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Abstract

We prove existence of L2-weak solutions of a p-system with boundary conditions. This is done
using the vanishing viscosity with mixed Dirichlet-Neumann boundary conditions. Under these
boundary conditions the free energy decreases and provides a uniform a priori estimate in L?
allowing us to use L? Young measures, together with the classical tools of compensated compactness.
We then obtain that the viscous solutions converge to weak solutions of the p-system strongly in
LP, for any p € [1.2), that satisfy the boundary conditions in the sense given by Definition 2.1.
Furthermore the free energy decreases along these solutions.
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1 Introduction

The problem of existence of weak solutions for hyperbolic systems of conservation law in a bounded
domain has been studied for solutions that are of bounded variation or in L°° [4]. In the scalar
case some works extend to L solutions, obtained from viscous approximations [13]. But viscous
approximations require extra boundary conditions, that are usually taken of Dirichlet type.

We present here an approach based of viscosity approximations, where the extra boundary
conditions are of Neumann type, to reflect the conservative nature of the viscous approximation.
Under these boundary conditions the free energy of the system cannot increase, providing uniform
bounds in L .

We consider here the p-system

{;’; :Tz;oz , o (B E0.00)x(01) (1.1)

where 7(7) is a strictly increasing regular function of r with bounded derivative, with boundary
conditions

p(t,0)=0,  7(r(t,1)) =7, (1.2)
where 7 is a real constant. We shall construct weak solutions u(t,y) = (r(¢t,y),p(t,y)) to the p-
system which are in LE (R4 x [0,1]) and satisfy the boundary conditions in the following weak
sense:

/0OO /01 (tr — pop) daxdt =0 (1.3)
/Ooo /01 (Yep — Y1 (r)) dudt + /00o P(t, 1)7dt = 0 (1.4)
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for all functions ¢, € C*(R4+ x [0, 1]) with the following properties:
e ¢(-,z) and ¢ (-, z) are compactly supported in (0, c0) for all z € [0, 1];
o p(t,1) =1(t,0) =0 for all t > 0.
Define the free energy of the system, associated to a profile u(y) = (r(y), p(y)) € (L*(0,1))?, as

F(u) = /01 <@ + F(r(y)) — ?r(y)) dx (1.5)

where F(r) is a primitive of 7(r) (F'(r) = 7(r)), such that F(u) > 0 for any u € (L?(0,1))?. This
is possible since F(r) grows more than linearly. The solution v € (L (R4 x [0,1])? of (1.4) that
we obtain has the following properties:
® uc LOO(R+7 (L2(07 1))2)7
e Clausius inequality holds:
F(u(t)) < F(u(0)),  Vt=0 (1.6)

In this sense we call our solution an entropy solution.
The construction of the solution is obtained from the following viscosity approximation

5 5 )
— Pz — 0 zx
b 11(’" )5 . (t,x) € (0,00) x (0,1) (1.7)
Pt — T(T )SC — 62pzz
with boundary conditions
p’(t,0) =0, 7(r°(t,1)) =7, pi(t,1)=0, 72(t,0)=0. (1.8)

Notice that we have added two Neumann boundary conditions, that reflect the conservative nature
of the viscous perturbation. Under these conditions we have that (1.6) is still valid for u® and

F (v (1) ~ Fu(0)) = - /Ot /01 (317012 + 52(6)?) dwds < 0, (1.9)

From this we obtain the necessary bounds to apply a standard compensated compactness in the L?
version [14].

1.1 Physical motivations

The problem arises naturally considering hydrodynamic limit for a non-linear chain of oscillators
(of FPU type) in contact with a heat path at a give temperature. This models an isothermal
transformation governed by (1.1).

Consider N + 1 particles on the real line and call ¢; and p; the positions and the momenta of
the i-th particle, respectively. Particles ¢ and ¢ — 1 interacts via a nonlinear potential V(g; — ¢i—1).
Then, defining r; := ¢; — ¢i—1 we have a Hamiltonian system with Hamiltonian

B~ (P
Hy =15+ ; (? + V(Ti)) (1.10)

and r; and p; evolve, after a time-scaling, accordingly to the Newton’s equations

dTi:N(pifpifl)dt , 1<i<N
dp; = N(V’(Ti+1) - V’(Ti))dt , 1<i<N-1 (1411)
dpn = N(’T’ — V,(TN))dt

together with po = 0. Thus, the boundary conditions have the following microscopic interpretation:

particle number 0 is not moving, while particle number N is pulled (or pushed) with a constant
force 7. The microscopic nonlinearity 7 is fully determined as the expectation in equilibrium of the



microscopic force V’. The system is then put in contact with a heat bath that acts as a microscopic
stochastic viscosity, and the evolution equations are given by the following system of stochastic
differential equations:

dri = Npidt + N26; (V' (r2) — V'(r1)) dt — /28~ N25,diin

dr; = N(pi — pi—1)dt + N26y (V' (rig1) + V' (ric1) — 2V (r3)) dt + /26-1N251 (d@;—1 — diw;)
dry = N(pN 7pN71)dt + N251 (’T' - 2V/(T'N) -+ V/(TNfl)) dt + \/mdﬁ;Nfl

dpr = N(V'(r2) — V' (r1))dt + N262 (p2 — 2p1) dt — /26~ N25zdwn

dpi = N(V'(rit1) = V'(ri))dt + N62 (pis1 + pi—1 — 2pi) dt + /2B~ N262(dwi—1 — dw;)
dpny = N(T — V/(TN))dt + N26, (pN—1 —pn)dt+ \/mCle_l

(1.12)
for 2 <4 < N — 1, together with po = 0. Here 87" > 0 is the temperature and {w;}$2,, {w;}52, are
independent families of independent Brownian motions. The parameters 61, 02 are chosen depending
on N and vanishing as N — oo.

The hydrodynamic limit consists in proving that, for any continuous function G(z) on [0, 1],

() [ e ow

in probability, with (r(¢,z), p(¢, z)) satisfying (1.3), (1.4). Of course a complete proof would require
the uniqueness of such L? valued solutions that satisfy Clausius inequality (1.6): this remains
an open problem. The results contained in [8] states that the limit distribution of the empirical
distribution defined on the RHS of (1.13), concentrates on the possible solutions of (1.3) and (1.4)
that satisfy (1.6).

This stochastic model was already considered by Fritz [7] in the infinite volume without bound-
ary conditions, and in [9], but without the characterisation of the boundary conditions. In the
hydrodynamic limit only L? bounds are available and we are constrained to consider L? valued
solutions. Since these solutions do not have definite values on the boundary, boundary conditions
have only a dynamical meaning in the sense of an evolution in L? given by (1.3), (1.4).

2 Hyperbolic system and definition of weak solutions

For r,p: R4+ x [0,1] — R, consider the hyperbolic system

The nonlinearity 7 is chosen to have the following properties.
(t-1) e1 < 7'(r) < 2 for some c1,c2 > 0 and all r € R;
(r-ii) 7'(r) > 0 for all r € R;
(r-iii) 7" (r)(7'(r)) %% and " (r)(7'(r))"7/* are in L*(R), while 7 (r)(7'(r))~%* and 7" (r) (' (r)) 2
are in L™ (R).
T is a given real number.

Remark. Condition (7-i) and (7-ii) ensure that the system is strictly hyperbolic and genuinely
nonlinear, respectively. Condition (7-iii) is used later on to ensure some boundedness properties of
the Lax entropies.

Definition 2.1. We say that (r,p) € L,.(R4+ x [0,1]) is a weak solution of the p-system (2.1)
provided

/000 /01 (tr — pop) daxdt =0 (2.2)



e} 1 o)
/ / (Yep — Yo7 (r)) dadt +/ P(t, 1)7dt =0 (2.3)
o Jo 0
for all functions @, € C*(Ry x [0,1]) with the following properties:
o o(-,x) and Y(-,z) are compactly supported in (0,00) for all z € [0, 1];
o o(t,1) =1(t,0) =0 for allt > 0.
We shall prove the following

Theorem 2.1. The p-system (2.1) admits a weak solution & = (7, p) in the sense of Definition 2.1.
Moreover, 4 is entropic, in the sense that

F(a(t)) — F@0) <0,  vt>0 (2.4)

We shall not deal with uniqueness. This is the reason why we are not interested in what happens
at time ¢t = 0.

3 Viscous approximation and energy estimates
We consider the following parabolic approximation of the hyperbolic system (2.1)

5 5 5
T = Pr = 017(r")ew
» o (tx) €(0,00) x(0,1) (3.1)

{pf —7(r")a = 8210,

with the boundary conditions:
pP’(t,0)=0, 7(r°(t,1) =7, pi(t,1)=0, r(t,0)=0
and d-independent initial data
p’(0,2) = po(z), 7°(0,) = ro(a).

Remark. (i) We added two extra Neumann conditions, namely pS(t,1) = 75(t,0) = 0. These
conditions reflect the conservative nature of the viscous perturbation, and are required in order
to obtain the correct production of free energy and get the corresponding Clausius inequality.

(ii) We have introduced a nonlinear viscosity term: 517'(7"5)3”4 This is a term which comes natu-
rally from a microscopic derivation of system (3.1), as described in the introduction. But all
the results are still valid for the linear viscosity 51,

Assume that there exists a T' < oo independent of § such that we have a strong solution of (3.1)
in Qr =[0,7] x [0,1].
We evaluate

%}' (v'®) = /0 1 (00 + 70y = 7rf) do (3.2)

1
= / (péT(ré)x + (52106piz + T(Té)pi + 617'(7‘5)7'(7"6)3590 — fpi - 617_'7'(7‘5)9”5) dx
0

Using the boundary conditions p°(t,0) = 0, 7(r’(t,1)) = 7, pi(t,1) = r5(t,0) = 0 after an
integration by parts in space the boundary terms cancel and we obtain, after a time integration

F (5 ®) = Frag = [ [ urto)2 +oup?) s <0 (33)

As a consequence, and thanks to the fact that F(r) grows quadratically as |r| — +oo and 7’ is
bounded from below by positive constants, we obtain the following

Proposition 3.1 (A priori estimates). For any t,01,02 > 0, we have
(i) F(u’(1)) < C;

(i) J3((0°)* + (r*)*)dz < C;

(i) [y ds [ dx (517(r°)2 + 62(p3)?) < C;

(iv) [7ds [} da (51(r3)% + 82(p)?) < C



4 [P Young measures and compensated compactness

By (ii) of Proposition 3.1, we can extract from {u’}s=o a subsequence that is weakly convergent in
L?*(Qr). Namely, up to a subsequence, there exists @ = (7,5) € L?(Qr)? such that

§—0

lim o = / ap, Vo € L*(Qr)>. (4.1)
Q Qr

Our aim is to show that our solution u° converges to a weak solution of the hyperbolic system (2.1),

in the sense of Section 2. We focus on (2.3), as the other equation is easier. Let 9 (¢,z) be C' in
time, C? in space, with (-, z) compactly supported in (0,00) and #(¢,0) = 0. Then, we have

0= /0 - /0 (0 — (s — ot ) da (4.2)

S /0°° /01 (d)tpé — 4t (r’) — 62%173) dadt — /Ooo W(t, 1)7dt.

where we have used the boundary conditions 7(r° (¢, 1)) = 7(t), dzp(t, 1) = 0, as well as ¥ (t,0) = 0.
The term proportional to d2 vanishes as d2 — 0 thanks to inequality (iii) of Proposition 3.1.
Concerning the linear term, (4.1) implies

¢S} 1 [} 1
lim / / Pep’dadt = / / Yepdadt. (4.3)
=0J9 Jo o Jo

gii%/ooo /01 sz(r‘s)dxdt:/ooo /01 Vo7 (7)dadt. (4.4)

This is done using a L version of the compensated compactness, which is usually performed in L.
From the solution «’ (t, ), we define the following Young measures on Q7 x R?:

We are left to show that

Vf,x = 6u5(t,z)7 (45)

8 s

which are Dirac masses centred at u’. Since we have only L? bounds on u
L?-Young measures.

We call Y the set of Young measures on Qr x R? and we make it a metric space by endowing it
with the Prohorov’s metric. Then (cf [1]), if there is a compact set K C ) such that v}, € K for

all 6 > 0, there exists ¢, € ) so that, up to a subsequence,

, we refer at v, as
,

. 5 )
5 o / J(t, ) F(€)dvd (&) dwdt = /

6—0 Qr

/R2 J(t,x) f(&)dDy,o(§)dadt (4.6)

for all continuous and bounded J : Qr — R and f : R? — R. We shall simply write ° — v in
place of (4.6). We procede by finding such compact set K and then by extending the convergence
to functions f with subquadratic growth. This is done by adapting the argument of [2].

Proposition 4.1. Let h: R*> — R be continuous and such that

\g\l—ifﬂoo h(§) = 4o0. (4.7)

Then, for any C' > 0, the set

Ko = {y eY: /QT /R h(€)dvy o (€)dadt < c} (4.8)

is compact.



Proof. K¢ is relatively compact if and only if it is tight, namely if for all € > 0 there exists a
compact subset A: C R? such that
v(R®\A) <e (4.9)
for all v € K¢. Thus, K¢ is compact if and only if it closed and tight.
K¢ is closed. In fact, if Ve Ko and v° — U,

/ h(€)7t, 0 (€)dadt < lim inf / W€, o (€)dadt < C, (4.10)
Qr JR2 =0 Jor Jr2
so that 7 € K¢. K¢ is also tight. Let €, R > 0 and set
H(R) := inf h(¢), 4.11
(R) = inf h(e) (111)

so that limpr— 400 HJR) = +o00. Let BO(R) C RR? be the closed ball of center 0 and radius R and
define Agr = Q7 x Bo(R). Then, for any v € K¢,

H(R)v(R?\ Ag) < / / h(&)dvi,o(&)dxdt < C (4.12)
Qr JR?
and therefore
v(R*\ Ag) < ¢ (4.13)
provided R is large enough. O

Proposition 4.2. Let h be as in the Proposition 4.1 and let v° € Y be such that
[ [ mead.e<c (4.14)
Qr JR2

for all 6 > 0. Then there exists U € Y such that:
()
[ [ mean.©<c; (1.19)
Qr JR2

(i) up to a subsequence

wm [ [ seaneaiao= [ [ [ seonoamae @

for any continuous J : [0, T]x[0,1] — R and f : R* — R such that f(¢)/h(£) — 0 as |¢| — +oo.

Proof. By the previous proposition, v° € K¢ and K¢ is compact: this implies the existence of a
Young measure 7 such that, up to a subsequence, v® — 7 and such that (7) holds.

In order to prove (ii), let x : R — R be a continuous, non-negative non-increasing function
supported in [0, 2] which is identically equal to 1 on [0,1]. For R > 1 and a € R define xr(a) :=
x (a/R).

Define

Is ::/Q /R J(t, ) f(€)dvy ,(€)ddt, 1::/@ /R J(t, ) f(€)dit . (&) dadt. (4.17)

so that we need to prove
lim |I5 — I| = 0. (4.18)
§—0

We further define

o= [ g (e ) i@z "
IR /QT /R2 J(t,2)F(€)xr (1 fl?&)l) i o (€)dzdt,



and estimate
s = I| < I = 37| + I = I + |17 = 1. (4.20)
The first term on the right hand side gives

=< [ [ oo (1-xe (S ) ) ko @asar. @)

Since and f(€)/h(£) — 0 as |§| = oo we have

_ h(¢) G
o (1 + |f(§)|) = 1%”’(5) = RO+ /@D (4.22)

for any R > 1. This implies

I oo CllJ| oo
- < Mo [ ] @it (avar < o= (423)
Qr /R
Analogously, we have
C Il Lo
1= 17| < S e (4.24)
R
which gives
2C ||| 100

|Is —I| < % + I =17, (4.25)

Since f may diverge only at infinity and f(£)/h(§) — 0 as |§| — oo, then f(&)xr (%)

is continuous and bounded and hence |If — I| — 0. Thus the conclusion follows from (4.25) by
taking the limits § — 0 and then R — +oo0.
a

Remark. This proposition applies to our case, as (4.14) with h(¢) = |¢|? is nothing but our energy
estimate and 7 is chosen to grow at most at infinity.

Going back to (4.2), passing to the Young measures and taking the limit § — 0 gives, for
functions «(t,y) that are C* in time, C? in space such that (-, z) is compactly supported in (0, c0)
and 9 (t,0) =0,

/O°° /01 /RZ (Ve&p — Va1 (&r)) dDto(§)dadt + /Ooo P(t,1)7dt = 0, (4.26)

where £ := (&-,&). Thus, we obtain weak solutions to the hyperbolic system (2.1) provided the
limit Young measure 7 is a Dirac mass: ¢, = dg(¢,), for some @ € L*(Qr) and a.e. (t,z) € Qr.

This is standard and is done using the classical argument by Tartar and Murat. We find Lax
entropy-entropy flux pairs (7, ) relative to the hyperbolic system:

Definition 4.1. A Lazx entropy-entropy fluz pair for system (2.1) is a couple of differentiable func-
tions (1,q) : R* = R? such that
{”T *ap =0 (4.27)

() +qr =0

Then, we show that Tartar’s equation holds true for any two pairs (11, ¢q1) and (91, ¢2):

(Maz — m2q1, Pra) = (M, Pra)(q2, Vra) — (M2, Pra)(q1, Proa)- (4.28)

We follow the argument in Shearer [14], where he studies the same hyperbolic system, but with a
linear viscosity in the parabolic approximation. In fact, we may use the same Lax entropy-entropy
flux (n, q) he uses, as these objects do not depend on the viscosity.

Accordingly to [14], Lemma 2, we may find a family of entropy-entropy fluxes (7, ¢) such that n,
its first and second derivatives are bounded. This is where we make use of assumption (7-iii).



We then evaluate n and g along solutions u° of the viscous system (3.1) and calculate the entropy
production n(u’): + g(u®)s. A direct computation gives

0w + q(u’)e = (61007 (r)ra + 62mppa)  — [S100e (1)13 + S2mppps + (617 (1) + 62)rpTaa)

Since 1, and 7, are bounded, v/d27, and \/Epz are in L? (Qr), and 7" is bounded (429
(6107 (r)re + Gamppa) , — 0 (4.30)

in H~'(Qr) as § — 0, while
11 (1)15 + S2mpppas + (017 (1) + 2)0rpTap (4.31)

is uniformly bounded in L' (Qr) with respect to 61 and 62 . Thus we can apply the argument Tartar
and Murat, and deduce

Proposition 4.3. There ezists a & € L*(Qr) such that Dra = g1,z for almost all (t,x) € Qr.
Moreover, u® — @ strongly in LP(Qr) for any p € [1,2).

Remark. As a consequence of the previous theorem, it is easy to check that the solution u satisfies
Clausius inequality
f(ﬂ(t)) — .7:(7“07]90) <0. (4432)

Thus, such solutions are natural candidates for being the thermodynamic entropy solution of the
equation (3.1) and one can conjecture that such limit is unique.
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