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Telecommunication network infrastructures in Africa and the Middle East regions, are deployed and
operated in challenging environments that are highly scattered particularly in rural areas. Moreover, con-
siderable number of cell sites are located in areas difficult to access. Furthermore, low income in rural
areas does not allow a fast return on investment since the cost of deployment and operation of a cell site
is considerable. These issues lead to a difficult human resource management, particularly, in the assign-
ment of technicians to cell site for maintenance purpose. In this paper, an optimized scheme for costs of
maintenance operations on cell sites is proposed. We used the k-means clustering algorithm for allocat-
ing field technician to a pool of cell sites. Moreover, to alleviate the k-means sensitivity to initialization,
we proposed an initialization method that is based on the geometry of a sphere. We conducted series of
experiments with sample of thousands of cell towers from OpenCellID and the results demonstrate the
effectiveness of the proposal.
� 2018 The Authors. Production and hosting by Elsevier B.V. on behalf of King Saud University. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

1.1. Background

Information, and Communication Technologies play a key role
in Africa development, as well as in developing countries. In the
last decade, the telecommunication market in Africa and the Mid-
dle East has enjoyed penetration growth and profitability far above
the averages. These regions represented 8% of the global telecom-
munications market in 2015 and contributed nearly 20% of the eco-
nomic profit pool (Boniecki et al., 2016). According to a study
carried out by International Finance Corporation in 2013, Nigeria
and Ghana have reached a mobile subscriber base of 107 and 25
million respectively. This base is driven by strong growth in mobile
penetration and mobile coverage of 80% of the population. These
countries, both combined, have a total of 35000 sites, of which
50% are located in areas without commercial grid power, and
mostly in rural remote location often difficult to access. This pre-
vents the operators from carrying out maintenance operations on
the network effectively. Hence, this situation affects the cost of
maintenance operations, the network availability, the quality of
service and the quality of experience.

In developing countries, Mobile Networks Operators (MNO)
such as Vodaphone, Vodacom, Orange, Mobile Telephone Network
(MTN) and Airtel prefer to divest from cell towers management in
order to focus on service delivery. Towers companies such as Eric-
sson, Helios Towers Africa, Eaton towers, IHS Towers and American
Tower Corporation are contracted to manage telecommunications
towers. Unfortunately, MNO and Tower companies in Africa are
faced with many challenges such as equipment monitoring and
maintenance of existing passive infrastructure, operational leak-
ages (diesel pilferage), security, surveillance and environmental
control. Nevertheless, Intelligent Site Asset Management solutions
have been developed, and their goal is to maximize service delivery
potential and benefits, while minimizing related risks and costs
(Dietrich, 2016).
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Despite these solutions, Tower companies use field techni-
cians to ensure some maintenance tasks which cannot be per-
formed by Site Asset Management tools. These tasks can be
refueling, fixing physical damage on a cell site and others activ-
ities related with maintaining and operating a cell site. Hence,
some Tower companies adopt the strategy of assigning a field
technician to a pool of cell sites; and a technician is positioned
to a predetermined location such that he can move easily to each
site. In case that a cell site fails to function due to physical dam-
age for example, the responsible field technician is required to
the critical site to fix the problem.

However, in Africa and Middle East, several cell sites are
located in regions difficult to access particularly in rural remote
location so that moving a technician to these sites is a very
costly operation in time and money. Therefore, in this paper
we investigate on optimal predetermined locations for techni-
cians and an optimal allocation of cell sites such that the cost
due to a field technician and maintenance operation is mini-
mized. This problem can be considered as that of grouping
objects based on their similarities.

In other words, this issue can be assimilated to a clustering
problem. Given a set of n objects in d-dimensional space and an
integer k P 2, a k-clustering problem is defined as finding a parti-
tion of the n objects in k groups called clusters in such a way that
an objective function is optimized (Ari et al., 2016; Rahman et al.,
2015; Wu, 2012; Moussaoui et al., 2006; Tan et al., 2005). Finding
the ideal partition which optimizes the objective function is diffi-
cult and makes the k-clustering problem NP-hard (Ari et al.,
2018; Titouna et al., 2018; Kel’manov and Pyatkin, 2015; Ageev
et al., 2014). Nevertheless, some researchers have proposed meth-
ods which seek approximate partitions that is also called local
optima (Lloyd, 1982).

The k-means algorithm is one of famous k-clustering algo-
rithms which seek approximate solutions (Steinley, 2006). The
k-means uses the Euclidean distance as a similarity measure to
gather objects into the same cluster. It is widely studied and used.
Despite its popularity, the k-means suffers from some problems
such as its sensitivity to initial cluster centers. Considering the
cell sites as n objects in a 2-dimensional space and the number
of technicians as the integer k, our work is to adapt the k-
means algorithm with respect to the problem addressed in this
paper.
1.2. Authors’ contributions

One of the purposes of this paper is to address resource alloca-
tion problem, in telecommunications domain. In our context, we
consider technicians as resources. In this paper, we address the
problem of clustering mobile network cell sites in rural areas.
We formulated the k-clustering as a graph theory problem. We
adapt the k-means algorithm to partition a set of data points into
a number of clusters while minimizing the Sum of Squared Error
(SSE) or Inter cluster. We propose an initialization method called
geometric initialization based on the geometry of a sphere to posi-
tion the k initial cluster centers. We conducted intensive simula-
tion and the results show that our method outperforms the
random initialization. Briefly, our main contributions can be sum-
marized as follows:

� Graph theory based formulation of the k-clustering problem.
� Adaptation of k-means algorithm to partition clusters.
� Proposition of a geometric initialization scheme based on the
geometry of a circle.

� Simulation of the proposed schemes to demonstrate its effec-
tiveness compared to existing schemes.
1.3. Organization of the paper

The rest of the paper is organized as follows: Section 2 we study
the used k-means algorithm; In Section 3 the k-clustering problem
and the fitness function derivation are given; Section 4 presents
our proposed geometric initialization scheme; and then this is fol-
lowed by the performance evaluation in Section 5; Finally the con-
clusion and direction of future work are given in Section 6.

2. K-means algorithm

The k-means algorithm belongs to the class of exclusive cluster-
ing. It is one of the famous clustering methods which have been
studied in the last decades due to its simplicity (Celebi et al.,
2013, 2012). It is a method of vector quantization that was origi-
nally used in signal processing.

The k-means algorithm given in Algorithm1 starts by selecting k
cluster centers randomly. Then it assigns each data point to its
closest center with respect to the Euclidean distance measure.
Next, it recomputes the positions of all cluster centers. It repeats
the two last steps until no point can move from one cluster to
another.

Algorithm 1: Pseudo-code of k-means

Where,

� cj denotes a cluster center, with cj 2 Rd; 1 6 j 6 k and k < n;

� with Cj � S;\k
j¼1Cj ¼ £;

Sk
j¼1Cj ¼ S; 1 6 j 6 k;

To each cluster is associated a cost Intra Cj
� �

in Eq. (1).

Intra Cj
� � ¼X

x2Cj

kx� cjk2: ð1Þ

The goal of the k-means algorithm is to partition the set S of n
data points into k clusters such that the objective function F S; kð Þ
given in Eq. (2) is minimized.

F S; kð Þ ¼
Xk
j¼1

X
x2Cj

kx� cjk2 ð2Þ

From the proof of Theorem 1, we can find a real a > 0 such that the
problem represented by the minimization of F is reduced to P2.

2.1. Shortcomings of k-means

Despite its popularity, the k-means algorithm suffers from some
problems. The major one is its sensitivity to the initialization.
Indeed, the random selection of the k initial cluster centers affects
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the quality of clusters obtained. To overcome this problem, in
(Zhang et al., 2015) a set of sensor nodes candidates to initial cen-
ters are created based on a threshold parameter. Then initial clus-
ters centers are selected in such a way that they are furthest away
from each other. The authors in (Ray and De, 2016) proposed a
midpoint algorithm for initial clusters centers selection. For every
point, it finds the distance to the origin, then partitions the points
(sorted by distances) into k groups. The k initial centers are the
middle point of their groups.

In order to improve the results of k-means, some researchers
used the seeding technique. Particularly in the k-means++, where
randomized seeding technique is used as initialization method
for the standard k-means (Arthur and Vassilvitskii, 2007). To select
the k initial cluster centers, it first chooses a center in a random
uniform way. Then, the k� 1 remaining centers are selected with
the probability p (Arthur and Vassilvitskii, 2007).

Reddy et al. (2012) proposed a technique to initialize k-means
which uses the Voronoi diagram in order to obtain global optimum
results. Some authors proposed deterministic methods, like KKZ
and PCA-part, for initializing k-means Su and Dy (2007). The idea
behind KKZ is to pay attention to the data points that are most
far apart from each other, since those data points are more likely
to belong to different clusters (Su and Dy, 2007). The PCA-part
starts with one cluster (the cluster with the greatest sum o squared
Euclidean distance), and cuts it in half. Then it selects the next clus-
ter to partition, and repeat the process until k are obtained (Su and
Dy, 2007).

2.2. Convergence of the k-means clustering algorithm

The k-means clustering algorithm converges. To show that k-
means converges, it is sufficient to show that the value of the
objective function at time t þ 1 is less or equal than its value at
time t. To explain why, consider that if it was true, no partition
could be visited twice since the number of possible partitions is
finite and is given by the Stirling formula given in Eq. (3).

1
k!

Xk
j¼0

�1ð Þk�j k

j

� �
jn � kn

k!
: ð3Þ

Let us denote by:

� Ft S; kð Þ the objective function at time t,

� Ct
k the kth cluster at time t,

� ctk the center of the kth cluster at time t,

� Ftþ1jt S; kð Þ the objective function at time t þ 1 with clusters Ctþ1
k

and centers ctk. That is, some data points have migrated, but the
positions of the cluster centers are not yet updated.

We want to show that Ftþ1 S; kð Þ < Ft S; kð Þ. We first show that
Ftþ1jt S; kð Þ < Ft S; kð Þ (see Eq. (A.4)). Since a point moves from a clus-
ter to a new one if and only if its Euclidean distance to the new
cluster center is minimal we have the relation given in Eq. (A.4).

Next, we show that Ftþ1 S; kð Þ < Ftþ1jt S; kð Þ. From Eq. (10) we get:

Ftþ1 S; kð Þ < Ft S; kð Þ ð4Þ
3. K-clustering problem formulation and fitness function
derivation

3.1. Overview of clustering problem

Clustering is the task of grouping objects in such a way that
objects in the same group are more similar to each other than to
those in other groups. It is applied in Marketing to find groups of
customers with similar behavior; in Biology, to classify plants
and animals; in Insurance to identify groups of motor insurance
policy holders with a high average claim cost and to identify fraud.
Moreover, clustering algorithms should satisfy the following
requirements (Gupta, 2014; Kononenko and Kukar, 2007): scalabil-
ity, i.e., they can be applied to large amounts of data; ability to deal
with different types of features; ability to discover clusters with
arbitrary shapes; minimal requirements for domain knowledge
to determine input parameters; ability to deal with noise and out-
liers; insensitivity to order of input records; high dimensionality,
which means if we increase the size of the dimension, the algo-
rithms still can perform; interoperability and usability of the clus-
tering results, i.e., outputs of the algorithms.

In addition, cluster analysis or clustering suffers from numerous
problems such as: not addressing all the requirements adequately
by the clustering algorithms; the large time complexity of these
techniques due to the large number of data points and large
dimensions; the effectiveness of these algorithms depending on
the definition of the metric; and the result of the clustering algo-
rithm can being interpreted in different ways (Zhang et al., 2017;
Rashid, 2011).

We define clustering as the grouping of similar objects, and
there are two main approaches to measure the similarity: distance
measures and similarity measures. Here we focus on the distance
measures to estimate the similarity between data points. By
default in k-means, the similarity measure between data points
is based on the Euclidean distance or the squared Euclidean
distance (see Eq. (5)).

kx� yk ¼
Xd
i¼1

xi � yið Þ2
 !1

2

Where x; y 2 Rd: ð5Þ
3.2. Graph theory based k-clustering problem formulation

The problem can be formulated in terms of graph theory where
the vertices are defined by the points of the Euclidean space,
and the lengths of the edges are given by the distances between
points. The vertices can also be considered as data points to cluster
and the weights of edges denote the proximity of the points (Ageev
et al., 2014). For numerical data, this proximity can be defined by
the Euclidean distance. If the numerical data contain a measure-
ment error or perturbation, then the minimum of squared Eucli-
dean distances is usually applied. Thus, the proximity of
elements is expressed in terms of the squared Euclidean distance
between points (Ageev et al., 2014). The Quadratic Euclidean
Max-Cut Problem (QMCP) corresponds to this case. To show that
the k-clustering problem is NP-hard, we need to show that it is
reducible to the Quadratic Euclidean Max-Cut problem (QMCP)
which is proven to be NP-hard. In (Ageev et al., 2014), it is shown
that the QMCP is NP-hard by polynomial-time reduction to the
Minimum Bisection Problem (MBP). Without loss of generality,
we assume that k ¼ 2, i.e., a 2-clustering problem. To prove the
NP-Hardness of the 2-clustering problem, let us generalize the case
k > 2. (Kel’manov and Pyatkin, 2015) studied the NP-hardness of
2-clustering techniques with the following objective functions:

� F1: the sum over all clusters of the sums of squared Euclidean
distances between the elements of the cluster.

� F2: the sum of the sums of squared distances between the ele-
ments of the cluster to its centroid (or cluster center).

3.3. Fitness function derivation

Let us give the mathematical formulations of the mentioned
objective functions F1 and F2 by deriving the fitness function.
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3.3.1. Formulation of objective function F1

Given a set S of n points x in Rd, find a partition of S into two
non-empty subsets C1 and C2 such that the objective function
F1 S;2ð Þ (see Eq. (6)) is minimized.

F1 S;2ð Þ ¼
X
x2C1

X
y2C1

kx� yk2 þ
X
x2C2

X
y2C2

kx� yk2 ð6Þ
3.3.2. Formulation of objective function F2

Given a set S of n points x in Rd, find a partition of S into two
non-empty subsets C1 and C2 such that the objective function
F2 S;2ð Þ (see Eq. (7)) is minimized.

F2 S;2ð Þ ¼ n1 �
X
x2C1

kx� ckk2 þ n2 �
X
y2C2

ky� ckk2 ð7Þ

where nk ¼ jCkj is the number of elements of Ck, and ck is the center
of mass of Ck.

3.4. NP-hardness of the objective functions

Let us call problems P1 and P2 the problems represented by the
minimization of F1 and F2 respectively. (N.B: There exists also prob-
lems represented to the maximization of F1 and F2)

Definition 1. x; yh i is the inner product of x and y.
Theorem 1. The problems P1 and P2 are NP-hard.

To prove that, let us consider the objective function F1. Then, we
have:

F1 S;2ð Þ ¼
X
x2C1

X
y2C1

kx� yk2 þ
X
x2C2

X
y2C2

kx� yk2

¼
X

x2S

X
y2Skx� yk2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Const

�
X

x2C1

X
y2C2

kx� yk2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Fqmcp S;2ð Þ

ð8Þ

where Const is a constant as the overall sum of squared distance
between points of S, and Fqmcp is the objective function of the Quad-
ratic Max-Cut Problem.

Therefore the problem P1 is reduced to the QMCP. To prove the
NP-hardness of the problem P2, we use the relation given in Eq.
(A.2) for a fixed z 2 Sk,X

x2Ck
kx� zk2 ¼

X
x2Ck

x� ckð Þ þ ck � zð Þ; x� ckð Þ þ ck � zð Þh i ð9Þ

By applying the linearity property of the inner product we get:X
x2Ck

kx� zk2 ¼
X
x2Ck

kx� ckk2 þ
X
x2Ck

kck � zk2

þ 2
X
x2Ck

xck � xz� ckck þ ckzð Þ

)
X
xi2Sk

kxi � xk2 ¼
X
xi2Sk

kxi � ckk2 þ nkkck � xk2 ð10Þ

where
P

x2Ck
x ¼ nkck

We prove the Eq. (10) for every z 2 Ck (see Eq. (A.3)), and we get

X
x;y2Ck

kx� yk2 ¼ nk

X
x2Ck

kx� ckk2 þ
X
y2Ck

kck � yk2
 !

)
X
x;y2Ck

kx� yk2 ¼ 2nk

X
x2Ck

kx� ckk2 ð11Þ

Now we are ready to prove the NP-hardness of the problem P2.
By applying formula given in Eq. (11) to the objective function

F2, we have F2 S;2ð Þ ¼ 1
2 F1 S;2ð Þ. Therefore we deduce the NP-

hardness of the problem P2 from the one of problem P1.
4. Geometric initialization scheme

We propose a novel method for initializing k-means algorithm.
Our method is based on ideas from Voronoi diagram (Reddy et al.,
2012), k-means++ (Arthur and Vassilvitskii, 2007), the Lloyd’s algo-
rithm applied to vector quantization (Lloyd, 1982), and the geom-
etry of a sphere in d dimensional Euclidean space. The purpose of
this algorithm is to select the k initial cluster centers, i.e., techni-
cians, in such a way they are as far as possible from each other.

4.1. Geometric initialization in 2-dimensions

Given a set S of n data points (or objects) and k initial cluster
centers, firstly we select the first cluster center as the center of
mass of all points, and call it c0. Then, we evaluate the Euclidean
distance between c0 and the furthest point. This distance will be
considered as the radius of a circle with center c0. To select the
k� 1ð Þ remaining clusters centers, we shall need some geometric
considerations. We divide the circle into k� 1ð Þ sectors with same
size; and place the centers on the lines which split the circle into
sectors. Each cluster center, i.e., field technician, is placed at equal
distances from the center of mass and the distance between every
two consecutive centers is equal. Figs. 1 and 2 give details on the
functioning of this model. This initialization technique is summa-
rized in Algorithm 2.
Algorithm 2: Pseudo-code of the initialization scheme
Input:
 S set of n data points x ¼ x1; x2ð Þ and k = number of
clusters centers.
Step 1:
 Select the first cluster center c0 such that
c0 ¼ 1

n

P
x2Sx.
Step 2:
 Find r :¼ maxx2Skx� c0k such that

y1 � z1ð Þ2 þ y2 � z2ð Þ2 ¼ r2, where c0 ¼ z1; z2ð Þ and
y1; y2ð Þ is an arbitrary point of R2.
Step 3:
 Select the k� 1ð Þ centers, i.e., all the points of
coordinates� �
cj ¼ d cos hj; d sin hj , with
d < r
2 ; h ¼ 2p

k�1,

j� 1ð Þ � h � hj < j� h; j ¼ 1; � � � ; k� 1.
4.2. Geometric initialization in 3-dimensions

Recall S and k, with S � R3. Then, we proceed exactly as in the
case of 2-dimensions. Since we are in 3-dimensions, we get a 2-
sphere of center c0 with the Euclidean distance between c0 and
the furthest point of S as radius. To select the k� 1 remaining cen-
ters, we split the 2-sphere into k� 1ð Þ spherical wedges (see Fig. 3)
of same size; and place each center on (or in) its corresponding
spherical wedge.
Algorithm 3: Pseudo-code of the initialization scheme for 3-
dimensions
Input:
 S set of n data points x 2 R3 and k = number of
clusters centers.
Step 1:
 c0 ¼ 1
n

P
x2Sx
Step 2:
 r :¼ maxx2Skx� c0k

Step 3:
 Select the k� 1ð Þ centers, i.e., all the points of

coordinates � � � �� �

cj ¼ d cos /ð Þ; d sin /ð Þ cos hj ; d sin /ð Þ sin hj ,

where

d < r

2 ; h ¼ 2p
k�1 ; / 2 0;p½ 	;
j� 1ð Þ � h � hj < j� h; j ¼ 1; � � � ; k� 1ð Þ



Fig. 3. Spherical wedge of angle h and radius r.

Fig. 1. Geometrical description of our initialization method.

Fig. 2. Illustration of the geometric Initialization.
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4.3. Geometric initialization in d-dimensions (d > 3)

When d > 3 the coordinates of the k� 1 remaining centers are
given below:

cj ¼

d cos /1ð Þ
d sin /1ð Þ cos /2ð Þ
d sin /1ð Þ sin /2ð Þ cos /3ð Þ
..
.

d sin /1ð Þ � � � sin /n�2ð Þ cos /n�1ð Þ
d sin /1ð Þ � � � sin /n�2ð Þ sin /n�1ð Þ

8>>>>>>>>><
>>>>>>>>>:

where
/1; � � � ;/n�2 2 0;p½ 	, /n�1 ¼ hj,
j� 1ð Þ � h 6 hj < j� h; j ¼ 1; � � � ; k� 1ð Þ

5. Performance evaluation

5.1. Evaluation metrics

Results of a clustering algorithm can be interpreted in several
ways. However, there exists formal methods to analyze the results
of clustering. Cluster validity is a process of evaluating clustering
results. In general, we distinguish the internal measures from the
external measures of cluster validity (Zhao, 2012). Many internal
measures of cluster validity for clustering are based on the notions
of cohesion, separation (Tan et al., 2005), or the inter cluster. In this
work, we measure the performance of our algorithm based on the
following criteria:

� Inter cluster: Also called Sum of Squared Error (SSE); it is the
objective function that we try to minimize in this paper.

� Speed of convergence: Here we consider the running time of
the algorithm.

5.2. Data set and algorithms implementation

We use the sample of data provided by OpenCellID to compare
our proposed scheme. OpenCellID (by Unwired Labs) is a collabora-
tive community project that collects GPS positions of cell towers
and their corresponding location area identity (Wikipedia
contributors, 2018). In OpenCellID database, a cell tower is defined



Table 1
Attributes of cell tower required for the performance evaluation.

Attribute Description

Lon Longitude
Lat Latitude
Range Approximate area within which the cell could be
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by the following attributes: Radio, mcc, mnc, lac/tac/nid, cid, longi-
tude, latitude, range, samples, changeable, created, updated, aver-
agesignal (OpenCellID contributors, 2018). However, we will
perform our analysis based on three attributes (see Table 1).

To evaluate the performance of our initialization scheme, we
compare it to classical k-means and k-means++. We implemented
these algorithms in Python. However, code sources of k-means and
k-means++ were taken from (The Data Science Lab, 2014); then,
adapted according to the data sets.

5.3. Results

5.3.1. Inter cluster (or SSE)
Table 2 and Fig. 4 show the inter cluster obtained when we

applied k-means, k-means++ and geokmeans on 2000 cell towers
from OpenCellID. Fig. 4 shows the average SSE obtained when we
Fig. 4. Comparison of the

Table 2
Comparison of SSE, with n = 2000 cell towers.

k k-means

max ave min max

10 3,16 2,45 1,41 3,10
20 6,38 3,87 1,51 5,55
30 8,75 5,22 1,68 9,01
40 9,57 6,40 1,98 9,66
50 12,46 7,41 3,38 13,93
60 17,19 10,38 2,49 16,73
70 17,52 9,46 2,15 19,38
80 18,98 10,08 5,05 19,89
90 18,68 11,46 3,95 17,35
100 24,20 11,80 4,62 24,67
applied these algorithms. We ran these algorithms20 times. Since
the goal is to minimized the inter cluster, hence the smallest values
are desired. As we can observe on Fig. 4, the values of inter cluster
obtained with geokmeans are the smallest. However, as we can
observe in the figure, when the number of data points is 10 and
80, the SSE of geokmeans is not the smallest. This fact is explained
by the fact that the performance of our initialization scheme, i.e.,
geokmeans, is strongly based on an optimal choice of d. However,
by means of mathematical drawings and simulations, we realized
that for geokmeans to tend to optimal solutions, the value of should
be lower than the half of the radius d < r

2

� �
. During the simulations

phase, for each instance of k, we ran geokmeans several times with
different values of d < 2; thenwe plot the statisticalmean of the SSE
as shown in Fig. 4. Due to the fact that we are still looking for the
optimal value of d, it may happen that the statistical mean of the
SSE values is not the smallest. Therefore, we can conclude that our
initialization method outperfoms random initialization and the
seeding technique of k-means++ in term of inter cluster.

5.3.2. Speed of convergence
In this section, we compare the various algorithms based on

their running time. From Table 3 we can observe that all the
algorithms are competitive. Nevertheless, we claim that k-means
average of final SSE.

k-means++ geokmeans

ave min max ave min

2,19 1,03 3,17 2,34 1,68
3,99 2,05 5,00 3,19 1,18
5,73 1,58 6,85 4,23 1,28
6,26 1,51 9,87 5,19 2,31
8,15 3,64 12,2 5,33 1,54
13,08 10,28 13,73 8,43 2,45
11,99 3,77 14,52 7,31 3,25
14,14 8,49 20,34 12,39 6,67
10,19 4,40 22,15 9,42 3,24
12,97 2,69 18,20 7,49 2,76



Table 3
Comparison of running time, with n = 2000 cell towers.

k k-means k-means++ geokmeans

max ave min max ave min max ave min

10 10,59 7,00 3,20 9,91 8,03 3,43 10,78 6,68 3,52
20 21,45 16,93 13,93 20,81 15,51 12,37 23,24 18,91 12,23
30 44,17 24,83 9,51 52,98 27,54 16,97 44,02 23,46 11,99
40 59,89 43,15 17,36 65,85 39,08 20,98 61,56 44,01 15,16
50 87,10 45,00 21,28 71,76 49,16 12,04 82,59 47,06 27,00
60 79,64 42,52 19,16 61,01 33,40 12,58 110,00 43,21 13,22
70 85,85 41,11 19,47 92,86 38,49 23,36 89,75 41,02 13,41
80 34,09 21,79 9,10 36,44 25,27 15,06 82,59 36,74 18,52
90 67,09 29,49 12,75 44,07 25,53 12,27 58,19 26,64 12,39
100 43,65 25,20 13,45 57,43 27,79 12,40 39,46 22,85 11,40
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with our initialization scheme is faster than k-means++. Unlike k-
means++, the selection of the ith center does not depend on the
i� 1ð Þth center. After the selection of the first cluster center c0,
the k� 1ð Þ remaining clusters centers are selected simultaneously.
However, during the implementation of geometric initialization,
these remaining clusters centers are selected sequentially.

6. Conclusion

Enhancing the cell sites maintenance operations remains an
active issue faced by telecommunication operators. In rural areas,
the dispersion of the towers leads to a non evident assignment of
field technicians to a group of cell site for maintenance interven-
tions. An optimal clustering of field technicians and cell sites has
a strong influence on mobile network availability as well as human
resource management. In this paper, we investigated the problem
of clustering mobile network cell sites in rural areas. To achieve
that we implemented the k-means clustering algorithm with ran-
dom initialization to geometric initialization, with a view to opti-
mizing costs of maintenance operations on telecommunications
cell sites. The k-clustering is formulated as a graph theory problem.
For optimization purpose, we adopted the k-means algorithm for
partitioning a set of data points into a number of clusters. A geo-
metric initialization based on the geometry of a sphere has been
proposed. Intensive simulations were made to compare algorithms
with a sample of thousands of cell towers provided by OpenCellID,
into 3-dimensional Euclidean space, in terms of inter cluster and
speed of convergence. The results showed that k means with geo-
metric initialization outperforms the classical k-means and k-
means++. As prospect, we intend to redefine the similarity measure
of k-means in such a way that it can be adapted to this optimiza-
tion problem.
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Appendix A

A.1. Quadratic Euclidean Max-Cut Problem

Given a set S ¼ x1; � � � ; xnf g of points of RN , the QMCP is to find a
partition of S into two subsets S1 and S2 such that Fqmcp S;2ð Þ (see Eq.
(A.1)) is maximized (Ageev et al., 2014).
Fqmcp S;2ð Þ ¼
X
xi2S1

X
xj2S2

d xi; xj
� �2 ðA:1Þ

where d xi; xj
� � ¼ kxi � xjk2 ) d xi; xj

� �2 ¼ kxi � xjk22

A.2. Minimum Bisection Problem (MBP)

Given a graph G ¼ V ; Eð Þ with jV j ¼ n vertices. The minimum
bisection problem seeks to partition the set of vertices V into two
disjoint subsets V1 and V2 of the same size such that the cost is
minimized (Cygan et al., 2014). The cost of a bisection is the num-
ber of edges ei; ej

� �
; i – j such that ei 2 V1; ej 2 V2. As a graph-

partitioning problem, the MBP is an NP-hard problem (Cygan

et al., 2014). Its time complexity is O 2O k3ð Þn3log3n
� �

and it can

be solved in polynomial time for k ¼ O
ffiffiffiffiffiffiffiffiffiffiffi
logn3

p� �
(Cygan et al.,

2014).

A.3. Linearity property of inner product

xi � ckð Þ þ ck � xð Þ; xi � ckð Þ þ ck � xð Þh i
¼ xi � ck; xi � ckh i þ xi � ck; ck � xh i þ ck � x; xi � ckh i

þ ck � x; ck � xh i
¼ kxi � ckk2 þ kck � xk2 þ 2 ck � x; xi � ckh i
¼ kxi � ckk2 þ kck � xk2 þ 2 ck � xð Þ

� xi � ckð Þ xi � ckð Þ þ ck � xð Þ; xi � ckð Þ þ ck � xð Þh i
¼ kxi � ckk2 þ kck � xk2 þ 2 xick � xix� ckck þ ckxð Þ ðA:2Þ
X

x2Ck
kx� yk2 ¼

X
x2Ck

kx� ckk2 þ nkkck � yk2

X
x2Ck

kx�wk2 ¼
X
x2Ck

kx� ckk2 þ nkkck �wk2

� � �X
x2Ck

kx� tk2 ¼
X
x2Ck

kx� ckk2 þ nkkck � tk2

ðA:3Þ

Ftþ1jt S; kð Þ ¼
Xk
j¼0

X
x2Ctþ1

j

kx� ctjk2

6
Xk
j¼0

X
x2Ct

j

kx�; ctjk2 ¼ Ft S; kð Þ
ðA:4Þ
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X
x2Ctþ1

j

kx� ctkÞk2 >
X
x2Ctþ1

j

kx� ctþ1
k k2;)

Xk
j¼0

X
x2Ctþ1

j

kx� ctkk2

>
Xk
j¼0

X
x2Ctþ1

j

kx� ctþ1
k k2; i:e Ftþ1jt S; kð Þ

> Ftþ1 S; kð Þ: ðA:5Þ
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