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ABSTRACT

In this paper, we study the local linear convergence properties of a versatile class
of Primal-Dual splitting methods for minimizing composite non-smooth convex op-
timization problems. Under the assumption that the non-smooth components of
the problem are partly smooth relative to smooth manifolds, we present a uni-
fied local convergence analysis framework for these methods. More precisely, in our
framework we first show that (i) the sequences generated by Primal-Dual splitting
methods identify a pair of primal and dual smooth manifolds in a finite number of
iterations, and then (ii) enter a local linear convergence regime, which is charac-
terized based on the structure of the underlying active smooth manifolds. We also
show how our results for Primal-Dual splitting can be specialized to cover existing
ones on Forward-Backward splitting and Douglas—Rachford splitting/ADMM (al-
ternating direction methods of multipliers). Moreover, based on these obtained local
convergence analysis result, several practical acceleration techniques are discussed.
To exemplify the usefulness of the obtained result, we consider several concrete nu-
merical experiments arising from fields including signal/image processing, inverse
problems and machine learning, etc. The demonstration not only verifies the local
linear convergence behaviour of Primal-Dual splitting methods, but also the insights
on how to accelerate them in practice.

KEYWORDS
Primal-Dual splitting, Forward-Backward splitting, Douglas—Rachford/ADMM
Partial Smoothness, Local Linear Convergence.

AMS CLASSIFICATION
49J52, 65K05, 65K10.

1. Introduction

1.1. Composed optimization problem

In various fields such as inverse problems, signal and image processing, statistics and
machine learning etc., many problems are (eventually) formulated as structured op-
timization problems (see Section 6 for some specific examples). A typical example of
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these optimization problems, given in its primal form, reads

min R(x) + F(z) + (J ¥ G) (L), (Pr)

where (J ¥ G)(-) £ inf,cpm J(-) + G(- —v) denotes the infimal convolution of .J and G.
Throughout, we assume the following:

(A1) R, F €Ty(R™) with T'o(R™) being the class of proper convex and lower semi-
continuous functions on R"™, and VF' is (1/f, )-Lipschitz continuous for some
/BF > 07

(A.2) J,G €Ty(R™), and G is B,-strongly convex for some S, > 0.

(A.3) L:R™ — R™ is a linear mapping.

(A.4) 0 € ran(dR+VF + L*(0JOIG)L), where 0JOIG = (8J 1 +9G~1)" is the
parallel sum of the subdifferential 9J and 0G, and ran(-) denotes the range
of a set-valued operator. See Remark 3 for the reasoning of this condition.

The main difficulties of solving such a problem are that the objective function is non-
smooth, the presence of the linear operator L and the infimal convolution. Consider
also the Fenchel-Rockafellar dual problem [41] of (Pp),

min J*(v) + G*(v) + (R* ¢ F*) (= L*v). (Pp)

The classical Kuhn-Tucker theory asserts that a pair (z*,v*) € R™ x R™ solves (Pp)-
(Pp) if it satisfies the monotone inclusion

OR L* x> VF 0 x*
0€ [L 8J*} <v> t [ 0 VG*} <v) (1)
One can observe that in (1), the composition of the linear operator and the infimal
convolution is decoupled, hence providing possibilities to achieve full splitting. This is
a key property used by all Primal-Dual algorithms we are about to review. In turn,
solving (1) provides a pair of points that are solutions to (Pp) and (Pp) respectively.

More complex forms of (Pp) involving for instance a sum of infimal convolutions
can be tackled in a similar way using a product space trick, as we will see in Section 5.

1.2. Primal-Dual splitting methods

Primal-Dual splitting methods to solve more or less complex variants of (Pp)-(Pp)
have witnessed a recent wave of interest in the literature [12,13,16,18,21,28,48]. All
these methods achieve full splitting, they involve the resolvents of R and J*, the
gradients of F' and G* and the linear operator L, all separately at various points
in the course of iteration. For instance, building on the work of [3], the now-popular
scheme proposed in [13] solves (Pp)-(Pp) with FF = G* = 0. The authors in [28]
have shown that the Primal-Dual splitting method of [13] can be seen as a proximal
point algorithm (PPA) in R™ x R™ endowed with a suitable norm. Exploiting the
same idea, the author in [21] considered (Pp) with G* = 0, and proposed an iterative
scheme which can be interpreted as a Forward-Backward (FB) splitting again under
an appropriately renormed space. This idea is further extended in [48] to solve more
complex problems such as that in (Pp). A variable metric version was proposed in [19].
Motivated by the structure of (1), [12] and [18] proposed a Forward-Backward-Forward



scheme [46] to solve it.

In this paper, we focus the unrelaxed Primal-Dual splitting method summarized
in Algorithm 1, which covers [13,16,21,28,48]. Though we omit the details here for
brevity, our analysis and conclusions carry through to the method proposed in [12,18].

Algorithm 1: A Primal-Dual splitting method
Initial: Choose 7,,v, > 0 and 0 € [—1,+oc[. For k =0, xp € R", vy € R™;

repeat
Tt1 = ProxXy, p(wr — v, VF(2r) — v, L k),
Tpg1 = Tpgr + 021 — 21), (2)
k1 = proxy . (ve =7, VG (k) + 7, LTpt1),
k=Fk+1;

until convergence;

Remark 1.

(i) Algorithm 1 is somehow an interesting extension to the literature given the choice
of 6 that we advocate. Indeed, the range [—1, +o0] is larger than the one proposed
in [28], which is [—1, 1]. It encompasses the Primal-Dual splitting method in [48]
when 6 = 1, the one in [21] when moreover G* = 0. When both F' = G* =0, it
reduces to the Primal-Dual splitting method proposed in [13,28].

(ii) It can also be verified that Algorithm 1 covers the Forward—Backward (FB) split-
ting [37] (J* = G* = 0), Douglas—Rachford (DR) splitting [24] (if F' = G* = 0,
L =1d and 7, = 1/7,) as special cases; see Section4 for a discussion or [13]
and references therein for more details. Exploiting this relation, in Section 4, we
build connections with the results provided in [34,35] for FB-type methods and
DR/ADMM. It also should be noted that, DR splitting is the limiting case of
the Primal-Dual splitting [13], and the global convergence result of Primal-Dual
splitting does not apply to DR.

1.3. Contributions

In the literature, most studies on the convergence rate of Primal-Dual splitting meth-
ods mainly focus on the global behaviour [9,10,13,14,22,33]. For instance, it is now
known that the (partial) duality gap decreases sublinearly (pointwise or in ergodic
sense) at the rate O(1/k)[9,13]. This can be accelerated to O(1/k?) on the iterates
sequence under strong convexity of either the primal or the dual problem [10,13]. Lin-
ear convergence is achieved if both R and J* are strongly convex [10,13]. However,
in practice, local linear convergence of the sequence generated by Algorithm 1 has
been observed for many problems in the absence of strong convexity (as confirmed
by our numerical experiments in Section 6). None of the existing theoretical analysis
was able to explain this behaviour so far. Providing the theoretical underpinnings of
this local behaviour is the main goal pursued in this paper. Our main findings can be
summarized as follows.

Finite time activity identification For Algorithm 1, let (z*,v*) be a Kuhn-Tucker
pair, i.e. a solution of (1). Under a non-degeneracy condition, and provided that



both R and J* are partly smooth relative to C?-smooth manifolds, respectively Mf*
and M/ near z* and v* (see Definition 2.8), we show that the generated primal-
dual sequence {(xg, vg)treny which converges to (x*,v*) will identify in finite time the
manifold ME x M (see Theorem 3.2). In plain words, this means that after a finite
number of iterations, say K, we have xj, € ME and v, € M/, for all k > K.

Local linear convergence Capitalizing on this finite identification result, we first
show in Proposition 3.4 that the globally non-linear iteration (2) locally linearizes along
the identified smooth manifolds, then we deduce that the convergence of the sequence
becomes locally linear (see Theorem 3.7). The rate of linear convergence is character-
ized precisely based on the properties of the identified partly smooth manifolds and
the involved linear operator L.

Moreover, when FF = G* = 0,L = Id and R, J* are locally polyhedral around
(z*,v*), we show that the convergence rate is parameterized by the cosine of the largest
principal angle (see Definition 2.5) between the tangent spaces of the two manifolds
at (z*,v*) (see Lemma3.5). This builds a clear connection between the results in this
paper and those we drew in our previous works on DR and ADMM [35,36].

1.4. Related work

For the past few years, an increasing attention has been paid to investigate the local
linear convergence of first-order proximal splitting methods in the absence of strong
convexity. This has been done for instance for FB-type splitting [2,11,26,29,45], and
DR/ADMM [4,8,23] for special objective functions. In our previous work [32,34-36],
based on the powerful framework provided by partial smoothness, we unified all the
above-mentioned work and provide even stronger claims.

To the best of our knowledge, we are aware of only one recent paper [44] which
investigated finite identification and local linear convergence of a Primal-Dual splitting
method to solve a very special instance of (Pp). More precisely, they assumed R to be
gauge, F = %H . ||2 (hence strong convexity of the primal problem), G* = 0 and J the
indicator function of a point. Our work goes much beyond this limited case. It also
deepens our current understanding of local behaviour of proximal splitting algorithms
by complementing the picture we started in [34,35] for FB and DR methods.

Paper organization The rest of the paper is organized as follows. Some useful pre-
requisites, including partial smoothness, are collected in Section 2. The main contribu-
tions of this paper, i.e. finite time activity identification and local linear convergence
of Primal-Dual splitting under partial smoothness are the core of Section 3. Several
discussions on the obtained result are delivered in Section 4. Section 5 extends the re-
sults to the case of more than one infimal convolution. In Section 6, we report various
numerical experiments to support our theoretical findings.

2. Preliminaries

Throughout the paper, N is the set of non-negative integers, R™ is a n-dimensional
real Euclidean space equipped with scalar product (-, -) and associated norm | - |. Id,,
denotes the identity operator on R™, where n will be dropped if the dimension is clear
from the context.



Sets For a nonempty convex set C' C R", denote aff(C') its affine hull, and par(C)
the smallest subspace parallel to aff(C'). Denote ¢ the indicator function of C, and
P¢ the orthogonal projection operator onto the set.

Functions The sub-differential of a function R € I'o(R") is a set-valued operator,
OR:R" = R", z— {g € R"|R(z') > R(z) + (g, 2’ — z),Va’ € R"}, (3)

which is maximal monotone (see Definition 2.2). For R € I'o(R"™), the proximity oper-
ator of R is

2 —z|” + R(2). (4)

def . 1
proxp(r) 2 argmin, e 1|

Given a function J € T'o(R™), its Legendre-Fenchel conjugate is defined as

T (y) = USG%IL@, y) —J(v). (5)

Lemma 2.1 (Moreau Identity [39]). Let J € I'o(R™), then for any v € R™ and v > 0,

0 = prox s (v) + 7pros, ., (v/7). (6)
Using the Moreau identity, it is straightforward to see that the update of v; in Algo-

rithm 1 can be obtained also from prox; J,

Operators Given a set-valued mapping A : R” = R", its range is ran(A4) = {y €
R” : 3z € R” s.t. y € A(z)}, and graph is gph(A4) = {(z,u) € R" x R"|u € A(z)}.

Definition 2.2 (Monotone operator). A set-valued mapping A : R™ = R"” is called
monotone if,

(X1 — x2, v1 —v2) >0, V(z1,v1) € gph(A) and (x2,v2) € gph(A). (7)

It is moreover maximal monotone if gph(A) can not be contained in the graph of any
other monotone operator.

Let 8 €]0, 400, B : R™ — R", then B is -cocoercive if
(B(21) — B(xa), 21 — x2) > BI|B(z1) — B(w2)|?, Va1, 5 € R, (8)

which implies that B is S~ !-Lipschitz continuous.

For a maximal monotone operator A, (Id + A)~! is called its resolvent. It is known
that for R € T'o(R"), proxp = (Id + OR)~! [6, Example 23.3].

Definition 2.3 (Non-expansive operator). An operator F : R"™ — R" is non-
expansive if

IF(x1) = F(za)|| < fler — 22, Vi, 20 € R



For any « €]0,1[, F is called a-averaged if there exists a non-expansive operator F’
such that F = aF' + (1 — a)Id.

The class of a-averaged operators is closed under relaxation, convex combination
and composition [6,20]. In particular when o = %, F is called firmly non-expansive.

Let S(R™) = {V € R™"*|VT = V} the set of symmetric positive definite matrices
acting on R™. The Loewner partial ordering on S(R") is defined as

vV1,V5 € S(Rn), Vi=Vy < Ve Rn, <(V1 — Vg)aj, I> >0,
that is, Vi — Vs is positive definite. Given any positive constant v > 0, define S, as
S, E{VeSR):V = vld}, (9)

i.e. the set of symmetric positive definite matrices whose eigenvalues are bounded
below by v. For any V € S,,, define the following induced scalar product and norm,

(@, 2’y = (2, Va'), |lzlly = V/(z, Vz), Va,2" € R".

By endowing the Euclidean space R"™ with the above scalar product and norm, we
obtain the Hilbert space which is denoted by RZ.

Lemma 2.4. Let the operators A : R™ = R" be maximal monotone, B : R™ — R" be
B-cocoercive, and V € S,.. Then for ~ €]0,20v/],

(i) (Id+~V~1A)~L: R? — R is firmly non-expansive;

(i) (Id —yV~!B):R? — R? is ng-avemged non-erpansive;

(iii) (Id ++V~1A)~YId —4V~!B) : R? — R% is 4525Z7-avemged non-erpansive.

Proof.
(i) See [19, Lemma 3.7(ii)];
(ii) Since B : R™ — R™ is -cocoercive, given any z,z’ € R", we have
(@ —a', V"'B(z) = V'B(2))v = B B(z) — B(«')|?
= BIV(V='B(z) =V 'B(")|?
= BV (V' B(x) - V'B@))|
> Br|V'B(z) = V' B3,
which means that V~='B : R? — R” is (3v)-cocoercive. The rest of the proof

follows [6, Proposition 4.33].
(iii) See [40, Theorem 3]. O

2.1. Angles between subspaces

Let 77 and T3 be two subspaces of R™. Without the loss of generality, we assume
1<p e dim(7y) <g¢q def dim(T») <n —1.

Definition 2.5 (Principal angles). The principal angles 6;, € [0,5], &k = 1,...,p be-



tween subspaces T7 and T5 are defined by, with ug = vg ) 0, and

cos(0) = (ug, v) = max(u, v) s.t. uweT,ve Dy |u| =1, =1,
<U, ul> = <’U, Ui) :072207 7k_1

The principal angles 6}, are unique with 0 < 6; <6y <--- <6, <7/2.

Definition 2.6 (Friedrichs angle). The Friedrichs angle 6 €]0, 5] between the two
subspaces 17 and T3 is

cos(O0p(11,12)) = max(u, v)s.t.u e liN(L1 NI ul|| =
(6r(T1, T2)) < max(u, v) Ti N (Ti NTo) " [luf =1,
veTyN (Tl ﬁTg)L, ||’U|| =1.

The following lemma shows the relation between the Friedrichs and principal angles
whose proof can be found in [5, Proposition 3.3].

Lemma 2.7. The Friedrichs angle is the (d+1)™ principal angle where d < dim(TyN
Ts). Moreover, 0p(Ty,Ts) > 0.

Remark 2. The principal angles can be obtained by the singular value decomposition
(SVD). For instance, let X € R"*P and Y € R"*? form the orthonormal basis for the
subspaces Ty and T, respectively. Let USVT be the SVD of XTY € RPX4, then
cos(0) = ok, k =1,2,...,p and o} corresponds to the kM largest singular value in 3.

2.2. Partial smoothness

The concept of partial smoothness is first introduced in [31]. This concept, as well
as that of identifiable surfaces [49], captures the essential features of the geometry
of non-smoothness which are along the so-called active/identifiable manifold. Loosely
speaking, a partly smooth function behaves smoothly as we move along the identifiable
submanifold, and sharply if we move transversal to the manifold.

Let M be a C?-smooth embedded submanifold of R" around a point z. To lighten
the notation, henceforth we state as C2-manifold for short. The natural embedding of
a submanifold M into R™ permits to define a Riemannian structure on M, and we
simply say M is a Riemannian manifold. 7Tr(x) denotes the tangent space to M at
any point near z in M. More materials on manifolds are given in Section A.

Below is the definition of partly smoothness associated to functions in I'o(R"™).

Definition 2.8 (Partly smooth function). Let R € I'o(R"), and x € R" such that
OR(z) # 0. R is then said to be partly smooth at x relative to a set M containing z if

(i) Smoothness: M is a C2-manifold around x, R restricted to M is C? around x;

(ii) Sharpness: The tangent space Ty (z) coincides with T, = par(OR(x))*;
)

(iii) Continuity: The set-valued mapping JR is continuous at z relative to M.
The class of partly smooth functions at z relative to M is denoted as PSF,(M).

Owing to the results of [31], it can be shown that under transversality assumptions,
the set of partly smooth functions is closed under addition and pre-composition by
a linear operator. Popular examples of partly smooth functions are summarized in
Section 6 whose details can be found in [34].



The next lemma gives expressions of the Riemannian gradient and Hessian (see
Section A for definitions) of a partly smooth function.

Lemma 2.9. If R € PSF, (M), then for any ' € M near x,
VMmR(') =Pr,(OR(x)).
In turn, for all h € T,

ViR )h =P, V2 R(2')h + W, (h, Pr, VR(')),

where R is any smooth extension (representative) of R on M, and ,(-,-) : Ty x T+ —
T, is the Weingarten map of M at x.

Proof. See [34, Fact 3.3]. O

3. Local linear convergence of Primal-Dual splitting methods

In this section, we present the main result of the paper, the local linear convergence
analysis of Primal-Dual splitting methods. We start with the finite activity identi-
fication of the sequence (zy,vi) generated by the methods, from which we further
show that the fixed-point iteration of Primal-Dual splitting methods locally can be
linearized, and the linear convergence follows naturally.

3.1. Finite activity identification

Let us first recall the result from [17,48], that under a proper renorming, Algorithm 1
can be written as Forward—Backward. Let § = 1, from the definition of the proximity
operator (4), we have that (2) is equivalent to

VF 0 Ty, OR L* Tha1 Id,, /v —L* Thil — Tk
- [ 0 VG*] <vk> € [—L 8,]*] <uk+1> T [ T v/, | Lopn —vp )+ (210)

Let K = R™ x R™ be a product space, Id the identity operator on IC, and define the
following variable and operators

def [ T def |OR L* aet |VE 0 aef |Id, /v, —L*
zZr = <vk>’ A= [—L 8,]*]’ B = [ 0 VG*] , V= { ) Idm/’yj}‘ (11)

It is easy to verify that A is maximal monotone [12], B is min{j,., 3, }-cocoercive.
For V, denote v = (1 — \/~,7,ILIF) min{%, %}, then V is symmetric and v-positive
J R
definite [19,48]. Define KCy the Hilbert space induced by V.
Now (10) can be reformulated as

21 = (V+ AV -—B)(z) =Id+ V1A (1d - Vv B)(z). (12)

Clearly, (12) is the FB splitting on Ky [48]. When F' = G* = 0, it reduces to the
metric PPA discussed in [13,28].



Before presenting the finite time activity identification under partial smoothness,
we first recall the global convergence of Algorithm 1.

Lemma 3.1 (Convergence of Algorithm 1). Consider Algorithm 1 under assumptions
(A.1)-(A.4). Let 0 = 1 and choose 7,7, such that

2min{,, G} min {1, L} (1,7 217) > 1, (13)

then there ezists a Kuhn-Tucker pair (x*,v*) such that z* solves (Pp), v* solves (Pp),
and (zg,vg) — (x*,v%).

Proof. See [48, Corollary 4.2]. O

Remark 3.

(i) Assumption (A.4) is important to ensure the existence of Kuhn-Tucker pairs.
There are sufficient conditions which ensure that (A.4) can be satisfied. For
instance, assuming that (Pp) has at least one solution and some classical do-
main qualification condition is satisfied (see e.g. [18, Proposition 4.3]), assump-
tion (A.4) can be shown to be in force.

(i) It is obvious from (13) that ~,7,||L||* < 1, which is also the condition needed in
[13] for convergence for the special case F' = G* = 0. The convergence condition
n [21] differs from (13), however, v,v,||L||* < 1 still is a key condition. The
values of v,,7, can also be made varying along iterations, and convergence of
the iteration remains under the rule provided in [19]. However, for the sake of
brevity, we omit the details of this case here.

(iii) Lemma 3.1 addresses global convergence of the iterates provided by Algorithm 1
only for the case § = 1. For the choices 6 € [—1,1[U]1, +oo], so far the corre-
sponding convergence of the iteration cannot be obtained directly, and a cor-
rection step as proposed in [28] for # € [—1,1] is needed so that the iteration
is a contraction. Unfortunately, such a correction step leads to a new iterative
scheme, different from (2); see [28] for more details.

In a very recent paper [50], the authors also proved the convergence of the
Primal-Dual splitting method of [48] for the case of § € [—1, 1] with a proper
modification of the iterates. Since the main focus of this work is to investigate
local convergence behaviour, the analysis of global convergence of Algorithm 1
for any 6 € [—1,+o00] is beyond the scope of this paper. Thus, we will mainly
consider the case § = 1 in our analysis. Nevertheless, as we will see later, locally
6 > 1 could give faster convergence rate compared to the choice 6 € [—1,1] for
certain problems. This points out a future direction of research to design new
Primal-Dual splitting methods.

Given a solution pair (z*,v*) of (Pp)-(Pp), we denote ML and ML the C2-smooth
manifolds that z* and v* live in respectively, and denote T2, T/ the tangent spaces
of ME M. at 2* and v* respectively.

Theorem 3.2 (Finite activity identification). Consider Algorithm 1 under assump-
tions (A.1)-(A.4). Let @ =1 and choose v,,7, based on Lemma 3.1. Thus (xy,vg) —
(x*,v*), where (z*,v*) is a Kuhn-Tucker pair that solves (Pp)-(Pp). If moreover



R € PSF,- (ME) and J* € PSF,.(M.), and the non-degeneracy condition holds

—L*v* — VF(z*) € ri(0R(z")),

La* — VG*(v*) € ri(8J* (v")). (ND)

Then, there exists a large enough K € N such that for all k > K,
(zg,vx) € ./\/lf* X ./\/l;)]**

Moreover,

(i) if ME =a* + TR, then TR =TZE and &, € ME hold for k > K.

(i) If ML =v"+ T, then T, =T\ holds for k> K.

(iii) If R is locally polyhedral around z*, then Yk > K, x, € ME = z* + TR,
TR =TE, Ve, R(zg) =V, R(2*), and V?\AgR(wk) =0.

(iv) If J* is locally polyhedral around v*, then Vk > K, vy, € ML = v* + T,
T =1, V: ™ (vg) =V oz J* (%), and v?\/l;j:‘ J*(v) = 0.

Remark 4.

(i) The non-degeneracy condition (ND) is a strengthened version of (1).

(ii) In general, we have no identification guarantees for zj; and vy if the proximity
operators are computed approximately, even if the approximation errors are
summable, in which case one can still prove global convergence. The reason
behind this is that in the exact case, under condition (ND), the proximal mapping
of the partly smooth function R and that of its restriction to M locally agree
nearby x* (and similarly for J* and v*). This property can be easily violated if
approximate proximal mappings are involved, see [34] for an example.

(iii) Theorem 3.2 only states the existence of K after which the identification of the
sequences happens, but no bounds are provided. In [34,35], lower bounds of
K for the FB and DR methods are delivered. Though similar lower bounds
can be obtained for the Primal-Dual splitting method, the proof is not a simple
adaptation of that in [34] even if the Primal-Dual splitting method can be cast as
a FB splitting in an appropriate metric. Indeed, the estimate in [34] is intimately
tied to the fact that FB was applied to an optimization problem, while in the
context of Primal-Dual splitting, FB is applied to a monotone inclusion. Since,
moreover, these lower-bounds are only of theoretical interest, we decided to forgo
the corresponding details here for the sake of conciseness.

Proof of Theorem 3.2. From the definition of proximity operator (4) and the up-
dating of x4 in (2), we have

i(l"k — 7. VE(21) = 7, L 0k — wp11) € OR(2141),
which yields

dist(—L*v* — VF(2*), 0R(2k 1))
< | = L** = VF(@*) = 32k — 7. VE(2r) = 7o L0k — 2p41) |

R
1 1
< (L + L)k — 2l + 1200y — o7 0.

10



Then similarly for vg,1, we have

%(vk —v,VG*(vx) + v, LTg+1 — ka) € 0J* (Vg41),

J

and

dist(Lz* — VG*(v*),0J* (vg41))
< |ILa* = VG (0") = 5= (v = 7, VG (k) + 79, LEpg1 — v |

< (% + é) loe = o* || + ILI (X + O)|zps1 — | + Ollzy — ™) — 0.
By assumption, J* € T'o(R™), R € TI'o(R™), hence they are sub-differentially continuous
at every point in their respective domains [42, Example 13.30], and in particular at v*
and z*. It then follows that J*(vy) — J*(v*) and R(zy) — R(z*). Altogether with
the non-degeneracy condition (ND), shows that the conditions of [27, Theorem 5.3]
are fulfilled for (—La* + VG*(v*), -) + J* and (L*v* + VF(2*), -) + R, and the finite
identification claim follows.

(i) In this case, ME is an affine subspace, it is straight to have Z;, € M. Then as
R is partly smooth at z* relative to Mf*, the sharpness property holds for all
nearby points in /\/lf* [31, Proposition 2.10]. Thus for k large enough, we have
indeed Ty, (ME) =TE =TI as claimed.

(ii) Similar to (i).

(iii) It is immediate to verify that a locally polyhedral function around z* is indeed
partly smooth relative to the affine subspace x* + T/, and thus, the first claim
follows from (i). For the rest, it is sufficient to observe that by polyhedrality,

for any x € ME near z*, OR(z) = OR(z*). Therefore, combining local normal
sharpness [31, Proposition 2.10] and Lemma A.2 yields the second conclusion.
(iv) Similar to (iii). O

3.2. Locally linearized iteration

Relying on the identification result, now we are able to show that the globally nonlinear
fixed-point iteration (12) can be locally linearized along the manifolds ML x M.,
As a result, the convergence rate of the iteration essentially boils down to analyzing
the spectral properties of the matrix obtained in the linearization.

Given a Kuhn-Tucker pair (z*,v*), define the following two functions

def

R(z) = R(x) + (z, L*v* + VF (%)), J*(y) = J*(y) — (y, La* — VG*(v*)). (14)

We have the following lemma.

Lemma 3.3. Let (z*,v*) be a Kuhn-Tucker pair such that R € PSF,.(ME), J* €
PSF,.(MJ.). Denote the Riemannian Hessians of R and J* as

def

def

=7, PTJ: v?\/l‘]: F(U*)PTJ** . (15)

Then Hy and H are symmetric positive semi-definite under either of the following

conditions:
(i) (ND) holds.
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(i) ME and M. are affine subspaces.
Define,

def

Wx & (Id,, + HR)_l and W = (Id,, + Hf)_lv (16)

then both Wg and W+ are firmly non-expansive.
Proof. See [35, Lemma 6.1]. O

For the smooth functions F' and G*, in addition to (A.1) and (A.2), for the rest of
the paper, we assume that

(A.5) F and G* locally are C?-smooth around z* and v* respectively.
Now define the restricted Hessians of F' and G*,

def

Hp =

def

Prr V2F(z*)Prr and Hge = Pro- VG (0")Pros. (17)

def

Denote Hp < 1d, — v, Hp, Hg- = Idy, — 7, Hg+, L = Prp: LPps and

N H _WRWRE*

WrHr L 14
o v, 1+ OWH=IWgHp — 0y, W=L WxHg —7,7,(1 +60)W=LWxL* (18)

We have the following proposition.

Proposition 3.4 (Local linearization). Suppose that Algorithm 1 is run under the
identification conditions of Theorem 3.2, and moreover assumption (A.5) holds. Then
for all k large enough,

Zhrt — 2 = My (21— 2°) + ol|zi — 2*]). (19)

Remark 5.

(i) For the case of varying (v,,7,) along iteration, i.e. {(v,x,Vpk)} k- According
to the result of [34], (19) remains true if these parameters converge to some
constants such that condition (13) still holds.

(i) Taking Hg- = Id,, (i.e. G* = 0) in (18), one gets the linearized iteration asso-
ciated to the Primal-Dual splitting method of [21]. If we further let Hp = Id,,
this will correspond to the linearized version of the method in [13].

Proof of Proposition 3.4. From the update of xj, in (2), we have

zp — V. VF(xr) — v, L vk — Tpg1 € 7, 0R(Tp41),
_P}/RVF(IE*) - FYRL*’U* € VRaR({B*)‘

Denote T,f the parallel translation from Tﬁ to T2, Then project on to corresponding
tangent spaces and apply parallel translation,

VaTh N mn, R(wpi1) = 7 Prr a1 (r — v, VF(2r) — 7, Lok, — 2p11)
= Prr (vp — v, VF (k) — v L0k — Tht1)
+ (i Prr ap1 — Pre ) (2 — 7, VF(21) — v, L vk — 241,
Ve Ve, R(z*) = Prr (=7, VF(2¥) — v, L"),

12



which leads to
VuTh Vo, R(@re1) = 7,V an, R(z¥)
= Prr (e =2 VF(xr) = v L vk — @pq1) — (2" = 7, VF (") — 7, L™0" — a¥))
+ (Tlfpff* Th+1 — PTf* )(_’YRVF(‘T*) - ’YRL*U*)

Term 1

+ (7Pyr a1 — Prn ) (2 — 7u VF(2k) = 7oL 0k — 241) + (7 VE (@) + 7, L*0").

Term 2
(20)
Moving Term 1 to the other side leads to
VaTi Ve, R(@ki1) = 7. Voun, R(2*) = (T0Prr wpg1 — Prs ) (=7, VF(2") = 7, L*0")
= ’yRTlf(VMf* R(zj41) + (L*v* + VF(2))) — v, (VM;a* R(z*) 4+ (L*v* + VF(z*)))
= 7, Prr Vign R(@)Prn (2511 — 27) + o(|eps1 — 2*)),
where Lemma A.2 is applied. Since 211 = prox, g(zx—",VF(xr)—7,L vk), prox, p

is firmly non-expansive and Id,, — v,V F is non-expansive (under the parameter set-
ting), then

I(ze =7 VE (k) = VoL vk — Tpyr) — (37 =7, VF(2") =7, L7 — 27|
< (Adn =7, VE) (k) = (Idn — 7, VEF)(@")[ + v, [ L o = L7 (21)
< lze — 2 + Vel Lllllox — 0]

Therefore, for Term 2, owing to Lemma A.1, we have

(F'Prr wrs1 — Prn )(@h = 1, VE(0) = 1L vk — ws1) — (2% — 3, V(@) = 7, L'v* — )
= ofllex — |+ 7a | Lok — v*]).

Therefore, from (20), and apply x — 2* = Ppr (2 — 2*) + o(z), — 2*) [32, Lemma 5.1]
to (zp4+1 — x*) and (xp — x*), we get

(Idp + Hp)(ze41 — ") + ol[|zpr1 — 7))
= (2 — 2") = Vo Pra (VF(2x) — VF(2%)) — v, Prr L™ (v, — v7)
+ olllze — 2| + Vel Lllllox — ™).

Then apply Taylor expansion to VF, and apply [32, Lemmab5.1] to (vg — v*),

(Idn + HIT?>(xk+1 — .%'*> (22)
= (Idn = v, Hp)(x) — 27) = 7, L™ (vg = v7) + o([lzr, — ™[] + v, || Lll|lvi — v7]))-

Then invert (Id, + Hy) and apply [32, Lemma 5.1}, we get

Tpyr — & = WrHp(zp — %) — 7, WgL" (v — v*) + o([lox — 2| + v | Ll ok — v*]).
(23)

13



Now from the update of vy

v =7, VG (0r) + 7, LTks1 — Vg1 € 7,077 (vk41),
v — 4, VG*(v*) + v, Lz* — v* € v,0J" (v*).

Denote T,;]J:l the parallel translation from Tz?i 11 to Tq;]f, then

VTV g T (Wrir) = i1 Py (or =7, VG (k) + 7, LEks1 — vir1)
= P (v — v, VG (k) + 7, LZky1 — Vk41)
+ (TlﬁlPﬂz’k’;l = Pros)(vk =7, VG (0r) + 7, LTpt1 — Ukt1),

Y,V s J*(0F) = Py (v — 4, VG* (v*) + v, La* — v*)
which leads to
rYJTI;']-;:lvM;{: I (Vg41) — VJvmgj J*(v")
= Py ((0k =7, VG (0k) +7, LEki1 — vpi1) — (v = 7, VG (0*) 47, La* = v*))
+ (7'/%]4:1PT1{;+1 =Py )(vk =7, VG (vk) + 7, LT11 — vky1)
= Py (0 — 7, VG (00) 7, Lt — vienn) — (0" — 7, VG (0%) + 7, La* — %))
+ (TléﬁlpTgk"+1 —Pr: )(v, L™ =, VG*(v¥))

Term 3
F Py = Prus)(on =7, VG (o) 7, Lokss — vpn) + 7, (VG (0%) = La*)).

Term 4

(24)
Similarly to the previous analysis, for Term 3, move to the lefthand side of the
inequality and apply Lemma A.2,

’YJTkJ;VM;{j J* (V1) — %VM;’I JH(v*) - (Tk];lPTgk*“ - PTVJ: )(v, La* —~,VG*(v*))
= 2,741 (Vs I (041) = (L™ = VG () =7, (V pgo: J*(0%) = (La* = VG (7))
=7, Proz Vi I 0Pz (U1 = v*) + o(Jvrss — v*).

Since 0 < 1, we have

1Ze1 — 2" < (L4 O)wrgr — 27| + Oflwr — 27|
< 2(llen — 2" + sl Llllow = v*l]) + llzx — 27 = 3llzk — 27| + 2y, [ L]llvx — o7

Then for Term 4, since 7,7, ||L?|| < 1, prox, ;. is firmly non-expansive and Idn, —
v,VG* is non-expansive, we have

(iaPry. =P (06 =7, VG () +7, L1 —tn) — (0" =7, VG (0%) + 9, La* = %)
= offlor — v* [l + 7, | Ll . — 2*]).
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Therefore, from (24), apply [32, Lemmab5.1] to (vg+1 — v*) and (v — v*), we get

(Idyy + Hye)(vps1 — v%)

= (Idm — 7, Ha-)(vk = v*) + 7, L(Zk11 — 2*) + o( o, — v*[| + 7, [ Llll| 2w — 2*]))-
(25)
Then similar to (23), we get from (25)

vt — v = Wy (v — o) + 7, Wy L(@1 — 7%) + oo — v + 7, | Ll — =)
= WyHe- (v, — 0*) + (14 0)y, W L(wp1 — 2%) — 0y, Wy L(z), — 27)
+ of[lvk — o™+, [IL{llzx — 7))
=WyrHg- (v —v*) — 0y, Wx L(x — %)
+(1+ G)VJWﬁE(WRITIF(a:k — o) — 'yRWRE*(vk — v*))
+o(lzr — 2" + v | Llllow = v*I) + o(lox = v*[[ 4+, 1Lz — =)
= (WrHg — (14 0)y,7, W5 LWRL*) (v, — v*)
+ (14 0)y, Wz LWgHp — 0y, W5 L) (z — *)
+o(lzk — =" + Ve | Lok — v*I) + o(lve — v*[ 4+, 1Lz — 27])).- ”
Now we consider the small o-terms. For the 2 small o-terms in (22) and (25). Fi(rst),
let a1, as be two constants, then we have

la] + laz| = v/(Ja| + laz])? < V2(af + a3) = \@H (Z;)
(loe = o + 3, LMl = 27() + (ke — 2" + 7 | Elllloe = o)

=)l

Combining this with (23) and (26), and ignoring the constants of the small o-term
leads to the claimed result. O

Denote b = max{1,v,| L, v, |IL| }, then

< 20(||z — z¥|| + |Joe — v¥]|) < 2v/2b

def

Now we need to study the spectral properties of M, . Let p S dim(TE),q =
dim(TJ ") be the dimensions of the tangent spaces T i and Tq;]: respectively, define

SEE(TRYL and §70 L (T27)L. Assume that ¢ > p (alternative situations are

T* T

discussed in Remark 6). Let
L=X%:Y*

be the singular value decomposition of L, and define the rank as [ = rank(L). Clearly,
we have [ < p. Denote MI’fD the k" power of M, .

Lemma 3.5 (Convergence property of M, ). The following holds for the matriz M,
(i) If 0 = 1, then there exists a finite matriz MS° to which leD converges, i.e.

M> Jim M’“ (27)
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Moreover,
VkeN, MF — M>® = (M,, — M®)* and p(M,, — M) < 1.
Given any p €]p(M,, — M), 1[, there is K large enough such that for all k > K,
k k

(ii) If F = G* =0, and R, J* are locally polyhedral around (x*,v*). Then given any
0 €]0,1], M, is convergent with

o _|Y Id,,—, Y*
R
Idm—l

Moreover, all the eigenvalues of M, — M5 are complex with the spectral radius

p(M,, — M) =\/1—0vy,7,02%,, <1, (29)

where omin 18 the smallest non-zero singular value of L.

Remark 6. We discuss in short several possible cases of (28) when F' = G* = 0 and
R, J* are locally polyhedral around (z*, v*).
(i) If L =1d, then L = Prs-Prr and o is the cosine value of the biggest principal
angle (yet strictly smaller than 7/2) between tangent spaces T and T, .
(ii) For the spectral radius formula in (29), let us consider the case of Arrow—Hurwicz
scheme [3], i.e. @ = 0. Let R, J* be locally polyhedral, and X7 = (0;)(;=1,..;3 be
the singular values of L, then the eigenvalues of M, are

1 .
P = 5((2 - PYRFY.]UJQ') + \/PYRFY.]UJZ'(WR’YJO-JQ‘ - 4))7 J e {17 (XL l}’ (30)

which apparently are complex (v, Jajz < 7.7, |1 L|I* < 1). Moreover,

1
|m=§¢@—%%ﬁﬁ—%%ﬁWﬂJ?4ﬁﬂ-

This implies that M, has multiple eigenvalues with absolute values all equal to
1, then owing to the result of [5], we have M, is not convergent.

Furthermore, for § € [—1,0[, we have 1 — 6v,v,02, > 1 meaning that
M. is not convergent, this implies that the correction step proposed in [28] is
necessary for 6 € [—1,0]. Discussion on 6 > 1 is left to Section 4.

Proof of Proposition 3.5.
(i) When 6 =1, M, becomes

WEHF _’YRWEE*

MPD - 2’7JWﬁEWRHF - WJWFI/ WﬁHG* — 27R7JWﬁEWEE* (31)

Next we show that M, is averaged non-expansive.

16



First define the following matrices

_ | Hgr/x L _|Hr 0 _ |ldp/y, —L*
A_[ L HJ*/%]’ B_[O HG*}’ V‘[ -L Idm/w]’ %)

where we have A is maximal monotone [12], B is min{/,, 5, }-cocoercive, and

V is v-positive definite with v = (1 — /5,7, IL[*) min{%, ,Yi .
R J
Now we have
1d, +Hg 0
W= 0
[ —2L Idmjf“] ( ) 29,7 W lWg v, Wi
1 77 *
—Hp —L
and V- B=|"r _ 1 = |- As aresult, we get
1 77 T *
W 0 —Hp —L
V+A—1v_B:|: ’YR R_ :|’7R —
( ) ( ) Z,YJ'YRW?LWT{ 'YJWF —L %Hg*
= |: _ WRﬁF _ _ _’VRWRE* _ _ :|
2'7JWFLWRHF - "}/JWFL WFHG* - 2’}/J’YRWFLWRL* ’

which is exactly (31).
From Lemma 2.4 we know that M, : KKy — Ky is averaged non-expansive,
hence it is convergent [6]. Then we have the induced matrix norm

i k T k _
kli{go ”MPD B MPOSHV - klig.lo ||MPD o MISS”V =0.

Since we are in the finite dimensional space and V is an isomorphism, then the
above limit implies that

. k
klggo HMPD - MSSH =0,

which means that p(M,, — M%) < 1. The rest of the proof is classical using the
spectral radius formula, see e.g. [5, Theorem 2.12(i)].

When R and J* are locally polyhedral, then Wz = Id,,, W5 = Id,,, altogether
with FF = 0,G =0, for any 6 € [0,1], we have

14, —~, I*
B {%L Idm — 7,7, (1 + 9)LL*} ' (33)

PD

With the SVD of L, for M, , we have
Mo — [Idn - L } _ [ YY* ) ) 7, Y 5L X .
ep v, L 1dy — (14 0)y,v,LL* V,XELY XX — (L4 0)y,7, XXX
_|Y Id, —VrI} Y*
X| 7,2z Idpm— (1+0)y,7,52 X+
Ms,
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Since we assume that rank(L) = [ < p, then X7 can be represented as

2 01,m—1
S = ,
L |:0ml,l Om—t,n—1

where ¥; = (0)j=1,..1. Back to My, we have

Id; 01,n—1 —Vr21 01,m—1

Mo — Op—1;  Idp— On—1,1 On—1,m—1
z 7,20 Orn—t Idi = (407,57 Orme
Om—l,l Om—l,n—l Om—l,l Idm—l

Let’s study the eigenvalues of My,

|ME - pIdm-‘rn‘
(1 — p)Idl 01,m—1 —Yr 20 07,m—1
_ On—l,l (1 — ,D)Idn_l On—l,l On—l,m—l
v, 20 01—t (1—p)Id; — (14 0)v,v, 57 01,m—1
Om—1,1 Om—1,n—1 Om—1,1 (1 —=p)ldp—
_ (1 _ p)m+n—2l (]- - p)Idl —Yr 21 ol 1.
V7,21 (1= p)Id; — (1 + )77, %

Since (—7,%1)((1 — p)Id;) = ((1 — p)Id;)(—7,X:), then by [43, Theorem 3], we
have

_ 1—p)ld —Vr 2
My, — pldgss| = (1 — p)m o2 {( S 1 }
|Ms — pldass| = (1= p) %I (1= p)Id — (1+6)7,7,5?

= (1—=p)™ 2 [(1 = p) (1 = p)Ids = (1 + 0)7,7,57) + 77, 205 |
= (L= p)™ 2 [(1 = p)?1d; = (1= p) (1 + 0) 7,7, 57 + 7,7, Zi %] |

l
= =p)" L (0* = 2= (L4 0)71,7007)p + (1= 07,7,07)-

For the eigenvalues p, clearly, except the 1’s, we have for j =1, ...,1

py — (2= (1+0)7,7,07) £ V(1 +0)*y37307 — 47,7,07
5 .

Since ’yJ’yRUJZ <9,7:|IL|* < 1, then p; are complex and

1 2
lpjl = 5\/(2 — (140)7,7,02)" = (1 +0)212920} — 47,7,02) = V1 = 0y,7,07 < 1.

As a result, we also obtain the MZ°, which reads

o Y Id, v
S Y | R
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Corollary 3.6. Suppose that Algorithm 1 is run under the identification conditions
of Theorem 3.2, and moreover assumption (A.5) holds. Then the following holds
(i) the linearized iteration (19) is equivalent to

(Ld— M%) (21— ") = My (Td— M2 (24— =) +o((Td— M2 |z — 2*])). (34)

(ii) If moreover R, J* are locally polyhedral around (z*,v*), and F,G* are quadratic,
then M2 (z, — 2*) = 0 for all k large enough, and (34) becomes

Zpy1 — 25 = (M, — M) (2, — 2%). (35)

Proof. See [35, Corollary 5.1]. O

3.3. Local linear convergence

Finally, we are able to present the local linear convergence result.

Theorem 3.7 (Local linear convergence). Suppose that Algorithm 1 is run under the
identification conditions of Theorem 3.2, and moreover assumption (A.5) holds. Then:
(i) given any p €]p(M,, —M?2),1[, there exists a K large enough such that Vk > K,

I(Td = M) (zx — 27)|| = O(p" 7). (36)

(ii) If moreover, R, J* are locally polyhedral around (x*,v*), and F, G* are quadratic,
then there exists a K large enough such that for all k > K, we have directly

2 — 2" = O(p* "), (37)
fO?” p e [p(MPD - Msg)’ 1[
Proof. See [35, Theorem 5.1]. O

Remark 7.

(i) Similar to Proposition 3.4 and Remark 5, the above result remains hold if (v,,7,,)
are varying yet convergent. However, the local rate convergence of ||z — z*| will
depends on how fast {(v,x,7.k)}k converge, that means, if they converge at
a sublinear rate, then the convergence rate of ||z, — z*| will eventually become
sublinear. See [35, Section 8.3] for the case of Douglas—Rachford splitting method.

(i) When F' = G* = 0 and both R and J* are locally polyhedral around the (z*, v*),

then the convergence rate of the Primal-Dual splitting method is controlled by

§ and ~,7v, as shown in (29); see the upcoming section for a detailed discussion.

For general situations (i.e. F, G* are nontrivial and R, J* are general partly

smooth functions), the factors that contribute to the local convergence rate are
much more complicated, such as the Riemannian Hessians of R, J*.

4. Discussions

In this part, we present several discussions on the obtained local linear convergence
result, including the effects of 8 > 1, local oscillation and connections with FB and
DR methods.
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To make the discussion easier to deliver, for the rest of this section we focus on the
case where F' = G* = 0, i.e. the Primal-Dual splitting method of [13], and moreover
R, J* are locally polyhedral around the Kuhn-Tucker pair (z*, v*). Under such setting,
the matrix defined in (18) becomes

vt [1d —y, L*

> |y, L Idy — (1+6)y,v,LL* (38)

4.1. Choice of 0

Owing to Lemma 3.5, the matrix M, in (38) is convergent for 6 €]0, 1], see Eq. (28),
with the spectral radius

p(MPD - Msg) = \/ 1- GVRVJU?nin < 17 (39)

with opmin being the smallest non-zero singular value of L.

In general, given a solution pair (z*,v*), omin is fixed, hence the spectral radius
p(M,, — M) is simply controlled by ¢ and the product 7,v,. To make the local
convergence rate as faster as possible, it is obvious that we need to make the value
of 07,7, as big as possible. Recall in the global convergence of Primal-Dual splitting
method or the result from [13], that ~,~,,||L|J* < 1. Denote Tmag the biggest singular
value of L. It is then straightforward that v,v,02.. < v,7.|L|* < 1 and moreover

M, , —M>X)=4/1-0
p( PD pD) fYR’YJ min (40)

> \/1 — 0(omin/||L])* > \/1 — 0(0min/0max)?.

If we define cnd = o s /Omin the condition number of L, then we have
p(M,, — M) > +/1—6(1/cnd)?.

To this end, it is clear that § = 1 gives the best convergence rate for € [—1,1]. Next
let us look at what happens locally if we choose # > 1.The spectral radius formula (39)
implies that bigger value of # yields smaller spectral radius p(M,, — MZ°). Therefore,
locally we should choose 6 as big as possible. However, there is an upper bound of 6
which is discussed below.

Following Remark 6, let X7 = (Uj){jzl,...,l} be the singular values of L, let p; be the
eigenvalue of M, — M°°, we have known that p; is complex with

(2= (1 +0)v,7,07) i\/1+9 2929207 — dv,7,03), Ipil = /1 = 0,703

l\D\»i

Pj =

Now let 6 > 1, to ensure |p;| make sense for all j € {1,...,1}, there must holds

1
Lo 07,00 2 0 < L
rR /7Y max FYR/-YJO-?IIQX’

which means that 6 indeed is bounded from above.
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Unfortunately, since L = PTTR* LPT;]:, the upper bound can be only obtained if we
had the solution pair (z*,v*). However, in practice one can use back-tracking or the
Armijo-Goldstein-rule to find the proper 6. See Section 6.4 for an illustration of online
searching of #. It should be noted that such updating rule can also be applied to v,, v,
since we have | L|| < || L||. Moreover, it should be noted that in practice one can choose
to enlarge either 6 or v,~, as they will have very similar acceleration outcome.

Remark 8. It should be noted that the above discussion on the effect of 6 > 1 may
only valid for the case F' = 0,G* = 0, i.e. the Primal-Dual splitting method of [13]. If
F and/or G* are not vanished, then locally, # < 1 may give faster convergence rate.

4.2. Oscillations

For the inertial Forward-Backward and FISTA [7] methods, it is shown in [34] that
they locally oscillate when the inertia momentum are too high (see [34, Section 4.4]
for more details). When solving certain type of problems (i.e. F = G* =0 and R, J*
are locally polyhedral around the solution pair (z*,v*)), the Primal-Dual splitting
method also locally oscillates (see Figure 6 for an illustration). As revealed in the proof
of Lemma 3.5, all the eigenvalues of M, — M2° in (38) are complex. This means that
locally the sequences generated by the Primal-Dual splitting iteration may oscillate.

For omin, the smallest non-zero singular of L, one of its corresponding eigenvalues
of M, reads

(2~ (14 )y, 750%5m) + /(1 + 0292420, — 47,7,0%,).

[N

pg[llill =
and (1 + 6)?72~20k. — 47,7,02:, < 0. Denote w the argument of p,  , then

2= (14+0)7,7,00;
= min 41
cos(w) V1= 07,7005 1)

The oscillation period of the sequence |z — 2z*|| is then exactly T. See Figure 6 for an
illustration.

4.3. Relations with FB and DR/ADMM

In this part, we discuss the relation between the obtained result and our previ-
ous work on local linear convergence of Forward-Backward [32,34] and Douglas—
Rachford/ADMM [35,36].

4.8.1.  Forward-Backward splitting

For problem (Pp), when J = G* = 0, Algorithm 1 reduces to, denoting v = v, and
B =B,

Trt1 = prox, p(zx — YV F(21)), v €]0,24], (42)
which is the non-relaxed FB splitting [37] with constant step-size.

Let z* € Argmin(R + F) be a global minimizer to which {xj}ren of (42) con-
verges, the non-degeneracy condition (ND) for identification then becomes —V F'(z*) €
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ri(OR(2*)) which recovers the conditions of [34, Theorem 4.11]. Following the notations

def

of Section 3, define M, = Wg(Id,, — vHF), we have for all k large enough
Tha1 — &7 = My, (2 — 27) + o[z — 27])).

From Theorem 3.7, we obtain the following result for the FB splitting method, for the
case 7 being fixed. Denote M« the manifold that z* lives in.

Corollary 4.1. For problem (Pp), let J = G* = 0 and suppose that (A.1) holds
and Argmin(R + F) # 0, and the FB iteration (42) creates a sequence xj —
x* € Argmin(R + F) such that R € PSF,. (M), F is C? near x*, and condition
—VF(z*) € ri(OR(z*)) holds. Then
(i) given any p €]lp(M,, — M22), 1], there exists a K large enough such that for all
k> K,

I(1d = M) (g — 2*)| = O ). (43)

(ii) If moreover, R are locally polyhedral around x*, there exists a K large enough
such that for all k > K, we have directly

lzk — 2™ = O(p* ), (44)

fOT pE [p(MFB - M;g)v 1[

Proof. Owing to [6], M, is 452€ v-averaged non-expansive, hence convergent. The

convergence rates in (43) and (44) are straightforward from Theorem 3.7. O

The result in [32,34] required a so-called restricted injectivity (RI) condition, which
means that Hp should be positive definite. Moreover, this RI condition was removed
only when J is locally polyhedral around z* (e.g. see [34, Theorem 4.9]). Here, we
show that neither RI condition nor polyhedrality are needed to show local linear
convergence. As such, the analysis on this paper generalizes that of [34] even for
FB splitting. However, the price of removing those conditions is that the obtained
convergence rate is on a different criterion (i.e. ||(Id — M2)(xy, — 2*)||) other than the
sequence itself directly (i.e. ||xg — z*]|).

4.8.2.  Douglas—Rachford splitting and ADMM
Let FF = G* =0 and L = Id, then problem (Pp) becomes

min R(x)+ J(x).

For the above problem, below we briefly show that DR splitting is the limiting case of
Primal-Dual splitting by letting v,v, = 1. First, for the Primal-Dual splitting scheme
of Algorithm 1, let & = 1 and change the order of updating the variables, we obtain
the following iteration

Uk41 = PIOX, (vk + v, %K)
Th1 = ProXy p(Tk — VpVk+1) (45)

Tp41 = 2Tp41 — Tp-
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Then apply the Moreau’s identity (6) to prox, -, let v, = 1/v, and define 241 =
T — YpVk+1, iteration (45) becomes

Upr1 = proxWRJ(2xk — 2k)
21 = 2k + Upgp1 — Tg (46)

Th+1 = prOX'yRR(zk-i-l)a

which is the non-relaxed DR splitting method [24]. At convergence, we have uy, xy —
a* = prox, g(z*) where z* is a fixed point of the iteration. See also [13, Section 4.2].

Specializing the derivation of (18) to (45) and (46), we obtain the following two
linearized fixed-point operator for (45) and (46) respectively

Mpp = [ 1dx —VeP1aPro; ]
Y, Pro-Prr Idn — 29,7, Prs-Prr Pra:
Iy Id,, —YePrs Pra:
DR—[éPwﬁﬁﬁ Hn—ﬂ%gBmPyJ

Owing to (ii) of Lemma 3.5, Mpp, Mpr are convergent. Let w be the largest principal
angle (yet smaller than 7/2) between tangent spaces T and Ti.", then we have the
spectral radius of Mpp — Mpy, reads ((i) of Remark 6),

p(Mpp — M},) = /1 — 7,7, cos?(w)

47
1 — cos?(w) = sin(w) = cos(m/2 — w). 47

Suppose that the Kuhn-Tucker pair (z*,v*) is unique, and moreover that R and J
are polyhedral. Therefore, we have that if J* is locally polyhedral near v* along v* +
T, then J is locally polyhedral near z* around x* + T}, and moreover there holds

x*o
TJ = (T‘{*)J—. As a result, the principal angles between T2 T " and the ones between

x* T x*o

TE TJ. are complementary, which means that 7/2 —w is the Friedrichs angle between

tangent spaces T2, T/.. Thus, following (47), we have

x*

p(Mpp — Mg5) = v/T— 7,7, cos?(w) > cos(n/2 — w) = p(Mpr — MFR).

We emphasise the fact that such connection can be drawn only for the polyhedral
case, which justifies the different analysis carried in [35,36]. In addition, for DR we
were able to characterize situations where finite convergence provably occurs, while
this is not (yet) the case for Primal-Dual splitting even for R and J* being locally
polyhedral around (z*,v*) and F' = G* = 0 but L is non-trivial.

5. Multiple infimal convolutions

In this section, we consider problem (Pp) with more than one infimal convolution. Le
m > 1 be a positive integer. Consider the problem of solving

min R(z —1—2 (J: VGy) (L), (Pg)

rzeR™
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where (A.1) holds for R and F, and for every i = 1, ..., m the followings are hold:
(A’.2) J;,G; € T'o(R™), with G; being differentiable and S ;-strongly convex for
Ba,i > 0.
(A’.3) L;:R"™ — R™ is a linear operator.
(A’.4) The condition 0 € ran(OR+ VF + " | L(0J;,00G;)L;) holds.
The dual problem of (P[}) reads,

min (B9 F) (= 20, Liv) + 0, () + GHw). (PR)

v €ER™M,... v, CRMm

Problem (P}) is considered in [19,48], and a Primal-Dual splitting algorithm is
proposed there which is an extension of Algorithm 1 using a product space trick, see
Algorithm 2 hereafter for details. In both schemes in [19,48], 6 is set as 1.

Algorithm 2: A Primal-Dual splitting method

Initial: Choose v,, (v, )i > 0. For k=0, zo € R", v;o € R™, i € {1,...,m};
repeat

Tr+1 = pI‘OXfyRR('IEk - FVRVF(Q;‘]C) —Tr Zi Ljvi,k)
Tpi1 = 2xp41 — T

Fori=1,...m

[Ui,kﬂ = Prox, j- (Ui,k - %,.VG? (vig) + P)/J[Lijk+1)7

k=k+1;
until convergence;

5.1. Product space

The following result is taken from [19]. Define the product space I = R™ x R™ x
-+ X R™» and let Id be the identity operator on K. Define the following operators

Idp -Ly - =L
OR Ly --- L VE TR 1d,,,
A def —L; 0J1 B def VGy v det —L, ﬁ
—Ln B VG _'Lm I,
'YJm
(49)
Then A is maximal monotone, B is min{f,, 3., ,..., B, }-cocoercive, and V is sym-
metric and v-positive definite with v = (1—, /v, >,~, [L:?) min{%, %, . %} Define
! R J1 Im
2k = (Thy V1 ks ,Umk) L, then it can be shown that (48) is equivalent to
2i1=(V+ AN (V-B)zp = (Id+V1A)"'(1d - V' B)z,. (50)
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5.2. Local convergence analysis

Let (z*, 07, ...,v};) be a Kuhn-Tucker pair. Define the following functions
TF(v;) € T (v;) — (vi, Lig* = VG ())), v, e R™, ie{1,...,m}, (51)

and the Riemannian Hessian of each J,

def def

Hy = ’yJP v o T( P, s and Wi = (Idp, +Hp)" ie {1, m}. (52)

For each i € {1, ..., m}, owing to Lemma 3.3, we have that W5 is firmly non-expansive

if the non-degeneracy condition (ND,,) holds. Now suppose
(A’.5) F locally is C?-smooth around z* and G} locally is C? around v}.

Define the restricted Hessian Hg- d—QfP VQG*( ¥)P_s+. Define HG S Id,,, Vs Hg:,

L

1*

def

L;= P L iPrr , and the matrix

_WrHrp_ _ TWRWRLE TR WrLy
e ’yJik WJl*L1<2W§HF — Id,,) W\,i« (HGT - Q'YJT YrL1WgRLT)
M., =
Vi W L,2WgHp —1dy,) e Wy (HG: — 27J; Y LnWgL})

Using the same strategy of the proof of Lemma 3.5, one can show that M, is conver-
gent, which again is denoted as M2°, and p(M,, — M%) < 1

Corollary 5.1. Consider Algorithm 2 under assumptions (A.1) and (A’.2)-(A’.5).
Choose vy, (7, )i > 0 such that

2B, B, s o bin (5, 5 s M (1= o S, IR > 1 (54)

Then (Tk,Viks o Unk) — (T507,...,v}), where x* solves (Pp) and (vi,...,v})

solve (Pp). If moreover R € PSF,.(ME) and J; € PSF,: (Mi),l e {1,....m}, and
the non-degeneracy condition holds

— Y. Livf — VF(2*) € ri(0R(z"))

Liz* — VG (v*) € 1i(0J] (v¥)), Vi€ {1,..., m}. (ND-)

Then,
(i) there exists K > 0 such that for all k > K,

Jy g
(xkavl,ka ey U ) S ./\/lR* X Mv% X -+ X Mvg‘

(i) Given any p €]p(M,, — M), 1[, there exists a K large enough such that for all
E>K,

I(Td — M) (zk — 27)|| = O(p"F). (55)
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If moreover, R,J{,...,J are locally polyhedral around (x*,v},..., v}

., VL), then we
have directly have ||z — 2*|| = O(p*~5).

Proof. Owing to [19], condition (54) guarantees the convergence of the algorithm.
(i) the identification result follows naturally from Theorem 3.2.
(ii) the result follows Proposition 3.4, Corollary 3.6 and Theorem 3.7. First, for the
update of z, of (48), we have

*
Tk+1 — T
= WgHp(zi — %) = 7. Wg 2, Li (vie = v7) + oll|zx — 2| + 7 3, [ Lilloss, = oF ).
56

Then the update of v; j41, for each i =1, ..., m, similar to (26), we get

Vik+1 — 'U; = (WFHG,* - (1 + 9)7(,i'yRWﬁf,-Wszi*)(vi,k - 'Ul*)
+ (2’ny WT[*ZI'WRHF _'YJ,.WJTZL‘)(-Z‘I@ —x*) (57)

Fo(ler — 2"l +vr 22 1Lilllvik — oI ) + o(lvi g — v | + v, 1 Lilllze — =)

Now consider the small o-terms. For the 2 small o-terms in (22) and (25). First,
let ag,ay,...,a, be m+ 1 constants, then we have

m m m 2
> imolail =/ (Cilail)? < \/(m+ 1) Yl lail* = vm + 1 (ao, ... an) .
Denote b = maX{l? ZiJiHLiuvp}/RHLluv 7’YRHL'"”}7 then

i Uosw = ofll+ ol Lilller — 2*11) + (lzw — 1|+ 2, I Lalllloig — o7 1)
< 20([|z — 2" 4+ 2 llvik = v7ll) < 26v/m + 1z — 2],

Combining this with (56) and (57), and ignoring the constants of the small o-
term, we have that the fixed-point iteration (50) is equivalent to

Zip1 — 27 = My (21 — 27) + oz — 27)).

The rest of the proof follows the proof of Theorem 3.7. O

6. Numerical experiments

In this section, we verify our theoretical results on several concrete examples arising
from fields including inverse problem, signal/image processing and machine learning.

6.1. Examples of partly smooth function

Table 1 provides some examples of partly smooth functions that will be used in this
section, whose more details can be found in [34, Section 5] and the references therein.
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Table 1. Examples of partly smooth functions. For z € R™ and some subset of indices 6 C {1,...,n}, x; is the
restriction of = to the entries indexed in 6. Dy stands for the finite differences operator.

Function Expression Partial smooth manifold

{1-norm lzll; = >0 |l M=T, ={zeR": ., C L}, I. ={i: a; #0}

{1 2-norm R EA M=T, = {z cR™: I, C Iz}, I, = {z DTy, F 0}

{oo-norm max;—r1,... n} |[Ti M=T, ={2€R": 2z, €Rsign(wzr,)}, Io = {i: |os| =[x}
TV semi-norm | [y = [Dpyzly, [ M=To ={2€R": Ip_ - CIp_ o}, Ip o= {i: (Dpypt)i # 0}
Nuclear norm Jzl, =>"1 0@ | M={z€R"X"2: rank(z) = rank(z) = r}, o(z) singular values of x

The ¢4, £so-norms and the anisotropic TV semi-norm are polyhedral functions, hence
their Riemannian Hessian are simply 0. The /¢; o-norm is not polyhedral yet partly
smooth relative to a subspace, the nuclear norm is partly smooth relative to the set of
fixed-rank matrices, which on the other hand is curved, the Riemannian of these two
functions are non-trivial and can be found in [47] and references therein.

6.2. Linear inverse problems

Given an object xo, € R”, often times we can not access it directly, but through the
observation model,

b= fKJJOb, (58)

where b € R™ is the observation, X : R" — R™ is some linear operator. A more
complicated situation is when the observation is contaminated by noise, namely, b =
Kzxop + w, where w € R™ is the noise.

The operator X usually is ill-conditioned or even singular, hence recovering or ap-
proximating zop from (58) in general is ill-posed. However, usually some prior knowl-
edge of x,, can be available. Thus, a popular approach to recover xo, from b is via
regularization, by solving

;Ié%% R(z) + J(Kz —b), (59)

where
— R € T'o(R") is the regularizer based on the prior information, e.g. {1,412, foo-
norms, nuclear norm;
— J € To(R™) enforces fidelity to the observations. Typically J = 1y when there is
no noise, i.e. w = 0.
Clearly, (59) is a special instance of (Pp) with F' = G* = 0. Thus Algorithm 1 can be
applied to solve it.
We consider problem (59) with R being /1,412, ¢s-norms, and nuclear norm.
K € R™*" is generated uniformly at random with independent zero-mean standard
Gaussian entries. The settings of the experiments are:

l1-norm (m,n) = (48,128), ||zobll, = 8;
{1 o-norm (m,n) = (48,128), z,}, has 3 non-zero blocks of size 4;
loo-morm (m,n) = (63,64), |I(z.)| = 8;
Nuclear norm (m,n) = (500,1024), x4, € R32*32 and rank(z,},) = 4.

Figure 1 displays the profile of ||z —z*| as a function of k, and the starting point of the
dashed line is the iteration number at which the active partial smoothness manifold
of ME is identified (recall that M. = {0} which is trivially identified from the first
iteration). One can easily see that for the ¢; and fo-norms, Theorem 3.7 applies and
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our estimates are very tight, meaning that the dashed and solid lines has the same
slope. For the case of {1 -norm and nuclear norm, though not optimal, our estimates
are very tight.
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Figure 1. Observed (solid) and predicted (dashed) convergence profiles of Algorithm 1 in terms of ||z — z*|.
(a) £1-norm. (b) £eo-norm. (c) £1,2-norm. (d) Nuclear norm. The starting point of the dashed line is the iteration
at which the active manifold of J is identified.

6.3. Total variation based denoising

In this part, we consider several total variation based denoising examples, for the first
two examples, we consider the observation b = x,, + w, where x,, is a piecewise-
constant vector, and w is an unknown noise supposed to be either uniform or sparse.
The goal is to recover z,p from b using the prior information on x, (i.e. piecewise-
smooth) and w (uniform or sparse). To achieve this goal, a popular and natural ap-
proach in the signal processing literature is to solve

min
xER™

Dy x|, subject to |[b—zf|, <, (60)

where p = +oo for uniform noise, and p = 1 for sparse noise, and 7 > 0 is a parameter
depending on the noise level.

Problem (60) can also formulated into the form of (Pp). Indeed, one can take
R=tjp <5 J = | -1y, F=G*=0,and L = D, is the finite difference operator
(with appropriate boundary conditions). The proximity operators of R and J can
be computed easily. Clearly, both two indicator functions are polyhedral, and their
proximal operator are simple to compute.
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For both examples, we set n = 128 and =z}, is such that D, zo, has 8 nonzero
entries. For p = +00, w is generated uniformly in [—1, 1], and for p = 1, w is sparse
with 16 nonzero entries. The corresponding local convergence profiles are depicted in
Figure 2(a)-(b). Owing to polyhedrality, our rate predictions are again optimal.

Practical observation Practical observation Practical observation
— — = Theoretical estimation — — = Theoretical estimation — — Theoretical estimation

/
[EEall
y
y
4

100 101 1070
50 100 150 200 1000 2000 3000 4000 5000 6000 50 100 150 200 250 300 350 400

k

(a) Sparse noise removal p =1 (b) Uniform noise removal p = oo (c) Gaussian noise removal

Figure 2. Observed (solid) and predicted (dashed) convergence profiles of Primal-Dual (2) in terms of ||z, —
z*|. (a) Sparse noise removal. (b) Uniform noise removal. (¢) Gaussian noise removal. The starting point of
the dashed line is the iteration at which the active manifold of J is identified.

We also consider an underdetermined linear regression problem b = Kz, + w.
We assume that the vector z,} is group sparse and each non-zero group is piecewise
constant. This regression problem can then be approached by solving

. 1 2
mun M1||$||1,2 + 5”:]{.%' - bH + /’L2HDDIFx||17
TER™

where 1, pg > 0, || - [|; , promotes group sparsity, and || D, - |[; promotes piece-wise
constancy. This is again in the form of (Pp), where R = ] - ||, 5, F = %HJC b))%,

J = pa| Iy, G* =0, and L = D_,.. For this example, we set x,, € R?® with 2
piecewise constant non-zeros blocks of size 8. The result is shown in Figure 2(c), the
estimate is again very sharp.

6.4. Choices of 0 and ~v,,v,

In this part, we present a comparison on different choices of 6 and v,,, to see their
influences on the finite identification and local linear convergence rate. Two examples
are consider for these comparisons, problem (59) with R being ¢;-norm and ¢; o-norm.

Fixed 6 For this comparison, we fix § = 1 and consider 4 different cases of v, v, || L|*:
7,7 IL)1* € {0.3,0.6,0.8,0.99},
with v, = 7,. The result is shown in Figure 3, and we have the following observations:
(i) The smaller the value of y,7, || L||?, the slower the iteration converges;

(ii) Bigger value of v, leads to faster identification (since J* is globally C2-smooth,
so only the identification of R for this case).

Fixed 7,7, ||L||* Now we turn to the opposite direction, fix 7,7, ||L||* and change 0.
In the test, we fixed v,7,||L||* = 0.9 and v, = ,, 5 different choices of 8 are considered,
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Figure 3. Comparison of the choice of v,,v, when 0 is fixed.

which are
0 € {0.5,0.75,1.0,2.0},

plus the last one with Armijo-Goldstein-rule for updating 6 adaptively. Although there
is no convergence guarantee for § = 2.0, in the test it converges and we choose to put
it here as an illustration of the effects of § > 1. The result is shown in Figure 4, and
we have the following observations
(i) Similar to the previous one, the smaller the value of 6, the slower the iteration
converges. Also, the Armijo-Goldstein-rule is the fastest of all.
(ii) Interestingly, the value of # has no impacts to the identification of the iteration.
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Figure 4. Comparison of the choice of § when v, v, are fixed.

Fixed 0 and ~,~, For the above comparisons, we fix 7, = ,,, so for this comparison,
we compare the different choices of them. We fix = 1 and 7,7, |L|* = 0.99, then we
choose

0.99
el LI

. € {0.25,0.5,1,2} and ~, =

Figure 5 shows the comparison result, we also have two observations:
(i) For the ¢1-norm, since both functions are polyhedral, local convergence rate are
the same for all choices of v, see (29) for the expression of the rate. The only
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difference is the identification speed, v, = 0.25 gives the slowest identification,
however it uses almost the same number of iterations reaching the given accuracy.

(ii) For the ¢} 9-norm, on the other hand, the choice of v, affects both the identi-
fication and local convergence rate. It can be observed that bigger v, leads to
faster local rate, however, it does not mean that the bigger the better. In fact,
too big value will slow down the convergence.

Iz — 2|
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L L L L L LW 1010 L L L L L L L L L
100 200 300 400 500 600 700 100 200 300 400 500 600 700 800 900
k k
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Figure 5. Comparison of fixed 6 and v, but varying .

6.5. Oscillation of the method

We dedicate the last part of this section to demonstrate the oscillation behaviour
of the Primal-Dual splitting method when dealing with polyhedral functions. As we
have seen from the above experiments, oscillation of ||z —z*| happens for all examples
whose involved functions R, J* are polyhedral, even for the non-polyhedral ¢ 2-norm
(for the {s-norm, the oscillation is not visible since the oscillation period is too small
compared to the number of iterations).

Now to verify our discussion in Section4, we consider problem (59) with R being
¢1-norm, and the result is shown in Figure 6. As revealed in (41), the argument of the
leading eigenvalue of M, — M2° is controlled by 6v,,, so is the oscillation period.
Therefore, the value v,7, is tuned such that the oscillation period is an integer, and
m/w = 12 for the example we tested. Figure 6 shows graphically the observed oscilla-
tion, apparently the oscillation pattern coincides well with the theoretical estimation.

7. Discussion and conclusion

In this paper, we studied local convergence properties of a class of Primal-Dual split-
ting methods when the involved non-smooth functions are moreover partly smooth.
In particular, we demonstrated that these methods identify the active manifolds in
finite time and then converge locally linearly at a rate that we characterized precisely.
We also built connections of the presented result to our previous work on Forward-
Backward splitting and Douglas—Rachford splitting/ADMM. Though we focused on
one class of Primal-Dual splitting methods, there are other Primal-Dual splitting
schemes, such as those in [12,18,25], to which our analysis and conclusions can be
straightforwardly extended.
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Figure 6. Oscillation behaviour of the Primal-Dual splitting method when dealing with polyhedral functions.
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Appendix A. Riemannian Geometry

Let M be a C?-smooth embedded submanifold of R" around a point x. With some
abuse of terminology, we shall state C?-manifold instead of C?-smooth embedded
submanifold of R™. The natural embedding of a submanifold M into R™ permits to
define a Riemannian structure and to introduce geodesics on M, and we simply say
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M is a Riemannian manifold. We denote respectively Ty (z) and Ma(x) the tangent
and normal space of M at point near x in M.

Exponential map Geodesics generalize the concept of straight lines in R™, preserving
the zero acceleration characteristic, to manifolds. Roughly speaking, a geodesic is
locally the shortest path between two points on M. We denote by g(t; x, h) the value
at t € R of the geodesic starting at g(0;z,h) = = € M with velocity g(¢;x,h) =
%(t; x,h) = h € Tp(x) (which is uniquely defined). For every h € Ty (z), there exists
an interval I around 0 and a unique geodesic g(¢; z, h) : I — M such that g(0;z,h) =z
and g(0;x,h) = h. The mapping Exp, : Tm(z) = M, h — Exp,(h) = g(1;2,h) is
called Exponential map. Given z,z’ € M, the direction h € Tr(z) we are interested
in is such that Exp,(h) = 2/ = g(1;, h).

Parallel translation Given two points z, 2’ € M, let Ta(z), Tm(2") be their cor-
responding tangent spaces. Define 7 : Ty((x) — Taq(2') the parallel translation along
the unique geodesic joining x to xz’, which is isomorphism and isometry w.r.t. the
Riemannian metric.

Riemannian gradient and Hessian For a vector v € N (x), the Weingarten
map of M at x is the operator 20,(-,v) : Tm(z) = Tm(z) defined by 0,(-,v) =
—P7.,(@)dV[h] where V is any local extension of v to a normal vector field on M. The
definition is independent of the choice of the extension V', and 20, (-, v) is a symmetric
linear operator which is closely tied to the second fundamental form of M, see [15,
Proposition I1.2.1].

Let J be a real-valued function which is C? along the M around z. The covariant
gradient of J at 2’ € M is the vector Vi J(2') € Tap(z') defined by

Vh € Tm(a'),

(VT (@), h) = ST (Pa(a’ +th))],_y,

where P4 is the projection operator onto M. The covariant Hessian of J at 2’ is the
symmetric linear mapping V3,J(z') from Ta(2') to itself which is defined as

(VAT @), ) = L 7P’ +1h))] g VR € Tula). (A1)

This definition agrees with the usual definition using geodesics or connections [38]. Now
assume that M is a Riemannian embedded submanifold of R”, and that a function
J has a C%-smooth restriction on M. This can be characterized by the existence of a
C%-smooth extension (representative) of J, i.e. a C*-smooth function J on R™ such

that J agrees with J on M. Thus, the Riemannian gradient V J(2') is also given by

V(@) = Pr @ VI ('), (A2)
and Vh € Ty (2'), the Riemannian Hessian reads

Vi (@)h = Py oy d(V i) (@) [h] = P, oy d (2 = Py V) (1]

~ ~ A3
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where the last equality comes from [1, Theorem 1]. When M is an affine or linear

subspace of R™, then obviously M = 24T (z), and W (h, P s, (o) VI (2')) = 0, hence

(A3) reduces to V3,J(2') = Pr, (zf)sz(w’)PTM ()5 See [15,30] for more materials on
differential and Riemannian manifolds.

We have the following proposition characterizing the parallel translation and the
Riemannian Hessian of two close points in M.

Lemma A.1. Letx, 2’ be two close points in M, denote Ty (), Tag(x') be the tangent
spaces of M at x,x" respectively, and T : Tpm(z') = Tym(x) be the parallel translation
along the unique geodesic joining from x to ', then for the parallel translation we
have, given any bounded vector v € R™

(TP 7)) = Pra))v = o([[v]). (A4)
The Riemannian Taylor expansion of J € C?>(M) at = for 2’ reads,
TV (2') =V J(z) + V%J(:U)PTM(QC)(:B' — )+ o(]|z" — z])). (A5)

Proof. See [34, Lemma B.1 and B.2]. O

Lemma A.2. Let M be a C?%-smooth manifold, z € M, R € PSFz(M) and @ €
OR(x). Let R be a smooth representative of R on M near x, then given any h € Ty,
(i) when M is a general smooth manifold, if there holds u € 1i(OR(Z)), define the
function R(x) = R(z) — (x, u), then
(P1, V3, R(5)P, b, h) > 0. (A6)
(ii) if M is affine/linear, then we have directly,
(P, V3, R(Z)Pr,h, h) > 0. (AT)

Proof. See [34, Lemma 4.3]. O
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