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STABILITY OF THE SPECTRAL GAP
FOR THE BOLTZMANN MULTI-SPECIES OPERATOR LINEARIZED
AROUND NON-EQUILIBRIUM MAXWELL DISTRIBUTIONS

ANDREA BONDESAN, LAURENT BOUDIN, MARC BRIANT, AND BERENICE GREC

ABSTRACT. We consider the Boltzmann operator for mixtures with cutoff Maxwellian, hard potentials,
or hard spheres collision kernels. In a perturbative regime around the global Maxwellian equilibrium,
the linearized Boltzmann multi-species operator L is known to possess an explicit spectral gap Ar, in
the global equilibrium weighted L? space. We study a new operator L obtained by linearizing the
Boltzmann operator for mixtures around local Maxwellian distributions, where all the species evolve
with different small macroscopic velocities of order €, ¢ > 0. This is a non-equilibrium state for the
mixture. We establish a quasi-stability property for the Dirichlet form of L¢ in the global equilibrium
weighted L2 space. More precisely, we consider the explicit upper bound that has been proved for the
entropy production functional associated to L and we show that the same estimate holds for the entropy
production functional associated to L, up to a correction of order e.

1. INTRODUCTION

The study of the convergence to the equilibrium for the Boltzmann equation has a long history
(see the reviews [14, 15, 36, 35|) and is at the core of the kinetic theory of gases. In the mono-
species setting, the Boltzmann equation models the behaviour of a dilute gas composed of a large
number of identical and monatomic particles which are supposed to only interact via microscopic
binary collisions. It describes the time evolution of the gas distribution function F' = F(t,x,v)
and reads, on R x T3 x R3,

OF +v-V,F=Q(F,F). (1)

Without going into any details on the structure of the Boltzmann operator @) for the moment,
let us just mention that it is a quadratic operator which contains all the information about the
collision process, prescribing how the microscopic interactions between particles take place. In
particular, one of its main features is that it satisfies the celebrated H-theorem, which states that
the entropy functional H(F') = fR3 F'log F'dv decreases with respect to time and the gas reaches
an equilibrium state whenever Q(F, F') = 0, namely when F' has the form of a local Maxwellian
distribution

c(t,x) lv — u(t, z)|?

M(t,x,v) = exp{}, (t,z,v) € Ry x T3 x R3,
(QWKBT(t, .%'))3/2 2KBT(ta IE)

where Kp is the Boltzmann constant. Consequently, taking into account the influence of the
transport operator in the left-hand side of (1), the H-theorem suggests that, for large time
asymptotics, the solutions of the Boltzmann equation should converge towards a global equi-
librium having the form of a uniform (in time and space) Maxwellian distribution My (v) =

oo/ (2T K 3T )2 exp {— ‘;};ZOTOJOQ }, With coo, Tao > 0 and us € R3. Here, the quantities coo, Uoo
and T, respectively represent the number of particles, macroscopic velocity and temperature of
the gas, and their values are prescribed by the initial datum. For the sake of simplicity, up to a
translation and a dilation of the coordinate system, it is always possible to choose M, as being

the global Maxwellian distribution
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Starting from an initial datum close enough to p, one could expect that the solutions to
the Boltzmann equation remain in a neighbourhood of the equilibrium and eventually converge
to it in the large time asymptotic. A common strategy to tackle the problem of convergence
towards the equilibrium is then to perform studies near the global Maxwellian distribution, by
investigating the behaviour of a small perturbation f around p.

This theory was initiated by Hilbert [25] and later on further developed by Carleman [13| and
Grad [20]. In the perturbative regime around the global equilibrium g, the Boltzmann operator
@ can be rewritten as Q(F, F) = {Q(u, f) + Q(f, 1)} + Q(f, f), since Q(u, n) = 0. Because f is
supposed to remain small, the dominant term in the previous relation is the so-called linearized
Boltzmann operator

L(f) = Qw, ) + Q(f, 1)

The question which naturally arises concerns its spectral properties. In fact, as done in the
nonlinear case for @, it is possible to prove a linearized version of the H-theorem which asserts
that the so-called entropy production functional (or Dirichlet form) D(f) = [gs L(f)fp'dv is
nonpositive and satisfies in particular the following fundamental coercivity estimate [13, 20, 22,
14, 15, 2|

D) < ~Arlf = 7ol o 2)

for any f € L*(R3, pu~1/2) = {f : R? — R measurable : 1fllr2(u-1/2) = Jps fPutde < +oo}.
Here, 7y, is the orthogonal projection onto Ker L (the space of the equilibrium states of L), and
AL > 0 can be taken to be the smallest nonzero eigenvalue of —L, i.e. the spectral gap of the
linearized Boltzmann operator.

Consequently, in a purely linear setting where 9y f+v-V, f = L(f), the above inequality allows
to formally deduce that the associated linearized entropy functional ng f?1~'dv is monotonically
decreasing with respect to time, and the gas reaches an equilibrium state whenever L(f) = 0.
Proving that L satisfies (2) provides a powerful tool in estimating the asymptotic behaviour
of solutions of the Boltzmann equation close to the equilibrium, since it allows to derive a
quantitative information about the rate of relaxation of F' towards p.

The existence of a spectral gap Ar, for L has been known for long and many results have been
proved in this regard over the past sixty years, starting with Carleman and Grad themselves
[13, 20, 22] in the case of Maxwellian, hard potentials and hard spheres collision kernels with
cutoff. The idea behind these methods is to apply Weyl’s theorem to L, written as a compact
perturbation of a multiplicative operator, and they are thus non-constructive. Consequently,
a major inconvenience of this strategy is that it does not provide any information about the
width of the spectral gap, or its dependence on the initial datum and on the physical quantities
appearing in the problem (in particular its sensitivity to perturbations of the collision kernel).

The derivation of explicit estimates for the spectral gap of the linearized Boltzmann operator
is fundamental to construct a quantitative theory near the equilibrium and to obtain explicit
convergence rates to the equilibrium. In fact, when proving that solutions to the Boltzmann
equation in the perturbative regime have an exponential trend of relaxation of order O(e_t/ T)
towards the equilibrium [29, 30|, one can use the information provided by (2) in order to link
the rate 1/7 to the spectral gap Az, and recover an explicit convergence speed. This feature has
been of great importance in the kinetic theory of gases, starting from the studies of Boltzmann
himself. Indeed, the validity of the Boltzmann equation breaks for very large time (see the dis-
cussion in [36, Chapter 1, Section 2.3]). It is therefore crucial to obtain constructive quantitative
informations on the time scale of the convergence, in order to show that this time scale is much
smaller than the time scale of validity of the model.

In the mono-species setting, the first outcome about explicit estimates for the spectral gap Ay,
has been obtained by Bobylev in [3, 4] for the case of Maxwell molecules, using Fourier methods
to obtain a complete and explicit diagonalization of L. More recently, a systematic derivation of



explicit coercivity estimates for the linearized collision operator has been established [2, 28, 31|
for a wide class of collision kernels (including cutoff hard potentials and hard spheres).

Starting from these results, in the past few years, the question of convergence towards the
equilibrium has also been addressed in the case of multi-species kinetic models. Many Boltzmann-
like equations describing the time evolution of a mixture of different gases can be found in the
literature. To mention a few of them, we can refer to [34, 23, 27| for the first kinetic models for
mixtures, to [19, 1, 12] for some BGK-type models, and to [32, 34, 8, 33, 17| for multi-species
kinetic models where also chemical reactions are taken into account. Moreover, we recall the
recent works [6, 16, 10, 9], where some of these models are mathematically investigated.

In this work, we focus on the multi-species setting. The equation we consider |17, 7, 5| can
be seen as the counterpart of (1) in the case of gaseous mixtures, and shall be presented in
detail in the next section. We only recall here that it models a mixture of N different ideal
and monatomic gases, prescribing the time evolution of the multi-component gas distribution
function F = (F,..., Fiy). It reads, on Ry x T3 x R3,

OF +v-V,F = Q(F,F). (3)

As in the mono-species framework, it is possible to prove [17] a multi-species version of the H-
theorem for the Boltzmann operator Q, which suggests in this case that the global equilibrium of
the mixture can be taken, after rescaling of the coordinate system, to be the global Maxwellian
distribution p = (p1, ..., un), with

N\ 3/2 »I2
pi(v) = Cioo (;%) / e , veER’
for any 1 < i < N. Here, we have denoted by (m;)i<i<ny and (¢joo)i1<i<n € RY the atomic
masses and numbers of particles of each species in the gaseous mixture.

In order to investigate the convergence of solutions of (3) towards the equilibrium g, we can
study the behaviour of a small perturbation f = (fi,..., fy) around p. This approach raises
the same kind of questions explained in our earlier discussion on the mono-species setting. In
particular, the analysis of the large time asymptotic relaxation for solutions of the Boltzmann
multi-species equation shall eventually lead to deal again with the problem of explicitly quanti-
fying the rate of convergence to the equilibrium.

The study of explicit coercivity estimates for the linearized Boltzmann multi-species operator
L(f) = Q(u, ) + Q(f, ) has been very recently tackled, and the existence of a spectral gap for
this operator has been shown in [16] for mixtures where the atomic masses of the different species
are the same (m; = m; for any 1 < 4,5 < N), and in [10], in the general case of species with
different atomic masses. Both results are valid for Maxwellian, hard potentials and hard spheres
collision kernels with cutoff.

In the multi-species framework, the complexity of the cross interactions between particles of
the different gaseous components leads to new interesting physical phenomena [7, 5]. These can
be described considering perturbative regimes which are alternative to the common one discussed
above, around the global equilibrium . Inspired by [7], we here investigate a new perturbative
setting around local Maxwellian distributions M® = (M{, ..., M5,) with small macroscopic ve-
locities of order ¢, different for each species of the mixture. More precisely, for any 1 < ¢ < N,
we can write M; as

my;

3/2 — (¢ 2
ME i, 0) = i () oo { o =2

2

on } (t,z,v) e Ry x T3> x R3.  (4)

We note in particular that the parameter € only translates the smallness of the macroscopic
velocities of the different species, and not the order of the perturbation around ME-.

We shall see that these Maxwellians are not a local equilibrium for the mixture, whereas
they were in the mono-species setting. This feature induces additional difficulties if one wants



to analyze the spectrum of the linearized operator L¢(f) = Q(M¢®, f) + Q(f, M*®), because L¢
does not satisfy any self-adjointness property and it appears problematic to determine the space
of equilibrium states Ker L®. Consequently, we did not manage to give a detailed description of
the spectrum of L and show explicit spectral gap estimates, using the same methods developed
in 16, 10].

Instead of trying to recover a full spectral gap property, our idea is to establish an explicit
estimate for an upper bound of the entropy production functional associated to L. More pre-
cisely, we prove that the estimate known to exist for the Dirichlet form of L [16, 10] remains valid
for the Dirichlet form of L¢, up to a correction term of order €. The strategy exploits the fact
that the non-equilibrium state MZ¢ is close to the global equilibrium g up to a factor of order ¢,
and the same property holds for L® and L. Specifically, we analyze the structure of the operator
L® — L, showing that it can be seen as the sum of a multiplicative operator and an integral one.
To deal with the latter, we exhibit its kernel structure by writing down a Carleman representa-
tion and deduce useful pointwise estimates. Due to the mixing effect in the exponential decay
rates among the cross-interactions between species (each species has different atomic mass m;
and different macroscopic velocity eu;), we need to carefully treat the Maxwellian weights by
deriving accurate L! controls in the velocity variable. In the end, the operator L€ — L is bounded
from above by a positive quantity of order e, producing the correction term in the estimate of
the Dirichlet form of Le.

The work is organized as follows. We first recall the multi-species model and give a detailed
description of its main features, introducing the linearizations of the Boltzmann multi-species
operator which we intend to study. Next, we recall the fundamental properties of the linearized
Boltzmann multi-species operator and state our main result. The last section is dedicated to the
proof of this result.

2. A KINETIC MODEL FOR MIXTURES

The evolution of a dilute gas composed of N different species of chemically non-reacting mono-
atomic particles having atomic masses (m;)1<i<n can be modelled by the following equations of
Boltzmann type, for any 1 <i < N,

OuF;(t,x,v) + v - VoFi(t,z,v) = Q;(F,F)(t,xz,v), t>0, zeT velR> (5)

The vector F = (Fy, ..., Fy) denotes the unknown vector-valued distribution function describing
the mixture and each Fj is the distribution function corresponding to the i-th species, which
depends on time ¢, position x and velocity v. Henceforth, vectors and vector-valued functions will
be denoted by bold letters, while the corresponding indexed letters will indicate their components.
For example, W represents the vector or vector-valued function (W1, ..., Wy).

The Boltzmann multi-species operator Q(F,F) = (Ql(F,F), .. ,QN(F,F)) describes the
way the mixture molecules interact. The operator only acts on the velocity variable and it is
defined component-wise, for any 4, by

F,F)( i (Fiy F5)( ; <, 0)(F{F}j* — FiF})dodo,, R3.
Qi( ZQJ Z/RSS2 i(lv =, 0)(F 7 )dodv CAS

In the previous equality, we used the standard shorthand notations F] = F;(v"), F; = F;(v),
F* = Fj(v}), F} = Fj(vs). The pre-collisional velocities v’ and v/ are given in terms of the
post-collisional velocities v and v, by the elastic collision rules

/

v = mi}rmj (miv + mjv, + mjlv — vio),

= mi}_mj (myv 4+ mjv, — mylv — vy|o),

¥~



where 0 € S? is a parameter whose existence is ensured by the conservation of microscopic
momentum and kinetic energy

1 1 1 1
mv’ + mjvl, = miv + mjuy, §mi|v’|2 + imj"UHQ = §mi’1’|2 + §mj]v*|2. (6)

The collisional cross-sections B;; are nonnegative functions of |v — v,| and the cosine of the
deviation angle § € [0,7] between v — v, and o € S?. They encode all the information about
the microscopic interactions between molecules in the mixture, and their choice is essential when
studying the properties of the Boltzmann operator. In this work, we focus on cutoff Maxwellian,
hard potential and hard spheres collision kernels. Namely, let us make the following assumptions
on each B;;, ¢ and j being fixed.

(H1) It satisfies a symmetry property with respect to the interchange of both species i and j

Bij(Jv — vs],c080) = Bji(Jv — v4],c0o80), VY v,v. € R®VHER.

(H2) It decomposes into the product of a kinetic part ®;; > 0 and an angular part b;; > 0,
namely

Bij(Jv — vs|,co80) = ®(|v — vi|)bij(cos ), Vv,v. € R®VHeR.

(H3) The kinetic part has the form of hard or Maxwellian (v = 0) potential, i.e.

Dii(jv—v.|) =Chlo —v.|", CH >0, v€0,1, Vo,v. R’

(H4) For the angular part, we consider a strong form of Grad’s angular cutoff [20]. We assume
that there exists a constant C' > 0 such that

0 < byj(cosf) < C|sinb||cos b, b;j(cos 0) < C, 6 € [0, 7].

Furthermore, we assume that

inf min{bii(al . 03), bii(dz . O‘3)}d0’3 > 0.
Ul,UQESZ S2

From now on, let us use the following notations. Consider a positive measurable vector-valued
function W = (W1,...,Wy) : R® — (R%)¥ in the variable v. For any 1 <4 < N, we define the
weighted Hilbert space L?(R3, W;) by introducing the scalar product and norm

(fisgidrzow,) = /]R3 figiWidv, ||fz‘\|%g(wi) = (fi fidrzowy, ¥ firgi € L*(R®, W)).

With this definition, we say that f = (f1,...,fy) : R? = RY ¢ L2R3, W) if f; : R? = R ¢
L?(R3,W;), and we associate to L?(R3, W) the natural scalar product and norm

N

N 1/2
(£,8) r2ow) = Z<fivgi>L%(Wi)a £l 2wy = <Z Hfi’%g(wi)> :
=1

=1

Moreover, for the sake of simplicity, we define the shorthand notation

w=(1+1p)",

not to be confused with the usual Euclidean scalar product (-, -) in R?, also used in the upcoming
computations.



Let us now recall the main properties of Q, which can be found in [15, 17, 7, 16, 10|. Using the
symmetries of the collision operator combined with classical changes of variables (v, v,) — (v/,v})
and (v,vs) — (vs,v), we can obtain the weak formulations of Q;;(F;, F})

/}R3 Qi (Fi, Fy)(v)s(v)dv = /R Bij(|v — v, cos 0) FF} (¢ — ;) dodu,do,

6% S2

[, @u(EEete)an+ [ Qutrs. F)wso) -
R3 R3

1

2/Rﬁ><82 Bij(Jv — vs], cos 0) (F/F* — FBF}) () + 4 — b — %) dodv,dv,

for any vector-valued function ¥ = (¢1,...,%y) : R3 — RY such that the integrals on the
left-hand side of the above equalities are well-defined. These relations allow to deduce the
conservation properties of the Boltzmann multi-species operator. More precisely, the equality

N
> [ QB @) =0
i—1 JR?
holds if and only if 9 is a collision invariant of the mixture, namely
(NS Span{el, ...,eN,U1m, vom, vzm, |v|2m},

where e = (i )1<i<n for 1 <k < N, and m = (mq,...,my). In particular, from (5) and the
conservation properties of Q, we immediately get that the quantities

Cioo = / Fi(t,z,v)dzdv, 1<i<N,
R3xT3
ol N (7)

1
— Z/ m;lv — UOOIQFZ-dde,
3poo = Jr3xT3

1
Uoo = —— Z/ mvFdedv, 6Oy =
Poo (=7 JR3XT3
are preserved for any time ¢t > 0. Here, ¢; o stands for the total number of particles of species ¢
and we have also defined the total mass of the mixture py, = Z,fil M;Ci 00, its total momentum
Poolloo and its total energy % Pooboo-

Moreover, the operator Q satisfies a multi-species version of the H-theorem, see |17, Proposi-
tion 1]. It states, in particular, that the only solutions of the equation Q(F,F) = 0 are distribu-
tion functions F = (F1, ..., Fy) such that their components take the form of local Maxwellians
with a common macroscopic velocity, i.e. for any 1 <4 < N and (¢, z,v) € Ry x T3 x R3,

Fi(t,x,v) = ¢;10c(t, ) L 3/2ex _m‘w (8)
i\by Ly = Cgloc\ly 27TK3910C(LL,$) p i 2KBHIOC(t,ZL') .

Here, we have defined the following local quantities:

N
Ci,lOC(tv l') = /3 Fi(tv €, v)dv, 1<i<N, ploc(ta $) = Z mici,loc(t’ 33)
R i=1

1 N

Ploc(t,x) i—1 /R3

N
1
t = v F;d Oroc(t = — v — 2Fdw.
uloc( 737) m;vr;av, loc( 7«73) 3ploc(t7x) ;/R?) mz’v uloc’ ;AU

It is worth noting that the local Maxwellian distributions (8) constitute a local equilibrium
for the mixture, since Q(F,F) = 0. This is not the case for the local Maxwellians M} introduced



in (4), which in contrary form a non-equilibrium state for the mixture because of the different
macroscopic velocities eu;.

In particular, since we work in T3, we can use the fact that the quantities (7) are conserved

with respect to time, to deduce that the only global equilibrium of the mixture, i.e. the unique
stationary solution F = (F1,..., Fy) to (5), is given for any 1 < i < N by the global Maxwellians

3/2 2
my [V — U 3
Fiv) = ;o0 [ — L0 ool R3,
i(v) = €ioo <27rKBGOO) eXp{ T Kl } ve

Up to a translation and a dilation of the coordinate system, we can assume that u.,, = 0 and
Kpbl = 1, so that the only global equilibrium g = (i1, ..., ux) becomes

i\ 3/2 lv|2
%) ey e RS, 9)

for any i. In what follows, we shall always work in the weighted Hilbert space L? (R3,u_1/ 2),

where we use the notation p~/2 = (ufl/Q, cee u;\,l/Q).

pi(0) = cioe (

As already mentioned in the introduction, in order to study the Cauchy problem (5) and the
convergence of the solution to equilibrium, it is common [17, 6, 16, 10] to consider a perturbative
regime where each distribution function Fj is close to the global equilibrium given by (9). More
precisely, when writing Fj(t,z,v) = u;(v) + fi(t,xz,v) for any 1 < ¢ < N, where f; is a small
perturbation of the global equilibrium p;, equations (5) can be rewritten in the form of the
following perturbed multi-species Boltzmann system, set in R x T3 x R3,

af +v - Vof = L(f) + Q(£, f).

The linearized Boltzmann multi-species operator is given by L = (Lq, ..., Ly), with
N N
Li(f)=> Li(fi. fi) =Y <Qij(/~bi7fj) + Qij(fhﬂj)) (10)
j=1 Jj=1

for any 4, and its main properties will be recalled in the next section. This operator has been
intensively studied in the past few years, and the main results about his kernel and his spectral
properties have been obtained in [16] in the case of species having the same masses m; = m; and
in [10] in the general case of species with different masses.

In this work, we consider a new perturbative regime around the local Maxwellian distributions
M® = (Mg,..., M5), given for any 1 < i < N by

2
M;(t,z,v) = ¢i oo (;':;)3/2 exp {_mllv—au;(t,a:ﬂ} . (t,x,v) € Ry x T3 x R3, (11)
with small macroscopic velocities depending on the parameter ¢ < 1. We again stress the fact
that the distribution functions M are local in time and space like the Maxwellians given in (8),
but they are not a local equilibrium for the Boltzmann operator Q = (Q1,...,Qn). In fact,
the macroscopic velocities are different for each species of the mixture (since u; # u; for i # j),
implying that Q(M?®, M?) is not zero anymore. Nevertheless, it is also important to note that
the macroscopic velocities we consider are small (of order ), and this requirement is crucial to
recover our result, since it shall be used to show that MF® is close to g up to an order . Thus,
even if M? is a non-equilibrium state, it is still not far away from the global equilbrium of the
mixture.

If we now assume that each distribution function Fj is close to a local Maxwellian of type
(11), namely Fi(t,x,v) = M (t,z,v) + fi(t,z,v) for all 1 <i¢ < N, with £ = (f1,..., fy) being
again a small perturbation, equations (5) posed on R, x T3 x R? can be rewritten as

M + Of + v V,M® + v V,f = Q(M?, M?) + L (f) + Q(£, f). (12)



The operator L = (L, ..., L%) is the Boltzmann multi-species operator linearized around the
local Maxwellian distributions (11), and it is given by

N N
LE(6) = Y- L5(fin fi) = 2 (QuiME, ) + Qi 1)), (13)
Jj=1 Jj=1
for any 1.

Before going into details of our main result, we here note that, for velocities v — eu; and
vy — €u;, the microscopic conservation properties (6) do not hold anymore and consequently
MM ;’ *#E MEM 5 *. Therefore, the operator L€ exhibits no good self-adjointness properties and
this peculiarity will force us to develop an alternative strategy to the one presented in [16] and
[10] in order to investigate its spectral properties.

We also mention that looking at a perturbative regime around non-equilibrium Maxwellians
ME to recover system (12) can be of particular interest in the investigation of the asymptotic
approximation of solutions to the Maxwell-Stefan diffusion equations, in the spirit of |7, 5].

3. MAIN RESULT

This section is dedicated to the presentation of our main theorem. Due to the choice of the
linearization of Q around MZ¢, the standard tools developed to perform the spectral analysis of
L are no more valid for the operator L*. This issue will be overcome by connecting L® to L, in
order to take advantage of the results known about the spectrum of L. We are able to show that
the Dirichlet form of Lf in the space L? (R3, pt/ 2) is upper-bounded by a negative term coming
from the spectral gap of L in L? (R3,,LL_1/2), plus a positive contribution of order e, which takes
into account the fact that we are working in a space where L€ is not self-adjoint.

We begin by recalling the fundamental result derived in [10] about the existence of a spectral
gap for L in the space L? (R3, pt 2). To do this, we first present the structure of KerL.

The linearized Boltzmann multi-species operator L defined by (10) is a closed self-adjoint
operator in L? (Rg,p,_l/ 2). Its kernel is described by an orthonormal basis in

L? (R3,y*1/2), that is

(¢(i)) 1<i<N+4

KerL = Span{¢(1), e ,¢(N+4) },

where
(6™ = ey, 1<k <N,

SN — u

(Eé\[:l ijj,oo)
gy - 1 (m""”|2 - Su)
(ZN )1/2 V6 ' l<i<N

j=1 Cj,00

1/2 (miui)lgiSNa 1<1<3,

\

Using this basis, for any f € L? (R3, pt/ 2) we can define its orthogonal projection onto KerL in
1.2 (R3,p_1/2) as
N+4
7TL(f)(v) = Z <f’¢(k)>L% (M_1/2)¢(k)(v)'
k=1
Then, the linearized Boltzmann multi-species operator satisfies the following fundamental
theorem, proved in [10].

Theorem 3.1. Let the collision kernels B;; satisfy assumptions (H1) — (H4). Then there exists
an explicit constant Ay, > 0 such that, for all f € L? (R?’,,ufl/z),



(L0 8) (o) < —ALUE =L,

The constant A\, only depends on N, the different masses (m;)1<i<n and the collision kernels
(Bij)1<i,j<n-

In order to take advantage of this result, we choose to set our study in the space L? (R?’, pY 2).
Following the path of its proof, it appears that we strongly need the fact that the operator L is
self-adjoint in L2 (R3,;F1/ 2), which is not the case for L. The lack of this property does not
allow to directly apply the tools developed in [10] to show the existence of a spectral gap for
L?. In particular, one of the main issues we encountered is that we were not able to recover
the form of KerL® in L? (R3, pY 2), leaving the corresponding orthogonal projection 7, onto
Ker L® undefined. This led us to confront the problem from a different point of view.

The idea is to recover an estimate for the Dirichlet form of L¢ in L? (R3, ;L_l/z), by finding a
way to link the two operators and use what is known about the spectral properties of L on this
space. The price we have to pay is the appearence of two positive terms of order € in the estimate.
The first one is a correction to the spectral gap Ar,, which comes from the choice of working with
the orthogonal projection 7y, onto KerL in L? (R?’, p 2), in place of 7. In fact, the Dirichlet
form of L® is taken with respect to the global equilibrium g instead of a local Maxwellian M®,
and the correction to Ay, translates the fact that g and M?® are close in Euclidean norm, up to a
factor of order e. Moreover, a further consequence of our choice is that 7y, (f) ¢ Ker L®, meaning
that L¢(7r(f)) is not zero and has to be estimated, producing another contribution of order «.
The second term precisely takes into account this last feature.

Let us now state the main result that we shall prove.

Theorem 3.2. Let the collision kernels B;j satisfy assumptions (H1) — (H4), and let Ay, > 0
be the spectral gap in L? (R3,yf1/2) of the operator L defined by (10). There exists C > 0 such
that, for all € > 0, the operator L¢ defined by (13) satisfies the following a priori estimate. For
almost every t > 0 and x € T2, and for any f € L? (R?’,,u*l/Q),

(L(E)8) 13 (ymrs2) <~ <AL — Ce max, {c;;§|u,-(t,x)y7z€,i}> If — WL(f)Hi%(W/?“_I/Q) (14)

1-6 2
+02 mas {el Lt ) Reg (O ooy

where T, is the orthogonal projection onto Ker L in L? (R3,u_1/2), and we have defined

4mi

Rei = L elust o) exp { 1725 uslt ).

for some 6 € (0,1) independent of € to be appropriately chosen.

The constant C is explicit and only depends on N, the different masses (m;)i<i<n, the
collision kernels (Bjj)i<ij<n and the parameter 6 € (0,1). In particular, it does not depend
on €, the number of particles of the different species (¢io0)1<i<n and the macroscopic velocities

(ui)1<i<n-

This result provides an estimate which is local in space and time, meaning that (¢, z) remains
fixed. For the sake of simplicity, from now on we shall omit the explicit dependence of the
macroscopic velocity u; = u;(t,z) on both variables.

As already mentioned, the main idea of the proof consists in linking L* to L in order to use
the properties known on the linearized Boltzmann operator and apply Theorem 3.1. In view of
this, we write L® as a sum L = L + (L® — L) and we separately treat the two addends. The
operator L will be straightforwardly controlled using Theorem 3.1, producing the contribution



AL in the estimate of Theorem 3.2, and we shall need to prove that L — L can be bounded and
gives the remaining contributions of order €.

In order to show the control on the penalty term, we first recover a bound of order € for the
differences M — p;, proving that even if the local Maxwellian distributions (11) constitute a
non-equilibrium state for the Boltzmann multi-species operator, they are still very close to the
global equilibrium p. To take advantage of this property, the penalty term will be further splitted
into two parts that we shall study independently. The first one will be a mulplicative operator
that shall be easily controlled, while the second one will be an integral operator that shall be
written under a kernel form (using the Carleman representation) and estimated pointwise with
the strategy proposed in [10]. Here, we will encounter a major issue. In fact, we shall need to
manage the complete lack of symmetry between cross-interacting species (different atomic mass
m; and macroscopic velocity eu; for each species of the mixture), which will lead to intricate
mixing effects in the exponential decay rates of the Maxwellian weights. To solve the difficulty we
shall establish new accurate L' controls in the velocity variable for the kernel operator. This will
involve proving new technical lemmata, but will finally allow to close the estimate and recover
our result.

4. PROOF OF THEOREM 3.2

This section is devoted to the proof of our main result. In order to explain in a clear way the
procedure, we divide the proof into several steps. We first split the operator L€ into the linearized
Boltzmann operator L plus a penalization term L® — L, and we study their associated Dirichlet
forms. We then use Theorem 3.1 to bound the Dirichlet form of L, while we note that the
Dirichlet form of L® — L produces four terms. Each of these terms will be bounded separately
in a dedicated step, proving that they produce a contribution of order €. We shall finally collect
all the estimates to recover Theorem 3.2 in the last step of the proof.

Step 1 — Penalization of the operator L°. We consider the Dirichlet form of the operator
L¢ in the space L? (]R?’, pt/ 2), and we apply a splitting based on a penalization by the operator
L. More precisely, using Theorem 3.1 we successively get, for any f € L? (R3, p/ 2),

<L5(f)7 f>L% (“71/2) = <L(f)7 f>L% (“71/2) + <L€(f) — L(f), f>L% (”71/2)

< —ALflf — mL(f) + (L(f) — L(f),f)

2
s (yrumrre) 13 (u1/2)

Then the penalty term writes

6%« S2

(LE) = L)L £) 1) = Z/R Bij(|v — v.],cos 0) AS, fip dodu,do,
with the shorthand notation

A o= (M7= ) 7 (M = ) 1 = (M = i) £} = (M5 = 45) .
By simply taking the modulus, we can bound from above Afj in this way
7y < M = g5 A5 = w1+ 0 = 51+ 1085 = 55

and to conclude the proof we shall need to control each of the four terms appearing in the
inequality. For the sake of simplicity, we will separately consider the different terms, and we set

Y

10



70 =5 [ Bollo = vlcost)a17 |17 dod.,
1,J x

T3 (f) = Z/}RGXSQ Bij(Jv — v, cos 0)| M5"™ — u;-*Hfi'Hfi‘ui_ldadv*dv,
i\j

T5(f) = Z/RG . Bij(jv — U*|,C089)|Mi€ - uin;Hfi‘u;ldadv*dv,
%,] X

Ti(f) = Z/RG . Bij(Jv — v, cos 0)| M5 — uﬂf?u;ldadv*dv.
@] x

Step 2 — Preliminary lemmata. In order to bound each component, we collect in this step
two useful preliminary results. The first one yields an estimate which allows to compare the
growth of the local Maxwellians given in (11) with the growth of the global Maxwellians (9).

Lemma 4.1. Consider the local Mazwellian densities M defined in (11) and the global equilibria
p introduced in (9). For almost everyt >0, x € T and for all § € (0, 1), there exists an explicit
constant C5 > 0 (independent of €, of the number of particles c¢; oo and of the macroscopic
velocities u; ) such that, for alle >0 and 1 <i < N,

| M (v) — pi(v)| < Csec} 2lui|Reipl (v), Vv eR?, (15)

,O0

recalling that we have defined for simplicity

4m;
Rei =1+ elui|exp { 1 _%52]14@'2} .

Proof. Fix 6 € (0,1). Noticing that M?(v) = p;i(v — eu;) and using Cauchy-Schwarz inequality,
we obtain, for any v € R3,

1
| M5 (v) — pi(v)| = ‘/0 mi(v — seu;, eu;) pi(v — seu;)ds

1
< elug|pd (v) / mil|v — sewi|pi(v — sa—:ui)p;‘;(v)ds.
0
The product of the two Maxwellians inside the integral can be upper-estimated as

mg
2

Consequently, the previous integral is bounded by

01—5

- 3(1-6)/2 m;
pi(v — seu;) S(v) < oo ( ) exp {—(1 — 5)7”U|2 + semi\ui|]v|} ,

3(1-6)

1
m; m; s
/ ms|lv — sew;|p;(v — seui)u;‘;(v)ds < micil’;f (2—7;) ’ <|v| + E\ui|)e_(1_5)7|”|2+6m1|“1””|.
0

Starting from this last inequality, we distinguish two cases:

4 .
1. For |v| > f’_u;‘, we have
1 me 3(1-9) 5 _ ms
/ milv — seug|pi(v — seu;)p;’ (v)ds < m; (2—2) ’ \v\exp{—(l—é)—llv\Q}
0 s 4 4

which is clearly upper bounded since § € (0, 1).

11



de|u,|
1-0

2. For |v| < , we get

1
. A
/0 m;|v — seu;|pi(v — Seui)u;‘;(v)ds <m, or T 65|ui| exp { 1 T%52ui|2} .

For all v € R?, we finally deduce the bound

4m;

1 ,
/ milv — sew|pi(v — sew;) ;0 (v)ds < Cs <1+€|uiexp{1 5€2|ui]2}>
0 _

by simply taking

C <m1> 3(12:5) (5 5) ‘U’ —(1—8) ™ [v]? n 5—4 -0

g . R — S 0 -

J lIfnzaéV i 2 |v|g]§+ 4 € 1-96 ’

which concludes the proof. O

We also present a second important result that we shall use in the following. In that end, we
first introduce an additional property of the linearized Boltzmann operator.
The operator L can be written under the form

L=K-v,

where K = (K7,...,Ky) is a compact operator [6] defined, for any 1 <i < N, by

N
Kl(f)(v):Z/ Bij(|v—v*],cos<9)<u;f;*+u;*f{—uif;‘>dadv*, Ve RS, (16)

N
vi(f)(v) =Y vi(v) fiw),
j=1

vij(v) = /]R3 Bij(Jv — vy, cos ) pj(vi)dodv,, Vv e R (17)

It is well-known [14, 15, 36| that, under our assumptions on the collision kernels B;j, each of
the so-called collision frequencies v;; satisfies the following lower and upper bounds. For all
1 <14,j < N, there exist two explicit positive constants 7, 7;; > 0 such that

0< Dij < Vij(v) < Dz'j (1 + |’U"Y), Vove RS. (18)

The lemma we then recall has been proved in [10, Lemma 5.1] (see also [6]), and states
that the operator K can be written under a kernel form. The authors actually prove a more
general result, showing that the full Boltzmann multi-species operator (and not only its linearized
version) has a Carleman representation [13].

Lemma 4.2. For any f = (f1,..., fn) € L? (RE},#*I/Q), the following Carleman representations
hold:

Bij(Jv — v, cos 0) fi* f; dodv, =

1 Bij (v — V(u,vy), ﬁ) B .
¢y [ L fiw) dB(w) | fdv.,
R3 £,

v — w4

VUK



/ Bij(|v — v.],cos0) fi f* dodv, =
R3><S2

| Bij (v = V(ve, u), =2

PN

Cji fi(u) dE(u) | fdvs,

g3 \ [v— v JEi

VU

where we have defined V(u,v.) = v + mimjflu - mimjflv and called C;;,Cj; > 0 some ex-

plicit constants which only depend on the masses m;, m;. Moreover, we have denoted by dE the
Lebesgue measure on the hyperplane Ey,,, orthogonal to v — v, and passing through

mi +my mi —m;
v — V.

VE(U7 U*) =

*9
2mj 2mj

and by dE the Lebesque measure on the space EN%* which corresponds to the hyperplane Ef,{,*,
whenever m; = mj, and to the sphere of radius

Ryy, = il [V — vl
[mi — my|

and centred at s .
i J
Ovv* = v — (9
m; — mj m; — m]‘

whenever m; # m;.

Let us now pass to the actual estimate of the different terms 7;°. For the sake of simplicity, we
shall call ¢ any constant bounding the corresponding term 7,° independently of ¢ and u;, but
each of these constants will be explicit in the sense that all steps in our proofs are constructive
and explicit computations of the constants could be extracted from them.

Step 3 — Estimation of 7T75. Applying Lemma 4.1 for any fixed 6 € (0,1) and using the
assumptions made on the collisional kernels, the term can be estimated as

Ti(f) = Z/RG . Bij(jv — v*|,cose)‘M;* - uﬂffu;ldadv*dv
ij x

< oW el usiRey [ ([ o= vlan ) s

i,J
4 1-46 0 2 -1
Z?]

Moreover, we notice that for all 1 < j < N, the integral term
0
uj( ) = / lv — v*]“’u;édv*
R3

has the same form of the collision frequencies v;; and it consequently satisfies an estimate similar

to (18), namely there exist two strictly positive explicit constants 17](.5), D](-(S) > 0 such that

0<7” <) <5 1+ P), VoeR.

Using the fact that (14 |v|?) ~ (v)7, we finally deduce

=

N
4 1—§ 2 —1
T < eC max {Ci,oo ‘ui’Rs,i} Z;/Rs (0)7 ffp; o
1=

13



< e max {eb0fuilRe HIE]7 (1y0/20102)- (19)

1<i<N
Step 4 — Estimation of 775. Similarly, we can rewrite 75 in term of h = (hy,...,hn) with
h; = fi,uz-_l/2 for any 1 < ¢ < N, and obtain

:Z/ Bij(|v — vy, cos 0) ’Ms—uz}u 1/2 *1/2|h Hh |dodv,dv
R6 xS? ’

1<i<N

< eC® max { wo|u,]7€“ Z/ \v—y*puz J/ﬂhﬂ‘hi{dv*dv,

where this time we have used Lemma 4.1 with § € (1/2,1). Applying Young’s inequality and
Fubini’s theorem allows to conclude that

T5(f) < eC®) max {C},;oé’ui‘Rm} Z </RG v — v*|7,u?5_1h;2dvdv* —i—/R lv — v*|’y,u]h2dv*dv>

1<i<N —
(2%}

(3) { VT 2] V2L
<eC 1I<nzi}z(v |ul]7€5Z Z/ Vs ) i dv*—l—Z/ Y fip ~dvo

< <0 max {el Il Res f 17, (0 1/2): (20)

Step 5 — Estimation of 75. In order to estimate 75, we first apply Lemma 4.1, like in the
case of T, to bound the difference between the local and the global Maxwellians. We have

= Z/ Bi;(Jv — vy, cos 9)|Mj/* — u;*HfZ" ‘fi}ui_ldadv*dv
— - JR6xS2

<eC® 12;?](\[{ zoo‘uz‘Rfl Z/ — 04|, cos @) ’*5}f Hfl‘,u,l Ydodv,dv,

for any 0 € (0,1). Next, we write the previous integral in its kernel form using Lemma 4.2. That
allows to get, for any 1 <1i,5 < N,

/ Bij(Jv — v, cos 0) hka‘foz}uz dodv,dv
R6 xS?

U—VUx

Bij (v —V(v4,u), =
1 U—Vx _
¢ [ A ' mmewymwMWm

v —vs| S, U — vy

By (v—Viwu)i=ty) e
:C’ji/RG ]v—v*\ /z] P— i (u) dE(u) E‘hﬂ‘hﬂdmdv.

'uv*

In order to estimate this integral, we use a result presented in [10, Lemma 5.1], in which the
authors analyze the particular structure of the kernel form of the operator K and they deduce
explicit pointwise bounds on it. The strategy involves a careful treatement of the different
exponential decay rates appearing in the Maxwellian weights. This feature is specific to the
multi-species framework and is a direct consequence of the asymmetry in the cross-interactions
between species of the mixture, where the different atomic masses lead to these intricate mixing
effects. Their result is proved in the case of global equilibria p;, but it also straightforwardly
applies to any function of the form uf, with § > 0. We omit the proof, since it follows exactly
the same steps as in their work.

14



Lemma 4.3. For any § € (0,1) and 1 < i,j < N, let the operator Ij‘-si be defined for v, v, € R3
by

— Vs

/ i, G Cl) 1 (1) dE(u).

|u— vy

5 =
Jt (U v* |U—U*|

Then, there exist two explicit constants m, C]‘-;i > 0 such that
mlv—?—sm L ~los 2] () \ 92
Ij‘-si(v,v*) < C](-si|v — .7 % mlv=v| BT Ha(v), , Yo, €R3
M’L(U*)

The constant m only depends on the masses m;, m;, while the constant C'J‘;Z- only depends on 6,
the masses m;, mj and the collisional kernel B;;.

We prove here that this estimate allows us to recover an upper bound for Ifj in a weighted
Ll-norm. We follow closely the proof presented in [24, Lemma 7].

Lemma 4.4. There exists 6 € (0,1) such that, for each § € (6,1), there ewists a constant
Cji(0) > 0 such that

s i (v4) 3
/R?)I--(v,fu*) ,ul()d « < C5(0), YwveR?,

/ 1 (0, 00), /P20 g4y < Cii(5), Vv, R
R3 pi(v)

The constant Cj;(8) is explicit and only depends on the parameter § € (3,1), the masses m;, m,;
and the collisional kernel B;.

Proof. We shall only prove the first inequality, since the second one can be showed in a similar
way. Using the previous lemma, the term inside the integral can be bounded for all v, v, € R3

by

2 2|2 1-5
(v smlo—onP—gm PP )\
(00010 < oy — g, o P T (Ha)
pi(v) pi(v)
After renaming n = v — v, and v, = v — 7 in the integral (for the second inequality we should
set n = v, — v and v = v, — 1), direct algebraic manipulations on the total exponent in the last
inequality yield

2 "77‘2 _2<777U>‘2 m; 2 2
—dm|n|® —dm PE —(1=0) (lv =n* = o)

2
46m <777 U2>
ul

= (—20m—(1- 5)%) [nf + (4m + (1 - 5)%) (n,v) — 46m <7|7;7T2>2-

= —26m|n[* -

+ 4dmin, v) — (1—6) L (Il = 2(n,v))

(n,v)

The discriminant of the above quadratic form in |n| and - can be computed and gives

A©) = (40m+ (1 —6)2)" —som (45m + (1~ 5)"2)

= % (45m+ (1- 5)%) (1-0d(8m+1)).
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If we now choose § = Wl-s-lv we clearly have that for all 6 € (6,1),

the quadratic form is negative definite. Consequently, for all § € (4,
C(d) > 0 such that

) < 0 which implies that
), there exists a constant

A0
1

s g =200 me 2, (n0)?
s = s = ER L (12 5) (o = - o?) < -00) (1 + )

< —C(©®)nl*.
Using this last inequality, for each § € (§,1) we deduce that

|in12—2(n.0)|? g
/IJ(‘SZ‘(%U*) ( )d <Cjz / ’ ’7_2 ~éminl®— 5mT7(176)TUvimzilvp)dn
R3

pi(v)
_ _ 2
C3(8) [ e C Iy

< Cji(8), VveR?,

since the integral is finite and in particular bounded by a constant only depending on . This

concludes the proof.
O

Thanks to these results, we can now bound the term 75. For any 6 € (d1,1) with &; =
ﬁ, applying again Young’s inequality, Fubini’s theorem, and using the straightforward bound
Cji(6) < Cy(0) (1 + |v[?) for any v € R, we have

75 () < 0 max {cl2JulR.. Z/ 10, ) lf]h;‘“hi]dv*dv

1<i<N
<=0 max {Cll_é’u"R }Z / (v, v.) lﬁhﬂdvdv +/ 15 (v, v,) ’Lﬁ}ﬂdv dv
=~ 1<i<N 7,00 17T £, — RS gi\Ys Ux 1L 7 * RS 4i\Uy Ux i i %
< 50( { |U1|R5 z} ZC]Z </ ]. + |’U*|7)h*2d’u* /R3 (1 + |U'Y)hl2d,v)
<=0 s (iR -}HfH? . o)
= 1<i<N 1,00 | 772 €,2 L%((v)'Y/?[Jflm)

Step 6 — Estimation of 775. The estimate for the last term 77 is similar to the one for 75,
but more tricky. In fact, we shall deal with different masses m;, m;, which lead to an asymmetry

in the Maxwellian weights inside the integral, namely the factor ‘Z(( )) appearing in this case.

As a consequence, a careful treatment of these weights is required to compare the different
exponential decay rates.

We first apply Lemma 4.1 to obtain, for all 6 € (0,1)

_ Z/ Bij([v — v, cos 0)| Mg — || £2%||fs |15 dordvndo
- JR6xS2
< eCW max {Cllgg|ul|7?,m} Z/ Bij(Jv — vy, cos Q)H;(S’fj{*"fi"u;ldgdv*dv,
’ i RO xS?

1<i<N
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with § actually ranging in a subinterval of (0,1) as before, to be appropriately chosen later.
Thanks to Lemma 4.2, we rewrite the integral under its kernel form as

/ Bi;i(Jv — vy|,cos0) ’ Hfi’,ufldadv*dv
R6 xS? !
By (0= Viwod i) N
= /Re \v v*’ /fﬂv* |u — vy pi (w)dE(w) |fj Hfi‘ui de-dv
1 Bz] (U — V(U,U*), |Z*_7;Z|) 5 ~ M;‘ y
IR =i . it ()AE ) | A A el dvsde

In the case m; = mj, the computations made for 75 apply in the same way, with the kernel
operator satisfying the properties proved in the two lemmata of Step 5. We therefore suppose,
from now on, that m; # m;. In this case, the equivalent result of Lemma 4.3 is the following.

Lemma 4.5. For any § € (0,1) and 1 < i,j < N, let the operator Ifj be defined for v, v, € R3
by

15 (v, vx)

/w = U — ﬁ> 1 (u) dE(u).

Iv—v*l | — vl

m;*

Then, there exist two explicit constants A, ij > 0, only depending on 0, the masses m;, m; and
the collisional kernel B;;, such that

5 5 —ék\v—v*IQ—M"v‘“v*‘;’ s v () ) 3
Iij(U, 'U*) < Czj|v - /U*|’y6 o=l TN , Vv v, v € R,
11 ()

where we have defined v + v, = VI + VL with VIl being the projection onto Span(v — vy) and
VL orthogonal to Span(v — vy).

The proof still follows exactly the one presented in [10, Lemma 5.1| (see also the one presented
in [6]), therefore it is omitted. On the other hand, we will see that the proof of the next result
is a bit more intricate than the one of Lemma 4.4.

Lemma 4.6. There exists 6 € (0,1) such that, for each § € (8,1), there exists a constant
CU((S) > 0 such that

) 1 (V) <. 3

/11&3 L7 (v, vs) 15(0) dv, < Cy(6), VwveR?, (22)
18 (0,04 4% a0 < ¢ . €, 2

f e [ < 0, v )

The constant C;i;(3) is explicit and only depends on the parameter § € (5,1), the masses m;, m;
and the collisional kernel B;;.

Proof. We begin by studying the term inside the integral of inequality (22). Using Lemma 4.5,
we easily deduce that for all v, v, € R3

] _ _ 2 “U|2—|U*|2 2_ mi+m]’ N 2 ) T6
I{S'(U7 U*) at (U*) < 06 |'U — Vx ’76 OAo=v[7=0% [v—vs |2 015 ‘V | M s (24)
2] ,ul(v) ij )
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recalling that we have defined v +v, = VI + V=, with VIl being the projection onto Span(v —vy)
and V+ orthogonal to Span(v — v,).

We want to get rid of the asymmetry between the masses m; and m; in the Maxwellian
pi(v)

holds for any a,b € R:

weight (M)T Employing the decomposition v + v, = VI + V1L, the following equality

—b b 2
lav — bv,|? = '(12(v+v*)+a (v —vy)
2
RO g A
4 4 v — v,|?
(a—b)(a+Db) (a+b)?
e S FR . M
since by definition
2
i =) o =l
v — v]? v — v]?

Then, taking (a,b) = (1,0) and then (a,b) = (0, 1), we immediately get

Mg — My <12 mi—mj|\71’2—’”*’2|2
4 ‘V } + 4 |v— vy|?

([v]* = Jv.[?) +

milv]? —mjlv? =

mi + my; mi —m;
2 4
We can now apply this last equality in the study of the total exponent of (24). We first estimate

+ o — v ?

2 2|2 , . _
ol beulTE gy 2y 18 o — o)

v —v,f?

—OA|v — v,]? — X

m; —m; 02 — . 2| m; 4 m;
— <_5A+(1—5)16J> (!v—v*\Q—l—"} +(1 —5)Tf(yv|2 — [v.]?)

v — v |2

_mi (5 Mmoo
(o=

2
m; —m; [0]2 — |v4]? m; +m;
< <6)\+(16)16’) (|vv*|2+‘|v_v|2‘ + (1= (o~ o ), (25)

whenever ¢ > max {0, My }

2m;
As previously done, we inject n = v — v, and v, = v — 7 in the right-hand side of (25) and
we obtain that the total exponent writes

2
m; — m; nl* = 2(n,v) m; +m;
(-ora-a™™) (W P 2000 ) o gy g o)

(n,v)?
In|?

= <_25A_(1_5)’Zj> 2+ (45A+(1—5)'”2”> (n, v)+ <—45>\ +(1-8)" mj) - (26)
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Computing the discriminant of the above quadratic form, we get

A(d) = <4<5A +(1- 6)?)2 + <45A +(1- 5)”;') <—86>\ +(1- 5)””gmf>

_ ”;<45A+(1—6)"2”> (1 —(5(8%—%1)).

Then we immediately check that if we choose 6 = max {O, m;;z ’ﬁz@}’ inequality (25) and

A(6) < 0 are both satisfied for any § € (d,1). This ensures that, for any 6 < § < 1, the quadratic
form (26) remains negative for any v € R?. Consequently, we get that

1-96
‘Vl‘z e (mjlv — nf* = mi|v]?)

v 2
< —C(6) (W + <7|77’7|2> > < —C(0)n]?,

for some explicit constant C'(§) > 0 only depending on ¢ and the masses m;, m;.

2 2
2 |0 = 2(n,v)| m; +m;
B e

Proceeding as in the proof of Lemma 4.4, for each § € (6,1) the integral in (22) can then be
bounded as

5 15 (vs)
/R3 Ts(v,0.) () "

2
a2 S s
< Cyy () / e oM Ik

<y / [~ COI gy,

< Ci;(6).

2V [P 258 (g fo—n 2 —mifol )O177

Inequality (23) can be proved in the same way, by setting this time n = v, — v and using
v = v, — 1. This ends the proof. O

Young’s inequality and Fubini’s theorem allow to conclude that, taking § € (d2,1) with

m;—my;

do = maxj<i j<n {O, T 8)\+m } the term 7 is bounded by
W
1) 6 *
TE(f) < eC 12%{ 2wl Re Z/ I(v, v, @/M—Ji‘thhi‘dv*dv
W
<eCW { 101, } J I 2 g 2
<eC max, Ci oo |Ui|Re i Z y I (v, vs) o h:*dvdu. + . I (v, vs) Mzh dv,.dv
l?]

1) Y\ *2 Y\ 72
<eC 122}5\[{ |uz|7€u Z/ (1+ [vi]?) ) dv*—l—Z/ (1+ [v]")hidv

<200 max {el 2l R} 17, (10 1/2): (27)
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Step 7 — End of the proof. Choosing § = max{%,gl,gg}, estimates (19)—(21) and (27) are
simultaneously verified, and we can gather them together to obtain, for all f € L? (R3, pt/ 2),
1-§ 2
<L€(f) - L(f)7 f>L% (#71/2) < Ce 121@3‘;](\7 {Cz‘,oo |ui’R€7i} HfHL% (<U>7/2y,—1/2) ’

with C' = max C®,
1<i<4

To conclude, we simply observe that we can write f = £ — 7, (f) + 7 (f) and then apply
Young’s inequality in this last estimate, to finally get

<L€(f),f>L% (u1/2) < - <)\L —Ce 121%}5\/ {czlgﬂul!Rm}) |If — WL(f)”i%(@WQ“_W)

1-5 2
+Ce B {cz-,oo |ui!7€a,z’}HWL(f)HL%(@)W%1/2)7
for all f € L2(R?, p=1/2).

The estimate holds for any € > 0 and Theorem 3.2 is then proved.

REFERENCES

[1] P. Andries, K. Aoki, and B. Perthame. A consistent BGK-type model for gas mixtures. J.
Statist. Phys., 106(5-6):993-1018, 2002.

[2] C. Baranger and C. Mouhot. Explicit spectral gap estimates for the linearized Boltzmann
and Landau operators with hard potentials. Rev. Mat. Iberoamericana, 21(3):819-841, 2005.

[3] A. V. Bobylév. The method of the Fourier transform in the theory of the Boltzmann
equation for Maxwell molecules. Dokl. Akad. Nauk SSSR, 225(6):1041-1044, 1975.

[4] A. V. Bobylév. The theory of the nonlinear spatially uniform Boltzmann equation for
Maxwell molecules. In Mathematical physics reviews, Vol. 7, volume 7 of Soviet Sci. Rev.
Sect. C' Math. Phys. Rev., pages 111-233. Harwood Academic Publ., Chur, 1988.

[5] L. Boudin, B. Grec, and V. Pavan. The Maxwell-Stefan diffusion limit for a kinetic model
of mixtures with general cross sections. Nonlinear Anal., 159:40-61, 2017.

[6] L. Boudin, B. Grec, M. Pavi¢, and F. Salvarani. Diffusion asymptotics of a kinetic model
for gaseous mixtures. Kinet. Relat. Models, 6(1):137-157, 2013.

[7] L. Boudin, B. Grec, and F. Salvarani. The Maxwell-Stefan diffusion limit for a kinetic model
of mixtures. Acta Appl. Math., 136:79-90, 2015.

[8] J.-F. Bourgat, L. Desvillettes, P. Le Tallec, and B. Perthame. Microreversible collisions for
polyatomic gases and Boltzmann’s theorem. FEuropean J. Mech. B Fluids, 13(2):237-254,
1994.

[9] M. Briant. Stability of global equilibrium for the multi-species Boltzmann equation in L
settings. Discrete Contin. Dyn. Syst., 36(12):6669-6688, 2016.

[10] M. Briant and E. S. Daus. The Boltzmann equation for a multi-species mixture close to
global equilibrium. Arch. Ration. Mech. Anal., 222(3):1367-1443, 2016.

[11] M. Briant and Y. Guo. Asymptotic stability of the Boltzmann equation with Maxwell
boundary conditions. J. Differential Equations, 261(12):7000-7079, 2016.

20



[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]
28]

[29]

[30]

S. Brull, V. Pavan, and J. Schneider. Derivation of a BGK model for mixtures. Fur. J.
Mech. B Fluids, 33:74-86, 2012.

T. Carleman. Problémes mathématiques dans la théorie cinétique des gaz. Publ. Sci. Inst.
Mittag-Leffler. 2. Almqvist & Wiksells Boktryckeri Ab, Uppsala, 1957.

C. Cercignani. Mathematical methods in kinetic theory. Plenum Press, New York, second
edition, 1990.

C. Cercignani, R. Illner, and M. Pulvirenti. The mathematical theory of dilute gases, volume
106 of Applied Mathematical Sciences. Springer-Verlag, New York, 1994.

E. S. Daus, A. Jiingel, C. Mouhot, and N. Zamponi. Hypocoercivity for a linearized multi-
species Boltzmann system. SIAM J. Math. Anal., 48(1):538-568, 2016.

L. Desvillettes, R. Monaco, and F. Salvarani. A kinetic model allowing to obtain the energy
law of polytropic gases in the presence of chemical reactions. Fur. J. Mech. B Fluids,
24(2):219-236, 2005.

I. M. Gamba, V. Panferov, and C. Villani. Upper Maxwellian bounds for the spatially
homogeneous Boltzmann equation. Arch. Ration. Mech. Anal., 194(1):253-282, 2009.

V. Garz6, A. Santos, and J. J. Brey. A kinetic model for a multicomponent gas. Phys.
Fluids A, 1(2):380-383, 1989.

H. Grad. Principles of the kinetic theory of gases. In Handbuch der Physik (herausgegeben
von S. Fligge), Bd. 12, Thermodynamik der Gase, pages 205-294. Springer-Verlag, Berlin-
Gottingen-Heidelberg, 1958.

H. Grad. Asymptotic theory of the Boltzmann equation. Phys. Fluids, 6:147-181, 1963.

H. Grad. Asymptotic theory of the Boltzmann equation. II. In Rarefied Gas Dynamics (Proc.
3rd Internat. Sympos., Palais de 'UNESCO, Paris, 1962), Vol. I, pages 26-59. Academic
Press, New York, 1963.

D. E. Greene. Mathematical aspects of kinetic model equations for binary gas mixtures. J.
Mathematical Phys., 16:776-782, 1975.

Y. Guo. Decay and continuity of the Boltzmann equation in bounded domains. Arch.
Ration. Mech. Anal., 197(3):713-809, 2010.

D. Hilbert. Grundziige einer allgemeinen Theorie der linearen Integralgleichungen. Chelsea
Publishing Company, New York, N.Y., 1953.

T. Kato. Perturbation theory for linear operators. Die Grundlehren der mathematischen
Wissenschaften, Band 132. Springer-Verlag New York, Inc., New York, 1966.

T. F. Morse. Kinetic model equations for a gas mixture. Phys. Fluids, 7:2012-2013, 1964.

C. Mouhot. Explicit coercivity estimates for the linearized Boltzmann and Landau operators.
Comm. Partial Differential Equations, 31(7-9):1321-1348, 2006.

C. Mouhot. Rate of convergence to equilibrium for the spatially homogeneous Boltzmann
equation with hard potentials. Comm. Math. Phys., 261(3):629-672, 2006.

C. Mouhot and L. Neumann. Quantitative perturbative study of convergence to equilibrium
for collisional kinetic models in the torus. Nonlinearity, 19(4):969-998, 2006.

21



[31]
[32]
[33]
[34]

[35]

[36]

C. Mouhot and R. M. Strain. Spectral gap and coercivity estimates for linearized Boltzmann
collision operators without angular cutoff. J. Math. Pures Appl. (9), 87(5):515-535, 2007.

J. Ross and P. Mazur. Some deductions from a formal statistical mechanical theory of
chemical kinetics. J. Chem. Phys., 35:19-28, 1961.

A. Rossani and G. Spiga. A note on the kinetic theory of chemically reacting gases. Phys.
A, 272(3-4):563-573, 1999.

L. Sirovich. Kinetic modeling of gas mixtures. Phys. Fluids, 5:908-918, 1962.

S. Ukai and T. Yang. Mathematical Theory of Boltzmann Equation. Lecture Notes Ser.,
vol. 8, Liu Bie Ju Center of Mathematical Sciences, City University of Hong Kong, Hong
Kong, 2006.

C. Villani. A review of mathematical topics in collisional kinetic theory. In Handbook of
mathematical fluid dynamics, Vol. I, pages 71-305. North-Holland, Amsterdam, 2002.

A.B., M.B., B.G.: MAP5, CNRS UMR 8145, SORBONNE PARIS CITE, UNIVERSITE PARIS
DESCARTES, FRANCE

E-mail address: andrea.bondesan@parisdescartes.fr

E-mail address: marc.briant@parisdescartes.fr

E-mail address: berenice.grec@parisdescartes.fr

L.B.: SORBONNE UNIVERSITES, UPMC UnN1v Paris 06, CNRS, INRIA, LABORATOIRE
JacqQues-Louis Lions (LJLL CNRS UMR 7598), EQUIPE-PROJET REO, PARIS, F-75005,
FRANCE

E-mail address: laurent.boudin@upmec.fr

22



