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On the existence of L?-valued thermodynamic entropy solutions
for a hyperbolic system with boundary conditions
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Abstract

We prove existence of L?-weak solutions of a quasilinear wave equation with boundary conditions.
This describes the isothermal evolution of a one dimensional non-linear elastic material, attached to
a fixed point on one side and subject to a force (tension) applied to the other side. The L?-valued
solutions appear naturally when studying the hydrodynamic limit from a microscopic dynamics of a
chain of anharmonic springs connected to a thermal bath. The proof of the existence is done using a
vanishing viscosity approximation with extra Neumann boundary conditions added. In this setting
we obtain a uniform a priori estimate in L?, allowing us to use L? Young measures, together with
the classical tools of compensated compactness. We then prove that the viscous solutions converge
to weak solutions of the quasilinear wave equation strongly in LP, for any p € [1,2), that satisfy, in
a weak sense, the boundary conditions. Furthermore, these solutions satisfy the Clausius inequality:
the change of the free energy is bounded by the work done by the boundary tension. In this sense
they are the correct thermodynamic solutions, and we conjecture their uniqueness.

Keywords: hyperbolic conservation laws, quasi-linear wave equation, boundary conditions, weak
solutions, vanishing viscosity, compensated compactness, entropy solutions, Clausius inequality.
Mathematics Subject Classification numbers: 35L40, 35D40

1 Introduction

The problem of existence of weak solutions for hyperbolic systems of conservation law in a bounded
domain has been studied for solutions that are of bounded variation or in L™ [7]. In the scalar
case some works extend to L™ solutions, obtained from viscous approximations [20]. But viscous
approximations require extra boundary conditions, that are usually taken of Dirichlet type.

We present here an approach based on viscosity approximations, where the extra boundary
conditions are of Neumann type, to reflect the conservative nature of the viscous approximation.
We consider here the quasilinear wave equation

{; :i’z;xo: , - (D ERix] (1.1)

where 7(r) is a strictly increasing regular function of 7 such that 0 < ¢ < 7/(r) < c2, for some
constant ci1,c2. In section 2 we will require some more technical assumption for 7. We add to the
system the following boundary conditions:

p(t,0) =0, 7(r(t, 1)) = 7(t) (1.2)
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and initial data
r(0,z) = ro(z), p(0,z) = po(z). (1.3)
The boundary tension 7 : Ry — R is smooth and bounded with bounded derivative.

The equations (1.1) describe the isothermal evolution of an elastic material in Lagrangian co-
ordinates. The material point x € [0, 1] has a volume strain r(t,z) at time ¢ (that can also have
negative values), and momentum (velocity) p(¢,x). The Eulerian position of the material point z,
with respect to the position of the particle 0, is given by ¢(¢t,z) = foz r(t,y)dy, so that we can
identify the position of the material point x = 1 as the total extension of the material:

L(t) =¢q(t,1) = /01 r(t,y)dy. (1.4)

Let T < oo be given and arbitrary, and define Q7 := [0,T] x [0,1]. We shall construct weak
solutions @(t,y) = (7(t,v),p(t,vy)), (t,y) € Qr, to the quasilinear wave equation such that @(¢,-) €
L?(0,1) for all ¢t < T and satisfy the initial and boundary conditions in the following weak sense:

/01 w(t, x)7(t, x)dx — /01 ©(0,2)ro(x)dx = /Ot /01 (sT — pap) dxds (1.5)

/01 P(t, z)p(t, z)dx — /01 (0, z)po(z)dx = /Ot /01 (Vs — Yo7 (F)) deds + /Ot P(s,1)T(s)ds (1.6)

for all functions ¢, € C*(Qr) such that p(t,1) = 1(t,0) = 0 for all ¢ > 0.
Define the free energy of the system, associated to a profile u(z) = (r(z), p(z)) € L*(0,1), as

F(u) := /01 (@ + F(r(w))) dz (1.7)

where F(r) is a primitive of 7(r) (F'(r) = 7(r)), such that %7‘2 < F(r)< %27“2 for any r € R. This
is possible thanks to the bounds we required on 7’.
The solution @ of (1.6) that we obtain has the following properties:

e %€ L=(0,T; L*(0,1))
e 4(0,z) = uo(z) for a.e. z;

e For any ¢ € C'([0,1]), the application

t>—>/0 o(z)u(t, z)dx (1.8)

is Lipschitz continuous over [0, T7;

o ¢ satisfies Clausius inequality:
F(u(t)) — Fluo) < W(t), vt € (0,7 (1.9)

where uo = (r0,po) and

W(t) = — /Ot 7 (s) /01 7(s,z)dzds + 7(t) /01 7(t,z)dz — 7(0) /01 ro(z)dz (1.10)

is the work done by the external tension up to time t. In this sense we call our solution a ther-
modynamic entropy solution. For general discussion of the connection of such thermodynamic
solutions to the usual definition of entropic solutions, see [11] and [4].

Remark. If 7#(¢,z) is differentiable with respect to time, we may perform an integration by parts
and obtain

W(t)z/0 7(s)dL(s). (1.11)

This recovers the usual mechanical definition of the work.



The construction of the solution is obtained from the following viscosity approximation

5 & é
Tt — Pz = (ST‘LZ
. (o) eRy x[0,1] (1.12)
{pf —7(r")e = 6p%e

with boundary conditions
P(t,0)=0, 7(r'(t,1) =7(t), pa(t,1)=0, r5(t,0)=0 (1.13)

and initial data
T6(07x) = Tg(x)v p6(07 r) = pg(l’) (1.14)
such that r§ and pj are compatible with the boundary conditions, regular enough (see (3.4) and
(3.5)) and converge to ro and po, respectively, as § — 0.
Note that in the viscous approximation we have added two Neumann boundary conditions, that
reflect the conservative nature of the viscous perturbation. Under these conditions we have

1 t 1
/ [’ (¢, 2)|* da + 5/ / [ul (s, 2)|*dxds < C,  Vt>0 (1.15)
0 0 0

where C' is independent of ¢ and 6. It is thus clear that {u’}s=o and {v/6ul}s=o are uniformly
bounded in L?*(Qr). Then we rely on the existence of a family of bounded Lax entropy-entropy
fluxes as in [23], [21] and [22], that allows us to apply the compensated compactness in the L?
version. The conditions assumed on 7(r) are in fact those required to apply [23] results. Under a
slight different set of conditions, another L? extension of the compensated compactness argument
can be found in [13].

1.1 Physical motivations

The problem arises naturally considering hydrodynamic limit for a non-linear chain of anharmonic
oscillators in contact with a heat bath at a given temperature [16, 15]. This microscopic dynamics
models an isothermal transformation with two locally conserved quantities that evolve, on the
macroscopic scale, following (1.1).

Consider N + 1 particles on the real line and, for ¢ = 0, ... N, call ¢; and p; the positions and the
momenta of the i-th particle, respectively. Particles 7 and i — 1 interact via a nonlinear potential
V(g; — qi—1). Particle ¢ = 0 is at position go = 0 and does not move, i.e. po(t) = 0. There is a time
dependent force (tension) 7(¢) acting on the last particle. Then, defining r; := ¢; — gi—1 we have a
system with Hamiltonian

N

= ENZ (%2 + V(n')) — ()i (1.16)

i=1 =1

The interaction with a heat bath at temperature 87! is modeled by a stochastic perturbation
of the dynamics, that acts as a microscopic stochastic viscosity. Defining the discrete gradient and
laplacian as

Va; = aiy1 — ai, Aa; = aiy1 + ai-1 — 2a;,

the evolution equations are then given by the following system of stochastic differential equations:

dr1 = p1dt + V'V’ (r1)dt — \/wal

dr; = Vpi_1dt + SAV' (r;)dt — \/Tdel 1, 2<i<N-1

dry = Vpn_1dt + 8 (F(t) + V' (rn_1) — 2V'( —/26-16 Vdin-_1, (1.17)
dp1 = VV'(r1)dt + 6 (p2 — 2p1) dt — dewl, '
dpj = VV'(r;)dt + 6 Ap;dt — /26716 Vdw,_1, 2<j<N-1

dpn = (7(t) — V' (rn))dt — §Vpn_1dt + /28716 dwn—1



Here 871 > 0 is the temperature of the heat bath, and {wi}ﬁi_ll, {ﬁl}f\’:_ll are families of independent

Brownian motions. The parameter ¢ is the intensity of the action of the heat bath, and is chosen
depending on N such that 6 ~ o(N). When 6 = 0, equations (1.17) are just the Newton deterministic
equations for the Hamiltonian (1.16). Notice the correspondence of the boundary conditions in (1.17)
with the one chosen in (1.12).

One of the effects of the action of the stochastic heat bath is to fix, in a large time scale, the
variance of the velocities (i.e. the temperature) at 871, and establish a local equilibrium, where
space-time averages of V'(r;) around a macroscopic particle number [Nz] at a macroscopic time
Nt converges to the equilibrium tension 7(r (¢, z), 8) at temperature 8~ and volume stretch r(¢, x).
Since ( is fixed by the heat bath and do not evolve in time, we drop it from the notation in the
sequel.

The hydrodynamic limit consists in proving that, for any continuous function G(z) on [0, 1],

w26 (6) ) =2 [ oo () &

in probability, with (r(¢, x), p(t, z)) satisfying (1.5), (1.6). Of course a complete proof would require
the uniqueness of such L? valued solutions that satisfy (1.9): this remains an open problem. The
results contained in [15] states that the limit distribution of the empirical distribution defined on
the RHS of (1.18), concentrates on the possible solutions of (1.5) and (1.6) that satisfy (1.9). Since
we have no uniqueness result, we cannot assure that the solutions constructed in the present paper
coincide with those obtained with the hydrodynamic limit from (1.17). One can however conjecture
that this is the case.

This stochastic model was already considered by Fritz [12] in the infinite volume without bound-
ary conditions, and in [16], but without the characterisation of the boundary conditions.

In the hydrodynamic limit only L? bounds are available and we are constrained to consider
L? valued solutions. Since these solutions do not have definite values on the boundary, boundary
conditions have only a dynamical meaning in the sense of an evolution in L? given by (1.5), (1.6).

2 Hyperbolic system and the existence of weak solutions

For r,p: R4 x [0,1] — R, consider the hyperbolic system

re=pe =0 pt,0) =0  r(t,1) =77 (7(1)
{pt —7(r)e=0 " p0,2) =po(z)  r(0,2)=ro(x) (2.1)

The nonlinearity 7 € C* (R) is chosen to have the following properties.
(7-i) e1 < 7(r) < co for some c1,c2 > 0 and all r € R;

(1-ii) 7"(r) # 0 for all r € R;

(r-iii) 7"(r), 7" (r) € L*(R) N L (R).

We also assume that 7 : Ry — R is smooth. Moreover, there is a time T} such that 7'(¢) = 0 for all
t > T,. The initial data ro,po € L2(0, 1) are compatible with the boundary conditions.

Remark. Conditions (7-1) and (7-ii) ensure that the system is strictly hyperbolic and genuinely
nonlinear, respectively. Condition (7-iii) is used later on to ensure some boundedness properties of
the Lax entropies.

Theorem 2.1. System (2.1) admits a weak solution @ = (¥, p) in the sense of (1.5) and (1.6), such
that @ € L*°(0,T; L?(0,1)), @(0, ) = uo(z) for a.e. x; and it satisfies the Clausius inequality:

Fa(t)) — F(uo) < W(t), vt € [0,T] (2.2)

with W (t) as in (1.10).



3 Viscous approximation and energy estimates

We consider the following parabolic approximation of the hyperbolic system (2.1)

58 5
{;} :i?;)frfépiz , (to) e Ry x [0,1] (3.1)
for § > 0, with the boundary conditions:
p’(t,0)=0, r(t,1)=7"(F(t), pi(t,1)=0, r3(t,0)=0, (3.2)
and initial data:
P’ (0,2) = po(x),  °(0,2) =g (). (3.3)

The initial data r,p) € C>([0,1]) are mollifications of ro and po compatible with the boundary
conditions:
po(0) =0 r5(1) =771 (7(0)), Bepg(1) =0 Dar(0) = 0. (34)

Moreover, there is C' independent of § such that
Irollz2 + 1ol 2 + V80er0| 2. + 1V80up| 2 < C (3.5)

and (13, pd) — (o, po) strongly in L?(0,1).
As shown in [2] in a more general setting, this system admits a global classical solution (r‘s,p‘s),
with
0" € C1(Ry;C°(0,1)) N C° (R4 C*([0, 1])).

Remark. (i) We added two extra Neumann conditions, namely pS(t,1) = 75(¢,0) = 0. These
conditions reflect the conservative nature of the viscous perturbation, and are required in order
to obtain the correct production of free energy.

(ii) One could introduce a nonlinear viscosity term: &7(r)., in place of 6r,. This is a term
which comes naturally from a microscopic derivation of system (3.1), as described in the
introduction (see also [14]). Nevertheless, this does not drastically change the problem, thus
we shall consider only the linear viscosity 6r2,.

Theorem 3.1 (Energy estimate). There there is a constant C > 0 independent of t and § such that

1 t 1
/ [u’ (t, z)>dzx + 5/ / [ul (s, z)Pdzds < C (3.6)
0 o Jo
for allt >0 and 6 > 0.

Proof. Let F' be a primitive of 7 such that %17'2 < F(r)< %27“2. By a direct calculation we have
! (p6)2 s =T T 542 542 ’ L
/ ( + F(r )) dx +/ / (5(rz) +6(pd) )dmdt:/ f(t)/ ridedt  (3.7)
0 2 t=0 o Jo 0 0
1

- <%(t)/0 r“dx> ;:—/(]T%’(t)/olﬁdxdt. (3.8)

%(T)/0 (T, x)dx < |7(T)| (21; +§/0 (r“)z(T,x)dx) < % + %/O () (T, z)dz  (3.9)

Write, for some € > 0 to be chosen later,

where Cr = sup,~, (|7(t)| 4 |7/(t)]) depends on 7 only.



Using F(r) > %7’2 we obtain

(%1 B 02%5> /01(r5)2(T7 z)dz + % /01(p5)2(T,:r)dnc + /OT /01 (5(7"3)2 + 5(pi)2) dxdt
C

- T 1
< —T+Co—/ %’(t)/ r°(t, x)dxdt.
2¢e o 0
(3.10)

Recall that there is T > 0 such that 7/(¢) = 0 for ¢ > T\. Then, for T' < T, we write

(521 C;5> /01(7,5)2(T7 x)dz + %/1(])6)2(’1_', x)dx + /OT /01 (5(7”2)2 +5(pi)2) dxdt

2 T 1
g—+co+9T+ / /(T‘S)Q(t,x)dx (3.11)
0

<C*+co+4T+ // 2 (t.x) + () (0. x) ) e (3.12)

T 2
+f/ // 5(ri)2+5(pi)2)dxdsdt
2Jo Jo Jo

where Cp depends on the initial data only. Choosing € = ¢1/(2C>) gives
2 2 T
%J( ) < Co + C— + &TJF ; / J(t)dt, (3.13)
0
where ) -
0= [ (00 + @) dor [ [ (509748607 deds. (3.19)
0 o Jo
We apply Gronwall’s inequality. This, together with T" < T, gives
4¢1Co +2C2(2 + 1 T) (2T>
exp [ —

2
551

J(T) :

4¢1Co +2C2(2 4 1 T) (QT* )
< exp [ —

= T 1
>~ C% e CU (C1>T)7 (3 5)

for all T € [0, T), where Co(c1,T) is independent of T' and ¢
On the other hand, if T > T, we have

(%17 Cgs) /Ol(ré)Q(T,x)der%/( Txdx+/ / )+ 3(p2)° ) dadt

% +Co — /0 7‘-’(16)/0 (t x)dzdt (3.16)

and the integral at the right-hand side is uniformly bounded in T, § and §, since

T, 1 T, p1
—/ %’(t)/ r“(t,x)dxdtgo;/ / |r® (¢, x)|dadt
0 0 0
T, 1/2
< CFTy ( / / 2(t,x dzdt)

< ﬁ(/ ()dt) v
< C: T/ Coler, 7) (3.17)



From (3.7) we also immediately obtain the following

Corollary 3.2 (Viscous Clausius inequality).

f(u5(t))—f(ug)g—/o 7""(3)/0 r“(s,x)dx+f(t)/o r“(t,x)dx—f(o)/o ro(z)de.  (3.18)

4 L? Young measures and compensated compactness

Throughout this section, for any fixed T > 0 let u’(t,z) := (r’(t,z),p°(t,z)) be a strong solution
of (3.1) on Qr. By Theorem 3.1 and after a time integration over [0, 7] we obtain

[u’ | 2(qp < C (4.1)

for some C independent of §. Thus we can extract from {u6}6>0 a subsequence that is weakly
convergent in L?(Qr). Namely, up to a subsequence, there exists @ = (7, p) € L*(Qr) such that

§—0

lim wo = / up, Yo € L*(Qr). (4.2)
Q Qr

All the limits 6 — 0 taken below are intended along a chosen subsequence.
In this section we want to show that for any ¢ € L*(Qr) we have

%i_r)%/ ot 2)7(r°(t, z)) do dt = o(t, )T (7(t, z)) de dt. (4.3)
Qr Qr

This is done using a L? version of the compensated compactness, which is usually performed in L°°.
From the solution u° (¢, z), we define the following Young measure on Qr x R%:

ths,l' = 6u6(t,z)7 (44)

which is a Dirac mass centred at u°, i.e.

/QT J(t,x) f(u’(t,z)) do dt = /QT /}RZ J(t,x) f(€)dvy . (€)dadt

for all mesurable J : Qr — R and f : R? 5 R.
Since we have L? bounds on u°, we refer at nyz as a L?-Young measure [3]. In particular we
have, from (4.1)

/Q [Pl ara <c. (4.5)

We call Y the set of Young measures on Q7 x R? and we make it a metric space by endowing it
with the Prohorov’s metric. By proposition 4.1 of [5], the set

Ko = {V ey: / / €17 v, (€)dadt < C'} (4.6)
Qr JR?

is compact in Y. Then, by the fundamental theorem for Young measures ([3], section 2), there exists
Ut,» € Y so that, up to a subsequence,

§—0

i [ [ s ©ida©ded= [ [ 0@l (€)dod (4.7)
Qr JR? Qr JR?

for all continuous and bounded J : Qr — R and f : R? — R. We shall simply write v° — ¥ in
place of (4.7). By a simple adaptation of proposition 4.2 of [5], (4.7) can be extended to a function
f:R?* — R such that f(£)/|¢]> — 0 as |¢] — +oo.

In order to obtain (4.3), we need to prove that the limit Young measure 7 is a Dirac mass:
Uto = Ou(tz), for some 4 € L?*(Qr) and for almost every (t,z) € Qr. This is done using the
classical argument by Tartar and Murat.



Definition 4.1. A Lazx entropy-entropy fluz pair for system (2.1) is a couple of differentiable func-

tions (1,q) : R* — R? such that
(r)np + g =0

We show that Tartar’s equation holds for any two suitable entropy pairs (1,q) and (1’,q’) to be
specified below and almost all (t,z) € Qr:

g —n'q, v00) = (0, 00,2)(d, V) — (0, D) (4, Pt ) (4.9)

where

() = [, 1Od(6) (110)

for any measurable f. We employ the following argument due to Shearer [23].

Accordingly to Lemma 2 in [23], there exists a family of half-plain supported entropy-entropy
fluxes (n, ¢) such that n and ¢ are bounded together with their first and second derivatives. These are
explicitly given as follows. We define z(r) := [ \/7/(p)dp and we define the Riemann coordinates

=p+ 2z, we = p— z. We also pass from the dependent variables 1, g to H,Q as follows:

1

n=5(") " (H+Q) (4.11)
a= 5 - Q) (1.12)

so that (4.8) becomes
{Zz: z‘iQaQ , (4.13)

where

a(wy —wz) = -~ (T ( : 5 2)) (4.14)

)

Then we fix w1, w2 € R and we solve (4.13) with Goursat data given on the lines w1 = w: and
wWo = Wa:

H(u‘)l, w2) = g(’lUQ)

Q(wi,w2) =0 (4.15)

where g is continuous and compactly supported. Then one can explicitly solve (4.13) and get

H(wy,wz) = g(wa) + Y (A"g) (w1, ws)
v (4.16)
Q(w1,w2) = */ a(wr — v)H (w1, v)dv,

where the operator A acts on functions f € L},.(R?) as follows:
(Af) (w1, w2) / / a(v —w2)a(v — u) f (v, u)dudv. (4.17)

Finally, going back to  and ¢ and using our assumptions on 7 it is possible to show ([23], Lemma
2) that 7 and ¢ are bounded, together with their first and second derivatives.

Now we have a suitable family of entropy-entropy flux pair, we use Tartar-Murat Lemma in
order to derive Tartar’s equation (4.9). We evaluate (7, ¢) along the approximate solutions «° and
compute the entropy production:

n()e + q(u’)e =6 (Wﬁ + npp‘i) — (nrr (r2)* + mop(p2)* + 2nrpripi) (4.18)



Since 7, and 7, are bounded and Vors,/6pS are bounded in LQ(QT), we have
lim § (wi + nppi) =0  in H'(Qr), (4.19)
5§—0 T

while

<C (4.20)
LY(Qr)

uniformly with respect to 6. Thus we have have obtained an equality of the form

|8 (mer (r2)? + 10 (62)” + 2000202 ) |

n(w) + qu’)e = x° +¢°,

where {x°}s>0 lies in a compact set of H~'(Qr) and {¢°}s>¢ is bounded in L'(Qr). Moreover,
since 17 and ¢ are bounded, {n(u°); + q(u®)z}s>0 is bounded in W~"?(Qr) for some p > 2.
Therefore, we can apply Tartar-Murat and the div-curl lemma (cf [9], Theorem 16.2.1 and Lemma
16.2.2) and obtain Tartar’s equation (4.9).
The final step is to use Tartar’s equation to prove that the support of the limit Young measure
Dt 5 is a point. This is done in lemmas 4 to 7 of [23] and leads to the following

Proposition 4.2. There exists a 4 € L2(QT) such that Uy » = g,y for almost all (t,x) € Qr.
Moreover, u® — @ strongly in LP(Qr) for any p € [1,2).

4.1 Regularity

Proposition 4.3. For the function u obtained in section 4,
a e L>(0,T; L*(0,1)).

Proof. Since u® — @ in LP strong for p < 2, we can extract a subsequence {u6k }ren that converges
pointwise to @ for almost all ¢ and z. In particular, for almost all ¢, the sequence u’* (¢, ) converges
for almost all z. Therefore, by Fatou lemma and Theorem 3.1,

1 1
/ la(t, o)%ds < liminf/ % (¢, o) dz < C (4.21)
0 k— o0 0

for almost all ¢ € [0, T]. O

The proof is of next lemma is standard and therefore omitted.

Lemma 4.4. Let a(t) := 7 2(7(t)). Then, the solutions (r°,p°) of the viscous system (3.1) can be
written as follows:

() = a(t) + /0 GO (2,2 ) (3 (&) — a(0))da + (4.22)

t 1
+/ / Gz, 2’ t —t") (0’ (', 2') — a(t'))dz'dt’
0 0

1 t e
P(tz) = / Gi(w,x',t)pg(w')dw’ + / / G’Z(a:, &'t — )0y T(r’ (', ")) da' dt’ (4.23)
0 o Jo

where the GS and Gg are Green functions of the heat operator O — §0zx with homogeneous boundary
conditions:
G (1,2 t) = 8,G2(0,2',t) = 0 (4.24)
Go(0,4',t) = 9,GS(1,2",t) = 0 (4.25)

for all 2’ €10,1],t >0 and 6§ > 0.



The Green’s functions G2 (z,z’,t) and Gg(m,x’,t) are symmetric under the exchange of = and
z'. Moreover we have the following identities

0:Gy(, 2’ t) = =0, G (w2 1), (4.26)
02G (x, 2’ ) = —az/Gp(x,m t). (4.27)

Finally, @2 and Gi are subprobabilty densities, meaning
1
0 g/ Gz, 2’ t)da' <1 (4.28)
0
1
0< / G (e o, t)dr’ < 1 (4.29)
0
for any z, ¢t and §.

Remark. Although we will not use them, explicit expressions are available for the G2 and Gg,
namely

G‘s(:c z',t) Z e gin (\/ x) sin (\/ :r) (4.30)
n odd
Gz, 2 t) = Z e 1 cos (\/)\n:v) cos (\//\nx/) , (4.31)
n odd
with A, = ”Qf

Proposition 4.5. For any ¢ € C'([0,1]), the application

t s Iy(t) / #(x (4.32)

is Lipschitz continuous. Consequently u(t,-) € L*(0,1) for all t > 0.

Proof. We prove the statement for p, as the proof for 7 is similar. Furthermore, we prove the
proposition only between 0 and ¢, as in the general case, say between t; and ¢, it is enough to
replace the initial term p§(x) with p®(t1,z). We let

- /O 6(2)p’ (¢, z)dx (4.33)

Is( //qS (z, 2", t)p(z )dmda:f/ &(2)ph (z)da+ (4.34)
+/0/0/Oqb(m)GZ(:c,x',t—t')@mlr(ra(t',m'))dacdx'dt'

= [ o) [ [ ombe) - i) as'ao+ (4:35)

/ / / ()0 G (x, 2’ t —t')T (5(t’7m’))dxd:r'dt'+/t /lqb(m)GZ(:c,Lt—t')%(t')d:cdt',
0 0

where we have used the symmetry of Gg as well as the property Oz/Gf, = —9,G%. The boundary
term is estimated as

and evaluate

S, 1,t — )7 (' )dwdt'| <

x,l,t—t)d:c

dt < 1|6l 2, (4.36)
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by Jensen’s inequality and since Gg is a subprobability density.
We estimate the term involving 7 as

t 1 1

/1/ /(ﬂmmaﬁ%f¢—ﬂyw%umm¢wfﬁ’

FRV I

/O/O/0qﬁ'(m)Gi(w,x',t—t')T(ré(t'7:c'))dmdaz'dt'
1

-+‘¢(0)j£t/£ G200t — t'yr(r* (¢, o)) da' i’

+

t 1
<tldlee |7 [ | Gita e -ttt enarar|
0 0 L
1 ¢ ! S ’ / Syl I I
ol | [ [ Gl = 0re (o as'

t o1 1/2
<t (il + o) (3 [ [ o6t oparar) < e

where C' is independent of ¢ and 6.
In order to estimate the first term of (4.35) we write

1
[ e one) — )] s’ = (57 1) (o)
0
t6
:/ Dpwe®®7= pl () ds.
0
Therefore, we obtain

1
/ () Brre’? ph(x)dz| ds
0

to
</
0

5| 1
= / / d)’(x)@zesampg(x)dm
0 0

té
/
<1161 2 /
0

Finally, since, by standard results on the heat equation, the application

/01 /01 [Gg(m,ﬂl,t)pg(ml) fpg(x)] dx'dx

ds

Oy
0ze’ ”pDH ds.
L2

5 Hazesa‘”pg‘

L2

is decreasing, we have

/t5
0

‘amesamng ) ds < t\/5||\/88xpg||L2 < Ct,
L

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)
(4.43)

(4.44)

(4.45)

(4.46)

where we have used the assumption that {v/08,p3}s>0 is bounded in L?(0,1). We have also assumed,

without loss of generality, § < 1.
Putting everything together, we have obtained

I5(t) — 15(0)| < Ct

(4.47)

for some constant C' independent of ¢t and §. This leads to the conclusion after passing to the limit

6 — 0.
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5 Proof of theorem 2.1 and Clausius inequality

All is left to prove is that the function @ obtained in the previous section is to a weak solution of the
hyperbolic system (2.1), in the sense of Section 2. Let ¥ € C*(Q7) with v(t,0) = 0 for all t € [0, T].
Then, for any ¢ € [0,7] we have

0= [ [ (vt = wrts®). — unk.) doas
:/1w(t,m)p5(t,x)dxf/lw(O,x)pg(m)der (5.1)
0 0

[ (0 =) = 0t daas - [ wie o

where we have used the initial-boundary conditions 7(r° (¢, 1)) = 7(t) and p(t,1) = 0, p°(0,z) =
pS(x) as well as ¥(¢,0) = 0. Since p§ converges to po in L?(0,1), we have

tim [ 0(0.2)ph@)de = [ 00.2)po@)d (5.2)

6—0

Furthermore, Theorem 3.1 implies v/dpS € L?(Qr), consequently fg fol S.pSdxds vanishes as § —
0. Moreover, (4.2) implies, along the subsequence that defines @ = (7, p),

t 1 t 1
lim / / Yep’dads = / / Yspdrdt, (5.3)
6=0Jo Jo o Jo
while by (4.3) we have that

t 1 t 1
lim / / Vo1 (r®)dads = / / Vo1 (F)dxds,
=0Jo Jo o Jo

so that (1.6) is satisfied. The (1.5) is linear and it follows similarly.

Proposition 5.1. The solution u satisfies Clausius inequality
F(u(t)) — F(uo) < W(t) (5.4)
for all t € [0,T], where

W) = — /O " Hs) /O (s, 2)de + 7 (1) /O (b, 2)d — 7(0) /O (@) (5.5)

Proof. By Proposition 4.3, Corollary 3.1, and Lemma 4.5, we have, for all ¢ € [0,T],

/01 <’M + F(F(t, x))) dz < lim inf/ol (M + F(ro%(t, x))) dx (5.6)

2 k—o0 2

< lim <]-"(ug’*‘)—/0t 'F'(s)/017"5’“(5,93)dxds+7"(t)/01r6’“(t,x)dx—7"(0) /Olrgk(m)dx> (5.7)

— Fluo) — /Ot #(s) /01 #(s, z)dzds +?(t)/01f(t,x)dm —#0) /01 ro(x)dz, (5.8)

where we have used the fact that ud converges to wo in L? strongly in order to conclude that
F(ud) — F(uo). Moreover, all the integrals are well defined, since the application

1
tl—>/ 7(t, z)dz
0
is continuous. O

Thanks to the Clausius inequality, the solutions we have constructed are natural candidates for
being the thermodynamic entropy solution of the equation (3.1) and one can conjecture that such
limit is unique.
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