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EXTREMES FOR MULTIVARIATE EXPECTILES

VERONIQUE MAUME-DESCHAMPS, DIDIER RULLIERE, AND KHALIL SAID

ABSTRACT. Multivariate expectiles, a new family of vector-valued risk measures, were recently introduced in the
literature [23]. Here we investigate the asymptotic behavior of these measures in a multivariate regular variation
context. For models with equivalent tails, we propose an estimator of extreme multivariate expectiles in the Fréchet
domain of attraction case with asymptotic independence, or for comonotonic marginal distributions.

INTRODUCTION

In recent years, expectiles have become an important and frequently-used risk measure because they satisfy both
coherence and elicitability properties. In the one-dimensional setting, expectiles were introduced by Newey & Powell
(1987) [18]. For a random variable X with a finite second moment, the expectile of level « is defined by:

a(X) = argmin Bla(X — )3 + (1 - a)(z — X)},

where (z)4 = max(z,0). Expectiles are the only risk measure satisfying both elicitability and coherence properties—
see Bellini & Bignozzi (2015) [4].

In higher dimensions, several extensions of expectile measures have been recently proposed. A direct extension
using multivariate versions of the elicitability property were introduced in Maume-Deschamps et al. (2017) [23].
Multivariate geometric expectiles were presented in Herrmann et al. (2018) [I5], constructed as an extension of
the multivariate geometric quantiles introduced in Chaudhuri (1996) [8]. Geometric expectiles are also elicitable by
construction, and generalize univariate expectiles.

In this paper we focus on matriz expectiles, introduced in [23]. Consider a random vector X = (X1,..., X4)T € R?
whose second order moments exist, and let ¥ = (m;;)1<;, j<q be a d x d real, symmetric, and positive semi-definite
matrix such that ¢ € {1,...,d}, m; = m > 0. A Y-expectile of X is then defined as:
el (X) € argmin E[o(X = x)1 (X —x)4 + (1 —a)(X —x)I2(X — x)_],

xER?
where (x) 1 = ((#1)4,-.-,(2q)+)T and (x)_ = (—=x);. We shall concentrate on the case where the above minimiza-
tion has a unique solution. In [23], conditions on ¥ ensuring the uniqueness of the argmin are given; indeed, it is
sufficient that m;; > 0, Vi,j € {1,...,d}. We shall make this assumption throughout the paper. In which case the
vector expectile is unique and the solution to the following system of equations:

d d
(01) OéZ’IT;“]E[(XZ — ‘ri)+]]-{Xk>zk}} = (]. — a) Z’IT]”E[(.’EZ — Xi)+]]'{?fk>Xk}]’ Vk € {17 - ,d}
i=1 =1

In the case where m;; = 1 for all (i,j) € {1,...,d}?, the corresponding Y-expectile is called a Li-expectile. This
coincides with the L;-norm expectile defined in [23].

In [23] it is proved that,

S S S e
alglea (X) =Xp, and alinoea (X) =X,

where Xy € (R U {+00})? is the right endpoint vector (zl,...,2%)T, and X5 € (R U {—o00})? the left endpoint
vector (z},..., 24T of the support of the random vector X.

Multivariate expectiles can be estimated in the general setting using stochastic optimization algorithms. The
estimation example using the Robbins-Monro algorithm (1951) [28] presented in [23] shows that for extreme levels
(i.e., @ = 1 or @ — 0), the estimation obtained is not satisfactory in term of speed of convergence. This has
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lead us to a theoretical analysis of the asymptotic behavior of multivariate expectiles. Since—to give a real-world
example—solvency thresholds in insurance are generally high (e.g., a = 0.995 for the Solvency II directive), the
study of the asymptotic behavior of risk measures is of natural importance. The goal of the present paper is there-
fore to establish the asymptotic behaviour of multivariate expectiles.

The study of the extreme behaviour of risk measures in a multivariate regular variation framework is the subject
of a number of works. Let us mention as examples Embrechts et al. (2009) [I3], Albrecher et al. (2006) [1] in
risk aggregation contexts, and Asimit et al. (2011) [2] in risk capital allocation. Similar works has also been done
on other multivariate risk measures, as for example in Girard & Stupfler (2015) [I4] for geometric quantiles, and
recently in Di Bernardino & Prieur [II] for the multivariate conditional-tail-expectation.

Here we work with the equivalent tails model. This is often used to model claim amounts in insurance and study
dependent extreme events, and is also used in ruin theory models. The equivalent tails model includes in particular
portofolios with identically distributed risks, and the case where there is a scale difference in distributions. Here we
will study the asymptotic behavior of multivariate expectiles in the multivariate regular variations framework. We
shall focus on marginal distributions belonging to the Fréchet domain of attraction, which contains heavy-tailed
distributions that represent—to give an example— the most potentially expensive claims in insurance. We remark
that the attention given to univariate expectiles is a quite recent phenomenon. In [5], for regularly varying random
variables, asymptotic equivalents of expectiles as a function of the quantile of the same level are proved. First and
second order asymptotics for the expectile of the sum in the FarlieAASGumbelaASMorgenstern (FGM) dependence
structure case are given in [22].

The paper is set out as follows. The first section is devoted to a presentation of the multivariate regularly varying
distribution framework. The study of the asymptotic behavior of the multivariate expectiles for the Fréchet model
with equivalent tails is the subject of Section 2. The case with an asymptotically dominant tail is analyzed in
Section 3. Section 4 is devoted to the estimation of extreme multivariate expectiles in the asymptotic independence
and comonotonicity settings, and simulation results are also provided.

1. THE MRV FRAMEWORK

Regularly varying distributions are well suited to study extreme phenomenons. Lots of works have been devoted
to the asymptotic behavior of usual risk measures for this class of distributions, and results are given for sums of
risks belonging to this family. It is well known that the three domains of attraction of extreme value distributions
can be defined using the concept of regular variations (see [12} 26} 9} [@]).

This section is devoted to the classical characterization of multivariate regular variations, which will be used in
the study of the asymptotic behavior of multivariate expectiles. We also recall some basic results on the univariate
setting that we shall use.

1.1. Univariate regular variations. We begin by recalling basic definitions and results on univariate regular
variations.

Definition 1.1 (Regularly varying functions). A measurable positive function f is regularly varying of index p at
a € {0, +o0}, if for all ¢ > 0,
t
lim f(tz)
z—a f(x)

:tp’

we denote f € RV,(a).

A slowly varying function is a regularly varying function of index p = 0. Remark that f € RV ,(+00) if and only
if, there exists a slowly varying function at infinity, L € RVy(+00) such that

f(z) = 2?L(x).

Theorem 1.2 (Karamata’s representation, [27]). For any slowly varying function L at +oo, there exists a positive
measurable function c(-) that satisfies liIJIrl c(z) = ¢ €]0,400[, and a measurable function () with (x) =0,
Tr—r+00

such that .
L(z) = ¢(z) exp </1 e(tt)dt) .

2
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Lemma 1.3 (Integration of RV functions (Karamata’s Theorem)), [25]). For a positive measurable function f,
regularly varying of index p at +o00, locally bounded on [xg, +00) with xog > 0

o if p> —1, then
/ ft)de 1
lim

eotoe of(z)  pA L

o if p < —1, then
+oo

li s = - .
i xf(x) p+1

Lemma 1.4 (Potter’s bounds [6]). For f € RV,(a), with a € {0,00} and p € R. For any 0 < e <1 and all x and
y sufficiently close to a, we have

o (5) ())<= ome () ().

Many other properties of regularly varying functions are presented in [6]. Throughout the paper, we shall consider
generalized inverses of non-decreasing functions f: f< (y) =inf{z e R, f(z) > y}.

1.2. Multivariate regular variations. The multivariate extension of regular variations is introduced in [I0]. We
denote by j, — p the vague convergence of Radon measures as presented in [19]. The following definitions are
given for non negative random variables.

Definition 1.5 (Multivariate regular variations). The distribution of a random vector X on [0, c0]¢ is said to

be regularly varying if there exist a non-null Radon measure pux on the Borel o-algebra By on [0,00]%\0, and a
normalization function b : R — R which satisfies lirr+1 b(z) = +o00, and such that
r—>r+00

(1.1) ulP (b(Xu) € ) s ux () as u — +o0.

There exist several equivalent definitions of multivariate regular variations which will be useful in what follows.

Definition 1.6 (MRV equivalent definitions). Let X be a random vector on R, the following definitions are
equivalent:

e The vector X has a regularly varying tail of index 6.
e There exist a finite measure y on the unit sphere S%~!, and a normalization function b : (0, 00) — (0, 00)
such that

, X _ b
(1.2) i P (IXI> ab(0) 750 € ) = ul)

for all x > 0. The measure y depends on the chosen norm, it is called the spectral measure of X.
e There exist a finite measure y on the unit sphere S?~!, a slowly varying function L, and a positive real

6 > 0 such that

g

X
(1.3) lim ) <|X||>x X eB) u(B),

x—+00 L(
for all B € B(S*!) with u(0B) = 0.

From now on, MRV denotes the set of multivariate regularly varying distributions, and MRV(6, ) denotes the
set of random vectors with regularly varying tail, with index 6 and spectral measure pu.
From , we may assume that p is normalized i.e. u(S?~!) = 1, which implies that ||X| has a regularly varying
tail of index —8.
On the other hand,

X
lim ( €B ‘ IX]|> x > = lim
z—too \ [IX]| e—toe P(|X][> )
0

= lim 7B L) = u(B),

for all B € B(S%~1) with u(0B) = 0. That means that conditionally to {||X|> =}, ﬁ converges weakly to p.

The different possible characterizations of the MRV concept are presented in [25].
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1.3. Characterization using tail dependence functions. Let X = (Xi,...,X4) be a random vector. From
now on, F'x, denotes the survival function of X;. In this paper, we use the definition of the upper tail dependence
function, as introduced in [20].

Definition 1.7 (The tail dependence function). Let X be a random vector on R? with continuous marginal
distributions. The tail dependence function is defined by

(1.4) A (21, wa) = lim 17T P(Fy, (X1) <t P, (Xa) < taa),
—
when the limit exists.

For k < d, denote by X*) a k dimensional sub-vector of X, C*) its copula and 6(k) its survival copula. The
upper tail dependence function is

®) (tuy, ...t
(1.5) N (un, ) =t S k)
t—s0+ t

if this limit exists. The lower tail dependence function can be defined analogically by

(k) C(k) (tul . tuk)
X ... = 1l AR
Lo (ueu) = lim ;

)

when the limit exists. In this paper, our study is limited to the upper version as defined in (|1.5)).

We now consider the following assumption:

Assumption 1 (Equivalent tails). We assume that X has equivalent regularly varying marginal tails, which means
that both and below are satisfied
(i) Fx, € RV_p(+00), with 6 > 0.
(it) The tails of X;,i=1,...,d are equivalent. That is for all i € {2,...,d}, there is a positive constant ¢; such
that

Conditions |(i)| and in Assumption |1| imply that all marginal tails are regularly varying of index —6 at +oc.

The following two theorems show that, under Assumption [T} the MRV character of multivariate distributions is
equivalent to the existence of the tail dependence functions.

Theorem 1.8 (Theorem 2.3 in [21]). Let X = (X1,..., X4) be a random vector in R, with continuous marginal
distributions Fx,,i =1,...,d that satisfy Assumption . If X has a MRV distribution, the tail dependence function
exists, and it is given by

* uy —-1/0 Ug —-1/0
)\?]( (ul,...,uk): lim zP | X, >b($) <> ,...,Xk>b($) () s

xr—+00 &1
forany k € {1,...,d}.

Theorem 1.9 (Theorem 3.2 in [30]). Let X = (X1,...,Xy) be a random vector in R, with continuous marginal

distributions Fx,,i = 1,...,d that satisfies Assumption . If the tail dependence function /\?]((k) exists for all

it
ke {1,...,d}, then X is MRV, its normalization function is given by b(u) = (i) (u) and the spectral measure
. 1

8

d
u([0,x]¢) = Zcixje — Z )\(UXi’Xj)(cixje, cjxjfe) o ()N (27 cang?).
i=1 1<i<j<d

By construction of the multivariate expectiles, only the bivariate dependence structures are taken into account.
We shall use the functions )\gxi’x’“), for all (i, k) € {1,...,d}?. In order to simplify the notation, we denote it by A\i¥.
If the vector X has an MRV distribution, the pairs (X;, X;) have also MRV distributions, for any (i, j) € {1,...,d}>.
So, in the MRV framework, and under Assumption |1} the existence of functions A\* is insured. In addition, we
assume in all the rest of this paper that these functions are continuous.
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2. FRECHET MODEL WITH EQUIVALENT TAILS

In this section, we assume that X satisfies Assumption [I| with # > 1. It implies that X; belongs to the Fréchet
extreme value domain of attraction. This domain contains distributions with infinite endpoint p = sup{z : F(z) <
1} = 400, so as a — 1 we get € (X) — 400 Vi. Also, from Karamata’s Theorem (Theorem [1.3]), we have for
i=1,....d,

E[(Xi—z)4] 1

2.1 li ! — 7

foralli e {1,...,d}.

Proposition 2.1 (Equivalent expectiles components). Let ¥ = (m;;); j=1,...a with m;; >0 for alli,j € {1,...,d}.
Under Assumption the components of the multivariate X-expectiles e4(X) = (€4,(X))i=1,....a satisfy
(i) 4 ,
. L (X — e (X
0< 1 o <1 =
aneh(X) ~ a1eb(X)

~—
~—

o

< +oo,Vi € {2,...,d}.
(it)

1— . 1-
0< lLim a @

T e fm Y s Vie{2,....d).
(e (X)) o Py (e (X)) {2 d}

Proposition implies that distributions with equivalent tails have asymptotically comparable multivariate
expectile components.

Before we prove Proposition we shall demonstrate some preliminary results. Firstly, let X = (X1,..., Xq)7
satisfy Assumption |1} we denote z; = €,(X) for all i € {1,...,d}. We define the functions 1%, x, for all (,j) €

{1,...,d}* by
(2.2) 1%, x, (@i 75) = aB[(X; — 2:) 4+ Lx;5a5y] — (1= )E[(X; — ) - Lix; <ay]s

and I, (7;) = %, x, (@i, x;).
The optimality system (0.1) rewrites

d
« Tki [e}
(2.3) % (@) =— > Tk % ox, (@i o) Ve {1,...,d}.
i=1,i#k kk

We shall use the following sets:
Ji={je{l,...,d}\{i}] lim =2 =0},
a—1T;

3

Jh={e{l,. . d\{i}|0< lim 2 < Tim L < 400},

1T a—1x;
D e T
and Ji ={je{1,...,d}\ {i}| algllxi = +oo}.

The proof of Proposition is written for m;; = 1, for all (i, ) € {1,...,d}?, i.e. for the Li-expectiles. The general
case can be treated in the same way, provided that m;; > 0 for all (i, j) € {1,...,d}?. The proof of Proposition

follows from Lemma and Proposition
Lemma 2.2. Assume that Assumption[]] is satisfied.
(1) If t = o(s) then for all (i,j) € {1,...,d}?,
im — =
t—+oo tFXj (t)
(2) If t = @(s)ﬂ then for all (i,7) € {1,...,d}?,
Fx,(s) ci (s

—0
— 7) ast — 0.
Fx,(t) ¢

t
The proof is given in Appendix The proof of Proposition is given in Appendix We may now
prove Proposition

1Recall that ¢ = O(s) means that there exist positive constants C; and Ca such that C1s <t < Cas
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Proof of Proposition . We shall prove that JL = (), the fact that J& = for all k € {1,...,d} may be proven
in the same way. This implies that J§ = J% = () for all k € {1,...,d}, hence the result.

We suppose that JL # 0, let i € JL, taking if necessary a subsequence, we may assume that z;/r; — 400 as
a— 1.

From Proposition we have

— [ 1—«
0< lim ——% < Tim ——% < 4ooVie{2,. .. .d,
e (LX)~ A P (e(X)) {2df

so, taking if necessary a subsequence, we may assume that 3¢ € R*\{4o0c} such that
1—
lim —— % =/,
a—>1 FX1 (;171)

In this case,

% E[(X; — 1-— E|X 1
i @) ((2a—1) (X —w)e]  1-a g B 1})>:—€<—|—oo
(1*)1]}1FX1 (.131) a—1 xlFXl (371) F1(.131) 1 0—1
Moreover,
E[(X; —z;)+1 x E[(X; —x; E[(X; — iFx, (z; .
[( i)+ L (x> 01)] < (X —zi)+] _ E[(Xs = 2)4] 2iFxi(2i)) using Lemma 2
1 Fx, (x1) z1Fx, (x1) ziFx,(x;) x1Fx, (21
We get,
i l?(i,xj (zi, 1) ~ im (Oé]E[(Xi —Zi)+ U ix,500}] —7(1 - a)E[(X; - xi)—ﬂ{xlql}])
a—s>1 J;lFxl (;1;1) a—->1 xlFXl (xl)
E[(X; —x;)4+1 = 1-— i .
— lim ( (X —2)+lixi>an] - 1-a x) = —o0, Vie JL.
a—l z1Fx, (1) Fy, (z1) 21

Going through the limit (o« — 1) in the first equation of the optimality System (2.3) divided by =1 Fy, (1),
leads to

(2.4) lim Z M - o
a—1 kGJ&UJé\Jl $1FX1 (1‘1)

Now, let k € J3

“+o0
P(Xy >t, X1 >x1)dt / P(Xk>t7X1>l’1)dt
x

Z1

E[(Xk _x_k)JrII-{X1>r1}] _ /xk _ 4+ Jm
x1Fx, (1) z1Fx, (1)

1 —+oo
/P(X1>x1)dt / P(X) > t)dt

k 1

21 Fx, (1)

<

)

w1 Fx, (1) 21 Fx, (1)

Karamata’s Theorem (Theorem leads to

T +OO
/ P(Xl >l‘1)dt / P(Xk>t)dt

. x Ck
lim ~*&—— + 5 =1+ —— VkeJl
a—1 11 Fx, (r1) x1Fx, (1) 6—1 0

Consider k € Jé

E[(Xk — k) + 1{x, >0} < Bl(Xk —an)4] _ E[(Xg — z5)+] xi Fx, ()

x1Fy, (1) T @i Fx, () o Fx, (zr) @1Fx, (1)
and
E[(Xp — 1)) znFx, (z1)  ex (wk)aﬂ
:EiFXk(CEk) mlﬁxl(xl) a—10—1\ 2 '
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Finally, we deduce that

-— Tk .
— E hml— < lim
a— 17
kEJIUIENIL Lo e ptosiag

— 5 (g, 1)
p Xy, X1 ks U1
< Tim E ’wﬁli’
a—1 €T €T
keJtusi\gy X (1)

—6+1
Ck — Tk N Ck
< E lim — — ¢ lim — E 1 .
- (91 (aﬂllm) aﬂllx1>+ ( +91>

keJg keJ\JL,

l?(k,Xl (l‘k, xl)

x1Fx, (1)

This is contradictory with (2.4), and consequently JL is necessarily an empty set. The result follows. O

Proposition 2.3 (Extreme multivariate expectile). Assume that Assumption || is satisfied and X has a reqularly
varying multivariate distribution in the sense of Definition . Consider the L1 -expectiles eq(X) = (€,,(X))i=1,....d-

Then any limit vector (n, Ba, ..., Ba4) of (Fx 1(;10‘()()), 2?’ EQ Yy z?g;) satisfies the following equation system
1 [ «@ o
1 0 d oo , 0—1
(2.5) 7—77(5’“) = / Ak (S0 1) at— g, | vk € {1,...,d)}.
0—1 C =1k git Ck Ck
i=1,1 X

By solving the system ({2.5), we may obtain an equivalent of the extreme multivariate expectile, using the marginal
quantiles: we will see below that this relation allows to get the asymptotic behavior of Fy, (eX (X)), which gives a
link between quantiles and expectiles.

Proof. The optimality system (2.3)) can be written in the following form
d
E[(X) — 1— E[X, E[(X; — 2;)_Tyx, s

szXk (Jck) FXk (Ik Tk =Tk xkFXk. (xk)

d
E Xz_ i 1 T
- Y a [(Xi = 2)+ Lix,> k}], Vke{1,...,d}.

i=1,i#k ok Fx, (@)
For all k € {1,...,d}, we have (taking if necessary a subsequence)
E[(Xi — 1— E[X 1 o
lim (20 — 1) [(Xp —zp)y] 11—« (1_ [ k])z _n(ﬁkz) 7
a—1 zpFx, (xr) Fx, (zr) Tk -1 Ck
and for all ¢ € {1,...,d} \ {k}
E[(X; —z;)-1 z 1- i ElXilix, <o, X<
lim (1 — ) s )L <o) lim ——— (xIP’(Xi <y, X < T1) — S SR A k}])
a—s1 xkFXk (xkr) a—-1 FXk (gjk) Tk Tk
BL Bi -
=t =nt—p.
¢ Br Ck
Moreover,
E[(X; —2) 4 1ix, >0, 1 oo
[( ai)-ﬁ- {Xr> k}] _ _ / P(Xi > t,Xk > xk)dt
rpFx, (k) rpFx, (k) Ja,
+oo
_ / P(Xi > tag, X > Z‘k)dt
2q Fx, (xk>

T

dt.

_ +OOP (qu(Xl) < FX,;(txk)yﬁXk(Xk) < ka (l‘k))
® FXk(xk)

L
Tk

Firstly, we remark that

FXk' (xk)



Since the functions )\’i}“ are assumed to be continuous,

P (Fx,(X;) < Fx, (txy), Fx, (X) < F , ,
(2.6) lim ( Xl( ) Xl(ixk) Xk( k) Xk(‘rk)) _ )\Zg (Czt_g, 1) .
a—l Fx, (vx) Ck

In order to show that

E[(X; — 2:)4 1 too e
lim a X~ T 0] :/ Ak (Ct_9,1> dt,
Ck

a—1 xkFXk(xk) %

we may use the Lebesgue’s Dominated Convergence Theorem with Potter’s bounds (1942) (Lemma for regularly

varying functions.
First of all,

P (FXi (XZ) < in (tmk);FXk (Xk) < ka(mk)) < min {1 in(txk) }
Fx, (1) - | Fx ()

. in(tzk) o F‘X,i(tfrk) ka(t.’tk) . in(twk) _ ci . 5 _
since (@) — Ty (an) Fx, (o) and Ong}ll o (tae) — on using Potter’s bounds, for all e > 0 and 0 < &9 < 0 — 1,

there exists 20 (e2,£1) such that for min{zy, txy} > 20 (e2,1)

Fy,(t ;
Balton) <C + 2el> t~0 max (2, ¢t7°2).
FXk (xk) Ck

Lebesgue’s theorem gives

lim
a—1

i

B

o0 _ _ _ _

P (Fx,(X;) < Fx,(txy), Fx, (Xx) < Fx, teo

(Fx, (X)) Xq,(_fk) X, (Xk) Xk(xk))dt :/ ik (Ct—971> dt,
En Fy, (wk) Ch

Tp

so, for all (i # k) € {1,...,d}?

tim A = T+ L (50 :/ A <Ct9,1> dt.
C

a—>1 kaXk(xk) /%

Hence the system announced in this proposition. O

In the general case of Y-expectiles, with ¥ = (7;;)i j=1,....a; mij > 0, m;; = m; > 0, System (2.5)) becomes

d o -1

1 (Br)° ik /+ ik [ Ci o k

_ S Ak (S0 1) ar — ) ovkeq1,... a.

0—1 7 Ck 1tk Tk gil v Ck ’ " Ck Z €{ }
1=1,7 k

Moreover, let us remark that System (2.5)) is equivalent to the following system

d +00 d +oo
(2.7) Z/B A (cit™, enBy %) dt = Z/ A (eit™?,1) dt,Vk € {2,...,d}.
=17 B i=1 7P

The limit points 3; are thus completely determined by the asymptotic bivariate dependencies between the marginal
components of the vector X.

Furthermore, using a substitution in System (2.5) and the positive homogeneity property of the bivariate tail
dependence functions A% (see Proposition 2.2 in [I7]), we obtain the following system

+o00
d —0+1 ) 0—1
) Ay “ (%) Al (t’“(ﬁk) )dt—n g | vkeq, )
1

Ck i \ 6x \ B ci \ i Ck

The main utility of writing the asymptotic optimality system in the form ([2.8) is the possibility to give an explicit
form to (n, Ba, ..., B4) for some dependence structures. In order to illustrate that point, consider that the dependence
structure of X is given by an Archimedean copula with generator . The survival copula is given by

Clay, . wa) =@ (21) + - + ¢ (2a)),
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where ¢ (2) = inf{t > 0|¢(t) < x} (see e.g. [24] for more details). Assume that, 1 is a regularly varying function
at +o0, with negative index: 1) € RV_g, (+00). According to [7] (Theorem 3.1), the right tail dependence functions
exist, and one can get their explicit forms

-0
k P
x® ~7
/\U (xl,...,xk): E Z; .
i=1

Thus, the bivariate upper tail dependence functions are given by

e (B’ J i\ B W "
ik [ ,.—6 Ck k _ o i k
*U(t (%) )‘(”*(ck) (%) ) |

In particular, if 8 = 0, we have

+o00 ﬂ _o ) l/@ —0+1
ik [ -0 Ck [ Pk _ <\’ Bk
[ (e () Vs (e () 2)

and System (2.8)) becomes

d

LB Lo (B (e B
k) _ _ N Yt “i _plk ,
9—1_77 C o Z 0—1Ck <5k+<ck> ) " Ck 61

i=1,i#k

Lemma 2.4 (The comonotonic Fréchet case). Under Assumptz'on consider the Ly -expectiles e, (X) = (e%,(X))i=1, .. a-
If X =(Xy,...,X4q) is a comonotonic random vector, then the limit

(1—a e2(X) ei(X))
Fr, (eL(X)) eb(X) " eh(X) )

(1, Bay ..., Ba) = lim

a—>1

satisfies

. l-«a 1 1/6
lim — - d Bo=c? Vke{l,....d.
O e eh(x)) a1 M= e d}

The proof is given in Appendix

Lemma 2.5 (Asymptotic independence case). Under Assumptz'on consider the Ly -expectiles e, (X) = (e%,(X))i=1,.. a-

(03

If X = (X1,...,Xq) is such that the pairs (X;, X;) are asymptotically independent, then the limit vector (n, B2, - . ., Ba)

l-a 2(X) 4 (X) .
O‘f (FXI (el (X))’ z}y(x) P 23(X)> satzsﬁes

1 1

6—1

0= and B, = 7,

forallk e {1,...,d}.

Proof. The hypothesis of asymptotic bivariate independence means:
lim P(Xz > l‘i,Xj > ij) — lim ]P)(Xz' > txj,Xj > CCj)
a—1  P(X; > ;) o=t P(X; > )

for all (i,4) € {1,...,d}? and for all t > 0, then, Lebesgue’s Theorem used as in Proposition gives

“+o0
lim ]E[(Xz - «Tj)+ﬂ-{Xj>rcj}] — lim P(Xl > tl‘j,Xj > :Ej)dt
a—1 ijXJ (z;) a—1 =i ]P)(Xj > l‘j)

i

207

=0.
The extreme multivariate expectile verifies the following equation system
1 n S
- iﬁz =+ > aﬁgflﬁi, Vk e {1,...,d},

-1 i=1,i#k
9



which can be rewritten as

Ck

(29) n(0—1)8""

d
= B, Vke{l,....d},
=1

hence B = ¢, ' for all k € {1,...,d}, and

1
= d
O—-1)(1+ Zc;’l
=2
O
In the general case of a matrix of positive coefficients m;;, 1,7 € {1,...,d}, the limits 8;,¢ = 2,...,d remain the
same, but the limit n will change:
1
k(X = 1-— ot
im e?( ) =c¢, " and lim — a = % ,
a—1el (X) a—1FYx, (ek (X)) d o
ik -1
j=2
for all k € {1,...,d}.
We remark that .
1-«a et

?

lim —= < ,

o Py () 01
which allows a comparison between the marginal quantile and the corresponding component of the multivariate
expectile, and since F );kl(l —+) is a regularly varying function at 0 for all k € {1,...,d} with index —é (see Theorem
1.5.12 in [6]), we get

1
a g
1+ E et
i—2
1

6—1
Ck

eh(X) ~ VaRo(Xp)(0-1)77

a—

where VaR,,(Xy) denotes the Value at Risk of X}, at level «, i.e. the a-quantile F'y, (o) of Xj. These conclusions
coincide with the results obtained in dimension 1, for distributions that belong to the Fréchet domain of attraction,
in [B]. The values of constants ¢; determine the position of the marginal quantile compared to the corresponding
component of the multivariate expectile for each risk.

3. FRECHET MODEL WITH A DOMINANT TAIL
This section is devoted to the case where X; has a dominant tail with respect to the X;’s.

Assumption 2 (Dominant tail). We assume that both[(i) and below are satisfied
(i) Fx, € RV_p(+00), with 6 > 0.
(it) The tail of X1 is dominant, i.e.
lim FXi’ (z)
attoo Fix, ()

=0, Vie{2,...,d}.

Proposition 3.1 (Dominant expectile component). Under Assumption [3, consider the Li-ezpectiles eq(X) =
(e (X))i=1,....a- Then

()

. el (X ‘
ﬂig?}elgxio’ Vie {2, .. d
(i)
11—« 1 11—«
lim— - d lm——2 _—0, Vie{2,....d
) o-1 ™ A ey o e

The proof of Proposition [3.1] follows from the following lemma.
10



Lemma 3.2. Under Assumptz'on@ consider the Ly-expectiles e,(X) = (€,(X))i=1...a- Then

(1)
limE[(Xi - {i)+ﬂ{xl>z1}]
afl IlFXl (Il)

=0, Vie{2,...,d},

(2) and
. 11—« — 1l-«
0<lim=——— <lim=——— < +.
aTlFXl(iIfl) aTlFXl (1’1)

The proofs of (1) and (2) of Lemma are given in Appendix and respectively.
Now, we have all necessary tools to prove Proposition
Proof of Proposz'tion . From Lemma E and taking if necessary a subsequence (a,)nen @ — 1, we suppose
that + ( 3 is converging to a limit denoted 0 < n < +o00 and that the limits hm C“ = [3; exist for all i=1,...,d.
X1

Gomg through the limit (w — 1) in the 15t equation of System (0.1 divided by xlFxl (z1), leads using Lemma
to

11—« T; T; 1
1 li _ — | =1 — ]l =— -
(3.1) ogrl1 <Fxl(x1) , Z 331) ogrll <17, Z 331) 0—-1 '

i€JoUJd i€JoUJd

we deduce that J., = 0.
We suppose that Jo # ), so there exists at least one i € {2,...,d} such that 7 € Jo, and for all j € {1,...,d}\{i},
we have
1i ]E[(XJ - x])+]1{XL>:EL}]
1m

= =0.
afl $1FX1 (.731)

Indeed, if j € Jo\{i}

+oo
E[(X) —2j)+Lixisay] i / P(X; > tzy, X; > xi)dt
8

afl x1Fx, (1) afl P(X1 > )
because
P(XJ > tifj,Xi > .’EZ) P(XZ > 1’1)
=P(X, > ta;| X; > x) ——F,
P(X, > z1) (X5 > tag|Xa > @) g 520
—0
P(Xi>wi) _ P(Xi>wi) P(Xa>mi) _ s P(Xai>as) (x5 _
and lﬂnp(xlnl) E%P(X1>LL)IP’(X11>L1) ot P(Xi>a:) (E) =0.
Furthermore, since
]P)(Xj > tl‘l,Xz' > ZEZ) < min ]P)(Xj > tl‘l) ]P(Xi > :ij)
P(Xl >{E1) - ]P)(Xl >1‘1) 7P(X1 >{E1) ’

and using Potter’s Bounds associated to F, as regularly varying function in order to apply the dominated conver-
gence Theorem, we get

lim _
afl mlFxl (xl)

400
E[(X; — 2;)+ 1 {x,50, P(X; > twy, X; > . .
(X = 2) D, 1}]2/ P K > e X > 20 gy o
B

o%'I]‘Ill ]P(Xl > .’El)

Now, if j € Jy then

E[(X; — 2;)4 H{X,>z,} _/ P > 8, X > w) /+DOIP’(Xj > to, Xi > @)
xlFXl le l’l]P X1 > 56‘1) 1 ]P(Xl > 151)
X >l‘l) /JrOO]P)(XJ >t.%‘1,Xi>LL'¢)dt
( ) X1 > 1‘1) + 1 P(Xl > 1’1) ’

thus
li E[(XJ _zj)+]1{Xi>$i}]
1m —
atl CClFxl (1‘1)
11
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+oo
. P(X7,>I7,) . . P(X'>t11,Xi>1}i) .
because Eﬁm =0 and 101?11/ {P(le—>x1)dt =0.
1

Going through the limit (v — 1) in the ith equation of System 1D divided by x Fx, (x1), leads to

—nBi=n(l+ > B,
jeJe\{i}
which is absurd, and consequently Jo = ().
We have thus proved that Jy = {2,...,d} which means

i (X
limeo‘( )

at1el (X)
And from Equation (3.1)) we deduce also that

=B;=0, Vie{2,...,d}.

l1—« 1

— lim— —
T M (eh(X)) 61

and by Lemma [2.2] that
—a
lime——% _—0, Vie{2,...,d.
o1l Fx, (€5, (X))
U

Proposition [3.1]shows that the dominant risk behaves asymptotically as in the univariate case, and its component
in the extreme multivariate expectile satisfies

el (X) T (0 - 1)"3VaRa (X1) ' ea(X1),

[e3

the right equivalence is proved, in the univariate case, in [5], Proposition 2.3.

As an illustration, consider Pareto distributions, X; ~ Pa(a;,b),i = 1,...,d, such that a; > a3 > 0 for all
i€ {l,...,d}, and b > 0. The survival function of X; is Fix,(z) = (b/x)?, x > b, where b is the scale parameter,
which is the minimum possible value of X;, and a; is the shape parameter of X;, known as the tail index. For all
i €{2,...,d}, the tail of X; dominates the tail of each X; and Proposition applies.

4. ESTIMATION OF THE EXTREME EXPECTILES

In this section, we propose some estimators of the extreme multivariate expectile. We focus on the Assumption []]
of equivalent tails, and more specifically on the cases of asymptotic independence and comonotonicity, for which the
equation system is more tractable. We begin with the main ideas of our approach, then, we construct the estimators
using the extreme values statistical tools and prove its consistency. We terminate this section with a simulation
study.

Proposition 4.1 (Estimation’s ideai Using notations of previous sections, consider the Li-expectiles e,(X) =

(€,(X))iz1....a- Under Assumption l—a e (X) ei(x)) has a

L and the assumption that the wvector (Fxl(e(ly(X))’ X)) ot (X)

unique limit point (n, B2, ..., Bd),
ea(X) ~ VaRo(X)n?(LBa....0a)"

a—s
92 ed
Proof. Let (n, B2, ..., B4) = limg_ ( lel(;a(X)), egg; ey eiEi%), we have

ea(X) ~ en(X)(1,f2,...,0a)"

a—1

Moreover, lim —1t=2__
’ a—s1Fx, (e}x (X))

index —%. This leads to

= 1, and Theorem 1.5.12 in [6] states that F%, (1 —.) is regularly varying at 0, with

el(X) ~ Fi(a) (}7)

a—1

and the result follows. O

Proposition gives a way to estimate the extreme multivariate expectile. Let X = (X1,...,X,)7 be an
independent sample of size n, with X; = (X1,4,...,Xa,)T foralli € {1,...,n}. We denote by X; 1., < X;2, <
-+ < X, n.n the ordered sample corresponding to X;.

12



4.1. Estimator’s construction. We begin with the case of asymptotic independence. Propositiond.1jand Lemma|2.5

are the key tools in the construction of the estimator. We have for all ¢ € {1,...,d}

71

1 1— o=t

Bi=c¢/", and lim — A i
aﬁ)lFXi(e}x(X)) a4
@@= {1+> e
j=2
Proposition [£.1] gives

=

d 1 _é 1 1 T
eo(X)T afl VaRq(X71) (0 — 1) (1 + Zc%) (1, T ,C;l> .
i=2
So, in order to estimate the extreme multivariate expectile, we need an estimator of the univariate quantile of X,
of the tail equivalence parameters. and of 6.
In the same way, and for the case of comonotonic risks, we may use Lemma [2.4]

. 1l-—«a 1 10 .
lim — - d B =c' vie{l,.. d,
S e (enX)) o1 A=l Ve d)

and by Proposition [£.I] we obtain
eaX)T U VaRo(X1) (0= 1)77 (1,¢],...,c])"

The X;’s have all the same index € of regular variation, which is also the same as the index of regular variation
of ||X||. We propose to estimate 6 by using the Hill estimator 7. We shall denote § = L. See [I6] for details on
Y

the Hill estimator. In order to estimate the ¢;’s, we shall use the GPD approximation: for u a large threshold, and
T > u,

Let k € N be fixed and consider the thresholds u;:

_ _ B
Fx(wi) = Fx, (w) = =, Vie{l,....d}

The u; are estimated by X; k41, with & — oo and k/n — 0 as n — co. Using Lemma we get
0
. Uy
c; = lim () .
n—oo 'U,l
We shall consider

J
A Xi,n—k+1,n (k)
(4.1) & = [ Shnckiin )T
Xl,nkarl,n

where 4(k) is the Hill estimator of the extreme values index constructed using the k largest observations of ||X||.
) 1

L == =< __.
et 0 v(k)

Proposition 4.2. Let k = k(n) be such that k — oo and k/n — 0 as n — oo. Under Assumption |1], for any
i=2,....d,

P

C; — C;.
Proof. The results in [3] page 86 imply that for any ¢ = 1,...,d

Xin—k+in P
,n—k+1,n
U;

Moreover, it is well known (see [16]) that the Hill estimator is consistent. Using (4.1]), and the fact that

1.

Xin— Uu;
Shnoktln Ty probability and thus is bounded in probability,
Xl,n—k+1,n Ui
we get the result. O
13



To estimate the extreme quantile, we will use Weissman’s estimator (1978) [29]:
R k(n) Y
VaRo(X1) = X1 nkt)tin | m———— ) -
e (=rr)
The properties of Weissman’s estimator are presented in Embrechts et al. (1997) [12] and also in [3] page 119.
In order to prove the consistency of our estimators of extreme multivariate expectiles, we shall need the following
second order condition (see [3] Section 4.4).
Definition 4.3. A random variable X satisfying Fx € RV _g(+00) with § = % > 0 will be said to verify the second
order condition SOC_g(b) with 5 > 0 and b € RV_g(+00) if the function U :y — F5 (1 — %) satisfies for u > 0:
U(ux)
U(x)

=u" (1 4+ h_g(u)b(x) + o(b(x))), as x goes to infinity.

1—u"?

where h_g(u) = =3

Now, we can deduce some estimators of the extreme multivariate expectile, using the previous ones, in the cases
of asymptotic independence and perfect dependence.

Definition 4.4 (Multivariate expectile estimator, Asymptotic independence). Under Assumption (1} in the case
of bivariate asymptotic independence of the random vector X = (Xi,...,X4)?, we define the estimator of the
L1-expectile as follows

X . 5 ) 7
kn) \7( 4 \' 1 = =
- X : 1,607, el
1,n—k(n)+1,n ((1 — O[)Tl) 1_ fAy L+ Z?ZQ C"eﬁ yCo ,Cy

_ 5 gl 1 K 4 4+ \T
- AT2F AToF
B VaRa(Xl) <1_;5/) <1+ZZ_2€£1;{4{) <1702 W""’Cd ’Y) .

Definition 4.5 (Multivariate expectile estimator, comonotonic risks). Under the assumptions of the Fréchet model

D>
—
>
~—
|

with equivalent tails, for a comonotonic random vector X = (X1,..., X4)T, we define the estimator of L;-expectile
as follows
kn) \' [ 4\ . AT
st(X) = Xy,_ (17)
ea( ) 1,n—k(n)+1,n <(1 —Oé)’fL) 1 _,3/ yCos » Cq

_ 4 ¥ X T
— VaRa (X)) (17) (1cgcg) .

We prove below that if the second order condition SOC_ 5 (b) is satisfied, then the term by term ratio & (X) /e, (X)
goes to 1 in probability in the asymptotically independent case and &} (X)/e,(X) goes to 1 in probability in the
comonotonic case. More work is required to get the asymptotic normality.

Theorem 4.6. Under Assumption[l], assume that furthermore X, satisfies SOC_g(b) condition. Choose k = k(n)
and o = a(n) such that

(i) k(n) = oo, k(n)/n — 0 and olz(n) —1,n(l—an)) = c>0asn— oo,
(i7) m(l + log? %)_5 — 00 as n — 0o.
Then, if each pair of the random vector X is asymptotically independent,
&t (X)/eq(X) — 1 in probability, as n — oco.
If the random vector X is comonotonic, then
el (X)/eqn(X) — 1 in probability, as n — oo.

Proof. Following [3] p. 120, we use the SOC_g(b) hypothesis and Asumption (i). We write k for k(n) and « for
a(n) and we get:

1 —
k Tz VaRa(Xl) L
1+ log” ~1 2 .
\/@( + log n(l—a)) (VaRa(Xl) = N(0,7°) as n — oo
Now, the choice (ii) of k(n), leads to

VaRq (X1)

m — 1 in probability as n — oo.

14



Then the announced results follow from Proposition [£.2] and Lemma [2.5] O

4.2. Numerical illustration. The Fréchet domain of attraction contains the usual distributions of Pareto, Stu-

dent, Burr and Cauchy. In order to illustrate the convergence of the proposed estimators, we study numerically,
the cases of Pareto, Burr and Student distributions.

In the independence case which is a special case of asymptotic independence, the functions I%., X, defined in 1)
have the following expression

1%, x, (@i, x) = a (Fx,; (2)E [(X; — i), ]) — (1= a) (Fx, (2)E [(X; —2)_]).

In the comonotonic case we have
U, (@i, ;) = o (P (@) (usg = @)1 + B |(X; = max(eo, ). | )

= (1= a) (Fx, () (@ = pig)+ + B [(X; = min(ai, i) ).
where p; j = Fy (Fx, (7))
From these expressions, the exact value of the extreme multivariate expectile is obtained using numerical optimiza-
tion, and we can confront it to the estimated values. The choice of k(n) is function of the distributions parameters,
and it is done in our simulations using graphical illustrations. We present the estimators for different values of k(n)

that belong to the common convergence range of the estimators of tail equivalence coefficients, in order to verify
the stability of the expectile estimator’s convergence.

4.2.1. Pareto distributions. We consider a bivariate Pareto model X; ~ Pa(a,b;), i € {1,2}. Both distributions
have the same shape parameter a, so they have equivalent tails with equivalence parameter

— a

oo E@) o (B) (bz>

w—+oo Fy, (m) z—+00 (b;l)a by

In what follows, we consider two models for which the exact values of the Li-expectiles are computable. In the

first model, the X;’s are independent. In the second one, the X;’s are comonotonic and Pareto distributed. In

that case, y;; = 2z;. In the simulations below, we have taken the same k = k(n) to get 4 and &,(X). For
J

Xi ~Pa(2,5- (i +1));=1,2, and n = 100, 000, Figure [1| illustrates the convergence of estimator é&. On the left, the

shaded area indicates suitable values of k(n) for n = 100,000. The boxplots are obtained for different values of n
and a fixed k € k(n).
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FIGURE 1. Convergence of éo. X; ~ Pa(2,5 (i 4+ 1));=12.
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Figure [2 presents the obtained results for different k(n) values in the independence case where n = 100,000. A
multivariate illustration in dimension 4 is given in Figure |3l The comonotonic case is illustrated in Figure |4 The
simulations parameters are a = 2, by = 10 and by = 15.
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o o

FIGURE 2. Convergence of &1 (X) (asymptotic independence case). On the left, the first coordinate
of e,(X) and &} (X) for various values of k = k(n) are plotted. The right figure concerns the
second coordinate.
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FIGURE 3. Convergence of &2 (X) (asymptotic independence case). The coordinates of e, (X) and
&2 (X) in dimension d = 4, n = 100,000 and k(n) = 100.
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FIGURE 4. Convergence of &7 (X) (comonotonic case). On the left, the first coordinate of e, (X)

and &} (X) for various values of & = k(n) are plotted. The right figure concerns the second
coordinate.
4.2.2. Burr distributions. We consider a multivariate Burr model X; ~ Burr(a,b;,7), i € {1,...,d}. In this case,

the tails are equivalents with equivalence parameter

1

and Fx, € RV, (+0c0) for all i in {1,...,d}. In the Burr comonotonic case j;; = (g—;)?xj. The model is

asymptotically equivalent to the Pareto one, but the margins are different, which helps to test the pertinence of the
estimation processes compared to the theoretical results. Figures [5] and [6] present the obtained results for different
k(n) values in the independence and the comonotonic cases respectively. The simulations parameters are a = 4,
by =10, by = 15, 7 = 0.75 and n = 10, 000.
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FIGURE 5. Convergence of &1 (X) (asymptotic independence case). On the left, the first coordinate
of e,(X) and &2 (X) for various values of k = k(n) are plotted. The right figure concerns the
second coordinate.
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FIGURE 6. Convergence of €7 (X) (comonotonic case). On the left, the first coordinate of e, (X)
and é2(X) for various values of k = k(n) are plotted. The right figure concerns the second
coordinate.

4.2.3. Student distributions. In order to illustrate the convergence of the two estimators for other distributions
nature, we close this subsection by a Student model. We consider a risk vector (X1,...,X4) such that X; = a;T;

for all i € {1,...,d} and (T;); are identically distributed following a t-distribution with z degrees of freedom. Each
T; has density fr,(t) = \/%% (1 + t2/z)_(z+1)/2, where I' is the Euler Gamma function. (a;)i=1,..4 are
positive constants. Using L’HAtpital’s rule, the tails are equivalent since
F F i i i\~
i 2@ oy, Po/e) o afn(@/e) (“) = Vi€ {2,...,d).
a—too iy (x)  z—+oo Fy (z) z—+ooq; fr (m/al) a1
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The marginal tails are all RV_ (. 1)(400). For the Student comonotonic model p; ; = %x;.

For the numerical illustration the parameters are a; = 2° "' fori =1,...,dand z = 2. In the case of the independence

(T;); are supposed independent, and they are comonotonic in the comonotonic case.
Figures [7] and [§] present an illustration of the obtained results in the two cases.

Log Marginal component of the expectile vector

Log Marginal component of the expectile vector

For the three Fréchet models, Pareto, Burr, and Student, the different illustrations show that the convergence
is better for values of a close to 1. This is natural since we are approaching the extreme level and therefore the
estimate value converges towards the theoretical value. The convergence seems to be stable for values of k(n) in the
convergence zone. When o moves away from 1, the difference with the theoretical value is apparently a function of
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FIGURE 7. Convergence of &1 (X) (asymptotic independence case). On the left, the first coordinate
of e,(X) and &2 (X) for various values of k = k(n) are plotted. The right figure concerns the
second coordinate.
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F1GURE 8. Convergence of &} (X) (comonotonic case). On the left, the first coordinate of e, (X)
and é2(X) for various values of k = k(n) are plotted. The right figure concerns the second
coordinate.

the marginal risk level represented by the coefficients of tails’ equivalence c;.
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CONCLUSION

We have studied properties of extreme multivariate expectiles in a regular variations framework. We have seen
that the asymptotic behavior of expectile vectors strongly depends on the marginal tail behavior and on the nature
of the asymptotic dependence. The main conclusion of our analysis is that the equivalence of marginal tails leads
to the equivalence of extreme expectile components.

A statistical estimation of the integrals of the tail dependence functions would allow estimators of the extreme
expectile vectors to be constructed. This paper’s estimations are limited to the asymptotic independence and
comonotonicity cases, which do not require estimation of the tail dependence functions.

The asymptotic normality of the estimators proposed in the last section of this paper would require a careful
technical analysis which is not considered in this paper.

A natural follow-up to this work would be to study the asymptotic behavior of Y-expectiles in the case of
marginal distributions with equivalent tails in the Weibull and Gumbel domains of attraction. The Fréchet domain
we have considered here contains heavy-tailed distributions, which is interesting for modeling large risks. The
Gumbel’s domain contains many other distributions (Exponential, Weibull, Gamma, Normal, Lognormal, etc.), so
that extensions to this family would be of practical importance.
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APPENDIX A. PROOFS
A.1. Lemma 2.2

Proof. We give some details on the proof for the first item, the second one may be obtained in the same way.
Under Assumption [I} for all ¢ € {1,...,d}
Fx, € RV_g(+00),
there exists for all i a positive measurable function L; € RVy(400) such that
Fx,(z) =27 Li(z),Yz > 0,

then for all (i,5) € {1,...,d}* and all t,s > 0
(A1) SFX,i(S) _ (f)*"“ Li(s) (5)*‘”1 L;i(s) L;i(t)

' tFx,(t)  \t Lit) ~ \t

and under H2

. Lz(iﬂ) Ci
A2 | = —.

Using Karamata’s representation for slowly varying functions (Theorem [1.2)), there exist a constant ¢ > 0, a positive
measurable function ¢(-) with lTim c(x) = ¢ > 0, such that Ve > 0, 3 o such that V ¢ > ¢,
xT+oo

Li(s) _ (f)@

L;(t) t/) c(t)
Taking 0 < e < § — 1, we conclude
Fx.
L 1GNNS Y
tT+oo tFXj (t)
O
A.2. Proposition
Proof. We start by proving that
Im ————— < +o0,Vi € {2,...,d}.
1 T (2 ) o)
Using H2, it is sufficient to show that
— l-«a
lim =—— < +00
a1 Fx, (e} (X))
Assume that lim =—1=%_— = 400, we shall prove that, in that case, l) cannot be satisfied. Taking if necessary
a—1Fx (e4 (X))
a subsequence (o, — 1), we may assume that lim Lo~ = to0.

a—)lFX1 (e},(X))

We have
I, (1) _ (a]E[(X1 —z1)4] = (1 — )E[(X) — 331)—])
(1—a)x (1—a)z;
_ (90 — nElX1 —21)4] (1 - a)(z1 —E[Xi])
= (o 0B o)
(190 - BX —z) ] Fxi(@)  EX Y et
_((2 1) nFy ) 1-a 1+ o >—> 1 11 (2.1) .

Furthermore, for all i € {2,...,d}
1%, x, (@i x1)  (aB[(X; = 20) 1 L (x, 50,3 — (1 = @)E[(X; — 7)) - Lix, <o}y
1—a)z; (1—a)r
(QE[(Xi — i) lxsey] Bl = @)l cop] - il <21) ]E[Xi]l{xlml}})

(1—-a)xy 1 T 1
On one side,

E[(X: —2i)+ Myx, >0y E[(X: — @) 4] - FXI (21) E[(X; — 2)4] l‘iFXi () i
(1—a)x = 1-a)z;  1-a xiFXi(xi) xlﬁ’xl(m)’v €{2,....d}.
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So that, Lemma [2.2] implies

E[(X; —x;)4 1 :z:
(AS) lim [( z )+ {X1> 1}]

=0,Vke JLUJL.
a—s1 (1 _ a)xl ’ e c oo

Let i € J&, taking if necessary a subsequence, we may assume that i—; — 0.

x1 —+o0
P(X; >t, Xy >x)dt / P(X; >t, Xy >x)dt
(A 4) E[(Xl _xi)+]1{X1>11}] _ /ml ( ' 1) + T ( ’ ! 1)
' (1—a)z; (1—a)z (1—a)zy
Now,
T 1
/ P(X1>t,X1 >1’1)dt / P(Xl >.’E1)dt —
(1-—a)z - (1—a)r -« r )’
Thus,
1
/ P(Xz>t,X1>$1)dt
(A.5) lim == =0.

a—>1 (1 — a)xl
Consider the second term of (A.4)

+o0 +oo
/ P(Xi>t,X1>x1)dt / P(Xi>t)dt

1 (1-a)r s = (1—-a)xy

Karamata’s Theorem (Theorem gives

)

—+o0
P(X, >t)dt _
/I1 ( ) oﬁl 1 FXk(ajl)
(1-a)xy -1 1—a’

which leads to

+oo
/ ]P)(Xi>t,X1>SU1)dt

(A.6) allrgl A=) =0.

Finally, we get

o E[(X = @) U x>0y .1
(A7) lim, e =0,Vie .
We have shown that
i E[(Xg — k) 4+ 1{x,>2,1]
a—1 (1—-a)x;

so, the first equation of optimality system ([2.3)) implies that

=0,Vk € {2,...,d},

L

. k

= lim —=-1
(1-a)ry a—li= 1y

9

IS x, (Th, 1) 1%, x, (@, o1) 1%, x, (@K, 1)
_ ks X1 kX1 ks X1
— Z (1—-a)xy Z (1—-a)xy Z

a—1

keJi\JL, keJ}, keJl

this is absurd since the z;’s are non negative, and consequently
fm ——% <4
im —— 0.
a—>1 FX1 ((El)

Now, we prove that the components of the extreme multivariate expectile satisfy also

11—«
O< lim_77VZ€ 27...7d.
a—1Fx, (e (X)) { }
Using H2, it is sufficient to show that
. 11—«
0< lim ——————.
oz%lFXl (e}X(X))
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Let us assume that lim m = 0, we shall see that in that case, ([2.3) cannot be satisfied. Taking if necessary
a—1" 13 a

: 11—«
a convergent subsequence, we may assume that lim ———%_——
8 4 ’ Y a——1¥x, (e} (X))

5, (x1) E[(X1 —z1)y] 1-« E[X1],\ at1 1
X)((2a1) + 1- ))—>9_1

= 0. In this case,

> 0.

I1FX1($1) Fl(l'l) T

On another side, let i € JL , taking if necessary a subsequence, we may assume that x; = o(z;). Lemma and

Proposition give:

xlel (Il

1-— i 1-— Fx (x;
- Oéac—:f @ ~xfxl(x)—>Oasa—>1.
Fl(fEl) X1 FX7(IC2) xlFXl(ml)
Moreover, _
E[(Xi — i)+ Lixioey] _ E[(Xi —@i)y] _ B(Xi — @) 4] 2iFx, ()
z1Fx, (z1) T o Fx, (1) riFx,(z;) x1Fx, (1)
We deduce

I, x, (@i, 1) (aIE[(Xi — )+ 1 (x50, — (1 — ) E[(X; — CUz‘)ﬂ{xl«cl}])
xlFXl (1'1) xlFXl (1'1)
— 0, Vie JL.

Going through the limit (& — 1) in the first equation of the optimality system (2.3) divided by =1 Fy, (z1),
leads to

lOé €T 7x 1
lim Z Xk-vXj( ks 1) _ 7
ot ke JEUTL\TL, 21 Fx, (1) 0—-1
which is absurd because
lim > M = lim 3 (a]E[(Xk — @)+ L >any] — (1~ Q)E[(Xy — xk)—ﬂ{X1<zl}]>
ey Tl e W E x1Fx, (1)

E[(Xk — 1 _
—dim Y ( [(Xk —21)4lix5ap]  1-0 xk)
o keJEUTINTL, r1Fx, (1) Fx, (z1) 1

~ lim ) (E[(Xk - xk)+]1{xl>zl}]> > 0.

a—:1 T F T
keJIUTL\JL 1Fx, (1)

We can finally conclude that
1 —
lim ——— > 0.
a—>1 FX1 (1‘1)

A.3. Lemma [2.4]

Proof. Since the random vector X is comonotonic, its survival copula is
Cx(ui,...,uq) = min(ug, ..., ug), Y(ui,...,ug) € [0,1]%
We deduce the expression of the functions Al

)\g(aci, x;j) = min(z;, z;), V(x;,x;) € Ri,Vi,j e{1,...,d}.

+oo
ik (=0 Ck Br\—o
/1 AU (t ’E(E) )dt

So,

I
—
+
3
=
=
/N
~
&
o8
/N
2
~——
&
~—
QL
~



Under Assumption |1, and by Proposition let (n, B2, ..., B4) be a solution of the following equation system.

: 1< 041 _ d 05 [ Br (cr a
Ny Bi— g D B =Y as’B 5 —1
i=1 L +

l

i=1 i=1,i%k
1 d 3 3 —o+
—0+1 k [ Ck
— 5 S I | 1],
tgo1 2 b ( (ﬁ() >>
i=1,i#k +
1
Vke{l,...,d}. n= and B, = ¢/ is the only solution to this system. O

-
A.4. Lemma [3.2] (1).

Proof. Taking if necessary a convergent subsequence (a)nen  — 1, we consider that the limits lirn1 ;”—1 =05
a—

exist.
Using the notation Jo = {i € {2,...,d}|0 < 8; < 400}, for all i € Jo

+oo
hmE[(Xl - -Iii)+]1{X1>z1}] — lim P(Xl > tay, X1 > J)l)
atl r1Fx, (1‘1) atl s ]P(Xl > xl)

dt,

because
P(Xi > tl‘l,Xl > 1‘1)

]P(Xl > 1'1)

= P(X, > tl‘l‘Xl > 1‘1) <1.

On another hand,
]P)(XZ > txl,Xl > 1’1)
P(Xl > .%‘1)

P(Xl > tiL’l)

< min{1,

2

and ~ ~
P(XZ > tﬂ?l) . FXl(tIEl) F’X1 (tl‘l)

P(X1 > 1)  Fx, (tx1) Fx, (21)

then, using hm i;( Ei?; 0 and the Potter’s bounds 1) associated to Fxl, we deduce that for all ¢ > 0 and

0
0<e <1, there exists o0 (e, €2) such that for x; > %

]P)()(z > txl)
]P(Xl > iL’l)

And the application of the Dominated Convergence Theorem leads to

“+o0
E[(Xz — xi)+ﬂ{X1>x1}] :/ .
B

< e (1+ e)max (¢ 012 ¢07<2),

]P)(XZ > tl’th > .’L’l)
lim

dt=0,VieJo.
afl P(X; > x1) 1eJe

lim —
atl .’ElFxl (1'1)

We denote by Jo the set Joo = {i € {2,...,d}|8; = +o0}. So, for all i € Jo, 1 = o(x;) and

—+oo
E[(XZ — SUZ')+I].{X1>£1}} _ / P(XZ >t, X > 2171)

_ dt
x1Fx, (21) 1 P(X1 > x1)

+o0 too
< P(Xl >t, X > l‘l)d . ]P’(Xi > txy, X1 > xl)dt
- .’Elp(Xl > (El) 1 ]P(Xl > 1’1) .

In the same way as in the previous case, and using the Potter’s bounds, we show that

+oo +oo
lim ]P)(Xl > t.’El,Xl > (El)dt _ hm]P)(XZ > tl‘th > xl)dt _ O,
atl 1 ]P(Xl > xl) 1 atl P(Xl > I1)

from which we deduce that
E[(X; — @)+ U {x,>0,}]

lim = =0, ViéeJs.
atl $1FX1 (.131)
Let Jo be the set Jo = {i € {2,...,d}|B; = 0}. For all i € Jy we have z; = o(xy), then
400 “+ o0
. E[(Xl — xi)+]1{X1>301}] Yy P(XZ >t, X > l‘1) T ]P)(Xi > txy, X1 > 331)
lim = = lim dt = lim dt,
atl xlFX1 (q}l) atl - le(Xl > (El) atl o ]P)(Xl > 1’1)
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P(X;>tx1,X1>21)
P(X1>z1) <1

In addition, for all € > 0, we have

because limZ: = 0 and
atl®1

—+o0
. ]P)(Xl > t.’El,Xl > :vl)
1 dt=0
J?}/E P(X; > 1) ’

because the Dominated Convergence Theorem is applicable using the Potter’s bounds, and h%% =0
(0%

for all t > 0 since ¢; = 0.
Let k > 0, Ye > 0 Jag such that Ya > aqg

“+oo
/ P(XZ > txy, X1 > :L‘l)

dt < K,
P(X; > z1) "

then

+00 € +o0
P(X; > tay, X P(X; > tr), X P(X; > toy, X
/ (X; > txy, Xy > x1) t:/ (X; >ty 1>$1)dt / (X; > taq 1>x1)dt<€+/€,
0 0

]P(Xl > .’El) ]P(Xl > .’El) P(Xl > (El)
we deduce that

dt =0,

+oo
1im/ ]P)(Xi > txy, X1 > 1‘1)
]P)(Xl > 1’1)
S0,
EBl(Xi — 2i)+ 1{x,>0,}]
afl I,L'1FX1 (xl)

=0, Vie .

We have therefore shown that
mIE[(X,» — i)+ Lix, 50,
afl xlFXl (.1‘1)

=0, Vie{2,...,d}.

A5. Lemma (2).

Proof. We suppose that Hm = +o00. Taking if necessary a convergent subsequence (v, )pen wWith a,, —> 1,
« 1 fe

we consider that the limits lim £ = ; exist and that lim =1=2
a—17%1 a1 Fxq (1)

We use the notations Jo = {i € {2,...,d}| 0 < B; < o0}, Jo = {i € {2,...,d}| i = 0}, and Jx = {i €
{2,...,d}| Bi = +o0}. B
The first equation of the optimality system (0.1)) divided by 21 F 'x, (1) can be written

(2a — DE[(X; — 21)4] N Ed: oB[(Xi — i)+ L{x,>u)] l -« (901 - E[X1]>

= +-00.

xlpxl(fl) =2 'TlFXl(xl) B FXl(xl) T1
L toa i E[(Xi — ) -1(x, <a}]
Fx, (z1) = 1
By (2.1)
20 DE[X —a0)] _ 1
atl xlFXl (1‘1) 0—1

and by Lemma [3.2]

d
E[(X;, —z;). 1
lim aE[( f)+ {X1>ac1}] —0,
atl P xlFxl (xl)

so, going through the limit (o« — 1) in the previous equation leads to

d
lim 71 — xr1 — E[Xl] n Z E[(XZ — xi)—]l{X1<:v1}] _ 1 ’
atl FX1 (.581) 1 P 1 0—1
nevertheless,
d d
1-— —E[X E[(X; —z;)-1 . 1- i
lim — Q T [X1] I [( ;) {X1< 1}] — lim— o 1 +Z£ - too.
atl Fx, (z1) x1 = 1 atl Fx, (z1) =T

27



—«

From this contradiction, we deduce that the case lim = +o00 is absurd.

atl FX1 (z1)

_l-a
Now, we suppose that 11?11 (el (X))

that the limits lim £ = §; exist and that hm > =0.
a—171 X1 (ml)

WedenoteJc:{iG{2,...,d}\0<ﬁi<+oo},J0f{i€{2,...,d ﬂi—O},andJoo—{ie{?,...,d}|ﬁi—+oﬁ
2

= 0. Taking if necessary a subsequence (@, )nen With o, — 1, we consider

Going through the limit (v — 1) in the first equation of System divided by z1Fx, (x1), and using Lemma
and Equation 2.3] leads to

11—« T; 1
A8 li - 2= —.
(A4.8) atl (Fxl(m) Z £C1> 0—1

i€J0
If Joo # 0, so, there exists ¢ € {2,...,d} such that i € Jo. In this case,

B — )] () @B () BIXG — )]
otl x1Fx, (1‘1) atl Py, (ml) 1 Fx, (1) z;Fx, (ml) ’
o i Bl(Xi—zi) 4] _ 1 ; (i) _ Y. ziFxy (zi)
because 2?11 v Fx (o) O E%Fxl( 3 =0, and by Lemma (X, =X, =X1) ng o1 Fx (21) =0.

On another hand, for all j € {1,...,d}\{i},

+oo
]E[(XJ - {j)+n{Xi>xi}] _ ]P)(X] > t,Xl‘ > xz)
xlFXl(xl) le(Xl >.Z'1) ’

so if j € J¢o, then

E[(X; —2j)+Lix, 50,

+oo
/ ]P(XJ > txy, X; >.’Ei)

+oo
P(X,; >tx, X; > x;
’ — lim dt = lim (X >ty )
atl xlFXl (;pl) atl [a; ]P)(Xl > 1‘1) atl 5 P(Xl > 1‘1)
because P(Xfp?;;f; 2 < i((fg;tgfl) and llmpf())((liifl)) = 0 for all t > 0. We apply the dominated convergence

Theorem, using Potter’s bounds associated to FX1, to get

+oo
hmE[(XJ - x_])+]1{X1>1'1}] :/ llm]P(XJ > tmlaXi > xi)
afl .’L‘lFXl (ml) 3

atl ]P(Xl > 1’1)

dt,

and since

]P(XJ > tl‘l,Xi > LL‘Z‘) < ]P)(XZ > LUZ) . ﬂ xiFXl (1‘1) in(l'l‘)
P(Xl > 1‘1) - ]P(Xl > $1) Z; xlﬁxl(ml) FXl(xiy
so, by Lemma
ED(X] > t.’bl,Xi > {EZ) . ]P)(XZ > SUZ)

im = lim =0,
atl P(Xl > xl) atl P(Xl > 1‘1)

we deduce finally that
E[(Xj - x])+ﬂ{X1>zz}}

lim = =0, Vj e Jeo.
afl xlFXI (.1'1)
If j € Jo\{3}, then
+oo
E[(X) — )+ Wixi>eny] _ P(X; > 6, X > ai)
xlFXl (.’171) l’l]P(Xl > 1131)

dt

+o0 +oo
< ]P)(X] > t,Xl' > .’El)dt . ]P(X] > tIL’l,XZ‘ > 1‘1)
- ) o 1 P(Xl > £C1) ’

.’L‘1P(X1 > $1)

we show in the same way as in the previous case that

—+oo +oo
P(X, > toy, X; > o COP(X; > try, X > g
lim (X > twn, Xi > @) ) i P& >t X > ) ),
atl 1 ]P)(Xl >1‘1) 1 atl P(Xl >Qf1)

then
1i ]E[(Xj _xj)+]]‘{Xi>$i}]
1m =
afl IIFXl (xl)

=0, Vje J\{i}
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If j € Jy, then

E[(Xj — l'j)+]]'{Xi>£i}} - “ P(XJ > txy, X; > xl)dt—i— OO]P(X] > tay, X; > .’EZ)
CU1FX1 (;cl) $1P(X1 > .131) xl]P)(Xl > $1)

dt

dt,

_ +oo
< Tl —T; FXZ(-fz) P(Xj >ty X; > xl)
x FXI(CL‘l) 1 ]P)(Xl > xl)

+oo
. . P(X,;>tx,,X;>x;
since hm/ Wcﬁ =0, so, by Lemma we get
1

atl

T @) o wn g P (@) 3P () o 0.

atl T FX1 (1‘1) aftl I3 FX1 (JZZ) 1‘1FX1 (331) X

we obtain from that
hIIl]E[(X] B :L;j)+]1{Xi>$i}]
afl .’,Elf‘X1 (1‘1)

=0, VJ € J07

and consequently

B —2) 4 Uix, 50 . .
1 " el o vie {1, d\ ).
(%111 o ) J { }\{Z}

The ith equation of System divided by 21 Fx, (1) can be written in the form
d

20— DE(X; —2i)4]  1-a @ —E[X] 3 (1~ )E[(X) —a5)-Lix,<0i)]
z1Fx, (1) Fx,(z1) o = z1Fx, (1)

)

d
. Z O[]E[(XJ - Ij)+]]‘{Xi>wi}]
= r1Fx, (1)
i
going through the limit (o« — 1) in this equation leads to

l—a x; 11—« d €T
R T S o

— =lim— =
otl Fx, (x1) 1 ol Fx (21) x1

Jj=1
i

which is possible only if 1i¥n _1-a i _ () and that is contradictory with Equation
(e}

1 FXl (11) 1
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