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ABSTRACT

Time-domain impedance boundary conditions (TDIBCs) can be enforced using the impeda-
nce, the admittance, or the scattering operator. This article demonstrates the computational
advantage of the last, even for nonlinear TDIBCs, with the linearized Euler equations. This
is achieved by a systematic semi-discrete energy analysis of the weak enforcement of a
generic nonlinear TDIBC in a discontinuous Galerkin finite element method. In particular,

Keywords: the analysis highlights that the sole definition of a discrete model is not enough to
Time-domain impedance boundary fully define a TDIBC. To support the analysis, an elementary physical nonlinear scattering
condition operator is derived and its computational properties are investigated in an impedance
Time-delay systems tube. Then, the derivation of time-delayed broadband TDIBCs from physical reflection
Fractional calculus coefficient models is carried out for single degree of freedom acoustical liners. A high-order

Diffusive representation

discretization of the derived time-local formulation, which consists in composing a set of
Discontinuous Galerkin

ordinary differential equations with a transport equation, is applied to two flow ducts.

1. Introduction

Across various industries, stringent regulations on sound pollution have led to a growing usage of sound absorbing ma-
terials, the design of which requires suitable computational tools. An accurate computation of the acoustic field inside an
industrial sound absorbing material is costly by contemporary computing standard, and is thus the realm of specific stud-
ies that focus on the material in isolation. Practical computations of sound absorption are typically done by abstracting
the geometrical features of the material using a so-called impedance boundary condition (IBC). The computation of sound
absorption using an IBC is one aspect of computational aeroacoustics (CAA) [1]. Broadly, this paper deals with the discretiza-
tion of IBCs in the time domain for the linearized Euler equations. This introduction is split into two parts: Sec. 1.1 covers
impedance modeling and its applications, while Sec. 1.2 focuses on the time-domain discretization of IBCs and presents the
article objectives and outline.

1.1. Modeling and applications of impedance boundary conditions

Many sound absorbing materials are variations of the acoustical (Helmholtz) resonator. Assumed locally reacting, they
can be modeled using a (continuous) single-input single-output time-invariant operator known as the impedance operator
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[2, § 6.3] [3, Chap. 10]. At low incident sound pressure level (SPL), the impedance is linear and thus reduces to a time-
domain convolution [4, § II1.3]; it is a hereditary (i.e. non time-local) operator whose kernel exhibits a long memory behavior
linked to viscous and thermal effects within both the neck and the cavity. (See [5, § Ill] and references therein for common
linear models.) Above a SPL threshold, a turbulent dissipation mechanism that occurs at the resonator neck, known as vor-
tex shedding, results in the addition of a nonlinearity [6, § 4] [7, § I] 8, § 2] [9, § 5]. The influence of a subsonic grazing
flow can be modeled through an additional parametric dependence that does not change the mathematical nature of the
impedance operator [10, § 3] [11, § 7].

The effect of a locally reacting absorbing material on the sound field is accurately described, after a homogenization
distance [12], by using its impedance operator as a boundary condition. The effectiveness of this modeling and the advent
of acoustically treated jet engines has led to IBCs becoming a staple part of aeroacoustics [13, Chaps. 13 & 14]. Early
works focused on the prediction of sound absorption in a duct with flow: Cremer [14] derived an approximation of the
optimal impedance and Pridmore-Brown [15] established his celebrated equation, widely used to compute duct modes. The
identification of unstable surface modes by Tester [16] lead to a wealth of investigations focused on the hydrodynamic
stability of a base flow with an IBC [17]. Inverse methodologies have been developed to identify the IBC and provide an
alternative to more intrusive measurement techniques [18]. In all of these studies, the IBC is linear and the Cauchy problem
is formulated in the frequency domain. Although less popular than their time-harmonic counterparts, time-domain IBCs
(TDIBCs) have been used in wave propagation problems including duct aeroacoustics [19-22], room acoustics [23], as well
as outdoor sound propagation [24]. Richter et al. [25,26] and Troian et al. [27] identified an IBC in the time domain. Gabard
& Brambley [28] used a time-domain formulation to investigate the (in)stability of the Ingard-Myers boundary condition.

The use of a time-domain IBC may merely be more convenient than a time-harmonic one, for instance when a broadband
source is considered. However, it is indispensable when the harmonic problem cannot be formulated, such as in the pres-
ence of time-dependent domains, moving sources, or nonlinearities. Typically, the nonlinearity comes from the impedance
operator, as mentioned above, or from the considered partial differential equation (PDE). Nonlinear PDEs are of particular
interest when hydrodynamic phenomena cannot be neglected, such as close to a supersonic fan tip where shocks occur [29,
§ 5.3], or for flow control. Scalo et al. [30] and Olivetti et al. [31] performed a Navier-Stokes simulation (large eddy simu-
lation and direct numerical simulation, respectively) with a linear TDIBC to investigate the interaction between a turbulent
boundary layer and an impedance wall.

It is worth noting that IBCs have other uses and denominations. In simulations of combustion chambers, IBCs are used to
truncate a part of the chamber [32,33] or model injectors [32,34] for instance. In mathematical control, TDIBCs (also known
as Dirichlet to Neumann maps) are commonly used to stabilize the wave equation since they modify the underlying semi-
group generator and can yield asymptotic or even exponential stability. Both finite-dimensional [35] and infinite-dimensional
TDIBCs, involving for example fractional derivative [36] and time delay [37], have been studied. Surface or generalized IBCs
[38] are employed in electromagnetism to model non-perfect electric conductors. The first and most widely used model
is that of Leontovich, which is a fractional operator identical to that encountered in the acoustic impedance of perforated
plates [5]. See [39,40] for two applications in the time domain.

1.2. Time-domain discretization of impedance boundary conditions

A discrete TDIBC consists of three components. First, the discrete impedance model, i.e. the finite-dimensional operator
(in the sense of systems theory [41,42]) that one wishes to apply at the boundary. Second, the numerical algorithm used
to evaluate the said operator; in the case of linear continuous time-invariant operators (i.e. of linear TDIBCs) this amounts
to computing a time-domain convolution. Practically these first two elements go hand in hand since the expression of
the convolution kernel dictates how the convolution can be efficiently computed. The third and last component is the
(semi-)discrete formulation, i.e. how the TDIBC is enforced at the (semi-)discrete level.

The first two components are well-documented for linear TDIBCs. First, broadband discrete impedance models can be
built from the so-called oscillatory-diffusive representation of physical models [5]. Second, a convenient way to compute a
causal convolution is to recast it into a set of ordinary differential equations (ODEs) (or, in the sense of systems theory, to
realize the corresponding LTI operator [41, § 17] [42, § 1.2]), a method sometimes named “auxiliary differential equations”
[20,43], “canonical form implementation” [21,22], or “state-space model” [32] in the acoustics or fluid dynamics literature.
In this way, the computation of a (in)finite-dimensional hereditary operator is reduced to the integration of a (in)finite set of
time-local differential equations, which can be done with arbitrary accuracy. If the impedance operator models a reflection
phenomenon (e.g. a wave reflection in the cavity of a Helmholtz resonator), its realization involves not only ODEs but also
time-delayed ODEs [5]. Alternatively, when a realization of the impedance operator is beyond reach, more general algorithms
can be used, such as convolution quadrature or multistep methods [44,40,45]. The key feature of these methods is that they
only require the knowledge of the Laplace transform of the convolution kernel, which is always known in the case of linear
impedance models (impedance modeling, be it theoretical or empirical, is often carried out in the frequency domain).

The third component of a TDIBC is seldom discussed. For instance, there does not seem to be a consensus on whether
a TDIBC should be based on the impedance z [19,46,20,28,31], the admittance y [21,22], or the reflection coefficient g
[47,30,32]. This topic has been mentioned by Gabard & Brambley [28] who warned that some instabilities reported in the
literature may be due to an unsuitable implementation and showed the benefit of a characteristic-based implementation in
their study, which is echoed in works that focus on large eddy simulations and direct numerical simulations [30,32,34,33].



Another scarcely mentioned aspect is the impact of the TDIBC on the maximum admissible time step. Although this
aspect is of secondary concern for stability studies, it is of crucial importance for large-scale applications like those that
involve hydrodynamics or for inverse methods that need to explore the impedance parameter space. To the best of the au-
thors’ knowledge, the only known result is that for a proportional impedance (i.e. z(t) < §(t)), using the reflection coefficient
yields a CFL stability condition independent of the impedance coefficient [48, § 3.3] [49, 2.3].

The objective of this paper is to contribute to addressing these gaps by establishing the computational advantage of
the reflection coefficient, even for nonlinear TDIBCs, with the linearized Euler equations. This is achieved by a systematic
investigation of the weak enforcement of a generic nonlinear TDIBC in a discontinuous Galerkin finite element method.
To support the analysis, an elementary physical nonlinear scattering operator is derived and its computational properties
are investigated in an impedance tube. Then, for application to two flow ducts, the derivation of broadband TDIBCs from
physical reflection coefficient models is carried out for single degree of freedom acoustical liners. The derived formulation
is purely time-local and consists in composing a set of ODEs with a transport equation.

This paper is organized as follows. Sec. 2 gathers preliminaries including a rigorous statement of impedance admissibility
conditions. Two of three components of a TDIBC, namely the discrete model and the time discretization algorithm, are
covered in Sec. 3, which derives both linear and nonlinear discrete models from the analysis of physical impedance models.
The third component, namely the (semi-)discrete formulation, is addressed independently in Sec. 4 with an investigation of
the weak enforcement of a generic nonlinear impedance boundary condition within a discontinuous Galerkin finite element
method. The last two sections gather numerical validations and applications of the presented analysis. Sec. 5 validates
the proposed linear and nonlinear TDIBCs by comparison with the impedance tube analytical solution. Sec. 6 presents an
application to two flow ducts.

2. Preliminaries on the continuous formulation

The purpose of this section is to introduce the physical problem considered in this paper, as well as to gather definitions
and notations for later use (such as the analysis of Sec. 4). The linearized Euler equations are briefly recalled in Sec. 2.1.
Sec. 2.2 gives the three equivalent formulations of an IBC and rigorously states the admissibility conditions. Lastly, Sec. 2.3
presents the assumption made on the base flow and discusses its mathematical and physical implications.

2.1. Linearized Euler equations

In this work the hydrodynamic field is split between a steady base flow and an unsteady perturbation. The perturbations
of pressure p, velocity u, and density p are governed by the homentropic linearized Euler equations (LEEs), defined on
(0, 00) x  with € Cc R" a bounded open subset,

du+ (g - VI)u+2z5 coVp + (u-Vyug + 2z, 'cy ' p(ug - Vyug =0
p+ (o -V)p+2zocoV-u+ypV-ug=0 (1)
p=cgp.

The specific heat ratio is denoted y > 1. Quantities related to the base flow are designated by the subscript “0”: ug is
the base flow velocity, po the base flow density, cg the speed of sound, and zp := pgcp the characteristic impedance of the
propagation medium. All quantities are dimensional. Column vectors are denoted in bold and the symbol (u-V) denotes the
convective derivative defined as (u-V)f:=) ;u;d;f and (u-V)f:=Vf . u= (Zj u;d;j fi)i when applied to scalar-valued
and vector-valued functions, respectively. The symbol “:=" is used to denote a definition. The LEEs (1) entail hypotheses on
both the base flow and the perturbations. The base flow is a perfect gas, so that cﬁ =yrTo =y Dpo/po, and can solve either
the steady Euler or Navier-Stokes equations. The perturbations are “small”, inviscid, and homentropic. The rather strong
homentropicity assumption enables to replace the energy equation by the algebraic relation p = C%p and implies that cg
must be constant in 2. As a result, the LEEs (1) do not include an entropy mode, but only hydrodynamic and acoustic ones.
In spite of its simplicity, this model is commonly used in duct aeroacoustics, see Sec. 6. For the detailed derivation of the
LEEs and additional physical insights, the reader is referred to [25, Chap. 2] and references therein.

2.2. Formulations and admissibility conditions of impedance boundary conditions
On a subset I'; of the boundary I' := 9<2, an IBC is applied, defined as

pt,x)=Z[u(-,x) - n®)](t) (te€(0,00), xely), (2)

where n is the outward unit normal and Z is the (single-input single-output) impedance operator. If the impedance operator
is linear continuous time-invariant (LTI), the IBC (2) reduces to

p(tax)z[z*u('7x)'n(x)](t)7 (3)



where z is the impedance kernel and “x” denotes the time-domain convolution of distributions [4, Chap. III]. Since the LEEs
(1) are linear, the LTI IBC (3) can also be formulated in the Laplace domain, provided that z is causal, as

p(s,x) =z(s)u(s,x) -n(x) (R(s) > o), (4)

where the Laplace transform is defined as ]‘(s) = f0°° fe=stdt for a locally integrable function with finite exponential

growth, i.e. f € Lfoc([O, 00)) with | f(t)] < Me. If f is a causal distribution, as encountered with physical impedance models,

the distributional extension ]‘(s) = (f,e™%") is employed [4, Chap. 6] [50, Chap. 2]. As long as the problem is linear, (3)
and (4) are equivalent. The Laplace formulation is particularly useful for stability studies (using a Briggs-Bers analysis for
instance) or when deriving representations of physical impedance models, as is done in Sec. 3.2. Formally s = jo (with
j? = —1) yields the Fourier transform but such a mere formal substitution is error-prone, especially when dealing with
admissibility conditions, which justifies the present use of the Laplace transform; a discussion on this topic is provided
in Appendix A. In the remainder of this paper, “impedance” can designate the single-input single-output operator Z, the
convolution kernel z, or its Laplace transform z. The impedance can have a spatial dependency (i.e. Z(x,-), z(x,t), or
Z(x, s)), although it is not explicitly written for the sake of clarity. In this study, the IBC (2) is meant to model a passive

sound absorbing material so that it obeys the admissibility conditions given below.

Definition 1 (Admissibility conditions). Let Z be a single-input single-output operator. It is said to be an admissible impedance
operator if it enjoys the following properties: causality; reality (real-valued inputs are mapped to real-valued outputs);
passivity, i.e. for every smooth and compactly supported input u € C3°(R) and for every time instant t > 0,

t

R fZ(u)(r)u(r)dt >0, (5)

—00

where the overline denotes the complex conjugate.

Physically, the left-hand side of (5) is the energy supplied to the system over (—oo, t). The passivity condition (5), which
applies to every passive system encountered in physics, means that the system does not produce energy [51, p. 301] [52,
p. 12]. If Z is LTI, then it is interesting to note that this definition could be restricted to reality and passivity. Indeed, for real
LTI systems, passivity implies causality [51, Lemma 10.3] [50, Note 8]. A consequence of this result is that a real anticausal LTI
system cannot be passive: intuitively, for such a system the supplied energy over (—oo,t) can be made arbitrarily negative
by modifying the input u in the future. A key fact in practice is that the admissibility of an LTI impedance can be readily
read on its Laplace transform 2, as summarized in Proposition 3 below, which could be interpreted as a rigorous statement
of [46, Thm. 1].

Definition 2 (Positive-real function). Let (CaL :={s € C|N(s) > 0} be the open right half-plane. A function f : Car — C is
positive-real if f is analytic in (Car, f(s) e R for s € (0, c0), and R[f(s)] >0 for R(s) > 0.

Proposition 3. An LTI operator Z is an admissible impedance operator if and only if its Laplace transform z(s) is a positive-real
function.

Proof. This is a standard fact of Systems Theory. See [52, § 2.11] for the case where the kernel z € L'(R) is a function and
[50, § 3.5] for the general case where z € D/, (R) is a causal distribution. O

Remark 4. The growth at infinity of positive-real functions is at most polynomial. More specifically, from the integral repre-
sentation of positive-real functions [50, Eq. (3.21)], it follows that for %i(s) > a > 0, |z(s)| < C(a)P(|s|) where P is a second
degree polynomial.

Example 5. Let us give some practical examples of admissible impedance models, encountered in Sec. 3: the multiplication
z=24 (z(s) = 1) with § denoting the Dirac distribution; the derivative z =8’ (Z(s) = s); the half-order fractional integration
z(t) = H®)//xt where H(t) is the Heaviside function (Z(s) = 1//5); the fractional derivative z(t) = H®)/J/zt x 8'(t) (Z(s) = 4/5);
the time-delay system z(t) = a8 (t) +bd(t —t) with a>b >0 and 7 > 0 (2(s) = a+ be™5?). The following impedance kernels
are not admissible: Z(s) = +/5/j, which fails the reality condition z(s) € R for s € (0, 00); z(s) = a + be™5" with a < b and
7 > 0, which is not passive; z(t) = §(t + t) with T > 0 (2(s) = e°7), which is not causal; z(t) = e'H(t) (2(s) = (s — 1)~1),
which is not passive (Z(s) is not analytic in (CO+ since it admits 1 as a pole).

As mentioned in the introduction and covered further below, it can be beneficial to consider other forms of the IBC (2).
When possible, it may be written using the admittance operator ) as



u(t,x) -nx) =Y[p(, 0]0). (6)

If the impedance operator Z is LTI and admissible, then the admittance operator ) exists, is unique, and is also LTI and
admissible so that (6) reduces to

u(t,x) -nx) =[yp(, %)), (7)

where the admittance kernel y is the convolution inverse of z, i.e. y xz=24§ or y(s)z(s) = 1. The admissibility conditions on
Y are strictly identical to that of Z, so that Proposition 3 with “admittance” substituted for “impedance” holds true.
The third and last considered formulation of the IBC (2) is the so-called scattering formulation

p(t, %) —u(t,x) -nx) =B[p(. ) + u(-, x) -n®]®), (8)

where p :=z; 1p and B is known as the scattering operator. The expression (8) has an elementary physical interpretation
based on the characteristics of the LEEs (1): the incident wave p +u-n is reflected back as p —u -n. Admissibility conditions
can also be formulated on the scattering operator, see the definition below.

Definition 6 (Admissibility conditions). Let B be a single-input single-output operator. It is said to be an admissible scattering
operator if it enjoys the following properties: causality; reality (real-valued inputs are mapped to real-valued outputs);
passivity, i.e. for every smooth and compactly supported input v € C3°(R) and for every time instant ¢t > 0,

t t
/|B<v><r>|2drs / ()2 dr. o

The equivalence between the passivity properties (5) and (9) follows from the identity 4pu = (p + u)? — (p — u)?. The
potential computational benefit of B over Z and )’ can be guessed by comparing (5) and (9) and is demonstrated on an
elementary example in Sec. 5. When possible, the scattering operator 3 can be deduced from the (nonlinear) impedance
operator Z through

Bi=(z,'Z2-T)o(zy' 2+ D) ' =T -2(z5' 2+ D7, (10)

where Z denotes the identity operator. An example of physical nonlinear scattering operator derived using this expression
is given in Sec. 3.1. If Z is LTI and admissible, then 5 can be uniquely defined and is an admissible LTI scattering operator
with kernel 8, whose Laplace transform B(s), known as the reflection coefficient in acoustics, is given by

ozl -1 2

3(s) = =1- N 0). 11
B(s) a1 e+ 1 (MN(s) > 0) (11)

Intuitively, z=o00, y =0, and B =Z (kernel 8 = §) yield a hard wall while z=0, y = 0o, and B = —Z (kernel 8 =
—38) yield a pressure-release wall. Similarly to the impedance case, the admissibility of an LTI scattering operator can be
conveniently characterized using its Laplace transform. The result, given in Proposition 8, is identical to that of Proposition 3
with “bounded-real” substituted for “positive-real”.

Definition 7 (Bounded-real function). A function f : (Cg — C is bounded-real if f is analytic in Cg, f(s) eR for s € (0, c0),
and | f(s)| <1 for M(s) > 0.

Proposition 8. An LTI operator B is an admissible scattering operator if and only if its Laplace transform E(s) is a bounded-real
function.

Proof. See the references quoted in the proof of Proposition 3. Note that the conformal map from {s € C|(s) > 0} onto
{s € C||s| <1} defined by s +— -1)/(s+1) transforms a positive-real function into a bounded-real one. O

Remark 9 (IBC for wave equation). Without base flow, i.e. up =0, both p and u obey the wave equation, and the IBC (2)
reduces to 9p = Z(—cozalanp). Hence, a hard (resp. pressure-release) wall corresponds to a Neumann (resp. Dirichlet)
boundary condition on p, while a proportional impedance Z o I yields a Robin boundary condition. Studies focused on the
wave equation typically use the linear admittance formulation d,p = —Ca120y = d:p [37, Eq. 1.1] [36, Egs. 5, 6] [35, Eq. 2]
[45, Eq. 1].



2.3. Assumption on the base flow and well-posedness

In preparation for the analysis of Sec. 4, it is convenient to rewrite the LEEs (1) as a Friedrichs-symmetric system

ohv(t,x) + Av(t,x) =0 (t € (0,00), x € Q), (12)

where v:= (uT, p)T e R"1 is the perturbation vector, homogeneous to a velocity, and the spatial operator A is defined as
Av = A(V)v + Bv with (I, denotes the n x n identity matrix)

(uo -mI, con g_ (Vo Cl—OVuo-uo
con™ wuo-n )’ T\ 0 yV-up /)’

An) = <

The boundary matrix A(n) is symmetric, with eigenvalues ug - n of multiplicity (n — 1) and ug - n £ co|n| of multiplicity 2.
(Due to the homentropicity assumption, the entropy mode is absent.) The absolute value |A(n)|, the positive part A(n)®,
and the negative part A(n)® are defined using the diagonal form of A(n) through

|A@m)] := P(m) [Am)| Pm)~", 2Am)® := |A(m)| + A(m), 2Am)° = |A(m)| — A(m),

where |[A(n)| := diag(“Ai”ie[[l,rH—l]])' The symmetry of A(n) implies, by definition, that the operator d; + A(V) is a
Friedrichs-symmetric operator; equivalently, (12) is a symmetric hyperbolic system [53, Def. 1.2]. Using an integration by
parts, this symmetry property yields

1 1
(AV, V)2 = E(C(HO)V, V) + i(A(")V, V)2oe) (13)
where the symmetric amplification matrix C(ug) and the L? scalar products are given by

Vg + VTug— (V-uo)l,  =Vug-uo
C(uo) = - 0
alﬂy Uo (2)/ —1DV-uy
and
(v, W)i2(q ::/(V, W)gnt1 dX, (V, W) 25 ::/(V, W)Rn+1 dX.
Q a0

In this paper, the energy analysis is carried out with the standard acoustic energy defined as [2, § 6.2] [3, § 5.6]

VO g =V, Vg = / (£, %)|* dx + f lu(t, %) dx, (14)
Q Q
so that the continuous energy balance, which expresses the evolution of acoustic energy in the domain €2, reads
1d 2 1 1
Ea ||V(t)||L2(Q) =—(Av, V)LZ(Q) = —E(C(UO)V, V)LZ(Q) - E(A(n)"y V)L2(3g2)» (15)

where the right-hand side is given by
- 1.
(C(ug)V, V)gnr1 = (V - Ug) [(2;/ —1Dp*— |u|2] +2u-Vug- (u+ ap ug)

(Am)Y, V)gnsr = (ttg - m) [ 5% + ul? | + 2c0 (u - m). (16)

The expression of (A(n)v, v)gn+1 suggests the following assumption.
Assumption 10. The base flow ug obeys (at least) a slip condition ug - n =0 at the impedance boundary TI;.

Thanks to this assumption, an admissible impedance yields fot(A(n)v, V);2(r,)d7 > 0 and there is energy dissipation at
the impedance boundary I',. Therefore, in the absence of other boundary sources, the presence of an instability is linked to
the spectrum of the amplification matrix C(ug). Intuitively, this a priori energy estimate yields uniqueness of the solution,
and is the stepping stone to obtain well-posedness in e *tC((0, co); H!(Q)"*1) with « finite [53]. It also follows from the
energy estimate that x > minycq Amin (o), Where Amin (o) is the minimum eigenvalue of C(ug). A sufficient condition for
stability is that minyeq Amin(29) > 0, which is a stringent condition on the base flow ug(x). This assumption is typically not
verified in applications: it holds for a constant flow but fails for a Poiseuille flow for instance.



Remark 11. Although Assumption 10 is mathematically sufficient for (1), (3) to be well-posed, it is interesting to note
that, physically, a no-slip condition ug = 0 is required at the impedance wall. Indeed, if ug # 0 the effect of the hydrody-
namic boundary layer (refraction of sound waves [15]) must be explicitly modeled, which leads to a non-locally reacting
impedance, out of the scope of this paper. For example, the standard Ingard-Myers boundary condition reads u, = Y (p, Vp),
and has been shown by Brambley using a Briggs-Bers analysis to prevent well-posedness, in the sense that there is no finite
value for x [54]. A corrected impedance that accounts for both the acoustic and hydrodynamic boundary layers has been
derived by Khamis & Brambley [17]. The computational interest of such non-local boundary conditions is that the boundary
layer need not be discretized, see [28] for a use in the time domain.

Remark 12. If ug is uniform, the acoustical energy (14) satisfies a conservation law, namely (15). A wider class of base flows
can be covered using the aeroacoustical energy introduced by Cantrell and Hart, which reads [55, Eq. (16)]

~ ~ ~ 2 ~
V11 = ||p||fz(m+||u||§2(9)+2<p,Mo-u)mm=/}u+pMo\ dX+/<1—|M0|2> |pI* dx,
Q Q

and defines a norm if and only if || Mol (@) < 1 where Mg :=to/c,. Under Assumption 10, using |- [lcy instead of || -[|;2(q, in
(15) yields the boundary term (Acy(R)V, V)gn+1 :=2Co [[7 + Mo, - u”] (u - n), where the subscript “||” denotes the tangential
component. The boundary term (16) is recovered if ug obeys a no-slip condition.

3. Physical reflection coefficient models in the time domain

As mentioned in the introduction, a discrete TDIBC consists of three components: a discrete time-domain impedance
model, an algorithm to compute said discrete model, and a coupling method with the considered PDE. This section tackles
the first two components, while the last one is covered independently in Sec. 4, so that Secs. 3 and 4 can be read indepen-
dently. This section is purely focused on the impedance models and does not rely on (u, p) satisfying a particular equation
in Q. The broad purpose of this section is to derive time-local discrete models from the analysis of physical models, for
later use in Secs. 5 and 6. The presented analysis focuses on models suitable for acoustical liners, recalled in Sec. 3.1, which
include an example of nonlinear scattering operator. The last two sections focus on the two linear models. Sec. 3.2 gives the
oscillatory-diffusive representation of their reflection coefficients, which yield a formulation with an infinite number of de-
layed ODEs. Its practical discretization is then tackled in Sec. 3.3, where the time delay is recast using a transport equation,
thus yielding a purely time-local formulation.

3.1. Physical models for acoustical liners

The numerical application presented in Sec. 6 involves two so-called single degree of freedom acoustical liners: a ceramic
tubular (CT) liner made from a ceramic tubular core (channel of length I., diameter d., and porosity o, € (0,1]) and a
rigid backplate; a micro-perforated (MP) liner made from a honeycomb core (cell of length I, diameter d., and porosity
oc € (0, 1]) sandwiched between a perforated facesheet (thickness I, hole diameter dj,, and porosity o, € (0, 1]) and a rigid
backplate. CT liners are mostly used in academic and benchmark experiments, while MP liners are widely used in industrial
applications. The standard linear impedance model for these liners reads

Zohys(5) =0, '2p(s) + 0. 2c(5) (17)
where z, (resp. Z.) is the impedance of a perforation (resp. cavity). The CT liner model Zct is obtained with z, = 0, while
oc =1 yields the MP liner model Zyp. (See [5] and references therein for a wider panel of linear impedance models.)
The expression (17) separates the contribution of the perforated plate from that of the cavity, a feature that assumes the
conservation of u - n across the perforation, which is verified as long as the perforation thickness I, is much shorter than
the considered wavelengths.

The chosen perforation model is given by a fractional polynomial

z
z—p(S)=ao +a1/2\/§+a1s, (18)
0

where each of the non-negative coefficients has a physical interpretation: ap models frequency-independent losses, ais»
frequency-dependent losses coming from visco-thermal effects, and a; is known as the mass reactance and does not incur
any loss. Note that if aij, # 0, 2, is multivalued: in this work the cut is always defined as (—oo,0] and /- denotes the
branch that coincides with the real-valued square root on (0, co) [56, § 1.4]. Values for the three coefficients can be obtained
through various theoretical or empirical models; the high-frequency approximation of a model derived by Crandall, based
on the axisymmetric Stokes equations, yields [5, Eq. 7]
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where v denotes the kinematic viscosity. For the cavity, the adopted model is a monodimensional wave equation with a
fractional wavenumber k. (s)

Z
~(8) = coth(ike($)lo), jke($)le =bo + byo/s + bys. (20)
0

The non-negative coefficients b have a physical interpretation similar to those of (18): bg models frequency-independent
losses, by, frequency-dependent losses, and by is half the back-and-forth traveling time in the cavity. The high-frequency
approximation of a wavenumber derived by Bruneau gives [5, Eq. 26]

S (y—1 I
bo=0, by, = 1), by =—, 21
0 12 R + ¢ D1 % (21)

where Pr is the Prandtl number. From Proposition 3, to check the admissibility of these linear models it is sufficient to
check that z(s) is a positive-real function, which is straightforward.

By contrast with the CT liner, the MP liner is sensitive to the incident sound pressure level: above a given threshold,
nonlinear effects occur in the perforation. The prevailing nonlinear term for a perforated plate with porosity o, is based on
the incompressible Bernoulli equation, and has been derived by Cummings [7, Eq. 1]
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20 Co
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where the nondimensional coefficient C. € (0, 1] is known as the contraction coefficient. Evidence for the relevance of this
model has been provided by Singh & Rienstra [57]. Since the model is nonlinear, it is naturally expressed in the time
domain. It is straightforward to check that this single-input single-output operator is real-valued, causal and passive (since
(Jlulu)u > 0, the passivity condition (5) is verified): therefore, it defines an admissible impedance model. By contrast with
linear models, expressing the admittance and scattering operators of a nonlinear impedance model is more intricate. Let us
give an elementary algebraic example by studying the impedance model

Z Cni
Zw-n)y=aou-n+—"|u-nju-n. (23)
20 Co

A somewhat tedious but straightforward computation shows that the admittance and scattering operators are given by

2p
V(p) = — (24)
do + /a5 +42L|p|
B +um=pp— e ® 1 Aprumprum (25)
- 4Cy_[ptun  co (14ap)? i runl\’
1 + 1 + (1+a0)2 o) (1 + 1 + (]+aol)2 ‘p-::; "‘)

where Bg = (ap — 1)/(ap + 1) is the reflection coefficient associated with ag. To the best of the authors’ knowledge, the
nonlinear admittance and scattering operators (24), (25) have never been considered. The expression (25) is used in Sec. 5
to illustrate the computational interest of nonlinear scattering operators.

Remark 13. In [34], a nonlinear model is used to model injectors of a combustion chamber in a LES simulation. The corre-
sponding scattering operator is B(v)(t) = xq(v)(t — T) where 7 > 0 is a time delay and x, is an algebraic function of the
incoming characteristic [34, Eq. (2.15)].

The effect of a grazing flow on the impedance of a sound absorbing material has been studied both experimentally [10]
and numerically [11] using direct numerical simulations. For a perforated plate backed by an air-filled cavity, a grazing
flow is usually associated with a resistance increase that degrades the material performance. Kirby and Cummings proposed
an experimental correlation between the impedance and the wall friction velocity, namely [10, Eqs. (12)-(13)]. This result
suggests that the grazing flow can be empirically modeled as an additional parametric dependence, which preserves the
locally-reacting nature of the IBC.

3.2. Oscillatory-diffusive representation of physical reflection coefficient models

In [5], it is shown that the time-domain convolution zppys * u can be expressed without any approximation using an in-
finite number of ODEs, some of which may be delayed. This result is obtained by deriving the so-called oscillatory-diffusive
representation of the physical model zpnys using complex calculus. However, as shown in Sec. 4, it is computationally ad-
vantageous to enforce the IBC through the scattering formulation (8) rather than the impedance or admittance formulations



(2), (6). This section shows that, fortunately, the reflection coefficient 3phys does also enjoy an oscillatory-diffusive repre-
sentation, given by (29). (As a matter of fact, this is also the case for the admittance Jppys.) Since the computations are
similar to that carried out in [5], only the key steps are provided; the reader is referred to [5,58] and references therein for
background on oscillatory-diffusive representations.

The starting point of the analysis is the identity coth(s) =1+ 2e=25(1 — e=2%)~! that enables to rewrite the reflection
coefficient ((11), (17)) as

Bonys(5) = 1+ N1 (s) + e Thy(s), (26)

where the time delay t :=2by > 0 is the cavity back-and-forth traveling time and the functions fll and flz, which induce
deviations from the rigid wall Bppys(s) =1, are given by

Ri(s) = — =2 Fiy(s) = —hy ()e 200 012V9) R(gy =14 L 4 L 2p(s) + <—1 PRI 2p(s)) e~ 2ke(®)le
R(s) Oc Op oc Op
The interest of the apparently gratuitous expression (26) is that both fn and flz admit an oscillatory-diffusive representa-
tion ((27), (28)). The analytical expression of these two functions is used in the discretization methodology presented in
Sec. 3.3.1. The representation of fz,- (i €{1,2}) is derived by inverting the Laplace transform using the residue theorem [56,
Chap. VII] on a “keyhole-shaped” Bromwich contour Cg . Among the sufficient hypotheses needed to carry out the compu-
tations, fl,- must decay uniformly on {|s| = R} as R — oo and admit finite residues at every pole and branch points (the only
possible branch point of fli is 0).
If @i, or a; are positive (which is the case for an MP liner), the oscillatory-diffusive representation of fli is

o0
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where (s;), with n €I C Z is the sequence of poles of h;, each one solving R(sy) =0, i, is the associated residue r;, :=
Res(fl,-, sp), and p; is the so-called diffusive weight (or measure), linked to the jump of Fl,‘ across its cut (—oo, 0] by w©i(§):
(j2mr)~1 [ﬁi(se*j” ) — fli(éeﬂﬂ )]. These quantities can be readily computed numerically (the poles s, are not always known
analytically), which enables to verify (27). The first (resp. second) term on the right-hand side of (27) is the oscillatory (resp.
diffusive) part of h;. The oscillatory part is associated with the resonances, by contrast with the diffusive part that stems
from visco-thermal losses. Indeed, without the multivalued fractional term +/s (physically, if v =0, see (19)) the diffusive
part vanishes, i.e. u; = 0. The admissibility conditions given by Proposition 8 imply that ©(¢) € R and that if s, is a pole
of fz,- with residue r; 5, then s, is a pole of fl,- with residue 77, (hermitian symmetry). The desired representation of EMp is
then obtained by combining (26) and (27).

However, for the CT liner z,(s) =0 so that fu (and flz if b1, = 0) fails the decay condition on {|s| = R} as R — oo. By
considering instead f1(s)/s, the following representation can be derived, assuming o, # 1,

o0
A r 1
e =c+ Y g [ co T (28)
=/ S—sn ) s+¢& 1+o0;

which differs from (27) by a real constant C. The representation of ﬁcr is then obtained by combining (26), (27) with i =2,
and (28). Overall, for both liners, the physical reflection coefficient has the causal representation

o o
Bonys(t) = 1 8(t) + Y r1ne”* + / paE)e S de + ) e / p2(§)e 5T dg, (29)
nel 0 nel 0

where e+ := e’ H(t) denotes the causal exponential function and g1 € R. The importance of (29) lies in the fact that it
provides a structural information on Bynys, namely that it “reduces” to an infinite number of first-order systems with delay

ﬂphys*V(t)=/31V(t)+2r1,n<p(t,sn)+fm(é—‘)w(t, —é—‘)dé+Zrz,n¢>(t—r,sn)+fuz(é-‘)<0(t—r,—é)dé, (30)
nel 0 nel 0

where @(t, s) := (€¥+ x v)(t) and v is a shorthand for “p + u - n”. The computational interest of (30) stems from the ability
to compute ¢ through the first-order ODEs d;¢(t, s) = s@(t, s) + v(t) with null initial condition ¢(t =0,s) = 0. As a result,
(30) is a time-local (but infinite-dimensional) representation of the hereditary convolution operator B(v) = Bppys * v. Theo-
retically, this representation enjoys an energy balance, useful for stability analyses (see Sec. 4 and Appendix C). The above
analysis informs the discrete model proposed in the next section.



3.3. Discrete reflection coefficient model

The identity (30) naturally suggests to define the discrete reflection coefficient model 8 as

Ne . Ny ~ L\
2 M1k —s% T2.n M2k
S oo — +e — + =
P& =p ZS—S 21:5+Sk ;5—511 I;S-l-ék
(31)
Ne
B v(t) = Poov(t) +Z“ n @ (t,5n) + Zm kp(t, &) +Zrz n(t —T,5) +ZM2 kot — T, —&),
n=1 k=1 k=

where ¢(t, -) follows the first-order ODE defined above. It involves Ny, := N5+ N¢ additional variables, where N¢ (resp. Ns)

variables come from the diffusive (resp. oscillatory) part of Bpnys. Note that Boo = B(+00) € [—1, 1] from Proposition 8. In
summary, the analysis of the physical model (17) has led to the discrete model (31), which requires the computation and
delay of N, ODEs. Without the delay 7 =0, the derived model B can be interpreted as a so-called multipole model, postu-
lated in [47] for instance [5, § I]. In preparation for the application of (31) presented in Secs. 5 and 6, Sec. 3.3.1 discusses
the computation of the poles (5, ék)n,k and weights (i n., fli k)n.k, While Sec. 3.3.2 covers the time delay discretization.

3.3.1. Poles and weights computation

The discrete model 8 is fully determined by the constant S, Ny, poles (5, ék)n_k, 2N, weights (i 5, [Li k)n,k» and time
delay . These parameters should be such that § is a satisfactory representation of the considered sound absorbing material,
typically known by its phy51cal characteristics and possibly some experimental data (ﬁexp(ﬂn’ fm))m. Criteria for a satisfac-

tory approximation include: ﬁ is a bounded real function (see Proposition 8); N, is as low as possible; w — ﬂ(]a)) has a
physical behavior at frequencies not covered by the experimental data (usually low and high frequencies); the maximum
frequency (27)~! maxp k (1Sn |, §k)n,k is consistent with the stability region of the time discretization scheme (otherwise the
IBC could reduce the timestep of an explicit integration). In Sec. 6, the three-step methodology given below is followed. The
principle of the approach is to use as much as possible the information obtained on the physical model in Sec. 3.2 to ease
the optimization process.

1. (Physical model) Compute the coefficients a and b from the liner dimensions using the models (19), (21). In particular,
this provides a value for the constant 8; and the time delay 7. These coefficients can then serve as an initial point for a
nonlinear least squares optimization on @ > ||Zphys(jw) — Zexp(jw)||. This optimization can be interpreted as computing
the various physical impedance corrections [6,7].

Inputs: material characteristics (I, dp, o¢, etc.), experimental data (Zexp (27 fm))m.
Outputs: coefficients (op*]ao, o;]m/z,a;]a],oc, bo, by, b1), time delay T = 2by, constant g1 =1— (1 +o. ).

2. (Discrete model - Linear least squares) Choose N¢ diffusive poles along the cut (—oo, 0] (typically, a logarithmic repar-
tition is satisfactory). Compute N oscillatory poles S, by solving R(5,) = 0. Compute the weights (7.i)n and (fik i)k by

minimizing @ +— || Z,’:’il Jcﬁ'& +yN Ja:”’ — hi(jw) || if (27) holds (add the constant if (28) holds). This is an overde-

termined linear least squares optimization that is solved instantaneously by pseudo-inverse. See [5, § IV.D,VL.A] for
additional details. Note that the time delay T has no role whatsoever during this step.

Inputs: fl,- (from output of step 1), number of poles N, diffusive poles (Ekke[1.N:]-

Outputs: oscillatory poles (Sn)nep1,n,]» Weights (Fn.idne1,n,] @nd (i, Dkepi,neg (i € {1,2}).
3. (Discrete model - Nonlinear least squares) Compute new poles and weights with a nonlinear least squares optimization

on w || B(jw) —3exp(ja))|| with initial poles and weights given by step 2, foo = B1 and T = 7 from step 1. The constant
Boo and delay T can also be optimized along the poles and weights.

Inputs: (3p, Ekzn,kv (’N’n,i’ e idngo T=T, Boo = P1, (ﬂexp02ﬂ~fm))m-

Outputs: (Sn, &dn ks (Fnis [lk,i)n k. (OPtional) T, (optional) Boc.

When the physical model is satisfactory, as is the case for the MP and CT liners considered herein, the first two steps deliver
a discrete model B that may be sufficient for some engineering applications. If step 3 is used, its role is to adjust the poles
and weights to improve the fit against experimental data. The first two steps can then be interpreted as using a physical
model to help finding an initial guess for the poles and weights. When faced with a mismatch between the physical model
and experimental data, tuning the former may be required, but this is not a computationally intensive task since there are
few parameters and they have a physical interpretation. The third stage can be performed using any nonlinear least squares
method: in Sec. 6, we simply relied on the trust region optimization method [59] implemented in MATLAB® 1sgnonlin,
whose execution takes a few seconds on a contemporary computer, but the more tailored vector fitting algorithm [60] can
also be used, as in [27].

However, note that step 3 comes with the following caveat. There is a trade-off between the fit quality against the ex-

perimental data, which is usually narrowband, and the broadband behavior of /§ This trade-off is especially acute when



using impedance identified with base flow, as these can be associated with significant uncertainties that ideally should be
accounted for in the optimization process. This is exemplified by the question of whether to optimize the time delay 7.
Physically, it is linked to the anti-resonant frequencies f, given by f; =n/# for (17) with a lossless cavity bg = b1, =0 (i.e. a
canonical Helmholtz resonator). Therefore, although 7 # t may enable a better fit, it may not be worth altering the broad-
band behavior. Eventually, knowledge about both the model and experimental data is helpful to inform the optimization
process.

3.3.2. Time delay discretization

The discretization of the time delay is done independently of the choice of weights and poles described in Sec. 3.3.1. The-
oretically, the delay can be recast into ¢(t — T,s) =¥ (t,s, —I;z) where the additional function ¥ (-, s, -) obeys the following
transport equation on (—Iz,0) with [; =c;T >0

W (t,s,0) =czdv(t,s,0) (te(0,00), 0¢c(—lz,0)
¥(t,s,0)=p(t,s), ¥(0,s,0)=0.

This device is commonly used in theoretical and numerical studies of delay differential equations, see the references in [61]
and [62, § 1]. Although not needed herein, several delays 7; can also be tackled by defining T := max; 7;. The monodimen-
sional PDE (32) is discretized using a discontinuous Galerkin method with N elements and N, > 2 nodes per element
(order Nj). The discretization accuracy is measured by the number of points per wavelength

(32)

PPW: (frnae) i= =, (33)
T fmax
where Ny := NgNp is the total number of nodes and fmax is the maximum frequency of interest. Target values for PPW;
as a function of N, can be found in [63, Tab. 1], which shows that it is advantageous to choose Nx =1 so that N is the
sole discretization parameter. The impact of PPW; is illustrated in Sec. 6. Herein, the main argument in favor of delaying
through a transport equation, compared to continuous Runge-Kutta methods [64], is the meaningfulness of (33) for wave
propagation problems, which makes the discretization straightforward to set up a priori.
In summary, the discrete impedance model (31) is computed through

N Ne N Ne
Brv(t) =PocV(®) + Y Fra@(t.50) + Y i1k @(t, &) + Y Fan¥ (.50, —le) + Y oWt —&. —lp),  (34)
n=1 k=1 n=1 k=1

which implies the use of (Ny + 1)N, additional variables. The two parameters to control are maxy (&, [sn[), which is to
be chosen in accordance with the spatial discretization scheme, and PPW; ( fmax), for which values are given in [63, Tab. 1].
This covers the first two components of the TDIBC. The next section deals with the third, necessary for the numerical
applications of Secs. 5 and 6.

Remark 14. The discrete model (34) has been derived from a mathematical analysis that emphasizes the distinct compo-
nents of the model (26): an oscillatory-diffusive part that models both oscillatory and diffusion phenomena (the latter of
parabolic nature), and a hyperbolic part associated with the time delay that models a wave reflection phenomenon. In [32,
§ 4.1.1], a first-order finite-difference discretization of the monodimensional LEEs is used to truncate a combustion cham-
ber. An alternative discretization strategy is to perform a rational approximation of the time delay, see [61] and references
therein. For a pure time delay, i.e. 5(5) o e~ '%, a multipole approximation method is presented in [33].

4. Numerical fluxes for nonlinear time-domain impedance boundary conditions

This section deals with the third component of a TDIBC, namely its (semi-)discrete formulation, independently of Sec. 3.
It analyzes the weak enforcement of an admissible IBC within a discontinuous Galerkin (DG) finite element method, but the
numerical flux formalism is employed to enable a straightforward transition to other methods popular in fluid mechanics.
For the analysis, the IBC is only assumed admissible and need not be given by one of the models covered in Sec. 3, so that
both sections are independent. The analysis shows the computational interest of a numerical flux based on the scattering
operator 3 (10), the so-called B-flux ((39), (63)), over fluxes based on the impedance and admittance, namely the Z-flux
((39), (59)) and the Y-flux ((39), (61)). This justifies a posteriori the interest in B displayed in Sec. 3 and prepare the numer-
ical applications of Secs. 5 and 6. The section starts with a brief introduction of the standard DG method in Sec. 4.1. Sec. 4.2
then defines admissibility conditions for an impedance numerical flux, upon which the analyses of Secs. 4.3 and 4.4 rely.

4.1. Discontinuous Galerkin method

Let (7p)n be a quasi-uniform sequence of meshes indexed by h := maxye7; hr, where hr denotes the diameter of the
element T € 7. For simplicity, each mesh 7 is assumed to be simplicial, geometrically conformal, and shape-regular. Let ]P’ﬁ



Fig. 1. Notations for an interior face F € J—'}‘;.

be the space of polynomials of n variables and total degree at most k. The approximation space is taken as V, :=IP”,§ (T,
where ]Pf;(ﬁl) is the broken polynomial space defined as P’;(ﬁl) ={v e L%(Q)|VT € T, VT € ]P”,f,(T)}. The domain Q is
assumed to be a polyhedron, so that it can be exactly covered by each mesh. See [65, Chap. 1] and [66, Chap. 1] for
definitions of the mentioned properties (more detailed citations are available in Appendix B). The semi-discrete formulation
of (12) reads: find v, € C1([0, c0), V},) such that

vy + Apvp =0, (35)
where the spatial discretization is embodied by the finite-dimensional operator Ay, : Vy — V;, defined by
YWh € Vi, (ApVh, Wh)i2(q) = Z (AVh, Wp) 21y + (Am)vp)* — Am)vy, Wh) 251>
TeTy

where the quantity (A(m)vy)™* is the so-called numerical flux function, uniquely defined at each face. Intuitively, this def-
inition can be viewed as resulting from two integration by parts. At an interior face F € ]-";; we use the upwind flux
(A(mp)v)* .= A(mc)@vw1 — A(nF)ev‘T2 = A(mp){v} + %lA(nF)l[[v]] where {v}:= (v|7; + v|1,)/2 is the face average and
[v] :==v|1, — v, is the face jump, see Fig. 1 for the face-specific notations. This leads to

(AnVi. W20y = Y (AVh, Wi) 2y + (Am) V)™ — A@m)Vh, W) 250

TeTy
1
- Z (Amp)[vh], Awnb 2 ) + 5 Z (A@mp)[[va], [WhD 12y (36)
FeF} FeF}

At a boundary face F € }',’1’, the IBC is weakly enforced through a numerical flux introduced in Sec. 4.2 and analyzed in
Secs. 4.3 and 4.4. In the applications of Secs. 5 and 6, the numerical fluxes (A(nf)v)} :=A(nF)€Bv‘T1 — A(np)®vs (source vs)
and (A(nfp)v)},:=Amp)®v|7, (approximate non-reflecting outlet) are also used. The bilinear form (36) is standard and fits
within the framework proposed by Ern & Guermond [67] for the DG discretization of Friedrichs systems, and notations have
been kept as close as possible to that employed in this seminal work. The reader interested in an error analysis with the
standard boundary condition “A(n)v = M(n)v” is referred to [67] and [66, Chap. 3 & 7]. The well-posedness of the semi-
discrete formulation (35) follows from the Cauchy-Lipschitz-Picard theorem [68, Thm. 7.3] since it is a finite-dimensional
ODE.
Using the identity (13) on each element T enables to get

1 1 2 « 1

(AnVh, Vi) 2() = E(C(uO)Vm V2o + Elvhlupw + ((A(")Vh) - EA(")Vh, Vh>L2(8Q), (37)
where the upwind seminorm is defined as

Vilgpw = Y, (A@R)I[VA], [VaDi2cr)-

Fe]—'}’;

This leads to the following semi-discrete energy balance

1d 2 1 1 2 . 1

2ar 1Vill2 () = —(AnVn, Vi) i2(@) = —E(C(uo)vh, Vi) — EIVthpW - ((A(n)vh) - E(A(n)vfl), vh)mm),

(38)

which is to be contrasted with its continuous counterpart (15). The term |vh|3pw is the energy dissipation due to the use of

an upwind flux (it would be null had a centered flux been used) while the boundary term ((A(m)vy)* — %A(n)vh, Vi) 2(h@)
includes the contribution of the weakly enforced IBC, studied below.



4.2. Admissibility conditions for an impedance numerical flux

On a part of the boundary I' := 92 denoted I';, the IBC is weakly enforced through a centered flux

(Amv)* = %A(n)(v+vg), (39)

where v& is the so-called ghost state that needs to be suitably defined as a function of v and Z, ), or B. A systematic
derivation of the possible expressions for A(n)vé is carried out in Sec. 4.4 with an energy analysis formalized through the
so-called admissibility and continuity conditions defined below. Recall that the spatial discretization is said to be consistent
if for v(t) € V the exact solution, (ApV, Wh) 2(q) = (AV, W) 2(q, for all wy € V.

Remark 15. The ghost state v& is a function known in closed-form and in this paper the numerical flux (39) is enforced
without adding computational nodes outside of 2: the terminology “ghost state” is chosen for its intuitive nature, and does
not imply that “ghost nodes” or “ghost cells” are used whatsoever.

Definition 16 (Admissibility). The impedance numerical flux (39), uniquely determined by the expression of A(n)vé, is said
to be admissible if it is both consistent and passive.

e (Consistency) Let v(t) € V be the exact solution (in particular, it does obey the IBC). The consistency condition reads
(A(m)v)* = A(n)v or equivalently

AMm)vE = Am)v. (40)

e (Passivity) Let v (t) € V}, (in particular, it does not obey the IBC). The passivity condition reads
t ; ) t
* _ g
vt > 0, /((A(n)vh) — SAmw, vh)Lz(rZ)dt =3 /(A(n)vh, Vi dT = 0. (41)
0 0

The passivity condition is to be understood in light of the semi-discrete energy balance (38), see Example 24 for a nu-
merical illustration of its necessity. In addition to these two admissibility conditions, the two following continuity properties
are also computationally desirable.

e (Hard-wall continuity) As “Z — oo” (or “Y — 07, or “B — Z"”), a hard wall (u -n = 0) is recovered without singularity,
which can be written formally as

lim A(m)vE = My )V, My (m) = o [25" o "} (42)
Z—00 —n 0
and ¢ is an arbitrary non-negative parameter.
o (Pressure-release continuity) As “Z — 0” (or “)) — o0”, or “B — —ZI"), a pressure-release boundary (p = 0) is recovered

without singularity, i.e.

lim A@)VE = Mpr(m)v. Mpr(n) := co [%“ Z_’] (43)

and ¢ is an arbitrary non-negative parameter.

It is straightforward to verify that A(n)v® := Mpypr(n)v respects the consistency (40) and passivity (41) conditions stated
in Definition 16. The given expressions Mpy (n) and Mp:(n), or variations thereof, are common in the literature [67, § 5.3]
[66, § 7.1.2] [69, § 7.1]. The ability to recover both the hard-wall and pressure-release cases is of particular interest when
performing an inverse method on the IBC where the parameter space needs to be explored.

Remark 17. Note that at this stage no assumption is made regarding the time-domain discretization of the IBC: Definition 16
is purely semi-discrete.

The application of the energy analysis to generic nonlinear IBCs, which leads to the derivation of the Z, ), and B fluxes,
is done in Sec. 4.4. For the sake of clarity, the elementary case of a proportional impedance Z(u -n) ccu - n is first fully
worked out in Sec. 4.3. In spite of its simplicity, this example provides an intuitive understanding of the computational
advantage of the scattering operator 5.



4.3. Weak enforcement of proportional impedance boundary conditions

This section focuses on the computational properties of numerical fluxes for the so-called proportional impedance
za1z(t) =apd(t) with ap > 0 (p = apu - n). (From Proposition 3 it is admissible.) To weakly enforce the IBC (2) using the
numerical flux (39), the ghost state v€ is sought as linearly dependent upon v

¢, |asn®n agn g _ pén |
v ._[ oun® oy }v, An)v _Co[ug-n = Mo(n)v, (44)
where
_ on@n axn
Mo(")—Co[ anT o } (45)

To obtain an admissible flux from this generic expression, two of the four degrees of freedom (DoF) must be removed, as
summarized in the proposition below.

Proposition 18. The numerical flux function given by (39), (44) is admissible if and only if 1 = (1 — a2)ag and og = (1 — «3)/ao,
withay <1, a3 <1, and (a2 + o3)® < 4(1 — ) (1 — a3).

Proof. The proof is elementary and consists in using the admissibility conditions. (Consistency) Let v = [uT,fJ]T be the
exact solution. The consistency condition (40) reads

am®n (ax—1)n _
[(a3—1)nT o ]"_0'

The fact that v obeys the IBC p = apu - n readily leads to a1 = (1 — a2)ap and g = (1 — a3)/ap, so that the two DoF left
are oy and «3. (Passivity) Let vy € Vj. Since (Mo(n) vy, Vip)gntt = (MoVh, V)2 With vy =[up-n py 17 and

. o or+o3 j|
Mo = 2 , 46
0 [ wies g, (46)

the condition (41) holds if and only if Mo is positive semidefinite. The inequalities on oy and «3 follow from the application
of the following elementary lemma that is frequently used in the remainder of this paper.

Lemma 19. A 2 x 2 symmetric matrix [ 5 1‘/|// ] is positive semidefinite if and only if v> <uw and u + w > 0.

Proof. A symmetric matrix ¥ is positive semidefinite if and only if detX > 0 and tr ¥ > 0. (Product and sum of the two
real eigenvalues.) O
a

Remark 20. In the case of a proportional impedance, the consistency (40) and passivity (41) conditions are the (DG1) and
(DG2) properties stated in [67] and needed for the error analysis.

Therefore, after examination of the admissibility conditions there are two remaining DoF, a; and a3, so that

1-o3 1—op)agn®@n ozn
vi = |:(1 aB(,): Q)g’annT (Z)(; "] v: Mo(m) =co |:( 0l23)ﬂ$ _1—20‘3 ] . (47)
—a)ap 2 ao

Further constraints can be obtained by considering the continuity conditions (42) and (43):

lim ay = —1, lim a3 =1, lim ar =1, lim a3 =-1, (48)
ap—0 ap—0 ap— 00 ap— 00

1 1
lim (1 —a)ap=0, lim (1 —a3)— >0, lim (1 —op)ap>0, lim (1 —a3)— =0. (49)
ap—0 ap—0 ap ap—> o0 ap—> o0 ap

The line (48) suggests defining o := o with o3 = —¢, which leads to the o-flux

(1+a)
g._[ —omen SEnl
' [(1 —want o | MW=

(1—a)an®n an ] (50)

1+a
—anT W
Any flux of this form is admissible, as long as « € [—1, 1]. To respect the remaining continuity conditions (49), one can
choose a = Bo := (ag — 1)/(ap + 1), which yields the Sg-flux



ve ._[ —pon®@n (1 fo)n (1+pon@n  fon ] (51)

T LA+ Bon™  Bo —Bon™  1-po

an apparent computational interest of which is the boundedness of its components with respect to ag. In summary, applica-
tion of the admissibility and continuity conditions leads to (51), an expression that, to the best of the authors’ knowledge,
was first proposed by Ventribout [49, § 1.3.2] with a view on application to optimal control. Further insights into the benefit
of choosing o = By can be obtained by deriving a CFL stability condition.

For simplicity, let us consider the explicit Euler scheme

} v, Mo(n) =g [

v vl AEAVE + ALAYE = 0, (52)

with constant time step At and CFL number defined as CFL:= Atcoh~. To highlight the IBC contribution, the decomposition
Apvp = Apvy +A}10}vh is used, where A,‘lm : Vy — Vj is the boundary term of 4y, given by, assuming that the IBC is applied
on the whole of T" (i.e. I'; = 9R2),

1
(A Vh, Wh) 2(0) = 5 (Mo@)Vh — AM)Vh, Wh) 2 5. (53)
so that
- 1
(Anvi, Wiz = 3 (AVi Wi)ary = 0 (AGD[VAL (WiDiz) + 5 D (A@RIIVA]. [WiD iz (54)
TeTh FeF} FeF}

Using a discrete energy method (see Appendix C), the following sufficient stability condition can be derived.

Proposition 21. Assume Vug = 0 (uniform base flow) and V, = ]P’g(ﬁ)”+1 (finite volume discretization). A sufficient L? stability
-1
condition for (52)is CFL < 2~1Cp2 (1 + "C'—(‘J’l) and

a1+ g > CACFL(ef + (a3 — 1)* + af + (a2 — 1)?) (55)
(a2 + @3)? <4 (01 — CECFL(a} + (a3 — 1)%)) (0tg — CECFL(Z + (02 — 1)%))

where the positive constants Cpg and Cy, defined in Lemmas 31 and 33, are non-dimensional and do not depend upon the initial data
or the impedance.

Remark 22. Recall that, to be admissible, the matrix Moy(n) given by (45) must obey Proposition 18. In particular, the
passivity condition (41) requires the conditions o1 + o4 > 0 and (o + 053,)2 <4104 that are less stringent than (55).

The interest of Proposition 21 lies in the condition (55) that gives the influence of the numerical flux on the CFL number.
Let us highlight three particular cases of practical interest by considering the a-flux ((39), (50)) with « € [—1, 1], which has
been derived above.

e (1-flux) If « =1 (a1 =0), then pé = p and the flux does not control uy - n at the impedance boundary since
(Mo vy, vp)gat1 = ZCoaa]fJfl. A stability condition, namely CFL < Ct}zo{4/(l + aﬁ). can be obtained from (55) if and
only if @p = —1 and o3 = 1. But since oy = @ =1, the scheme is not provably stable with the proposed energy analysis.

o (—1-flux) If « = —1 (o4 = 0), then u® = (u - n)n and the numerical flux does not control py since (Mo(m)Vvy, Vp)ge+1 =
2coao(uy - n)2. Similarly, a stability condition cannot be obtained from Proposition 21 since that would require oy = 1
and o3 = —1, values at odds with the definition of the a-flux with o = —1.

o (Bo-flux) The o-flux satisfies (Mo(m) vy, vp)pe+1 = coao(1 —a)(uy -n)?2 +c0a51(1 +oz)f7ﬁ and thus control both uy -n and
pp if @ € (=1, 1). Under this assumption, the stability condition is given by (55) with a1 = (1 — a@)ag, a4 = (1 + oz)aa],
and o = o = —a3. The Bo-flux ((39), (51)) yields

CFL < lz min L 5 L , ! , (56)
tr 1+ ,30 21+ o) 2(1—Po)

which shows that the CFL number has a positive upper bound with respect to ag, namely CFL < 4*1Ct_rz. By contrast,
consider the 0-flux (o = 3 = 0) which yields

1 a
CFL< — —,
Ci 1+ag

so that the CFL number decreases to 0 as ap — oo or ag — 0. This recovers a result of Ventribout [49, § 2.3].
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Fig. 2. Eigenvalues A, € o (—.Ay,) for the acoustical cavity Q = (0, 1)2 with co =1, zo =1, and impedance Z(u - n) = agu ‘n+agit-non Q2. DG6 (Nx =8
triangles, 504 DoF). (x): Z-flux ((39), (59)). (+): flux ((39), (60)) with & = Bo. (O): A = jw = %jco k% +k% with two monodimensional dispersion relations
A1p(ki, z(jw), w) = 0 (only covers eigenfunctions with separated variables).

In conclusion, among the admissible a-fluxes ((39), (50)) with o € [—1, 1], the Bp-flux ((39), (51)) is the optimal choice
since its components are bounded with respect to ag € [0, o¢], it controls both py and uy - n, and delivers the CFL stability
condition (56). Extension of this result to nonlinear scattering operators /3 is done next in Sec. 4.4.

4.4, Weak enforcement of nonlinear impedance boundary conditions
Let us now consider the generic, possibly nonlinear, IBC under the three forms defined in Sec. 2.2

p=aou-n+agQu-n) (a) u-n=ap+ag(pP (b)) p—u-n=B{pPp+u-n) (o), (57)

where ag > 0, ag >0, Q is an admissible impedance operator (see Definition 1), and 3 is an admissible scattering operator
(see Definition 6). Following the method of Sec. 4.3, Secs. 4.4.1 and 4.4.2 derive the admissible numerical flux for each
form ((57a), (57b), (57¢)), namely the Z-flux ((39), (59)), V-flux ((39), (61)), and the B-flux ((39), (63)), and establish the
superiority of the B-flux.

Remark 23. For the analysis presented below, the IBCs (57) are only assumed to be admissible. In particular, they need not
be given by one of the models covered in Sec. 3, so that Secs. 3 and 4.4 are independent.

4.4.1. Numerical flux based on the impedance or the admittance
To weakly enforce the IBC (57a) (impedance operator 251Z(u -n) =aopu -n+agQ(u - n)), the ghost state is sought as

Am)vE =Mom)v +mgnm)Qu - n), (58)
where Mo(n) is given by (45) and mg(n) =cg[y1n7, y2]7. Proposition 25 shows that the only admissible expression is
2aon@n —n 2agn
A(n)vgzco[ . 0 }V+60[ 0 ] Q(u-n, (59)

where there are no remaining DoF. The Z-flux ((39), (59)) fulfills the pressure-release continuity condition (43) but not the
hard-wall one (42) since there is a singularity as a; — oo. Moreover, note that (Mo(n) vy, Vi)ge+1 = 2coao(Up -n)? so that
there is no control of [7% at the impedance boundary, a phenomenon already encountered in Sec. 4.3.

Example 24. One may think that the result of Proposition 25 is unnecessarily stringent, i.e. that the admissibility conditions
proposed in Definition 16 are too constraining, but it can be verified numerically that it is not so. Let us consider the
acoustical cavity € = (0, 1)? with co =1, zo =1, and impedance Z(u -n) =aou -n+ agut - n applied to the whole of 9.
Two dispersion relations A1p(k;, Z(jw), w) can be derived for eigenfunctions with separated variables p(x) = p1(x1)P2(x2)
with p;(x;) = (Ajefi% + Bje=Jki%i) (note that it does not provide all the eigenvalues if 2(s) # +o0). Fig. 2 plots the eigenvalues
computed with a sixth-order DG method (see Appendix D) and flux

AmVE = co [ (1—-—wo)an®n on ] Ve [ (1—w)agn

-1 _}_a)aa_% :| Q(u-n), (60)

1+a
—anT W
with reduces to the a-flux ((39), (50)) if ag = 0. The value o = —1 yields stable eigenvalues that match the exact ones until
a cut-off frequency. However, for o = fo, eigenfunctions have a less pronounced decay and can even be unstable. Hence the
impedance model Z is passive, but passivity is lost at the semi-discrete level. This conforms with the fact that the flux ((39), (60))
is consistent for any « but passive if and only if « = —1 from Proposition 25.

Proposition 25. The numerical flux function ((39), (58)) is admissible if and only if the ghost state is given by (59).



Proof. Consistency and passivity conditions are checked. (Consistency) The condition (40) yields oy = (1 — a2)ag, g =
(1—w3)/ap, y1 =1 —az)ay, and y» = —(1 — Ol3)(;—§. (Passivity) Let v, € V. We have

(A@)VE, Vi) ot = (Mo() Vi, Vi)gnnt + co(1 — a2)ag Qup - myuy, -1 — co(1 —Otz)c(ll—fQ(uh “M)Pp.

The passivity condition (41) holds true for any vy and Q if and only if (Mo(m)vy, Vp)pe+1 >0, (1 —az)ag >0, and o3 = 1.
Lemma 19 gives o = —1 and enables to conclude. O

The admittance case (57b) is identical, as an application of the admissibility conditions shows that the only admissible
ghost state of the form A(n)ve = Mo(n)v +mg(n)Q(p) is given by

A(n)vgzco[f';'; 220]V+C0 |:2(6)1Q ] p), (61)

which obeys the hard-wall continuity condition (42) but not the pressure-release one (43). Note that (Mo(n) vy, Vp)ge+1 =
ZCOaOfJﬁ so that there is no control of (uy, -n)? at the impedance boundary. In view of the expressions (59) and (61), the
fluxes based on impedance and admittance have symmetrical continuity properties such that the Z (resp. ))-flux should
be preferred to the ) (resp. Z)-flux when the impedance is close to a pressure-release wall (resp. hard wall). However, the
next section shows these two fluxes are trumped by a flux based on the scattering operator 5.

4.4.2. Numerical flux based on the scattering operator
To weakly enforce the IBC under its scattering formulation (57c), the ghost state is sought as

AM)vE = Mom)v +mgm)B(p +u -n), (62)

where My(n) is given by (45) and mg(n) = co [y1nT, y»]7. Proposition 27 below shows that the only admissible ghost state
is given by

A(n)vg:co["(%n()ln]v+50|:_'ll:|3(ﬁ+u-n). (63)

Note that with this flux there is control of both uy -n and p,, at the boundary, and the boundary dissipation term is

t

t

1 (o) - -

5 /(A(H)Vf, Vi), dt = " /(”ph +uy '"”%2(1“2) — I1B(pn + up '")||%2(rz)) dr
0 0

t
Co - ~
+Z/||ph—uh -1 —B(pn +up w5, de, (64)
0

where the two terms on the right-hand side have a clear interpretation. The first one is the dissipation associated with the
scattering operator B, see the passivity condition (9), and the second one can be interpreted as a penalization term for the
non-respect of the IBC.

Remark 26. The B-flux ((39), (63)) derived from the energy analysis carried out in the proof of Proposition 27 reads
«_Co|m| - Co| n -
(Amv)" = — (p+u-n+— B(p+u-n).
21 2| -1
It is interesting to note that this flux is exactly that derived using flux vector splitting [70, Chap. 8], which for a linear hy-

perbolic PDE with constant coefficients amounts to exactly solving the monodimensional Riemann problem at the boundary.
Indeed, given Assumption 10 we have at the impedance boundary I,

T !
:Cjo[?}(ﬁA—u-n)—i—%o[_"l}(ﬁ_u.n)_

Therefore, this flux has a direct interpretation based on characteristics, making it natural to use with a hyperbolic law.

Proposition 27. The numerical flux ((39), (62)) is admissible if and only if the ghost state is given by (63).



Proof. (Consistency) Condition (40) leads to a1 = 1 =1 — o and a4 = —)» = 1 — 3 so that there are only two DoF left,
oy and o3. (Passivity) Let v, € Vy. Recall that the passivity property of the scattering operator 3 reads (9), which makes
the study of passivity more intricate than in the previous sections. The generic expressions of Mo(n) and mg(n) give

1 1 1 -
a(A(n)Vf, Vh)gn+t = a(Mo(ﬂ)Vh, Vgt + a(mB(")B(Ph + Up - M), Vp)gos

= (1 —az)(up - m)* + (1 — &3) pj; + (012 + 3) Pty - 1
— B +up -m)((1 —a3)pp — (1 — a2)uy, - m).
Using the identity ab = a? + 3b? — 1(a—b)? on B(pp +up -n)((1 —a3)pp — (1 — az2)uy, - n) and collecting the terms yields

1 g 1. S )
E(A(")V“’ Vh)gnt1 = 5(19:1 +up-n)° — EB(ph +uy - n)

1 . - 2 1 -
+ 5((1 —a3)pp — (1 —o)up -n— B(pp +uy 'ﬂ)) - E(Olzuh ‘n—aspy)’.

Since this quantity must be non-negative for every admissible scattering operator B and every vy € V, the passivity condi-
tion (41) is achieved if and only if oy =3 =0. O

In summary, even for a generic nonlinear scattering operator 53, the B-flux ((39), (63)) keeps the properties mentioned
when studying the proportional case, such as the control of both u, - n and py at the boundary. Note that this conclusion
has been reached without considering how B is computed, i.e. the analysis is so far independent of Sec. 3. However, to
conclude this section, it is insightful to derive a CFL stability condition, as in Sec. 4.3. For this, let us consider the following
reflection coefficient, inspired by the representation of physical models derived in Sec. 3.2,

Emax
. 1
B(s) = / mdu(%‘), (65)
Emm

where g is a measure on (§™MM £MaX) with 0 < £Min < gMAX _ 55 A sufficient condition for B to be bounded-real is

[leell HE’—LZHU <1, see Appendix C. The corresponding semi-discrete formulation results from a coupling between the ad-

ditional variables ¢, and the acoustic field v (space and time variables are explicitly stated to avoid ambiguity)
Orpn(t, &, —E) = —E@n(t, X, —&) + Pp(t, X) + up(t, %) -nX) (x€0Q, £ € [EMN, gMx)) (66)
Bvi(0) = —Apvn(0) — AL (O — AP B+ B+ un - m)(©).

The spatial discretization is given by (53), (54) with an additional boundary contribution A,{lﬂ Vin the decomposition of Ay,
compared to that of Sec. 4.3 given by, assuming that I'; = 92,

1 o
(.A}{f}‘/h, Wh)i2q) = E(mB(")th Wh)20) = —?(Vh, (Wﬁ - Wﬁ ‘M) 250)- (67)

The result, stated in Proposition 28, is a natural extension of Proposition 21 and more specifically of (56). It shows that, with
an explicit time integration, the maximum frequency (271)~&may of the scattering operator stiffens the system; in practice,
Emax must be chosen consistently with the dissipation and dispersion properties of the spatial discretization, as advocated
in Sec. 3.3.1. Numerical applications based on the scattering operator are considered in Secs. 5 and 6.

Proposition 28. Assume Vug = 0 (uniform base flow), V, = 11»2(771)"“ (finite volume discretization), and 8 bounded-real such that
el éﬁz 1 < 1. Asufficient L? stability condition for (66) is

1 u\ 7' 1 C
CFLSmin( . (1+M> S r‘;ax), (68)
2C3 Co 2C; hg

where the positive constants Cpg and Cyr, defined in Lemmas 32 and 33, are non-dimensional and do not depend upon the initial data
or the impedance.




Fig. 3. Impedance tube used in Sec. 5: Ly =1m, Ly = Lx/100, and mesh with 240 triangles.
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Fig. 4. Acoustic pressure p at x =0 (see Fig. 3). Gaussian-modulated sinusoidal source centered at 2kHz of amplitude As = ﬁ%{:‘lo% (Lx=1m, Ly =
Lx/100, Co = 344.32m.s~!, zo = 405.26kg.m~2.5!, prer =2 x 107> Pa, and SPL = 192.15dB). ( ) Exact solution (69). (- - - -) DG4-RKF84-B-flux ((39),
(63)) and CFL = 0.85. [Top left] Hard wall B = Z. [Bottom left] _Non—passive wall B = 3Z. [Bottom right] Nonlinear model (23) with (agp, Cy) = (0, 1).
(G ) DG4-RKF84-Z-flux ((39), (59)). [Top right] Linear TDIBC B4, see Fig. 7 and Table 2. (- - - -) DG4-RKF84-B-flux, Ny, =4, and PPW;(2kHz) = 9.64.
(G ) DG4-RKF84-B-flux, Ny, =2, and PPW; (2kHz) =4.82.

5. Numerical validation with nonlinear impedance tube

This section validates the proposed Z-flux ((39), (59)) and B-flux ((39), (63)), and illustrates the computational advantage
of the latter. It is enough to consider the so-called impedance tube since the IBC (2) is monodimensional (i.e. only the
normal component u - n is needed at the boundary, which stems from the locally reacting hypothesis). Let us briefly recall
the impedance tube exact solution, expressed in the notations of Fig. 3. At x =0 the incoming characteristic is given by
(D + u)(t,0) = ¢s(t) where ¢s is causal (i.e. ¢s(t) =0 for t < 0). The nonlinear IBC (8) is enforced at x = Ly. Assuming null
initial conditions p(0, x) = u(0, x) = 0, the exact solution is

St = o [t— X +1B L tx =g (- XY 15 L (69)
P(,X)—2¢s( Co) 5 (¢s)< % ),U(,X)—2¢s< Co) 5 (¢s)< % )

Note that the solution, derived with an elementary application of the method of characteristics, is naturally expressed with
the nonlinear scattering operator 3. If the IBC is linear, then B(v) = 8 x v and the analytical solution can also be derived
using the Laplace transform. As detailed in Sec. 3, the computation of 5(¢s) may involve delayed ODEs.

The LEEs (1) are discretized using a fourth-order DG method (see Appendix D) and the RKF84 eight-stage fourth-order
2N-storage Runge-Kutta method [71, Tab. A.9]. The mesh of 240 triangles (2400 nodes) is shown in Fig. 3. The source is
imposed using the numerical flux (A(nr)v); (see Sec. 4.1) and the IBC is weakly enforced with the Z-flux ((39), (59)) or
the B-flux ((39), (63)). Fig. 4 shows the exact and computed solutions at the inlet x = 0 for four impedance models and a
Gaussian source centered at 2 kHz. For the sake of clarity, the impedance tube is chosen long enough to avoid overlapping
between the incident and reflected waves. For each of the four models the exact solution matches the computed one, which
validates the proposed numerical flux functions.

The top right graph covers the linear TDIBC B4 given in Table 2 and plotted in Fig. 4 that models the MP liner studied in
Sec. 6. The computation of 34 + v through (34) involves a transport equation whose Ny -point discretization is characterized
by its number of points per wavelength (33): here, Ny =4 is sufficient. The bottom left graph covers the non-passive
scattering operator B = 3Z, outside of the scope of the analysis presented in this paper. However, the 5-flux does enable
to compute this case, by contrast to the Z-flux with which no stable computations could be obtained, even with a reduced
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Fig. 5. Maximum CFL number against SPL for the impedance tube of Fig. 4. (—©—) Hard wall B =1 and DG4-RKF84-B-flux. (- +--) Nonlinear model (23)
with (ag, Cp) = (0, 1) and DG4-RKF84- Z-flux. (-x--) Same nonlinear model with DG4-RKF84-B-flux.
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Fig. 6. Flow duct considered in Sec. 6 (aspect ratio of the GIT). Mesh of 106 triangles used in Fig. 14. Pressure measurements are taken on the lower wall
y =0. See Table 1 for geometrical dimensions corresponding to the GIT and GFIT.

Table 1
Geometrical dimensions of the GIT and GFIT. The acoustical cut-off frequency is computed through feyeoff = co(ZLy)‘], with co = /yrT ~344.32m.s~
(T =295K, ¥ =1.4, and r =287.058].kg~' K~ 1).

1

Ly, (mm) Ly, (mm) Ly (mm) Ly (mm) feurorr (kHz)
GIT [18] 203 609 812.8 51 3.38
GFIT [72] 203.2 812.8 1016 63.5 2.71

CFL number and different meshes. Finally, the bottom right shows the harmonic distortion, a genuinely nonlinear feature,
yielded by the algebraic nonlinear model (23) with C, = 1. As expected, both the Z and B fluxes lead to the same solution.

In Fig. 4, the CFL number has been kept at 0.85, its maximum value with a hard wall, for all cases. However, the analysis
of Sec. 4 has shown that the B-flux is to be favored over the Z-flux. Fig. 5 illustrates this point with the nonlinear model
used in Fig. 4. With the Z-flux, the maximum CFL number that leads to a stable computation decreases as the incident
SPL increases, since the resistance increases. By contrast, the B-flux enables to keep the same CFL number, which can
be understood from the passivity condition (9) that implies that B is a contraction. The value C, =1 has been chosen
arbitrarily, to highlight the nonlinear effect; as the nonlinear coefficient Cp; (resp. contraction coefficient C.) goes to infinity
(resp. zero), the SPL value above which the CFL drops with the Z-flux goes to zero. Although this example is elementary,
it illustrates the advantage of the nonlinear scattering formulation. A more advanced but linear application is presented in
the next section.

6. Numerical application in linear duct aeroacoustics

In this section, numerical simulations of two flow ducts are compared with experimental data, a summary of which is
given in Sec. 6.1. Sec. 6.2 describes the employed numerical methodology. Comparison with experimental data is done in
the last two sections, Secs. 6.3 and 6.4.

6.1. Experimental methodology and data

The study focuses on two ducts designed by the National Aeronautics and Space Administration (NASA), namely the
Grazing Incidence Tube (GIT) and Grazing Flow Impedance Tube (GFIT). A short summary of the experiments reported in
[18] and [72] is provided below.

Experimental setup. The GIT and GFIT share a similar geometry, described in Fig. 6 and Table 1. The acoustical source is
placed upstream of the entry plane x = 0, where a reference microphone is positioned on the lower wall. The source is
monochromatic, with a frequency chosen below the lowest cut-off frequency so that only plane waves propagate in the
duct. A near-anechoic termination is placed at the exit plane x = L. The sound absorbing material sample is mounted on the
top wall between Ly; and Ly,, while microphones are located on the lower wall. A Pitot probe system enables to measure
the base flow ug at given cross-sections. See [18, Fig. 2] and [72, Fig. 5] for visualizations of the ducts.

Impedance identification methodology. At each source frequency fs, pressure measurements are taken on the lower wall y =0
and used to identify the impedance value Zzjq(j27 fs). The inverse problem relies on the 2D convected Helmholtz equa-
tion (8 + updy)2p — C%Ap = 0 derived from the LEEs (1) by taking a uniform base flow ug = coMaygex, where My is
the measured average Mach number. Since the base flow is assumed uniform, the IBC used for the identification is not
(3), as considered in this paper, but the standard Ingard-Myers boundary condition with uniform impedance and straight
boundary: [18, Eq. 2]
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Although in principle more accurate results could be obtained by using corrected versions of the Ingard-Myers bound-
ary condition (see Remark 11), the identified impedance Zjy has proven satisfactory. Note that in addition to Zjy another
impedance is identified, namely the exit impedance enforced at the outlet x = L: this impedance is close to 1 since the exit
is nearly anechoic in the experiments.

Experimental data. The material considered in the GFIT experiment is a single degree of freedom micro-perforated liner
(MP) made from a honeycomb core (thickness I =38.1 mm, cell diameter d. = 9.5 mm) sandwiched between a perforated
facesheet (thickness I, = 0.8 mm, hole diameter d, = 0.3mm, and porosity o, = 5%) and a rigid backplate. Impedance
identifications have been done at an incident SPL of 120dB (chosen to minimize nonlinear effects), average Mach numbers
in {0,0.180,0.271}, and frequencies ranging from 0.4kHz to 2.6 kHz by steps of 0.2kHz. The GIT experiment focused on a
ceramic tubular liner (CT57) made from a ceramic tubular core (I = 85.6mm, d. = 0.6 mm, o, =57 %) and a rigid backplate.
The experimental data, partially reported in [18, Tabs. 1-9], covers an incident SPL of 130dB, average Mach numbers in
{0,0.079,0.172,0.255,0.335,0.400}, and frequencies ranging from 0.5kHz to 3kHz by steps of 0.1kHz. The 0.5kHz data is
excluded since it is less reliable [18].

6.2. Numerical methodology

Discretization. The discretization of the LEEs (1) is identical to that of Sec. 5. In all of the computations, the CFL number is
kept at 0.85, its maximum value with a hard wall (i.e. the TDIBC does not reduce the time step). At the entry plane x =0,
a plane wave source is imposed using the flux (A(nr)v)}, while a non-reflecting boundary condition, exact only for plane
waves, is imposed at x = Ly using (A(ng)v)},, (see Sec. 4.1). Note that no exit impedance is considered, by contrast with the
impedance identification methodology used in [18,72]. The TDIBC is given by (34) and is weakly enforced with the B-flux
((39), (63)) derived in Sec. 4.4.

Base flow. The chosen base flow ug = coMg(y)ey is the hyperbolic velocity profile [17, Eq. 2.4a]
Mo(r) = Mctanh(8~' (1 — |r])) + Mc[1 — tanh(3~1)][6 ' (1 + tanh(s~ ")) + 1 +|r(](1 — Ir])
Mc = Mayg[8In(cosh(8™")) + [1 — tanh(8~H)][(68) "' (1 + tanh(s™ 1)) + 2/3]]‘1,

where r € [—1, 1]. This velocity profile has two parameters: the average Mach number M,yg and the nondimensional bound-
ary layer thickness 8 € (0, 1]. For § = 1, the velocity profile is almost identical to the Poiseuille profile Mg (r) = 3Mavg(1 —1rd).
More accurate alternatives to this velocity profile include using a turbulent eddy viscosity model where Mj is known ana-
lytically [73, Eq. 3-4], or, when possible, an interpolation of the experimental flow. Using these other velocity profiles does
not significantly alter the presented results, but imply the use of a more refined mesh, hence why (70) is chosen herein.

In both experiments, the identified impedance values exhibit a dependency on the grazing base flow. In Secs. 6.3 and
6.4, to account for this dependency, we follow a simple approach inspired by the experimental study [10], whose result has
been recalled in Sec. 3.1. The grazing flow is considered as an additional parameter, so that the physical quantities found in
the acoustical model (17), such as I, or I for instance, are tweaked when a base flow is present. This empirical approach
has been found to be sufficient to match the experimental results.

(70)

Post-processing. A polychromatic source pg(t) = fe1 SINE7 fst) is used, and each frequency is then separated at the post-

processing stage using a sixth-order recursive band-pass filter designed and applied using the MATLAB® Signal Processing
Toolbox™ (functions designfilt and £ilter). The filtered pressure signals are then used to compute root-mean-square
(RMS) values prus at each frequency and microphone locations along the bottom wall. The decibel (dB) values are computed
with pgg = 20log;o(prms) + C, where the constant C is chosen so that pqg(x = 0) matches the experimental value at the
reference microphone. (Since the numerical scheme is linear, decibel values are indeed defined up to an additive constant.)
The simulation is performed over 80 periods of the lowest frequency and convergence of the RMS value is checked.

6.3. Grazing Flow Impedance Tube (GFIT)

Following the three-step methodology described in Sec. 3.3.1 discrete models § are built to match the values identified
in the GFIT at Mayg =0 and M,yg = 0.271, see Table 2.

Mayg = 0 case. The physical model (17) with coefficients given by (19), (21) provides a fair initial point for the nonlinear
least-squares optimization of step 1, the output of which is plotted in Fig. 7. The optimized model accounts for the resistance
increase at 0.4kHz and exhibits a high frequency behavior close to that of the non-optimized model (not plotted), with
anti-resonances located around the approximate values f, = nco/2i.. The output of step 2, i.e. the discrete oscillatory-diffusive
representation of the physical model obtained using a linear least-squares optimization, is therefore satisfactory. In step 3,
it is used as an initial guess to build the final discrete model B4 (the time delay T is not optimized) shown in Fig. 7.
A large number of poles, namely three pairs of oscillatory poles s, and two high frequency diffusive poles &, have been



Table 2
TDIBCs (31) obtained in Sec. 6. Only poles in the upper half-plane {s|J(s) > 0} are given (the full set is obtained by complex conjugation).

G —&nk (rads™) Fins 1k F2.n. 2,k
Ba Boo =1 7 =2.074709e—04s
—9.425004e+04 4.399745e+05 —3.301477e+05
—1.005288e+05 —4.844596e+05 3.648366e+05
—6.590198e+03+8.091231e+03i —3.316669e+03+1.245272e+03i 3.034471e+03—1.360501e+03i
—3.313575e403+3.441899¢+04i —2.597563e+03+2.012662e+03i 2.246072e+03—1.972699e+03i
—2.074806e+4-03+6.332235e+04i —2.161554e+03+1.610479e+03i 1.750988e-+03—1.684290e+03i
By Boo =1 7 =1.698885e—04s
—4.397915e+04 —3.896423e+04 9.305033e+03
—9.339632e4-034-8.499373e+03i —2.058287e403—2.722431e+03i —1.203382e+03—2.923788e+03i
—1.645826e+-04-3.974646e-+04i —7.781838e+03—3.535171e+03i —8.796038e+02+-3.204374e+02i
—2.106499e+04+7.256816e+04i —1.507929e+04—1.588215e+04i —1.536644e+03+7.662377e+02i
Bc Boo =1 7 =3.100751e—06s
—5.748740e+03+4.228554e+03i —1.010084e+05+2.101821e+05i 1.005155e-+05—2.103401e+05i
Bp Boo=0.5 % =4.799390e—04s
—3.816516e+03+4.734560e+03i —7.194232e+02—5.447907e+02i 1.625807e+03+9.996580e+01i
—2.765741e404+2.000290e+04i —7.179701e+03—7.336684e+03i 1.614688e-+04-+1.930627e-+04i
B Boo =07 7 =5.099183e—04s
—9.424902e+4-04+3.641784e+04i —7.932877e+04—1.495889e+05i 5.737738e-+04+8.853810e+04i
Br Boo = 5.888134e—01 # =5.217335e—04s
—6.414157¢ 9.506538e+04 —1.096633e+04
—2.051627e+04 —1.320127e+05 1.486746e+04
—4.849574e4-0346.072352e+03i —1.457643e+03+3.397179e+-04i 5.526842e-+02+7.586494e+02i
—6.618336e4-03+1.885015e+4-04i 3.599154e+03+3.495625e+03i —4.862369e+02+-5.032293e+02i
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Fig. 7. Impedance z and reflection coefficient /§ (%) Zia/zo identified with the methodology described in Sec. 6.1. MP liner in the GFIT at M,z =0 and 120dB
[72, Fig. 12]. ( ) 2mp/z0 (17) with optimized coefficients o, 'ag = 2.221 x 1071, o, Tar, =2.518 x 107352, 0, a; =3.408 x 1075, o' =1.107,
bo =1.750 x 1072, b1/, = 2.321 x 10745"2, and by = 1.037 x 10™*s; time delay T = 2by =2.075 x 10™*s. (- - - -) TDIBC Ba: Ny =8 poles (Ng =2, Ny =6),
(2r)~ " max(&. |sn|) = 1.008 x 10" kHz, and 7 = 2.075 x 10~*s. (This curve assumes that the time delay term e~27f7 is perfectly approximated.)

chosen to build a broadband approximation. The corresponding SPLs along the lower wall are given in Fig. 8 for two
choices of Ny to illustrate the impact of the delay discretization: a value of Ny =4 is sufficient here. The agreement with
experimental pressure measurements is satisfactory, the largest error occurring at 1.4kHz. However, based on the plot of
|Bial given at the bottom left of Fig. 7, this point appears to be an outlier. To confirm this, the SPLs obtained with the
identified impedance values are also given. They are computed using six proportional-integral-derivative (PID) impedance
models Zpip i(s) =dg ;s~! +dy ; +dy is, implemented as (34) with ¥ = 0, each chosen so that Zpip ; (j27 fi) = 2iq(j27 f;). The
plot shows that at 1.4kHz the tuned PID model also exhibits a significant error.

Mgyg = 0.271 case. The identified values exhibit a strong resistance increase compared to the no flow case. Here, step 1
requires some care: the optimization of the physical model coefficients (17) is strongly dependent on the initial point,
in stark contrast to the other three cases considered in this paper. A contributing factor to this sensitivity is the lack
of anti-resonance in the experimental data, which stops at 2.6kHz. Fig. 9 plots an optimized model that exhibits two
anti-resonances, obtained by doubling I. in the initial guess ((17), (19), (21)). Additional experimental data would be needed
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Fig. 9. Impedance Z and reflection coefficient 3 (X) Zig/zo. MP liner in the GFIT at Mayg = 0.271 and 120dB [72]. ( ) Zmp/z0 (17) with optimized
coefficients o, 'ag =2.220 x 10714, 6, ', = 2.220 x 107145"2, 0710y =2.220 x 1075, 6,71 =2.116, bp =2.220 x 107", by, =7.67 x 10735"2, and
b1 =8.494x 107> s; T =1.699 x 10~#s. (- - - -) TDIBC fg: N, =7 poles (N¢ =1, Ny = 6), (27r) ! max (£, Isnl) = 1.203 x 10' kHz, and ¥ = 1.699 x 10~*s.
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delay term e=27Jf7 is perfectly approximated.)

to validate this model above 2.6 kHz. This sensitivity is also exhibited by step 3. If the time delay T is optimized, it is greatly
reduced (i.e. T « t) thus modifying the high frequency behavior. To illustrate this point, Fig. 9 shows two discrete models.
The model fc is obtained by keeping I. to its physical value in the initial guess of step 1, choosing only one pair of
oscillatory poles s, in step 2, and optimizing on T in step 3. It provides an adequate approximation of the experimental
data but a poor high frequency behavior, linked to its negligible delay ¥ ~ 7/54. The model Bg is obtained by using the
physical model shown in Fig. 9 during step 1, choosing three pairs of oscillatory poles s, and one high frequency diffusive
pole & in step 2, and keeping T constant in step 3.

Fig. 10 plots the computed SPL distributions. The dotted curves enable to check the relevance of the identified impedance
values. The strongest disparities are obtained below 1kHz where the measurements suggest the presence of a longitudinal
resonance not modeled with our non-reflecting outlet, also noticeable in the no flow case, see Fig. 8. At these low frequen-
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cies, the fidelity of the SPLs obtained with Bz and B¢ is therefore bound to be limited. Although the TDIBC B is significantly
more expensive than C, both lead to similar SPLs with no significant discrepancies. The time delay of S¢ is negligible on
the considered frequency range so that the minimal value Ny =2 is already too large, as shown by the value of PPWz;.

6.4. Grazing Incidence Tube (GIT)

Mgyg = 0 case. Step 1 delivers an adequate set of coefficients for the physical model (17), see Fig. 11. The model Bp is
obtained by choosing the first two pairs of oscillatory poles s, in step 2 and optimizing the time delay 7 in step 3 (although
it can be kept constant as well). The slight decay of the physical model at high frequency is linked to a small but non-null
diffusive part that can be captured by adding diffusive poles & to fp [5, § VI.B]. However, this is not needed here in view
of the computed SPLs shown in Fig. 12. Compared to the MP liner considered in Sec. 6.3, both a higher delay and a higher
maximum frequency lead to a sensible increase in Ny,.

Mayg = 0.4 case. The identified impedance values display a very low resistance within [0.7,1.1]1kHz and the shape of 1Bidl
suggests the presence of noise in the data, see the bottom left of Fig. 13, as one may expect due to the high value of
Mayg. The output of step 1 is sensitive to the chosen experimental points since the physical model (17) cannot fit both
the low and high resistance regions, namely [0.7,1.1]kHz and [2.3, 3]kHz. However, step 1 is not sensitive to the initial
guess provided that the chosen data points cover the anti-resonance. Additionally, the 1kHz value is best removed since
it leads to an instability with the LEEs as shown in the dotted curve at the top right of Fig. 14, and investigated in [74,
§ VLB.2]. (Including the 1kHz point in the optimization process has been found to systematically lead to an unstable pole,
i.e. N(sp) > 0 or & < 0.) Due to the shortcomings of the physical model, step 3 has a tendency to overfit the experimental
data, so that we do not optimize on the delay 7 during step 3.

The discrete model B, plotted in Fig. 13, is obtained by using only 2 oscillatory poles s, and excluding the data points
in/at [0.7,0.8], [1,1.4], 1.8, and [2.1,2.3]kHz. Fig. 14 shows that B compares favorably to the experimental pressure
measurements. The increased resistance at 1kHz compared with the identified value reduces the instability, although not
enough to fit the experiment. The discrepancy at 3 kHz, since it is also obtained with the identified value, could be explained
by the presence of higher-order modes in the experiment, which can be assessed using the cut-off frequency of a hard

walled duct with uniform flow, given by co(2Ly)~!,/1 — M3, = 3.01kHz.

The discrete model BF is obtained by excluding the data points in/at [0.7,1.2], 1.8, and [2.1, 2.3]kHz. Compared to BE,
the addition of one pair of oscillatory poles s, and two high frequency diffusive poles & leads to an overfit that significantly
alter the high frequency behavior, see Fig. 13. However, the corresponding SPLs are satisfactory, especially at 3 kHz. Since
the delay of both models is close, they share a common value of Ny,.
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7. Conclusion and perspectives

The semi-discrete energy analysis presented in Sec. 4 has shown the computational advantage of using the scattering
operator over the impedance and admittance operators when solving the linearized Euler equations. In the analysis, the IBC
has only been assumed to be admissible in the sense of Definitions 1 and 6. The derived numerical flux, the so-called B-flux
((39), (63)), has been interpreted in Remark 26 as that obtained from solving the monodimensional Riemann problem at
the impedance boundary, which is standard in computational fluid dynamics. In practice, if the scattering operator cannot
be computed efficiently or is not available, then the impedance (resp. admittance) is to be preferred a priori if the material
is close to a pressure-release wall (resp. hard wall). A consistent but not passive numerical flux has been exhibited in
Example 24, which justifies the need for such a careful analysis of the numerical flux and highlights the fact that the sole
definition of the discrete model is not enough to fully define a TDIBC.



Fig. 13. Impedance Z and reflection coefficient B (%) Zig/zo. CT57 liner in the GIT at Mayg = 0.4 and 130dB [18]. (
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Fig. 14. RMS values of acoustic pressure prys on the lower wall y = 0. DG4-RKF84-B-flux on 106 tri~angles (1060 nodes), CFL = 0.85. Base flow (70) with
Mayg=0.4 and 6 =0.2. ( ) TDIBC B¢ with Ny =8 so that PPW;(3kHz) = 5.23. (- - - -) TDIBC Br with Ny =8 so that PPWz(3kHz) =5.11. (e )
Six TDIBCs fBpip with § =0.26. (X) CT57 liner in the GIT at Mayg = 0.4 and 130dB [18, Tab. 8].

An example of nonlinear scattering operator, derived from a physical perforation impedance model in Sec. 3, has been
shown in Sec. 5 to deliver a stability CFL number independent of the incident sound pressure level, by contrast with a
formulation based on the impedance operator. The analytical solution (69), sufficient for validating of a nonlinear TDIBC,
has been recalled.

Within the linear realm, the oscillatory-diffusive representation of a physical reflection coefficient model, applicable to
acoustical liners, has been given in Sec. 3 and has led to the definition of the time-delayed broadband discrete model (31)
that bears some similarities with discrete models postulated in the literature. In order to perform time integration with
a Runge-Kutta method, a purely time-local formulation (34), based on a realization of the time delay through a transport
equation, has been applied to two flow ducts in Sec. 6.

More marginally, Sec. 2 and Appendix A have recalled the interest of using the Laplace transform over the Fourier
transform to deal with the admissibility conditions of impedance models.



The limitations of this work suggest ideas for future studies; five of them are listed below, the first three being numer-
ical. First, a similar energy analysis could be applied to Ingard-Myers type IBCs in order to gain theoretical insights into
their discretizations. Second, the presented nonlinear numerical application could be extended to a differential impedance
operator Z. In such a case, the computational challenge lies in the efficient computation of 3, which must avoid comput-
ing (zy 1z + 7)~! since it may involve a nonlinear stiff ODE. Third, the present study can be seen as a first step towards
the analysis of the enforcement of a TDIBC with the Euler or Navier-Stokes equations. Challenges include the filtering of
the perturbation as well as the treatment of the diffusion term at the impedance boundary. The last two suggestions are
physical. Fourth, the present work shows that TDIBCs benefit from physical knowledge about the impedance. This calls for
additional investigations into the suitability of available models in the presence of grazing flow and broadband sources,
as well as the inclusion of uncertainties during both identification and simulation. Last, the physical relevance of using a
nonlinear impedance model with the LEEs could be investigated, by comparison with experimental data gathered in an
impedance tube at high SPL.
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Appendix A. Difference between Fourier and Laplace transforms for impedance models and admissibility conditions

Many works related to impedance boundary conditions use the Fourier transform, at least formally. The objective of this
appendix is to briefly present why the Laplace transform should be preferred to the Fourier transform when dealing with
causal functions. The Fourier transform is defined over the set of tempered distributions S’(R) (i.e. generalized functions
with at most polynomial growth at infinity) [4, Chap. V] [51, Chap. 7] [50, § 1.8]. This implies that the use of the Fourier
transform is not always possible, as it does not apply to an exponentially growing function like t — H(t)e! for instance. The
Laplace transform is defined over the set of causal distributions D/, (R) with at most finite exponential growth at infinity
[4, Chap. VI] [51, Chap. 8] [50, Chap. II]. A practical consequence of these definitions is that the Laplace transform is always
a holomorphic function of an open right half-plane while the Fourier transform may only be a tempered distribution. As a
result, using the Fourier transform is usually more cumbersome. Let us illustrate this point on two examples encountered
in acoustics.

Fourier transform of physical impedance models

The Laplace transform Z of a physical impedance model is a holomorphic function of the open right half-plane {%(s) > 0},
see e.g. the examples of Sec. 3.1. Since it is a positive-real function, the Fourier transform F(z) exists and belongs to S’(RR)
[50, § 3.5]. However, the mere substitution of jw (w € R) for s in the expression of z(s) does not yield the Fourier transform,
i.e. F(2)(w) # zZ(jw). Mathematically, this is due to the fact that the limit limy_,0Z(0 + iw) may only exist in the space of
tempered distribution S’(R).

The impedance model z(s) = 1/s, which arises in the modeling of ground layers [5, Eq. 24], is a textbook example of this
phenomenon. The function w +— 1/jo exhibits a non-integrable singularity at @ = 0. As a result it is not a distribution and
thus cannot be a Fourier transform. Taking the limit in S’(R) yields the standard expression

F@)(@) =pv (l) + s,
jo

where pv denotes the Cauchy principal value. It is important to note that F~! [pv (le)] t) = %sign(t) is not causal: the

term “m$” is needed for causality. Similarly, consider the impedance of a lossless cavity (see Sec. 3.1) z(s) = coth(b1s)
with by > 0. Again, the function w — coth(jb;w) = —j cot(b1w) has non-integrable singularities at the anti-resonant angular
frequencies w, =n7/b; and therefore cannot be a Fourier transform. The Fourier transform is given by

+00
F(2)(w) = pv (coth(jbiw)) + ;T—l Z b (w — ﬂ) ’

n=—oo

where the infinite sum converges in S’(R). Note that the 7/b;-periodic distribution F~1[pv (coth(jbi@))] is not causal, as
illustrated by its Fourier series expansion

oo
pv (coth(jbjw)) = Z c ei2mhie

n=—o0

with ¢co =0, ¢, =-1, and c_, = —c, for n > 1.



Admissibility conditions

In Sec. 2.2, admissibility conditions have been formulated using the Laplace transforms z, y, and /§ see Propositions 3
and 8. These conditions are straightforward to verify in practice using the expressions of physical models. However, for-
mulating the same admissibility conditions using the Fourier transform is more involved. Let us illustrate this point by
considering the causality condition for a tempered distribution z € S’(R). The distribution z is causal if and only if its
Fourier transform JF(z) satisfies a so-called dispersion relation [50, Thm. 3.10], which links its real and imaginary parts. By
contrast, the distribution z is causal if and only if its Laplace transform Z is bounded by a polynomial in [s| in the open
right half-plane {R(s) > 0} [4, Thm. VL5] [50, Thm. 2.5] [51, § 8.4]. As shown by the example below, a formal use of the
Fourier transform can lead to mistakes.

Example 29. Let us consider the kernel given by z(t) = §(t) + §(t + ) with T > 0. Since T > 0, z is not causal. A simple
examination shows that the Laplace transform z(s) =1+ e™5? is not positive-real since %(1 4+ e™5?) < 0 for some s (C(J)r
with a sufficiently large real part. This is consistent with the fact, recalled in Sec. 2.2, that a real (continuous) LTI system
cannot be both anticausal and passive. Note that a formal use of the Fourier transform can lead to a mistake, since this
kernel satisfies both Z(jw) = z(—jw) and R(Z(jw)) > 0 for any w € R but is not passive.

Appendix B. Discontinuous Galerkin estimates

This appendix gathers the few technical results needed for the stability analysis presented in Sec. 4. The background
material for the analysis can be found in [66], [65], and [67]. As stated in Sec. 4, (7), is a sequence of meshes indexed by
h:=maxreT, ht, where hr denotes the diameter of the element T € 7. For simplicity, each mesh 7}, is assumed to be sim-
plicial [65, Def. 1.53] [66, Def. 1.11], geometrically conformal [65, Def. 1.55] (also “matching” [66, Def. 1.36]), shape-regular
[66, Def. 1.38] [65, Def. 1.107], and the mesh sequence (7,) is assumed to be quasi-uniform [65, Def. 1.140] [66, § 3.1.2].
The key result needed is the standard trace inequality, which is recalled below.

Lemma 30 (Discrete trace inequality). Let (Ty) be a quasi-uniform sequence of simplicial, geometrically conformal, and shape-regular
meshes. For any dimension n € N* and degree k € N*, there is a constant C; > 0 such that Vh > 0, VT € Ty, for any face Fr,

Yy € PET)™ . B2 1vall 2,y < CerllVill2 ey (B1)

The constant Cy only depends upon n, k, and the mesh regularity parameter p1 := infy infre 7, }:—; with ry the radius of the largest ball
inscribed in T.

Proof. Let h > 0 and T € 7Tp. Since 7y is a simplicial, geometrically conformal, and shape-regular mesh, we have [G6,
Eq. (1.39)] th/ZHVh”LZ(FT) < CusllVall2(r), where Cis only depends upon pq, n, and k. By definition, the quasi-uniformity
of T gives a constant C > 0 such that Ch <minre7; hy. O

The estimation of the impedance boundary terms in Ay ((53), (67)) relies on the two following lemmas. Note that these
lemmas imply a departure from the framework developed in [67], since the condition (DG3a) does not hold.

1/2

Lemma 31. For any vy, € PX ()", ||A;]0}VE||L2(Q) < CtrZ*l/Zcé/zh*VZ(N(n)vh, Vi) 2y Where
@ +(@-1)*nen 0n
Nn):=c [ 1 ,
0 0; a2 + (o — 1)?
and Cy > 0 is defined in Lemma 30.
Proof. Let wy :=((w})T, wf)T € ]P”;(Th)”“. The definition of ALO} yields
u
oy - n WZ ‘n
{0}, n ] _Co (@2 —1)p Wy -1
(A v, Wh)2q) = E(MO(")Vh — AM)Vh, Wp) 250 = 3/ (s —Duy-n | Wﬁ dx.
aQ 5 5
oap WII:
12

. . . 0 1 .
The Cauchy-Schwarz inequality then gives (.A;l }vz, Wh)j2(q) < %(N(n)vh, vh)L/zz(m) Iwhllj25q) and the conclusion follows
from Lemma 30. O



Lemma 32. For any v, € PK(T,)"*1,
0 - _ RV .
1A v+ AP BB+ un w2 < Ca2 ™ coh™ 2By — wn -1 — BB+t W) 1250
where Cy > 0 is defined in Lemma 30.

Proof. Let wp, :=((w})T, Wf)T € IP’ﬁ (Tp)™*1. The definition of Al{f” + .A,{f;} and the Cauchy-Schwarz inequality yield

0 -
(A,[I v, W2 + («4,{1&,3(1911 +up-n), wp)2q,

1 1 -

= E(MO(")Vh — AM)Vy, Wi) 250 + z(mB(n)ﬂ(ph +up-n), Wh2,g)
Co -~ = p u

= 3(1711 —Up-n—B(Pp+Up-N), Wy — W -M)2050)
Cco . -~ -

< _2”ph —up-n—B(Pr+un- Moo lWillizeo)

and the conclusion follows from Lemma 30. O
The non-boundary terms of Ay, gathered in Aj, are covered by the last lemma below.

Lemma 33. For any v, € PK(T,)"*1,

~ _ 1
1 nVhll 20y < Coch™"?ll1tto] + Coll % (g [ Vi lupw + 1ACVR) Vi + BVl 20

where Cpg == (v/2 + %)ctr > 0 with Cy; defined in Lemma 30.

Proof. This is a standard estimate that relies on the Cauchy-Schwarz and discrete trace inequalities, see [66, Chap. 3 & 7]
and [67]. Let wy, € IP”,;(E)““ with k € N*. Each of the three terms in (54) is estimated separately. The first term readily

yields

Y AV, Wh)pp) = (A(V) Vh + BV, Wi () < AV VA + BVill 2 () Whll2 o)
TeTh

For the last two terms, we use the inequality

1 1
(AME)Vh, Wi p2p) < (AME) VA, vi) 3 o (AGE) Wi, wi) )5

which follows from the fact that the real symmetric matrix A is diagonalizable with A = PAPT, where A :=diag(uo -n +
Co,Ug-M—Co,Ug-M,---,Ug-n) and P is an orthogonal matrix (recall that |A| := P|A|PT). (This inequality yields the (DG8)

condition in [67].) Using (B.2), the Cauchy-Schwarz inequality, and Lemma 30 give

1/2
) (A(m)[[vh]],{wh})pmsﬁctrh”ﬁ(mgw\(nmn) |Vhlupw | Whll 20,
i FeF,
FeF} h

where p(|A(nf)|) denotes the spectral radius. Similarly,

1 1 12
> 2 (@ADL [WhD iz < —=Cah™"2(max p(A®AD) Vi lupw I Whl12()-
2 Ferl V2 FeF}

h

The final estimate follows from MaXp zi p(A(mp)]) < maxFe]_-;;(luol +co) < lllug| + collLe(). O

Remark 34. Assuming a uniform base flow (Vug = 0) and a finite volume discretization (k = 0), |A(Vp)Vh + Bvpll2(q) =0,
and the estimate of Lemma 33 is reduced to ||fthvh||Lz(Q) < Cpch™"2(Juo| + c0)"?|Vh|upw, Which is used in Sec. 4 to derive

a sufficient stability condition using an energy method.



Appendix C. Proofs of stability conditions

Proof. (Proposition 21) The proof follows the energy method, in the spirit of the analysis carried out at the continuous
and semi-discrete levels in Secs. 2.3 and 4.3. A comprehensive analysis of the energy method to derive CFL-type stability
condition for coercive problems can be found in [75]. Note that the stability conditions derived in [75] cannot be directly
applied herein since Ay is not coercive in the sense of [75, Eq. 3.2], see (37). See also [65, Chap. 6], [66, § 7.5.2], and [76,
Chap. 7].

Given the expression of the continuous energy (14), we define the discrete energy as &) := ||v} 112 2 By taking the

(@)°
scalar product of (52) with v} and usmg the identity ab = 2a +3 1p2 _ l(a —b)?, one obtains the standard discrete energy
balance [75, Eq. 3.4] 1&H! = 1&m 4 Ljvit! — w2 At(Ahvh, V). The expression of (AxVp. Vh)i2(q) given by (37)

yields

L2(2)

At A At
1 1 2 2
—S;IH_ = —5’? —||Vn+ — Vz “LZ(Q) — —(C(UO)VZ, VZ)LZ(Q) — 7|V2|upw — T(MO(n)VZ, VE)LZ((QQ),

n+1

where each term has a clear interpretation: 3 ||v is the anti-dissipation due to the explicit nature of the

Vh ”LZ (Q)
time-marching scheme; —(C(uo) v}, vh)Lz<Q) is the contribution of a non-constant base flow ug; —|V'ﬁ|121pw is the dissipation
due to the upwind flux (would be null with a centered flux); (M(](")Vh, vh)Lz(aQ) is the dissipation due to the IBC.

The key step of the proof is to estimate the anti-dissipation term 5 ||v”+1

yields the estimate

-V ||L2(Q) The decomposition of Ay readily

n+1

Afz 0
= ||v ~ Vit = S 1AV o) < ACIAWVR I g, + APIAY Vi g

where the energy production that occurs at the impedance boundary is bounded by ||.A{O}vh 1% The estimate of this term

L2(Q)°
is provided by Lemma 31, which does not require the finite volume hypothesis. Lemma 33 provides a bound for [ Ay v} |12(q)
that does need the finite volume hypothesis. Using both Lemmas 31 and 33, the discrete energy balance becomes

1 . At _ At

5"“ < = (1= Atmin Amin(0)) & — — (1 — 2C3 At(co + [uo)h ™) Vi 2w — = M) VA, Vi) 1250
2 2 xeQ 2 2

where I(n) := %(Mo(n) + Mo(m)T) — %‘szFL(N(n) + N@m)T) so that (I(m)vp, vp)pne1 = (Im)vy, Vip)g2 with v = (up -n, pp)T

and

fn) = c (a1 — CCFL(a? + (a3 — 1)%)) iy
=0 2ty g — CACFL( + (a2 — 1)?) |

The conclusion then follows from Lemma 19. O

The proof of Proposition 28 is similar, but relies on an energy balance for the additional variables ¢, given herein.
(Although energy balances associated with diffusive representation of positive-real functions are available in the literature,
this is not the case for bounded-real functions.) Let 3 be given by (65) and denote b = 8 xa for concision. The realization
of B is, as seen in Sec. 3.2,

dp(t, =§) =—Ep(t,=§) +a(t), ¢(0,-§) =0
[b(t) = [ 0t ~£) du(®). (1
The energy of this realization can be defined as
gmax i
GRS f lon(E )2 00, (C2)
gmin
leading to the energy balance
,  1d 2 ||M||L1 o
22 S < Zly IR [ eon+a? 52 , (€3)
gmin

from which we deduce that a sufficient condition for ﬁ(s) to be bounded-real (i.e. for 8 to be an admissible scattering
operator) is that the measure p satisfies ||u|[;1 || |1 < 1. Using (C.3), we can then prove Proposition 28.



Proof. (Proposition 28) The proof relies on an energy analysis similar to that of Proposition 21 with one additional techni-
cality: the energy is not reduced to ||vh||L2(Q) but must include a contribution £ from the diffusive variable ¢}, defined as
(C.2). For the sake of clarity, we first write down the semi-discrete energy balance before considering its discretization.

(Semi-discrete energy balance) Using the energy balance associated with £z (C.3), the semi-discrete energy balances
reads

~ Il
18 < 2((Bn +up-m)? — B(Pn +up -m)?) — 5L fémm (=&@n + b + uh )2 & 7
%illvhlle(Q) = —3(C(U0)Vh. Vi) 2(2) — 3| Vhl2pw — (MO(”)Vm Vi) 29) — (Ah vy, Vi) 12(q)-

The identity (64) enables to rewrite the second line to explicit the energy exchange between the diffusive variables ¢, and
the acoustic field v:

~ llpell max = d
18es <2 (Bn+un-m)? — B(Pn +up -m)?) — M f;min (=&@n+pn+up ,n)zé_/;
%dQIIVhIILz(Q) —3(C(Wo) Vi, Vi) 2() — 3 |Vlopw — S (I Pn + 1t - "IILz(dQ) I1B(Pn +up - ")Ile(dQ))

- %“f’h —up n_ﬁ(f)h +up .n)”LZ(QQ)'

The semi-discrete energy balance is obtained by integrating the first inequality over 92, multiplying it by co/2 and summing
it with the second one

1d 1 5 Co ¢ - 2 du
Eagh___(C(uo)vhvvh)Lz(Q)_ Elvhlupw_ Z”M”Ll / ” _§¢h+ph+uh'n”[_2(39)$_2
%‘min
Co, ~ - 2
__”ph_uh'n_ﬂ(ph+uh'n)||L2(3Q)v (C4)

where the extended energy is defined as &, := ||vh||L2(Q) Cz—oé',g. The third and fourth terms of the right-hand side express

the dissipation that occurs at the impedance boundary (here, 92).
(Discrete energy balance) The explicit Euler discretization of (66) leads to

Emax

dp
Vi = Vi VD + il [ @ - o D) ¢

gmm
At At o d
Co ~ M
< —— (C@o)Vh, Vi) = 5 IVhlipw — 5 At f I — &y + Py + up ~n||§z(m)§—2
Emin

Co ~ ~
— ZAthz —up-n—B(pp +uj - ”)”zz(am’

and the identity (a—b)b = $a? — $b? — 1 (a—b)? enables to rewrite this with the discrete extended energy £ := ||vh||L2<Q) +

d
DUl [ 19712 50 B

Emax
1 49 1 At At o Co - 2 du
igng < 55;11 - T(C(uo)vﬂ, V;«,I)LZ(Q) - 7|V2|upw - ZAt”M”Ll / Il — Efﬂﬂ + Pz + uZ 'n”LZ(aQ)g_Z
Emin
Co -
= AtIB, — e m = BB+ uy Wl 0,
Emax d
"
|| VI V%, )+ Sl / ~leptt = 0 5
Smin

The task is now to estimate the two anti-dissipative terms so that they can be provably controlled by the three dissipative
ones. Let us bound the anti-dissipation on v, with Lemmas 32 and 33:

A2 o 0 5
SV V1 ) = S 1A+ AL v AP B+ ) g

~ 0 ~
< AP Apvility ) + APIAY Vi + AP BB+ un 2, g



_ Cc2 s 3
< CBg AL (co + [uoDh ™ |Vhlgpw + SF AL Coh ™ 1 Ph — -1 — B(Bh + - W)I7 -

2
Using Lemma 32 and the identity %II(;?L1le - ¢,’}\|i2(m) = ATtZ Il — .§<p,f,‘ + Dp +up '"”%2(39)' the energy balance becomes

1 1 At At _

SET <S8 - S CaV Vg — 5 (1 — 2C2. At(co + gD 1) VI
Emax 1 d
Co - n
— 2 Aty f Il = £@f + Ph + uf - nlla g <§ - At) 3
Smin

Co C2 _ ~ ~
-~ (Z“‘ —-atich 1) IBh — ufy - = B(Bp +upy - W1 5

which enables to conclude. O
Appendix D. Implementation details

The implemented numerical scheme is a standard DG method. It is nodal in the sense that on each of the N triangles
the solution v, is computed through its components in the Lagrange basis associated with the N, points described in [69,
§ 6.1]. For a N-th order DG, Np = N(N 4 1)/2. Let us now assume that the linear TDIBC is given by

Bw) () = oo W(t) + Q1 (W)(0) + Qa(W)(t — ©),

which corresponds to the TDIBC (31), where w is a shorthand for “py + uj - n”. The global assembly is performed in three
steps.

(1) Spatial discretization. The global DG formulation reads

MV + Kv = Fsvs + Fg, Q1(Cr,v) + Fo, Q2(Cr, v)(t — T), (D.1)

where v := (vh(xf?)),-,k is the discrete acoustic field (3NgNp elements), and M, K, and F are the standard mass, stiffness,
and flux DG matrices. The IBC manifests itself through the (rectangular) observation matrix Cr, that are associated with
the DoF that belong to the impedance boundary I',. The operators Q; are applied to each component of the vector Cr,v of
length Nr,. Note that, at this stage, the actual definition of the operators Q; does not matter.

(2) State-space realization. By construction, the operators Q; have a state-space realization with state vector ¢ := (@i)ie(1, N,
of length N,

o) =A@(t) +Bw(t)
Qi(w)(t) = Cg;@(t) + Do, w(t),

where A =diag(sn, —&)n k is a diagonal Ny x N, matrix, B = (1)1»6[[14,,\,(/)]], Co; = (Tn,i, fk,i)n,k» and Do, = 0. Then, injecting
(D.2) into (D.1) leads to the following formulation

(D.2)

Mv(t) + Kv(t) = Fsvs(t) + B (Czv)(t — T), (D.3)
where v now denotes the extended state v := ((vh(xi.‘)),-,k, ((p")k) of length 3Ng N, + Ny, Nr, and the matrices are obtained
by concatenation (the same notations M, K, and Fs are used for the sake of concision). For instance, C;v = ((pk)k = (wf)k,j

is of length Ny Nr,. This is a finite-dimensional delay differential equation that can be advanced in time with a variety of
methods.

(3) Time delay computation. Following Sec. 3.3.2, each of the Ny, Nr, variables (p? are delayed through a monodimensional DG
on (—Iz,0) that reads
Mpcip¥% + Kncio¥’ = Focing
@k (t — 7) = Cocip¥i(0),

where 1//’]? is vector of length Ny . Note that (D.4) can be written as (D.2), i.e. it is a state-space realization of the time
delay. Combining (D.3) with (D.4) leads to the final global formulation Mv + Kv = Fsvs, where the vector v, of length
3NgNp + (Ny +1)NyNr,, now includes the acoustic field [vh(xf.‘)],-,,< as well as the additional variables ((pzf)k,j and ('ﬁ’;)k.j-

(D.4)

The addition of a nonlinear term Qy to the discrete model 5 does not change the assembly process described above,
which yields Mv 4+ Kv = Fsvs 4+ Fg_ Qni(Cg,,v). In the case of (25), Qn(w) can be directly computed. If it exists, Qni(w)
can be replaced by its nonlinear state-space realization.



References

[1] C. Tam, Computational Aeroacoustics: A Wave Number Approach, Cambridge University Press, Cambridge, 2012.
[2] PM. Morse, K.U. Ingard, Theoretical Acoustics, Princeton University Press, Princeton, 1968.
[3] LE. Kinsler, A.R. Frey, Fundamentals of Acoustics, second ed., John Wiley & Sons, New York, 1962.
[4] L. Schwartz, Mathematics for the Physical Sciences, Hermann, Paris, 1966.
[5] F. Monteghetti, D. Matignon, E. Piot, L. Pascal, Design of broadband time-domain impedance boundary conditions using the oscillatory-diffusive repre-
sentation of acoustical models, J. Acoust. Soc. Am. 140 (2016) 1663-1674.
[6] T.H. Melling, The acoustic impedance of perforates at medium and high sound pressure levels, J. Sound Vib. 29 (1973) 1-65.
[7] A. Cummings, Transient and multiple frequency sound transmission through perforated plates at high amplitude, J. Acoust. Soc. Am. 79 (1986) 942-951.
[8] M. Meissner, The influence of acoustic nonlinearity on absorption properties of Helmholtz resonators. Part I. Theory, Arch. Acoust. 24 (1999) 179-190.
[9] Q. Zhang, DJ. Bodony, Numerical investigation and modelling of acoustically excited flow through a circular orifice backed by a hexagonal cavity,
J. Fluid Mech. 693 (2012) 367-401.
[10] R. Kirby, A. Cummings, The impedance of perforated plates subjected to grazing gas flow and backed by porous media, ]. Sound Vib. 217 (1998)
619-636.
[11] Q. Zhang, D.J. Bodony, Numerical investigation of a honeycomb liner grazed by laminar and turbulent boundary layers, ]. Fluid Mech. 792 (2016)
936-980.
[12] S. Laurens, E. Piot, A. Bendali, M. Fares, S. Tordeux, Effective conditions for the reflection of an acoustic wave by low-porosity perforated plates, J. Fluid
Mech. 743 (2014) 448-480.
[13] H.H. Hubbard (Ed.), Aeroacoustics of Flight Vehicles: Theory and Practice. Volume 2: Noise Control, NASA, 1991, WRDC 90-3052.
[14] L. Cremer, Theory regarding the attenuation of sound transmitted by air in a rectangular duct with an absorbing wall, and the maximum attenuation
constant produced during this process, Acustica 3 (1953) 249-263 (in German).
[15] D.C. Pridmore-Brown, Sound propagation in a fluid flowing through an attenuating duct, J. Fluid Mech. 4 (1958) 393-406.
[16] B. Tester, The propagation and attenuation of sound in lined ducts containing uniform or ‘plug’ flow, J. Sound Vib. 28 (1973) 151-203.
[17] D. Khamis, E.J. Brambley, Viscous effects on the acoustics and stability of a shear layer over an impedance wall, ]. Fluid Mech. 810 (2017) 489-534.
[18] M.G. Jones, W.R. Watson, T.L. Parrott, Benchmark data for evaluation of aeroacoustic propagation codes with grazing flow, in: 11th AIAA/CEAS Aeroa-
coustics Conference, Monterey, CA, USA, 2005, AIAA Paper 2005-2853.
[19] Y. Ozyériik, LN. Long, M.G. Jones, Time-domain numerical simulation of a flow-impedance tube, J. Comput. Phys. 146 (1998) 29-57.
[20] J. Bin, M.Y. Hussaini, S. Lee, Broadband impedance boundary conditions for the simulation of sound propagation in the time domain, J. Acoust. Soc.
Am. 125 (2009) 664-675.
[21] X. Liu, X. Huang, X. Zhang, Stability analysis and design of time-domain acoustic impedance boundary conditions for lined duct with mean flow,
J. Acoust. Soc. Am. 136 (2014) 2441-2452.
[22] S. Zhong, X. Zhang, X. Huang, A controllable canonical form implementation of time domain impedance boundary conditions for broadband aeroacous-
tic computation, ]. Comput. Phys. 313 (2016) 713-725.
[23] D. Botteldooren, Finite-difference time-domain simulation of low-frequency room acoustic problems, J. Acoust. Soc. Am. 98 (1995) 3302-3308.
[24] B. Cotté, P. Blanc-Benon, Time-domain simulations of sound propagation in a stratified atmosphere over an impedance ground, J. Acoust. Soc. Am. 125
(2009) EL202-EL207.
[25] C. Richter, Liner Impedance Modeling in the Time Domain with Flow, Ph.D. thesis, Technische Universitdt Berlin, 2010.
[26] C. Richter, J.A. Hay, N. Schénwald, S. Busse, F. Thiele, et al., A review of time-domain impedance modelling and applications, J. Sound Vib. 330 (2011)
3859-3873.
[27] R. Troian, D. Dragna, C. Bailly, M.-A. Galland, Broadband liner impedance eduction for multimodal acoustic propagation in the presence of a mean flow,
J. Sound Vib. 392 (2017) 200-216.
[28] G. Gabard, E. Brambley, A full discrete dispersion analysis of time-domain simulations of acoustic liners with flow, . Comput. Phys. 273 (2014) 310-326.
[29] R. Astley, R. Sugimoto, P. Mustafi, Computational aero-acoustics for fan duct propagation and radiation. Current status and application to turbofan liner
optimisation, J. Sound Vib. 330 (2011) 3832-3845.
[30] C. Scalo, J. Bodart, S.K. Lele, Compressible turbulent channel flow with impedance boundary conditions, Phys. Fluids 27 (2015).
[31] S. Olivetti, R.D. Sandberg, B.J. Tester, Direct numerical simulation of turbulent flow with an impedance condition, ]J. Sound Vib. 344 (2015) 28-37.
[32] S. Jaensch, C. Sovardi, W. Polifke, On the robust, flexible and consistent implementation of time domain impedance boundary conditions for compress-
ible flow simulations, ]. Comput. Phys. 314 (2016) 145-159.
[33] Q. Douasbin, C. Scalo, L. Selle, T. Poinsot, Delayed-time domain impedance boundary conditions (d-tdibc), J. Comput. Phys. 371 (2018) 50-66.
[34] P. Tudisco, R. Ranjan, S. Menon, S. Jaensch, W. Polifke, Application of the time-domain impedance boundary condition to large-eddy simulation of
combustion instability in a shear-coaxial high pressure combustor, Flow Turbul. Combust. 99 (2017) 185-207.
[35] Z. Abbas, S. Nicaise, The multidimensional wave equation with generalized acoustic boundary conditions I: Strong stability, SIAM ]. Control Optim. 53
(2015) 2558-2581.
[36] P. Grabowski, Stabilization of wave equation using standard/fractional derivative in boundary damping, in: Advances in the Theory and Applications of
Non-integer Order Systems: 5th Conference on Non-integer Order Calculus and Its Applications, Springer, Cracow, Poland, 2013.
[37] J.-M. Wang, B.-Z. Guo, M. Krstic, Wave equation stabilization by delays equal to even multiples of the wave propagation time, SIAM ]. Control Optim.
49 (2011) 517-554.
[38] S.V. Yuferev, N. Ida, Surface Impedance Boundary Conditions: A Comprehensive Approach, CRC Press, Boca Raton, 2010.
[39] S. Chun, J. Hesthaven, High-order accurate thin layer approximations for time-domain electromagnetics. Part I: General metal backed coatings, J. Com-
put. Appl. Math. 231 (2009) 598-611.
[40] R. Hiptmair, M. Lépez-Fernandez, A. Paganini, Fast convolution quadrature based impedance boundary conditions, ]. Comput. Appl. Math. 263 (2014)
500-517.
[41] R. Brockett, Finite Dimensional Linear Systems, John Wiley and Sons, New York, 1970.
[42] RF. Curtain, H. Zwart, An Introduction to Infinite-Dimensional Linear Systems Theory, Springer, New York, 1995.
[43] D. Dragna, P. Pineau, P. Blanc-Benon, A generalized recursive convolution method for time-domain propagation in porous media, J. Acoust. Soc. Am.
138 (2015) 1030-1042.
[44] C. Lubich, A. Ostermann, Runge-Kutta methods for parabolic equations and convolution quadrature, Math. Comput. 60 (1993) 105-131.
[45] S. Sauter, M. Schanz, Convolution quadrature for the wave equation with impedance boundary conditions, ]. Comput. Phys. 334 (2017) 442-459.
[46] S.W. Rienstra, Impedance models in time domain, including the extended Helmholtz resonator model, in: 12th AIAA/CEAS Aeroacoustics Conference,
Cambridge, MA, USA, 2006, AIAA Paper 2006-2686.
[47] K.-Y. Fung, H. Ju, Time-domain impedance boundary conditions for computational acoustics and aeroacoustics, Int. J. Comput. Fluid Dyn. 18 (2004)
503-511.
[48] P. Delorme, P. Mazet, C. Peyret, Y. Ventribout, Computational aeroacoustics applications based on a discontinuous Galerkin method, C. R., Méc. 333
(2005) 676-682.


http://refhub.elsevier.com/S0021-9991(18)30568-0/bib74616D32303132636F6D7075746174696F6E616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6F727365313936387468656F7265746963616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6B696E736C65723139393966756E64616D656E74616C73s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib736368776172747A313936366D61746870687973s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6F6E746567686574746932303136646966667573697665s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6F6E746567686574746932303136646966667573697665s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D656C6C696E673139373361636F7573746963s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib63756D6D696E6773313938366E6F6E6C696E65617250657266s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D656973736E6572313939397468656F4E6F6E696E656172s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A68616E67626F646F6E7932303132646E736C696E6572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A68616E67626F646F6E7932303132646E736C696E6572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6B6972627931393938696D706564616E6365s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6B6972627931393938696D706564616E6365s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A68616E67626F646F6E7932303136646E736C696E6572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A68616E67626F646F6E7932303136646E736C696E6572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C617572656E7332303134656666656374697665s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C617572656E7332303134656666656374697665s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib68756262617264313939316165726F666C6967687432s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6372656D6572313935337468656F7279s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6372656D6572313935337468656F7279s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib707269646D6F726531393538736F756E6464756374s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7465737465723139373370726F7061676174696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6B68616D697332303137766973636F7573s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6A6F6E65733230303562656E63686D61726Bs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6A6F6E65733230303562656E63686D61726Bs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6F7A796F72756B3139393874696D65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62696E3230303962726F616462616E64s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62696E3230303962726F616462616E64s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C69753230313473746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C69753230313473746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A686F6E67323031367464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A686F6E67323031367464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib626F7474656C646F6F72656E31393935726F6F6Ds1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib636F7474653230303974696D65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib636F7474653230303974696D65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib72696368746572323031306C696E6572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7269636874657232303131726576696577s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7269636874657232303131726576696577s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib74726F69616E3230313774646962634564756374696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib74726F69616E3230313774646962634564756374696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib67616261726432303134746469626353746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6173746C657932303131636F6D7075746174696F6E616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6173746C657932303131636F6D7075746174696F6E616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7363616C6F3230313574757262756C656E74s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6F6C69766574746932303135646E73696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib4A61656E736368323031367464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib4A61656E736368323031367464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib646F75617362696E323031387464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7475646973636F323031377464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7475646973636F323031377464696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib61626261733230313573746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib61626261733230313573746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib677261626F77736B693230313366726163494243s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib677261626F77736B693230313366726163494243s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib77616E673230313173746162696C69747964656C6179s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib77616E673230313173746162696C69747964656C6179s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib797566657265763230313073696263s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6368756E323030397468696E636F6174696E67s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6368756E323030397468696E636F6174696E67s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib686970746D616972323031344661737451756164726174757265494243s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib686970746D616972323031344661737451756164726174757265494243s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62726F636B6574743139373066696E69746564696Ds1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6375727461696E657761727431393935696E66696E69746564696Ds1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib647261676E6132303135414445s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib647261676E6132303135414445s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C756269636831393933636F6E766F6C7574696F6E71756164726174757265s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib73617574657232303137776176654351s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7269656E7374726132303036696D706564616E6365s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7269656E7374726132303036696D706564616E6365s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib66756E673230303474696D65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib66756E673230303474696D65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib64656C6F726D65323030356361614962634447s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib64656C6F726D65323030356361614962634447s1

[49] Y. Ventribout, Contrdle des perturbations aéroacoustiques par impédances de parois: application a un modéle de matériaux poreux, Ph.D. thesis, Ecole
nationale superieure de I'aéronautique et de I'espace, Toulouse, 2006.

[50] E.J. Beltrami, M.R. Wohlers, Distributions and the Boundary Values of Analytic Functions, Academic Press, New York, 1966.

[51] A. Zemanian, Distribution Theory and Transform Analysis, McGraw-Hill, 1965.

[52] R. Lozano, B. Brogliato, O. Egeland, B. Maschke, Dissipative Systems Analysis and Control: Theory and Applications, Springer-Verlag, London, 2000.

[53] S. Benzoni-Gavage, D. Serre, Multi-dimensional Hyperbolic Partial Differential Equations: First-order Systems and Applications, Oxford University Press,
Oxford, 2007.

[54] E.J. Brambley, Fundamental problems with the model of uniform flow over acoustic linings, ]. Sound Vib. 322 (2009) 1026-1037.

[55] R.H. Cantrell, R.W. Hart, Interaction between sound and flow in acoustic cavities: mass, momentum, and energy considerations, J. Acoust. Soc. Am. 36
(1964) 697-706.

[56] T.W. Gamelin, Complex Analysis, Springer-Verlag, New York, 2001.

[57] S.W. Rienstra, D.K. Singh, Nonlinear asymptotic impedance model for a Helmholtz resonator of finite depth, AIAA J. (2018) 1-11.

[58] B. Lombard, D. Matignon, Diffusive approximation of a time-fractional Burger's equation in nonlinear acoustics, SIAM J. Appl. Math. 76 (2016)
1765-1791.

[59] T. Coleman, Y. Li, An interior trust region approach for nonlinear minimization subject to bounds, SIAM ]. Optim. 6 (1996) 418-445.

[60] B. Gustavsen, A. Semlyen, Rational approximation of frequency domain responses by vector fitting, IEEE Trans. Power Deliv. 14 (1999) 1052-1061.

[61] J.-P. Richard, Time-delay systems: an overview of some recent advances and open problems, Automatica 39 (2003) 1667-1694.

[62] F. Monteghetti, G. Haine, D. Matignon, Stability of linear fractional differential equations with delays: a coupled parabolic-hyperbolic PDEs formulation,
in: 20th World Congress of the International Federation of Automatic Control (IFAC), 2017.

[63] F.Q. Hu, M. Hussaini, P. Rasetarinera, An analysis of the discontinuous Galerkin method for wave propagation problems, ]. Comput. Phys. 151 (1999)
921-946.

[64] M. Zennaro, Natural continuous extensions of Runge-Kutta methods, Math. Comput. 46 (1986) 119-133.

[65] A. Ern, J.-L. Guermond, Theory and Practice of Finite Elements, Springer-Verlag, New York, 2004.

[66] D.A. Di Pietro, A. Ern, Mathematical Aspects of Discontinuous Galerkin Methods, Springer-Verlag, Berlin, Heidelberg, 2012.

[67] A. Ern, ].L. Guermond, Discontinuous Galerkin methods for Friedrichs’ systems. I. General theory, SIAM ]. Numer. Anal. 44 (2006) 753-778.

[68] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, New York, 2011.

[69] J.S. Hesthaven, T. Warburton, Nodal Discontinuous Galerkin Methods: Algorithms, Analysis, and Applications, Springer, New York, 2008.

[70] E.E. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics, third ed., Springer-Verlag, Berlin, Heidelberg, 2009.

[71] T. Toulorge, W. Desmet, Optimal Runge-Kutta schemes for discontinuous Galerkin space discretizations applied to wave propagation problems, J. Com-
put. Phys. 231 (2012) 2067-2091.

[72] J. Primus, E. Piot, F. Simon, M.G. Jones, W.R. Watson, ONERA-NASA cooperative effort on liner impedance eduction, in: 19th AIAA/CEAS Aeroacoustics
Conference, Berlin, Germany, 2013, AIAA Paper 2013-2273.

[73] D. Marx, Y. Aurégan, Effect of turbulent eddy viscosity on the unstable surface mode above an acoustic liner, J. Sound Vib. 332 (2013) 3803-3820.

[74] M.O. Burak, M. Billson, L.-E. Eriksson, S. Baralon, Validation of a time-and frequency-domain grazing flow acoustic liner model, AIAA ]. 47 (2009)
1841-1848.

[75] D. Levy, E. Tadmor, From semidiscrete to fully discrete: stability of Runge-Kutta schemes by the energy method, SIAM Rev. 40 (1998) 40-73.

[76] G. Cohen, S. Pernet, Finite Element and Discontinuous Galerkin Methods for Transient Wave Equations, Springer, Dordrecht, 2017.


http://refhub.elsevier.com/S0021-9991(18)30568-0/bib76656E747269626F757432303036636F6E74726F6C65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib76656E747269626F757432303036636F6E74726F6C65s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62656C7472616D6932303134646973747269627574696F6E73s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A656D616E69616E31393635646973747269627574696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C6F7A616E6F323031336469737369706174697665s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62656E7A6F6E695365727265323030376879706572626F6C6963s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib62656E7A6F6E695365727265323030376879706572626F6C6963s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6272616D626C65793230303966756E64616D656E74616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib63616E7472656C6C6861727431393634656E65726779s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib63616E7472656C6C6861727431393634656E65726779s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib67616D656C696E32303031636F6D706C6578s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7269656E73747261323031386E6F6E6C696E656172s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C6F6D62617264323031366672616374696F6E616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C6F6D62617264323031366672616374696F6E616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib636F6C656D616E31393936696E746572696F72s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib67757374617673656E31393939766563746F7266697474696E67s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib726963686172643230303364656C6179s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6F6E74656768657474693230313764656C6179s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6F6E74656768657474693230313764656C6179s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib687531393939616E616C79736973s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib687531393939616E616C79736973s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7A656E6E61726F313938364E4345s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib65726E677565726D6F6E643230313066656Ds1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib646950696574726F323031316467s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib65726E32303036444746726965647269636873s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6272657A69733230313166756Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib68657374686176656E323030376E6F64616Cs1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib746F726F323030397269656D616E6E736F6C766572s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib546F756C6F72676532303132524B4447s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib546F756C6F72676532303132524B4447s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7072696D7573323031336F6E657261s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib7072696D7573323031336F6E657261s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6D6172783230313373746162696C697479s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib627572616B3230303976616C69646174696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib627572616B3230303976616C69646174696F6Es1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib6C65767931393938524B53746162696C697479456E65726779s1
http://refhub.elsevier.com/S0021-9991(18)30568-0/bib636F68656E3230313764677472616E7369656E74s1

	Energy analysis and discretization of nonlinear impedance boundary conditions for the time-domain linearized Euler equations
	1 Introduction
	1.1 Modeling and applications of impedance boundary conditions
	1.2 Time-domain discretization of impedance boundary conditions

	2 Preliminaries on the continuous formulation
	2.1 Linearized Euler equations
	2.2 Formulations and admissibility conditions of impedance boundary conditions
	2.3 Assumption on the base ﬂow and well-posedness

	3 Physical reﬂection coefﬁcient models in the time domain
	3.1 Physical models for acoustical liners
	3.2 Oscillatory-diffusive representation of physical reﬂection coefﬁcient models
	3.3 Discrete reﬂection coefﬁcient model
	3.3.1 Poles and weights computation
	3.3.2 Time delay discretization


	4 Numerical ﬂuxes for nonlinear time-domain impedance boundary conditions
	4.1 Discontinuous Galerkin method
	4.2 Admissibility conditions for an impedance numerical ﬂux
	4.3 Weak enforcement of proportional impedance boundary conditions
	4.4 Weak enforcement of nonlinear impedance boundary conditions
	4.4.1 Numerical ﬂux based on the impedance or the admittance
	4.4.2 Numerical ﬂux based on the scattering operator


	5 Numerical validation with nonlinear impedance tube
	6 Numerical application in linear duct aeroacoustics
	6.1 Experimental methodology and data
	6.2 Numerical methodology
	6.3 Grazing Flow Impedance Tube (GFIT)
	6.4 Grazing Incidence Tube (GIT)

	7 Conclusion and perspectives
	Acknowledgements
	Appendix A Difference between Fourier and Laplace transforms for impedance models and admissibility conditions
	Fourier transform of physical impedance models
	Admissibility conditions

	Appendix B Discontinuous Galerkin estimates
	Appendix C Proofs of stability conditions
	Appendix D Implementation details
	References


