = (dnr ® dar) © payr o (T).
tteT
So ¢nr: (9p,77, PvT ) — (90,7, pp) is @ NAP coalgebra morphism. |

Corollary 4.8. For any A € K(7) and p € K7, such that Duer Aty = 1, for any to € T, the
NAP pre-Lie bialgebras (gp.7,x, pu) and (gp 7, 81y, pty) are isomorphic.

Proof. Let us denote by A(©) the element of K(7) defined by
Y

Note that for any M e M7(K), invertible, ¢ar: (gp,7,®x0), P07) — (8D,7, @ prn©), Pp) i
an isomorphism. In particular, for a well-chosen M, MA(® = X\; we can assume that A = \(©)
without loss of generality. Then, by hypothesis, u;, = 1. We define a matrix M € M7 (K) in the
following way:

Ot to if t' = tq,
mey = i
Ot — POt Otherwise.

Then M is invertible. Moreover, MA(® = A(©) and M T = MO So ¢y is an isomorphism from
(gD,Ta ®,(0), PA(O)) to (gD,Tv e, p,u) u
Proposition 4.9. Let A € K(T), and to € T. We define a pre-Lie algebra morphism LI
(ngo%H) — (gp.7,9)), sending «7 to T for any T € ']I‘g?)T. Then 1y, is a pre-Lie algebra
isomorphism if, and only if, Ay, # 0.

Proof. If A\, # 0, then by corollary 4.2, (gp7,e)) is freely generated by Tgof)r, SO Yy, is
an isomorphism. If \;; = 0, then it is not difficult to show that any tree T with two vertices,

with its unique edge of type tp, does not belong to Im(1)y,). |

5 Hopf algebraic structures

We here fix A e K(T).

5.1 Enveloping algebra of gp

Using again the Guin-Oudom construction, we obtain the enveloping algebra of (gp 7, ey).
We first identify the symmetric coalgebra S(gp7) with the vector space generated by Fp 7,
which we denote by Hp 7. Its product m is given by disjoint union of forests, its coproduct by

VI, TeeTpr, AT = ) [[Le] ]
Ic[n] i€l i¢l

We denote by e the Guin-Oudom extension of ey to Hp 7 and *, the associated associative
product.



18 L. Foissy

Theorem 5.1. For any F e Fp 7, T1,...,T, € Tp T,

Fotic = 5 (D) (Fe ) 0T

V1,...,0n€V (F),
tla---atneT
FayTy--Ty= ), (Fu}‘[ﬂ-)ﬂﬂ.
Ic[n] iel il

The Hopf algebra (Hp,1,*x,A) is denoted by ’HGLA Moreover, for any M € Mz (K), for

GL/\ t HGLIWA

any A€ KT &, is a Hopf algebra morphism fmm HD,T’ . The extension of Yy, as

a Hopf algebra morphism from H%I;O) to ’HgL% s denoted by Wy, ; it is an isomorphism if, and
D,T
only if, Ay, # 0.

In particular, if 7 = {t} and A\; = 1, we recover the Grossman-Larson Hopf algebra [14].

5.2 Dual construction

Proposition 5.2. Let T € Tp 1.

1. A cut ¢ of T is a nonempty subset of E(T); it is said to be admissible if any path in the
tree from the root to a leaf meets at most one edge in c. The set of admissible cuts of T is
denoted by Adm(T).

2. If ¢ is admissible, one of the connected components of T'\c contains the root of c: we denote
it by R°(T). The product of the other connected components of T\c is denoted by P°(T).

Let Xe KT. We define a multiplicative coproduct A°Kx on the algebra (Hp,7,m) by

VT eTpr, AN =T®1+1QT+ ), <HAtypee)> T)® PY(T).
)

ceAdm(T eec
Then (’HD T, m, ACKA) is a Hopf algebra, which we denote by 'HCKA

Proof. We first assume that A\ € K(7). Let us define a nondegenerate pairing (—,—)on HpT
by

VF,FIE]F’D;T, <F7F,>:5F,F’SF7

where sp is the number of symmetries of F. Let us consider three forests F, F’, F”. We put

F= ] 7, F= ][] 1°vr, F'= [] 1.

TeTp, TeTp,T TeTp

Then

AE.Fery= Y ]

a=b+cTeTp 1T

11 T”t,F>< [] 7 F”>

Mt T TETD T TE’]TD T

" aT+aT
Z 5ba/5‘3aﬂﬁ8F’5F” = 5aa’+a”ﬁaT'aT' T

a=b+c

= Su,arrar M!Syt = Op, prprsp
— (F,F'F").
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Therefore,

Vz,y,z € Hp,T, (A(x),y® z) = {x,y2).

Let F', G be two forests and T be a tree. Observe that if F' is a forest with at least two trees,
then F' *) G does not contain any tree, so (F xy G,T) = 0. If F' =1, then (F' x) G,T) # 0 if,
and only if, G = T'; moreover, (1 xy T,T) = 1. If F'is a tree, then

(F*\G,T)=(Fe,G,T).
Moreover, if F' = By(F’) and G =T} - - - T},

LD <m>3d(ﬂm Hmi)

IC[k] (t;)eTk “iglk i€l i¢l

where e is the pre-Lie product on gDT induced by the 7 -multiplie pre-Lie structure. Conse-

quently, we can inductively define a coproduct ACKx: Hp 1+ — Hp 7 ® Hp,7, multiplicative
for the product m, such that, if we denote for any tree T, Ack(T) = A(T) —1®T, for any tree
T = By(T10, - - - Ty 0y, ),

AT(T) = (Bd®Id)< I1 (ZSK(Ti)ati @1+ M\, 1 @ﬂ)).

1€[k]

Then, for any z,y, z € Hp, T,
<.’L‘ *AY, Z> = <‘T Xy, ACK)\ (Z)>

A quite easy induction on the number of vertices of trees proves that this coproduct is indeed the

one we define in the statement of the proposition. As (—, —) is nondegenerate, (HD,T, m, ACKA)

is a Hopf algebra, dual to 7—[G'LA

In the general case, for any x € Hp 1, there exists a finite subset 7’ of T such that x € Hp 7.
Putting \' = N7, N € K7 =K™), so
(ATr @ 1d) 0 A%Kr(2) = (A“KY ®1d) 0 AN (2)
= (Id@ A™) 0 AT (z)
= (@A) 0 AT (2).

Hence, Ay is coassociative, and Hg%-* is a Hopf algebra. |

Example 5.3. Let us fix a subset 7’ of 7 and choose (\)te7 such that

- {1 ifte 7T’

0 otherwise.

For any tree T' € Tp 7, let us denote by Admy+(T") the set of admissible cuts ¢ of T" such that
the type of any edge in ¢ belongs to 7’. Then

ANT)=T@1+10T+ >, RY(T)®PT).
ceAdm (T)
Remark 5.4.
1. If 7 = {t} and A\; = 1, we recover the usual Connes-Kreimer Hopf algebra of D-decorated

rooted trees, which we denote by 7—[ , and its duality with the Grossman—Larson Hopf
algebra [10, 15, 23].

2. If 7 and D are finite, for any A € K7, both ’HCKA and ’HgL% are graded Hopf algebras
(by the number of vertices), and their homogeneous components are finite-dimensional.
Via the pairing (—, —), each one is the graded dual of the other.
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5.3 Hochschild cohomology of coalgebras

For the sake of simplicity, we assume that the set of types T is finite and we put 7 = {¢1,...,tn}.
Let (C,A) be a coalgebra and let (M, dr,,dr) be a C-bicomodule. We define a complex, dual
to the Hochschild complex for algebras, in the following way:

1. For any n > 0, H, —E(M C@”)
2. For any L € H,,,

bn( ) (Id@L 05L+Z Id@(z 1)®A®Id®(n z))
=1

+ (=) N L ®Id) o dg.
In particular, one-cocycles are maps L: M — C such that
AoL=(Id®L)od, + (L®Id)odg.

We shall consider in particular the bicomodule (M, dr,dr) such that

vreC, {5L($) =1®uz,
or(x) = A(x).

If C is a bialgebra, then M®" is also a bicomodule:

5L( ) $i>=1® &R i,

1<i<N 1<i<N
YV, € C, 1 9
on( ® )= ® Ve [] «
1<i<N 1<i<N 1<i<N
We denote by 1 = (1),e7 € K7, and we take C' = ’Hg}; One can identify S (Vect(Tp 7)97)
and C@N, xd7, being identified with 1801 @ 7 @ 1®(—1) for any x € Tp7 and 1 < ¢ < N.

Then for any d, By: C®N — C is a 1-cocycle. Moreover, there is a universal property, proved
in the same way as for the Connes—Kreimer’s one [10]:

Theorem 5.5. Let B be a commutative bialgebra and, for any d € D, let Lg: CON — C' be
a 1-cocycle:

Yde D, Vx;e€ B, AOLd< ® ml) =1® ® :EH—Ld( ® wgl))(@ H l’Z@)
1<i<N 1<i<N 1<i<N 1<i<N
CK;

There exists a unique bialgebra morphism ¢: HDT —> C such that for any d € D, ¢p o Lg =
Bd O ¢®N

5.4 Hopf algebra morphisms

Our aim is, firstly, to construct Hopf algebras morphisms between ’HDT and ’HD ; secondly,

to construct Hopf algebra isomorphisms between %D 7 and "HD%( for a well-chosen D’'.

Proposition 5.6. Let M € M7 1(K), A € K7. Then ®y;: HD T]‘,ﬂ* — Hg%-* is a Hopf
algebra morphism.
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Proof. ®); is obviously an algebra morphism. Let T' € Tp 7.

+ Z 1_[ <thtype(e ) M(RY(T)) ® m(P(T))

ceAdm(T) eec NteT
=oy(T)®1+1® Dy (T)
20 T TN e @0 (RE(T) @ ®ar (PA(T))

ceAdm(T) e€c

=(Py® <I>M) o Ayl (T).
So @, is a coalgebra morphism from HD TA,” " to HCKA |
Corollary 5.7. Let \,u € K7, both nonzero. Then ’;‘—[CKA and ’Hglg‘-‘ are isomorphic Hopf
algebras.

Proof. There exists M € M+ (K), invertible, such that M "X\ = . Then &,/ is an isomorphism
between HD 7 and HCK* [

Definition 5.8. Let us fix tg € 7. For any F' € Fp 7, we shall say that {T1,..., T} <y, F if the
following conditions hold:

o {T1,...,T}} is a partition of V(F). Consequently, for any i € [k], T; € Fp 7, by restriction.
e For any i € [k], T; € ']T(Dt%)-.

If{T1,...,Tk}<y, F, we denote by F'/{T1, ..., T} the forest obtained by contracting T; to a single
vertex for any i € [k], decorating this vertex by T;, and forgetting the type of the remaining

edges. Then F/{Ty,...,T;} is a TD(tgz—decorated forest.
Proposition 5.9. Let A\e K7, tg € T. Let us consider the map

Hp, 1 — Howo) s
o DT
fo” FEFD,’T’—’ Z ( H )‘type )F/{Tlv ~'aTk}'
eeE( (T)

{T1,. T}t I F\wE

Then V3 is a Hopf algebra morphism from HCK* to ’Hc(to) It is an isomorphism if, and only
lf, /\to # 0.

Proof. First case. We first assume that D and 7T are finite. In this case, Hp * is the graded
dual of HD%, with the Hopf pairing (—, —); grading HT% by the number of vertices of the
D,T

CKA

decorations, HT(tO) is the graded dual of Hﬂcfggo) . Moreover, W} is the transpose of Wy, of Propo-
DT DT

sition 4.9, so is a’Hopf algebra morphism. If ,)‘to # 0, ¥y, is an isomorphism, so ¥ also is.
General case. Let x,y € Hp7. There exist finite D', T’, such that z,y € Hp 77; we can
assume that to € 7'. We denote by A" = Aj7». Then, by the preceding case, denoting by W} the
restriction of U} to Hpr 77,
Ui (wy) = W, (2y) = Uy, (2) V3, (y) = UF, (2) V7, (v),
AN o W (z) = ATV 0 WY (2) = (¥}, ® ¥}) 0 ATV (2) = (¥} @ WF) 0 A% (a),

so W is a Hopf algebra morphism.
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Let us assume that Ay, # 0. If ¥} (x) = 0, then W} (z) = 0. As aj, # 0, by the first case,
x =0, s0 ¥} is injective. Moreover, there exists z € Hps 77, such that ¥} (z) = y; so ¥§ (2) = v,
and W} is surjective.

Let us assume that \;;, = 0. Let T" be a tree with two vertices, such that its unique edge is
of type tg. As T ¢ ’]I‘(Dt%)—, ®;,(T) has a unique term, given by the partition X = {{z1}, {z2}},
where x1 and x5 are the vertices of 7. Hence,

Ui (T) = A, T’ =0,

so W} is not injective. [
Example 5.10. Here, 7 contains two elements, | and |. In order to simplify, we omit the
decorations of vertices. We put
: ¥ : :
l.:'v Z/:"7 z = \'17 U:l, V= .
Applying ¥ K

\I/*(Y):)\.Iz_|_ y \I/*(i):)\ )\.[Z h\ IZ
|1 : % | EYREEPYRES
Y : | . .
\I/*l(\/):/\|)\ivz+)\|1y’ \I,*l(;):)\l)\i 1+)\|Iy+.u
T T - Y z . )
v (V) =43 Veran brg s xpj(E):A%[zHEIyHEIH,U_

Remark 5.11. Although it is not indicated, ¥y, and ¥} depend on A.

5.5 Bialgebras in cointeraction

By [12], for any A € K(7), the operad morphism 6y : PreLie — P, which send e to ey, where
PrelLie is the operad of pre-Lie algebras, induces a pair of cointeracting bialgebras for any finite
set D. By construction, the first bialgebra of the pair is Hgk% Let us describe the second one.

Definition 5.12. Let F' € F7p. We shall say that {T1,...,T;} < F if
1. {Th,..., Ty} is a partition of V/(F'). Consequently, for any i € [k], T; € Fp 7, by restriction.
2. For any i€ [k], T; € Tp 7.

If {T1,..., Ty} < F and dec: [k] — D, we denote by (F/{T1,...,Ty},dec) the forest obtained
by contracting T; to a single vertex, and decorating this vertex by dec(i), for all i € [k]. This is
an element of Fp 7.

Proposition 5.13. If D is finite, H’D’T is the free commutative algebra generated by pairs (T, d),
where T' € Trp and d € D. The coproduct is given, for any F' € Fpr, de D, by

S(Fd)y= > > (FAT,... Tk}, dec), d) @ (T1, dec(1)) - - - (Ti, dec(k)).
{T1,...,Tx}<F dec: [k]—D
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Then (H%,T,m, ) is a bialgebra, and ’H%K% is a coalgebra in the category of H’DJ——comodules
via the coaction given, for any T € Tp 1, by

5T = )] > (T, .. Th}, dec) ® (Th, dec(1)) - - - (T, dec(k)).

{Th,...,Tx}<T dec: [k]|—D

Corollary 5.14. Let us assume that D is given a semigroup law denoted by +. If F' € Frp,
and {T1,..., Ty} < F, then naturally T; € TT p for any i and the T -typed forest F/{Th,..., Ty}
is given a D-decoration, decorating the vertex obtained in the contradiction of T; by the sum
of the decorations of the vertices of T;. Then Hp 1 is given a second coproduct § such that for
any F' e Fp 1,

SF)= >, FATy,....T}®Ti--T,
{Tl,...,Tk}<1F

Then (Hp,1,m,9) is a bialgebra and Hgir* is a coalgebra in the category of Hp 7-comodules via
the coaction §.

Proof. We denote by I the ideal of H/, p,7 generated by pairs (T,d) such that T' € Tp 7 and
d € D, with

d # Z dec(v

veV(T)

The quotient H,D,T/ I is identified with Hp 7, trough the surjective algebra morphism

H/Dj’ I H'D,T?

Foifd =3 ey (p) dec(v),

F.d)eF X D +—>
(F.d) BT {0 otherwise.

Let us prove that I is a coideal. Let T € Ty p, d € D, {T1,...,Tx} < F, dec: [k] — D such
that ((T/{T1,...,Tr},dec),d) ¢ I and for any 4, (7;,dec(:)) ¢ I. Then

k
Vi e [k], D1 dec(v) = dec(i), ). dec(i) =
UEV(TZ') i=1
Hence,
k k
Z dec(v) = Z Z c(v) = Z dec(i) = d,
veV(T) 1=1veV (T, i=1

so (T,d) ¢ I. Consequently, if T € I, then ((T/{T1,...,Tk},dec),d) € I or at least one of the
(T;,dec(i)) belongs to I. Hence,

S(I)cI®Hpr+Hpr®I.

So I is a coideal. The coproduct induced on Hp 7 by the morphism @ is precisely the one given
in the setting of this corollary. |
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In particular, if D is reduced to a single element, denoted by #*, if we give it its unique
semigroup structure (x + % = ), We obtain again the result of [7].

5.6 The Bruned—Hairer—Zambotti construction

We now consider the coproducts on typed trees in [3, Theorem 2.2.16], the first one with
2A(F) = A(F) and the second one with A(F) = A (F) of [3, Definition 2.4.1]. By definition
[3, Definition 2.26] of admissible subtrees, according to the notations we choose in this paper:

e Let £ be a finite set of types. The considered trees are L-typed and the leaves are L-
decorated. Considering that the internal vertices of such a tree are in fact decorated by
an element 0 ¢ £, these trees form a subset of T, (o,, which we denote by T/,.

e The first coproduct A} is given on any tree T € T, by

AT = Y RYT) @ PUT),

ceAdm’(T)

where Adm’(T) is the set of admissible cuts of T such that the set of leaves of R*(T)
is a subset of leaves of T' (note that automatically, the leaves of P¢(T') are also leaves
of T).

e The second coproduct is given on any tree T' € T'; by

AT = Y TAT...T}®T - T
{Tl,...,Tk}<1/T

where the sum runs over all {T1,...,T;} < T such that the leaves of T/{T1,...,T}} are
leaves of T'.

We denote by /- the subalgebra of H s, 40} o generated by T.. Then (H, m, Ay ) and (H}.,m,9)
are bialgebras.

Let us give to £ any product x making it a commutative associative semigroup. We extend
this structure to £ 1 {0} by

Vt e £ {0}, Oxt=tx0=0.

We take Ay = 1 for any ¢t € £ u {0}, and obtain with this data two coproducts A and 0
on Hz foy,c, the first one given by admissible cuts and the second one by contractions of sub-
trees. The subalgebra M/ of Hrogoy,c generated by trees such that any internal vertex is
decorated by 0 (note that the leaves of such a tree are decorated by L 1 {0}) is a subbialgebra
for both coproducts. We denote by I the ideal of H/. generated by trees with at least one leaf
decorated by 0. Then it is a coideal for both coproducts, so the quotient algebra H'./I inherits
two coproducts, still denoted by A and §. This algebra is trivially identified with the algebra
generated by T, that is to say with H).. By construction of the different coproducts, this
identification is an isomorphism from the Hopf algebra (H7/I,A) to (H/I,A}) and from the
Hopf algebra (H7/1,6) to (H/I,A). In other words, the Bruned—Hairer-Zambotti construc-
tion of cointeracting bialgebras on typed trees is a subquotient of the construction presented
here.



Algebraic Structures on Typed Decorated Rooted Trees

25

6 Appendix
6.1 Values of tp r(k)
For D =1,
e[1] 2 14| 5 6 7 8
1 |1]1 4 9 20 48 115
2 1] 2 26 107 458 2058 9498
3 |11 3] 15| 82 495 3144 20875 142773
4 (1] 4| 26 | 188 | 1499 12628 111064 1006840
5 |15 ] 40 | 360 | 3570 | 37476 410490 4635330
6 |16 | 57 | 614 | 7284 | 91566 | 1200705 | 16232820
T 1| 7|77 | 966 | 13342 | 195384 | 2984142 | 46990952
8 |1| 8 | 100 | 1432 (22570 | 377320 | 6578116 | 118238600
9 |11 9 1262028 | 35919 | 674964 | 13225632 | 267188229
10 | 1]10|155| 2770 | 54465 | 1136402 | 24723000 | 554540590
For D = 2,
el1] 2] 3 | 4 5 6 7 8
1 12| 4 14 52 214 916 4116 18996
2 12| 8] 52 376 2998 25256 222128 2013680
3 |2(12] 114 | 1228 14568 183132 2401410 32465640
4 [2]16] 200 | 2864 | 45140 754640 13156232 236477200
5 2120 310 | 5540 | 108930 | 2272804 | 49446000 1109081180
6 |2(24] 444 | 9512 | 224154 | 5606520 | 146204792 | 3930863232
7 12128 602 | 15036 | 413028 | 12043500 | 366122190 | 11475005616
8 [|2]32] 784 | 22368 | 701768 | 23373216 | 811575408 | 29052861280
9 12136] 990 | 31764 | 1120590 | 41969844 | 1638712716 | 65965167108
10 | 240 | 1220 | 43480 | 1703710 | 70875208 | 3073688160 | 137426005200
For D = 3,
T\k |1 3 4 5 6 7 8
1 |3 45 246 1485 9432 62625 428319
2 |3]18] 171 1842 21852 274698 3602115 48698460
3 [3|27| 378 | 6084 107757 2024892 39676896 801564687
4 [3]36] 666 | 14268 | 336231 8409780 219307188 5896294848
5 |3[145]1035| 27690 | 814680 | 25444584 | 828506340 27812997990
6 |3|54]1485 | 47646 | 1680885 | 62954766 | 2458069074 | 98947750662
7 1363|2016 | 75432 | 3103002 | 135520812 | 6170116638 | 289616448690
8 |3]72]2628 | 112344 | 5279562 | 263423016 | 13701398868 | 734709311208
9 |3(81]3321 | 159678 | 8439471 | 473586264 | 27703353159 | 1670715963729
10 | 3190|4095 | 218730 | 12842010 | 800524818 | 52018920345 | 3484841027040
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For D = 4,
k[1] 2 [ 3 4 5 6 7 8
1 (4] 16 | 104 | 752 5996 50512 444256 4027360
2 4] 32| 400 | 5728 90280 1509280 26312464 472954400
3 |4] 48 | 888 | 19024 | 448308 11213040 292409584 7861726464
4 |4] 64 | 1568 | 44736 | 1403536 | 46746432 1623150816 58105722560
5 [4] 80 | 2440 | 86960 | 3407420 | 141750416 | 6147376320 | 274852010400
6 [4] 96 | 3504 | 149792 | 7039416 | 351230688 | 18268531824 | 979612414944
7 1411124760 | 237328 | 13006980 | 756866096 | 45910215120 | 2871018269632
8 | 411286208 | 353664 | 22145568 | 1472317056 | 102037088448 | 7290356719488
9 |4]144 | 7848 | 502896 | 35418636 | 2648533968 | 206451156768 | 16590568445280
10 | 4| 160 | 9680 | 689120 | 53917640 | 4479065632 | 387863411920 | 34625886677920
we find the following sequences of the OEIS [24]:
D] 1 2 3 4
1 A0081 | A038055 | A038059 | A136793
2 | A00151 | A136794
3 | A006964
4 | A052763
5 | A052788
6 | A246235
7 | A246236
8 | A246237
9 | A246238
10 | A246239
6.2 Values of t7, (k)
For D =1,
T\k|1|2]| 3 4 5 6 7 8
1 |1(0 0O 0 0 0 0 0
2 |11} 3| 10 39 160 702 3177
3 [112] 9 46 268 1660 10845 73270
4 |13 18 | 124 | 963 7968 69236 621999
5 |114] 30 | 260 | 2525 | 26136 | 283528 3178696
6 [1]5] 45 | 470 | 5480 | 68096 | 885805 | 11904160
7 [1]16] 63 | 770 | 10479 | 151956 | 2304974 | 36110880
8 |1]7] 84 |1176| 18298 | 303296 | 5255964 | 94051770
9 |1]8]108|1704 | 29838 | 556464 | 10845732 | 218239560
10 | 1|9 1352370 | 46125 | 955872 | 20696076 | 462558987
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For D = 2,

k(1] 2] 3 | 4 5 6 7 8

1 (2|0 0 0 0 0 0 0

2 12| 4 22 144 1090 8864 76162 678532

3 |28 68 688 7886 96896 1250780 16713504

4 2|12 138 | 1888 29004 476736 8213588 146342376

5 12|16 232 | 4000 77060 1586304 | 34185344 761389360

6 [2|20| 350 | 7280 | 168670 | 4171744 | 107932710 2884827980

T 12124 492 | 11984 | 324450 | 9370368 | 282934428 | 8822987856

8 [2|28| 658 | 18368 | 569016 | 18793600 | 648698792 | 23119514576

9 12|32]| 848 | 26688 | 930984 | 34609920 | 1344232416 | 53898191520

10 |2]36 (1062 | 37200 | 1442970 | 59627808 | 2573660298 | 114661732500
For D = 3,

k(1] 2] 3 4 5 6 7 8

1 1310 0 0 0 0 0 0

2 1319 72 705 7947 96588 1237728 16450389

3 | 318 225 3408 58347 1072224 20685195 413084610

4 3127 459 9405 216081 5315112 136987407 3650993163

5 13136| 774 | 19992 576405 17763984 572991726 19100718828

6 |3|45|1170| 36465 | 1264950 | 46852884 | 1815034140 72635168880

7 |3]54]1647 | 60120 | 2437722 | 105455952 | 4768982442 | 222723271080

8 |31]63]2205| 92253 | 4281102 | 211832208 | 10953036318 | 584744300226

9 [13|72|2844 | 134160 | 7011846 | 390570336 | 22727284344 | 1365242802048

10 | 3|81 |3564 | 187137 | 10877085 | 673533468 | 43560017892 | 2907844041231
For D = 4,

k1] 2 | 3 4 5 6 7 8

1 (4] 0 0 0 0 0 0 0

2 (4] 16 | 168 2192 32844 531200 9051376 159962784

3 4| 32 | 528 | 10656 242792 5939968 152518064 4053650976

4 |4 48 | 1080 | 29488 | 902100 29551104 1014147872 35989518528

5 |4] 64 | 1824 | 62784 | 2411024 98976256 4252211232 188790415552

6 |4 80 | 2760 | 114640 | 5297820 | 261422336 | 13491005840 719200139360

7 14| 96 | 3888 | 189152 | 10218744 | 588999936 | 35487727184 | 2208096700896

8 141125208 | 290416 | 17958052 | 1184031744 | 81574704960 | 5802692175744

9 14128 |6720 | 422528 | 29428000 | 2184360960 | 169377005376 | 13557899008896

10 | 4| 144 | 8424 | 589584 | 45668844 | 3768659712 | 324805399344 | 28894042642464
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