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Abstract: This paper studies HMC with reflections on the boundary of a domain, providing an
enhanced alternative to Hit-and-run (HAR) to sample a target distribution in a bounded domain.
We make three contributions. First, we provide a convergence bound, paving the way to more
precise mixing time analysis. Second, we present a robust implementation based on multi-precision
arithmetic — a mandatory ingredient to guarantee exact predicates and robust constructions. Third,
we use our HMC random walk to perform polytope volume calculations, using it as an alternative to
HAR within the volume algorithm by Cousins and Vempala. The tests, conducted up to dimension
50, show that the HMC RW outperforms HAR.
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Hamiltonian Monte Carlo avec réflexions, et application au
calcul du volume de polytopes

Résumé : Ce papier étudie HMC avec réflexions au bord du domaine, donnant une meilleure
alternative a Hit-and-Run (HAR) pour échantillonner une distribution cible dans un domaine
borné. Nous apportons trois contributions. Premiérement, nous prouvons une borne de conver-
gence, préparant le terrain pour une analyse plus précise du mixing time. Deuxiémement, nous
produisons une implémentation robuste basée sur I’arithmétique multi-precision. Troisiémement,
nous utilisons HMC avec réflexions comme une alternative & HAR pour calculer le volume de
polytopes pour l'algorithme de Cousins et Vempala. Les tests, conduits jusqu’en dimension 50
montrent que HMC avec réflexions est plus performant que HAR.

Mots-clés : HMC, polytope, marche aléatoire, importance sampling, billiard
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4 Cazals / Chevallier / Pion

1 Introduction

1.1 Sampling in high dimensional space: a pervasive challenge

Sampling with MCMC algorithms. Broadly speaking, Monte Carlo algorithms provide
means to obtain numerical values from simulations resorting to randomness. Such algorithms
have countless applications, as illustrated by the following examples. In statistical physics ,
macroscopic properties also called observables may be obtained from computer simulations gen-
erating ensembles of conformations over which averages are computed [I]. In numerical mathe-
matics, a frequent goal is to generate point following a given target distribution [2]. In (Bayesian)
statistics, a classical goal is the calculation of MAP. Two classes of sampling techniques deserve
a mention in this work. The first one is importance sampling [3], a generic strategy aiming at
sampling rare events and reducing the variance of estimators by biasing the target distribution.
The second one is Markov Chains Monte Carlo, where an ergodic Markov chain is used to target a
given distribution [3]. A generic method in this realm, both conceptually elegant and remarkably
generic is the Metropolis-Hastings methods, where the Markov chain used consists in iteratively
generating samples, and accepting/discarding them. Interestingly, this simple description suf-
fices to capture the major difficulties of the method in high-dimensional spaces. When the target
distribution allocates its mass on a typical set of small dimension, the samples generated should
clearly remain in close vicinity of this set so as to avoid large rejection rates.

Hamiltonian Monte Carlo. An efficient solution to deal with such cases is Hamiltonian
Monte Carlo (HMC) [4, 5]. HMC aims at sampling a distribution 7 in a high dimensional
space, by defining Markov chain in phase space R?", with n coordinates for the position ¢, and n
coordinates for the velocity p. As the name suggests, HMC is governed by an ODE system defined
by Hamilton’s equations. In a nutshell, a HMC step involves three steps which are (i) picking a
random velocity p, (ii) traveling deterministically the level set surface of the Hamiltonian, and
(iii) projecting down in configuration space.

As seen from Hamilton’s equation, the fact that the gradient of the target density is used
to twist the momentum p rather than the position g helps forcing the dynamical system to be
diffusive near the typical set [4]. A key difficulty though is the calculation of exact orbits, which
we shall fudge around analytically in our case.

Volume calculations and density of states. Computing the volume of a polytope — a
bounded region of R™ defined by the intersection of a fixed set of half spaces, is a classical
problem in science and engineering. Unfortunately, exact volume calculation algorithms take an
exponential time in the worst case [6]. A related problem to polytope volume calculations is the
calculation of density of states (DoS) in statistical physics. To see why, recall that a partition
function may be written as a sum or integral over energy levels of the DoS achieving a particular
energy [I]. Therefore, a classical strategy to compute a partition function consists of estimating
the volume in phase space of the pre-image of an energy level.

The case of polytopes is especially interesting since considerable efforts were devoted to
complexity bounds, and the hardness results obtained calibrate the intrinsic difficulty of such
problems in high dimensional spaces. Complexity-wise, it can be proved that the problem is
#-P hard both for V-polytopes and H-polytopes [§]. Intuitively, any deterministic algorithm
using a polynomial number of points and computing the corresponding convex hull omits an
exponentially large fraction of the volume. This observation naturally calls for approximation
algorithms [9 [10].

Inria



HMC with boundary reflections 5

A major breakthrough was the development of the polynomial-time randomized algorithm
by Dyer et al. [II]. More recently, it has been shown that (e, ) approximations of the volume
could be computed in O*(n*) [12]. The volume calculation boils down to estimating ratios
in a telescoping product, each ratio being the integral over the convex of exponential functions
carefully chosen according to a cooling schedule. The first function is sharply concentrated within
the convex, while the last one is a flat distribution. A total of O*(y/n) such functions are used.
Each ratio in the telescoping product is estimated (with guarantees) using O*(y/n) samples.
The complexity of generating a given sample being O*(n?), the overall algorithm has complexity
O*(n*).

The complexity was recently improved to O*(n?) [13| [14], using Gaussian rather than expo-
nential functions. The improvement come from an enhanced cooling schedule, and a decreasing
mixing time — O*(0?n?) rather O*(n?).

Interestingly, these randomized algorithms implement a multi-phase MC strategy, and the
estimation of individual terms in the telescoping product resort to importance sampling.

Random walks and mixing properties. The aforementioned randomized algorithms em-
bark several key ingredients, the most prominent one being the strategy to generate random
samples. Except in simple cases, the most generic approach is to use a random walk defining a
Markov chain. Several such walks have been used, including ball walk [I5], hit-and-run (HAR)
[16, 17, 18] 20], billiard walk [21].

As discussed above for the case of MCMC algorithms, the goal of such a walk is to generate
samples according to a target distribution. Of particular interest is HAR, since the method is
amenable to several optimizations [19, ?], including the choice of the random line used, and the
calculation of the facet of the polytope intersected by a line. In any case, the convergence
is assessed by mixing properties, e.g. based on the total variation distance which measures
how far the random walk is from its stationary distribution [22]. For the particular case of
polytope volume calculations, both HAR and ball walk were particularly studied. HAR mixes
in O*(n3) from any starting point, with constants depending on the geometry of the polytope.
Ball-walk mixes in O*(n?), and requires a warm-start — certain hypotheses on the starting point
are required. Finally, we also mention billiard walk, a random walk based on reflections on
boundaries. While we are unaware of mixing time analysis, convincing experiments have been
reported for the generation of uniform samples [23].

1.2 Contribution

This paper makes contributions touching upon random walks for MCMC algorithms, polytope
volume calculations, and Hamiltonian Monte Carlo. More precisely:

1. In section [2] we analyse a novel random walk combining billiard walk and HMC. The
random walk is designed to sample a target distribution, and piecewise smooth analytical
trajectories can be obtained. For the particular case of a polytope K, intersection of the
trajectory yields reflections inside K. Convergence properties are established.

2. In section [3] we instantiate our random walk to sample distributions used for polytope
volume calculations. Analytical expressions for HMC trajectories are obtained. We also
provide a robust implementation of the random walk based on multi-precision interval
arithmetic.

3. Finally, section [dreports experiments comparing HAR and our random walk. The first test
samples a target distribution. The second one embeds our random walk into the practical

RR n° 9222
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polytope volume calculation of Cousins and Vempala [24]. In both cases, we show superior
performances over HAR, for dimension up to n = 50.

2 Hamiltonian Monte Carlo method with boundary reflec-
tions

In this section we consider a bounded open set () C R™ with piecewise smooth boundary and a
probability measure with density 7 : R" — R>¢ such that m(z) = 0 for all & not in the closure
Q@ of Q. We would like an algorithm sampling points according to 7. The traditional HMC
algorithm does not handle boundaries, hence we present a modification of HMC with reflections
which is drawn from [25] and [211 23].

2.1 HMC with reflections

As with HMC, we define a potential energy U(q) = —log(n(¢q)) and the Hamiltonian H(q,p) =
U(g) + 3|lp||? but this time restricted to I' = @ x R™. We assume that 7 is the restriction to @
of positive smooth function defined on R™ and we use ®; the Hamiltonian flow. However, the
trajectories of this flow are not included in @ even if the initial point (g,p) is in @ x R”. For
every ¢ € @ and every p € R™, we define T'(q,p) as the largest T such that for all 0 < ¢ < T,
D, (q,p) € Q. We also define T'(¢, p) = 0 when ¢ is in the boundary of Q.

Following [25] and |21}, 23], we modify the flow by allowing reflections on the boundary of @
to obtain a new flow (Fig. [2):

{ét:QxR”ﬁQxR" )

(4:0) = ®e(q,p) = (B (¢, p), 2" (4, D))

Note that the latter equation defines position and velocity upon applying the flow. However,
as noted in [21I], 23], this new flow might exhibit problematic trajectories: some of them might
not be defined for all ¢ because of singularities on the boundary, others might have huge number
of reflections or even an infinite number of reflections in finite time. Hence, following ideas of
[211, 23], we cull problematic trajectories by not moving in those cases.

Remark 1. For g € Q and any p, T(q,p) > 0 and i)T(q’p)(q,p) is in the boundary of Q.

Remark 2. When q is in the boundary of Q andt > 0, ét(q,p) is only defined for the momenta
p such that the open half-line with origin q¢ and direction p, is included in @ in a neighborhood

of q.

Algorithm Let M € N* be the maximum number of reflections. Given a point ¢¥) € @, the
algorithm is as follow:

Inria



HMC with boundary reflections 7

Figure 1 Hamiltonian Monte Carlo with reflections

1. Choose the traveling time L ~ unif(0, 1)
2. Pick the momentum p ~ N(0, I,,)

3. If the flow ®1(¢®,p) is defined and does not involve
more than M reflections between ¢ = 0 and L, and if

i)L(q(t)ap) € Q
e Take ¢t = @%)(q(”,p)
e Else, take ¢(t+1) = ¢®

Figure 2 Reflections: evolution of a single HMC step, starting from ¢(*); the trajec-
tory successively reflects on hyperplanes, before stopping at ¢("),

&9 (¢, p) = ¢V

7

2”4, p)

k

Remark 3. In [2])], in case of failure in step 3 (flow not defined or too many reflections), the
authors choose to go back to step 1 until they find a u that works instead of taking ¢+ = ¢(®).
This is obviously wrong as it changes the limiting distribution and is most likely a typo.

For a fixed L > 0, steps from 2. to 4. define a Markov kernel P, ;. The full algorithm (steps
from 1. to 4.) define a Markov kernel P, that can be expressed with P .

For L > 0, let I';, be the largest subset of I' where @, is defined and admits no more than
M reflections. Let

o(®)(q,p) —{ (qup) if (q,p) ¢ ri

RR n° 9222
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the application from I' to I' which corresponds to steps 3 and 4.

Remark 4. For any point (¢,p) € T', if L is small enough, (q,p) € I'r,. However, if L is too
large, 'y, could be empty.

2.2 Measure invariance via detailed balance
We recall the definition of detailed balance:

Definition 1 (detailed balance / reversible). A Markov chain P is said to satisfy detailed balance
(or reversible) with respect to the measure 7 if for every A and B measurable,

/BP(x,A)w(d:c):/AP(;U,B)W(dx)

Theorem 1. Let A C T be a measurable set and let t > 0 such that @t(q,p) is defined for every
(¢,p) €. Then }
A@71(A4)) = A(A).

with \ the Lebesgue measure restricted to T'.

Let A and B be measurable subsets of (). Then let
Ap ={(¢,p) €|z € A,®(q,p) € B x R"}

the subset of I of all positions in A with momenta that brings them in B after time L. Similarly,
we define

U(q,p) = (29(q,p), 2 (g, p))

on I'.

Lemma 1. The maps ® and U preserve the Lebesque measure on I'p. ie for every A C T'p,
measurable, \(P~1(A)) = A\(A)

Proof. Clearly it is enough to prove that ®, preserves the Lebesgue measure. In [25], it is proved
that for a fixed step size, the Euler method for numerical integration applied to the Hamiltonian
flow with reflections, gives rise to a flow that preserves the Lebesgue measure. Letting the step
size going to zero, we see that (i>t is the pointwise limit of transformations that preserves the
Lebesgue measure which implies that ®, preserve the Lebesgue measure. O

Lemma 2. 1. VoW =1]
2.9(T,)CTy
3. For any measurable sets A and B of R",
By =T(Ap)

4. H(¥(q,p)) = H(q,p) for all (¢,p) €T.

Proof. 1. and 2. are simple consequences of the reversibility of the Hamiltonian flow.

4. is clear.

3. Let A and B be measurable sets of R"™.

U, (Ag) C B and U(¥(Ap)) = Ap thus U(Ap) C Ba.

By symmetry, ¥(Bs) C Ap. Hence by composing with U: U(¥(B4)) C ¥(Ap). Using 1., we
deduce By C U(Ap). O

Inria
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Theorem 2. P; and 7 satisfy detailed balance.

Proof. Let A and B be measurable sets of R™. The left hand side of the detailed balance equation
becomes

[ Puta Bin(o) = [ PuaaB) exp(-Ula)dg
A A

[ exp(= )
A = J{p|(q,p)€T L, @ (¢,p)EB}

+ , exp(~lp|*)dp] exp(~U())dg
{rl(¢:p)¢TL,2(D (¢,p)EB}

- / exp(—H(q, p))dgdp + / / 15(q) exp(—H(g, p))daqdp
Ap A J{pl(q,p)¢I'L}

:/ exp(—H/(q, p))dqdp + / exp(—H (q, p))dqdp.
Ap {rl(¢,p)¢TL}

ANB

By symmetry:

/ Py(q, A)dr(q) = / exp(—H (g, p))dqdp + / exp(—H (g, p))dqdp
B Ba ANB J{p|(q,p)¢T'L}

Using lemma []and then lemma [I] we obtain,
/ exp(—H(q,p))dqdp =/ exp(—H (q, p))dqdp
Ap V(Ba)
— [ exp(-H(¥(q.p))dadp

A

:/ exp(—H (q, p))dqdp
B

o}

Which concludes the proof. O

Theorem 3. P, satisfies detailed balance with respect to w.

Proof. this is a direct consequence of theorem [2] O

2.3 Convergence result

Detailed balance ensures that = is invariant by Py, but it does not imply the convergence of the
P™ to w by itself. In this section, we prove additional results to get such a convergence result.
This requires extra assumptions on Q.

We recall the following definition and theorem from [26]

Definition 2. A subset C C X is small (or, (no,€,v)-small) if there exists a positive integer ng,

a real € > 0, and a probability measure v(.) on X such that the following minorisation condition
holds:

PY(xz,)>ev(.) z€C
i.e. P (x,A) > ev(A) for all x € C and all measurable A C X

RR n° 9222
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Theorem 4. Consider a Markov chain with invariant probability distribution w(.). Suppose that
X is small (i.e., the entire state space is small). Then the chain is uniformly ergodic, and in fact

1P (2,.) = w( )] < (1 =)t/
for allx € X, where |r] is the greatest integer not exceeding r and the norm is the total variation.

Theorem 5. If the gradient of the potential energy VU is bounded on @ and Q is conver with
0 € Q then Q is small for Py.

Proof. Let ¢V, ¢® € Q. One way to get a trajectory going from the point ¢(*) to a point very
close to ¢?, is to select a very high momentum p, = é(q(z) - q(l)) and a short time t, = «
with @ > 0. When a — 0, the potential energy term U of the Hamiltonian becomes less and less
relevant, thus the trajectory converges to a straight line and lima_,0 ¢ (¢V, pa) = ¢®.

This intuition is formalized using the scaled variables

{c’i(t) = q(at) @)

p(t) = ap(at).

The equation of motion becomes:

Lo = i) ®)
D 1) = ?v,Ua11). ()

which defines a flow ¢(a,t,¢q,p). It should be noted that ¢(—«,t,q,p) = ¢(a,t,q,p) for every
a,t,q,p and that ¢ is correctly defined for o = 0. In this case, it is easy to see that:

#(0,t,q,p) = q+ pt. (5)

As 7 is the restriction of a positive smooth function, ¢ is defined for every (a,t,q,p) € [-1,1] x
RT x R™ x R™.

Furthermore, a?V,U is smooth. Hence, using the differentiability of the solutions of dif-
ferential equations on parameters and initial conditions (see [27]), we see that ¢ is C? on
| —1,1[xQ x Rt x R™.

Since @ is open, there exists p > 0 such that B(0,2p) C Q. Let v be the measure on ¢ which
is the Lebesgue measure on B(0, p/2) and zero outside the ball B(0, p/2).

Our aim is to show that there exists € > 0 such that for every ¢ € Q, Px(q,.) > ev(.).

The density of the probability measure associated with momenta is exp(—1/2||p[|?), and
taking into account the rescaling of the momenta, we define the probability density

1,1 .,

- RN DY 6

7(p) = aexp(—=5 [ —pl) (6)

Q is bounded, hence there exists € > 0 such that for every (¢,p) € {(¢,p)|qg € Q,p € B(—q,p)},

v(p) > €

Let
A={(a,t,q,p):|a] <1/2,t € [1/2,3/2], g€ Q, p€ B(—q,p)}.

Inria
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A is compact, hence the first and second order derivatives of ¢ are bounded on A. Thus there
exists Z > 0 such that for every (a,t,q,p) € A,

[¢%(c, 2, q,p) — (0,1, q,p)|| < (@ + [t —1))Z (7)
and
ldpd? (e, t, q,p) — dv¢?(0,1,¢,p)|| < (a+ [t = 1[) Z. (8)
Using equation [5] the two above inequalities are equivalent to
¢* (e t,q,p) = (@ +p)l| < (a+ [t —1])Z (9)
and

The determinant is continuous, so there exists 0 < 8 < 1 such that ||d,¢?(«,t, q,p) — Idgn|| < S
implies
1/2 < |dpp(a,t,q,p)| < 2. (11)

Finally, using Lemma [3| together with the fact that VU is bounded, we deduce that there exists
ap > 0 such that for every 0 < o < o and every ¢ € Q and p € B(—gq,p), the trajectory
¢, t,q,p) for t <1 stays in Q. It follows that ¢ and ® coincide, for there is no reflection.

Let o = min(%, %, %,ao) > 0. Let any t € [1 — %, 1] and ¢ be in Q. By lemmabelow7
the map

fip— ¢%ent q,p)

is a C! diffeomorphism from B(—q, p) to V = ¢%(a,t,q, B(—q, p)) and by Lemma (applied to
f translated by —q), B(0,p/2) C V. Furthermore, equation implies that for every ¢’ € V

ldf~*(d")] > 1/2. (12)

Hence, the push forward measure £ of v by f is non zero on B(0, p/2), and has a density
&(d") = v(f~H@Nldf~H(d)] = €/2 (13)
on B(0,p/2). Hence, under the condition that the travel time ¢ is in [1 — %, 1], we get the

following transition probability:

which concludes the proof.
O

Lemma 3. Let Q be an open convex subset in R™ that contains the ball B(0,2p), let x be a point
in Q and let v be in B(0,p) —x. Let f: R™ — R™ be a continuous and bounded map. Suppose
that (z(t),v(t)) € R?" is the solution of the Cauchy problem

RR n° 9222



12 Cazals / Chevallier / Pion

where a is a real number. If |a| < m then for all t € [0, 1], x(t) is in the convexr hull of x and
of the ball B(0,2p) and therefore in Q.

Proof. Suppose |a| < m. By the mean value theorem, v(t) = v + w(t) where ||w(t)| <
la||| fllect < pt for ¢ > 0. The derivative of function y(t) = x(t) — vt is w(t), therefore by the
mean value theorem, y(t) = y(0) + tz(¢t) where ||2(t)|| < pt/2. Therefore for all ¢ € [0, 1],

z(t) = y(t) + vt
=1 -tz+t((v+a)+2(t))

is in the convex hull of = and of the ball B(0,2p). O

Lemma 4. Let B be an open ball in R™ and let p : B — R™ be a differentiable map. If for each
z in B, ||de(z) — Id|| < 1, then ¢ is a diffeomorphism.

Proof. The only thing to prove is that ¢ is one to one. Let x # y be two points in B. Consider
the map f: ¢ € [0,[ly — 2] = @(x + tu) - u where u = #=1r. Using Schwarz inequality and the
assumption we obtain

f1(t) = do(x + tu)(u) - u
= Id(u) - u+ (de(x + tu) — Id)(u) - u
> 1 — |[dp(z + tu) — Ld||[[u]||u]
> 0.

It follows that f(|ly — z||) > f(0). Now f(0) = ¢(x)-u and f(|ly — z||) = ¢(y) - u, hence
p(x) # o(y)- O

Lemma 5. Let B = B(0,r) be a closed ball in R™ of center 0 and radius r > 0 and let ¢ : B — R"™
be a one to one continuous map. If for all v in B, d(x, p(x)) < r/4 then p(B) contains the ball
B(0,7/2).

Proof. By Jordan-Brouwer Theorem, the complement in R™ of the image ¥ of the sphere S = B
has exactly two connected components C; and Cs, one which is bounded, say C7, and one which

is not. By assumption the open ball B(O,r/2) doesn’t intersect X, hence is included in C; or
Cs.
[e]

The image E = ¢(B) of the interior of the ball B is included in C;, one of the two connected
components of R™ \ ¥. On the one hand, by Jordan-Brouwer invariance of the domain theorem,
E is open. On the other hand, E = ¢(B) N C; and since ¢(B) is compact, C; \ E is open. Now
C; is connected, hence E or C; \ E is empty. Therefore E = C;.

Since p(B) is compact, F is bounded, and therefore E = C; = Cy. Moreover, by assumption,
©(0) € B°(0,7/2) N E which implies that B°(0,r/2) C E. O

3 Application: computing the volume of a polytope
In this section, we specialize our generic algorithm (Algorithm [1)) so as to use it as a building

block of the polytope volume calculation from [24]. The corresponding pseudo-code is provided
in the supplemental section [0}

Inria
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3.1 Volume algorithm

The algorithm used in [24] simplifies the computation of the volume of a convex by introducing
intermediate steps. Let {fo,..., fm_1} be Gaussian distributions i.e. f;(z) = exp(—a;||z|?),
such that the first one is highly concentrated around a point deep inside the convex, and the last
one is an almost flat distribution. The volume calculation reduces to computing the telescoping
product

gy 1@
fK fO x fK fm 1 H
Each of these ratio are estimated using Monte-Carlo integration with respect to the density

fi(x)

via importance sampling. The method then uses as core block an algorithm sampling the previous
distribution, usually using HAR. In our case, HMC with reflections will be used instead. For
X1, ..., X}, consecutive points given by the random walk, the Monte-Carlo estimation R¥ is given
by:

mi(x) = 1k (z) (15)

R{* =7 Z fz i (16)

Instead of using a fixed number of points for the Monte-Carlo integration, a stopping criterion
is introduced by [24]. Let ¢’ = ¢/4/m; this is the relative ratio error allocated for each ratio
R; estimation. Consider a sliding window of size W (= 4n? + 500) (n is the dimension). When
W' consecutive estimated ratios R§k7W+1)7 ...,Rl(k) are within &’/2, the convergence for R; is
declared.

3.2 HMC algorithm

This specialization has two advantages: first, trajectories have analytic expressions — see also
[28]; second, the intersection between a trajectory and n hyperplanes also has a simple analytical
expression.

Analytical trajectories. As recalled in section [3.I] importance sampling is used to estimate
the ratios R;. Hence, we build an HMC method to sample from 7;(z) from eq
Let U(q) = log(exp(~ai|lgll*)) = —allgl[* and H(q.p) = U(q) + 1/2l|pl|*. Note that the
normalization constant m was discarded because it does not change the trajectory (its
w Ji
gradient is 0). Rewritting the dynamical system associated to this Hamiltonian yields the fol-
lowing differential equations:

d2qj'

W(t) = —2a,q;(t) for j <n. (17)

Each coordinate is independent and has a solution of the form

q;(t) = Cj cos(wt + ¢;) (18)

RR n°® 9222



14 Cazals / Chevallier / Pion

With Cj,w, ¢; € R. The parameter ®; satisfies the following 2 equations:

{coswj) = 10

' 19
sin(¢;) = fé(f) (19)

Thus we deduce:
w =+ 2a;

¢ =402+ p;(0)2/w? (20)
¢; = arctan (—qij(g;)w) + (g (0)<0}™

It should be noted that these equations are the same for any choice of coordinates as long as
the basis is orthonormal. This allows us to choose a basis suited to the computations we want
to do.

Collision with convex boundary. To restrict the sampling algorithm to the convex K,
trajectories should reflect on the boundary of K. The convex K is defined by a set of hyperplanes.
Hence, we need to compute the intersection time of a trajectory with each hyperplane and take
the smallest time. Thankfully, there is an analytical expression. The hyperplanes are defined by
a matrix A and a vector b, and hyperplane i is defined by the equation

To compute the collision time with an hyperplane H, we make the following remark: let ng be
the normal of the hyperplane. We can complete ny to an orthonormal basis. In this basis, the
collision time depends only on what happens for the coordinate on ngy. Consider g, , (t) =<
q(t),np > and py, (t) =< p(t),ng > the coordinates along the normal of the hyperplane. Let
WnyCny and ¢p, be the parameters of the trajectory along direction ny. Then finding the
intersection times is equivalent to solve the equation for ¢:

Chpy cOs(Wnpyt + dnyy) = b (22)

We deduce that if |C),,, | < b;, there is no solution, and else, the following times are solution:

{tl = (arccos(b;/Chry) — Ony) /Wiy - (23)

to = (—arccos(b;/Cny) — Ongy) /Wiy -

On solution corresponds to the entry into K, while the other corresponds to the exit out of K.
We select the exit trajectory via a dot product between the velocity at t; and t5 and the outward
normal ng. In the sequel, the corresponding value is denoted ¢, for time of collision.

3.3 HMC implementation based on interval arithmetic

The algorithm as stated before is prone to numerical rounding errors. In practice, when imple-
mented with only double precision floating point numbers, the HMC steps sometimes go out of
the convex, which makes the algorithm fail. In this section we address those problems.

Inria
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3.3.1 Robust geometric algorithms

The simplest computer model to use when designing geometric algorithms is the real RAM
model which assumes that exact operations on real numbers are available at constant time
per operation [29]. In practice, such assumptions are not valid, in particular due to rounding
operations inherent to representations of floating point numbers in computers, and arithmetic
operations are specified by the IEEE 754-2008 standard [30].

The design of robust geometric algorithms can be done in a general way using the Exact
Geometric Computation paradigm [?], as it is done for example in the CGAL [3I] software
library. In order to do so, the CGAL kernel distinguishes between predicates and constructions.
A predicate is a function whose output belongs to a finite set — e.g. boolean or checks whether
an expression is positive / negative / null. A construction exhibits a new numeric or geometric
object (e.g. distance, point, vector) from pre-existing ones.

In a nutshell, efficient arithmetic operations usually combine two ingredients: first, an interval
representation of the numbers, as non overlapping intervals yield exact predicates; second, an
arbitrary precision representation of the interval bounds, as precision can be increased so as to
yield exact predicates and constructions of controlled accuracy. In the sequel, we use the iRRAM
library which provides these two ingredients [32].

For the sake of clarity, all functions for which iRRAM library plays a key role are highlighted
in blue.

3.3.2 iRRAM and used features

We represent points as d-dimensional points whose coordinates are of the iRRAM number type.
In iRRAM, a real number is represented by two types of data: firstly a symbolic representation
memorizing the way it was defined (type of function and pointers to the operands), and secondly
a numeric approximation using an interval with rational endpoints guaranteed to enclose the
exact real value. The accuracy of the latter interval can be increased if needed, by recomputing
it using recursively increased precision of the operands intervals that defines it. Therefore, for
a real number ¢, the iRRAM encoding ¢'FRAM(#) of the position ¢(t) of the HMC trajectory is
numerically represented by a d-dimensional box that contains the exact real position.

The iRRAM number type enjoys two specific operations which are key in our implementation:

e operator x < y: predicate answering the < comparison operator. If the interval representa-
tions of x and y overlap, these intervals are automatically refined, a feature called precision
refinement thereafter.

e Near inf double(iRRAM z) : returns the nearest double < the iRRAM number z.

3.3.3 Robust operations

Our robust implementation calls for the following operations (i) Computing the trajectory pa-
rameters — Eq. , (ii) Finding the exit intersection time — Eq. , (iii) Finding the smallest
exit intersection time amongst all hyperplanes, and (iv) Evolving the trajectory. In the sequel,
we detail these operations, and refer the reader to the SI section [6} in particular, Algorithm [2]
refines Algorithm [I] based on these robust primitives.

Trajectory parameters. Following Eq. , we construct the numbers C;, w and ¢; as
iRRAM number types. See Algorithm [3]
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Exit intersection time ¢, with one hyperplane. Intersecting the trajectory with a hyper-
plane yields two solutions (Eq. respectively exiting and entering the convex. The collision
time t. corresponds to the former. Assuming that the normal vector to the hyperplane is oriented
outwards, the value t. is such that < p(t.),ng >> 0. The evaluation of this predicate triggers a
precision refinement if needed.

Smallest exit intersection time. Since the boundary of K involves several hyperplanes,
the nearest one, which corresponds to the smallest exit time, must be determined. To do so,
we first construct the intersection time ¢., with respect to each hyperplane. Then we compute
te = min,; t.,.

This calculation is tantamount to sorting the individual intersection times, which in turn
requires the comparison operator <. iRRAM provides such an operator, which triggers precision
refinement if needed.

See Algorithm [

The Is_strictly in convex(q) predicate. To constrain the trajectory within the convex,
we resort to a predicate telling whether a given position ¢ belongs to the interior K° of K. This
predicate, denoted Is_strictly in convex(iIRRAM point d p), checks < op,n > < b; holds for
every hyperplane, and triggers the iRRAM refinement if needed so.

Performing one HMC step. Equipped with the previous operations, our robust implemen-
tation — Algorithm [2 hinges on two operations:

e Calling the predicate Is_strictly in convex(q(tS)). Recall that in iRRAM, a d-dimensional
point is represented as a box. This is in particular the case for the collision points with the
hyperplanes, and for the final point returned. To ensure that all such points are strictly
within the convex, we call the aforementioned Is_strictly in convex() .

e Computing the nearest inferior double t< = Near inf double(t.). The intersection point
between the trajectory and a hyperplane is defined analytically — Eq. . The iRRAM
representation of the collision time is an interval certified to contain the exact solution, and
the corresponding d-dimensional point ¢RRAM (t5) is represented as a box. We note that
the box ¢'FRAM(£<) intersects the interior K° of the convex K. Indeed:

— the exact collision point ¢(t.) lies on its defining hyperplane i.e. ¢(t.) € H;
— by definition of ¢S, the exact embedding ¢(t5) satisfies q(t5) € K°

— the iRRAM box ¢RRAM (1<) corresponding to ¢S intersects K° since

RN() 5 (1) € K

3.4 Cube: HMC mixing time is O(log(n))

We make a small digression in the case of the cube. It turns out that in this special case,
the mixing time of the HMC random walk is O(log(n)) with n the dimension, and the average
complexity per step (the average number of calls to the oracle per step) is linear with the
dimension. We assume without any loss of generality that the cube is [0,1]™. Rigorously:

Theorem 6. Let P,gn) the distribution after k steps in dimension n and g, the Gaussian restricted
to [0,1]™. Then there exists 0 < p < 1 such that for every e > 0, every n > 1 and every x € R",
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—

log(e

we have for k = —log(n) Toe(p

=

1P (2,.) — gl < €

where the norm is the total variation. Furthermore, the average complexity (i.e the average
number of reflections per step) is O(n).

Proof. We consider the canonical basis of R™. As shown before in eq[I8] the trajectory coor-
dinates associated to the Gaussian are all independent from each others. Furthermore, when a
reflection with a boundary occurs, it means that one of the coordinates reached 0 or 1. The
reflection simply switches the sign of the momentum for this coordinate, leaving other coordi-
nates unchanged. Finally, the initial momentum vector is sampled according to p(0) ~ N(0, I,,),
therefore each coordinate of p(0) is sampled from an independent Gaussian N(0,1) in R.
Hence we conclude that each coordinate has the behavior of a 1-dimensional HMC random walk
sampling a 1-dimensional Gaussian, all independent from each other.

Let us consider the 1-dimensional random walk for a given Gaussian. We write Py(z,.) the
distribution after k steps starting from x € [0, 1], and g the probability density associated with
the restriction of the Gaussian to [0,1]. Using theorem [4| combined with theorem [5| for the 1-D
Gaussian restricted to [0, 1], we deduce that there exists 0 < p < 1 such that for all z € [0, 1],

| Pr(z,.) — gl < p".

Observe that writing P,gn) the distribution after k£ steps in dimension n and g, the Gaussian

restricted to [0, 1]™, we have P,En)(a:,y) = Pk(atl,yl)Plgnfl)((acz7 vy Zn)s (Y2, oy yn)) and gn(x) =
9(x1)gn-1((z2, ..., z,)). The total variation distance can be written as

/ Pz, y) P (@) — g(y1)gnf1(yz)‘ dy1dys
[0,1]x[0,1]™»— 1

/ (Pe(z, 1) — 9(y1) + 9(0) PV (@, 92) — 9(91) g1 (y2)| dyrdys

/ (Pelar,n) — ) P 0| i

‘We deduce
1P (2,.) = gull < 0]l Pi(z,.) — g]| < np (24)

Hence for a fixed e, if k satisfies np* < ¢, then for every x, ||P,§")(x, .) — gnll < €. Thus we take

k = —log(n) 112523’ and the mixing time is O(log(n)).

In addition, as each coordinate is from each other, the total number of reflections is the sum of
reflections per coordinate. Hence, the number of reflections is proportional to the dimension. [
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4 Experiments

4.1 Setup

As described in section 3] we embed our random walk in the framework of [24]. We reuse the
MATLAB code provided by [24] and make little modifications to call our HMC random walk
instead of the usual HAR random walk.

4.2 TIllustrations of the HMC random walk

It is well known that HAR struggles to get out of corners. Fig[3]shows that the HMC random
walk do not suffer from the same drawback: starting in the corner of a cube yields an almost
uniform distribution after 10 steps even when the dimension increases, while HAR performances
suffers greatly.

Figure 3 Projections of the first two coordinates for starting from a corner (qgo) =0.9),
after 10 steps of HAR or HMC, repeated 500 times for a nearly flat Gaussian
distribution restricted to the cube [—1,1]" (02 = 500)

HAR HAR

1 c
08 @

HAR

HMC

4.3 Analysis
4.3.1 Volume computation

The goal of the experiment is twofold: first compute the complexity (ie the number of call to
oracle) with respect to the dimension. Then study the influence of the choice of the maximum
travel time for HMC. The MATLAB implementation of the volume computation algorithm from
[24] introduced the stop criterion of Eq. . Intuitively, the sliding window size W should
be at least as large as the mixing time of the chosen random walk. In the case of HAR, the
mixing time increases with the dimension, hence the value of W chosen by [24] depends on the
dimension: W = 500 + 4n2. However, in the HMC case, we hope for a smaller mixing time and
especially a smaller growth rate with respect to the dimension. Therefore, the growth rate of W
used in [24] might be too large and impede the convergence speed for HMC. For that reason, we
modified the MATLAB code to allow for different W.
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Statistics. To that end we collect the following statistics:

e the relative error | V — Vol(K) | /Vol(K') with V the estimated volume as a function of the
dimension.

e Number of sampled points for a single volume computation

e Complexity, i.e the number of calls to oracle. For HAR, this is equal to the number of
sampled points. For HMC, it takes the number of reflections into account.

e for HMC, the average number of calls to oracle per point sampled.

Parameters used.
e Window size. Our experiments cover the following cases:

— dimension independent W = 10, 30
— dimension dependent: W = 30 + 4/, 30 + 4n, 30 + 4n'-> 30 + 4n?

e Maximum travel time for HMC. Our experiments cover travel times between t,,;,, the radius
of the inscribed ball of the convex and t,,,, the diameter of the convex.

Experiments. The overall goal of the experiments is to determine an empirical growth rate
of the complexity with respect to the dimension for the algorithm with HMC and compare with
HAR. Ideally, on would try every parameters for a set of dimensions, then study the optimum
parameters for each dimension, deduce the scaling of these parameters with the dimension.
However this require a very large number of simulations which is not feasible. Hence we settle
for two experiments with one parameter fixed for each of them:

e (1) we fix the maximum travel time at a reasonable value (as we will see in (2) ). Then we
plot the error and complexity for dimensions 10...50 with different stopping criterion W.
Then we select suitable values for W and use them to estimate the complexity complexity
growth rate with the dimension.

e (2) we fix the stop criterion (W) and vary the maximum travel time for several dimensions.

4.3.2 Models

There are many available polytopes to study. We make the choice to select a few representatives
ones in terms of difficulties we want to handle and then do detailed analysis. First, we choose
the cube, as it has good theoretical properties while being a difficult case for the HAR. Then
we choose the simplex, as it has sharp angles and is a widely used convex. For the comparison
with HAR, we take the isotropic simplex since it is already rounded. However for the travel time
experiment, we take the standard simplex for the simplicity of it’s geometric features such as the
diameters of the circumscribed and inscribed spheres.

4.3.3 Running times

Volume calculations presented thereafter were conduced on a laptop computer. In dimension 50,
each individual calculation computation time is of the order of 10 seconds, so that running times
are not further analyzed.
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4.4 Tests on volume calculations

4.4.1 Complexity analysis — stopping criterion

We ran the volume computation 50 times for each dimension using different values for W. From
section[3.4] we recall that the mixing time of the HMC random walk is known in the case of
the cube and is O(log(n)). Our intuition for the value of W defining the stop criterion is that
it is linked to the mixing time of the random walk. Hence we expect that using W = cst for
HMC on the cube would lead to a very slow growth of the error with the dimension. Since the
maximum dimension if 50 and log(50) & 1.7, we do not expect to see the effect of the log with
our dimension range. In addition, we expect super logarithmic values of W to yield a relative
error decrease when the dimension increases.

Since the algorithm is targeting a relative error e, we wish to identify values of W yielding a
constant relative error whatever the dimension.

With that in mind, for HMC, we expect to eliminate values of W for which the error would
decrease with the dimension. On the contrary, for HAR, we expect to eliminate values of W for
which the error increases with the dimension, since W might not grow as fast as the mixing time.
We test both the cube (Fig. 4)) — a model for which HMC is well understood, and the isotropic

simplex (Fig[5).

As expected, the error explodes for HAR when W is too small, so that plausible values for W
are W = 30 + 4n'® and W = 30 + 4n?. Similarly, for HMC the error decreases when W grows
too fast. We select W = 10, W = 30 and W = 10 + 4n°® as plausible values. The error was
expected to decrease for w = 30 + 4n°®; however in our dimension range, the 4n%® part does
not dominate the constant, hence we did not expect to see a clear decrease.

Overall, the experiments match our intuition for the cube, and do not significantly depart for
the simplex. The complexity growth rates are summarized in Figlf]
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Figure 4 Cube: relative errors (top) and complexities i.e. number of calls to the ora-
cle(bottom) for volume computation — HAR (left) vs HMC (right) with the maximum
travel time fixed at 1 for HMC. All quantities are averaged over 50 runs
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Figure 5 Iso simplex: relative errors (top) and complexities i.e. number of calls to
the oracle (bottom) for volume computation — HAR (left) vs HMC (right) with the
maximum travel time fixed at 1 for HMC.All quantities are averaged over 50 runs
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Figure 6 Scaling of the complexity with the dimension, computed using the same
datas than Fig/d] and Fig5} Plausible complexities are highlighted in yellow.

Window size complexity
HMC HAR
Cube Iso Simplex Cube Iso Simplex
W =10 O(n'™®) O(n'39) O(n"%?) 0(n"%?)
W =30 O(n!) O(n!37) O(n"%) O(n7%)
W =30+ 4n%% | O(n'*3) O(n'>%) O(n"%) O(n°39)
W =30+ 4n1 O(n1.82) O(’I’Ll 96) O(n1'48) O(nl 51)
W =30+ 4n'7 | O(n22T) O(n237) O(n2 %) O(n?12)
W =30+4n% | O(n%%) O(n%7) O(n?) O(n*19)

4.4.2

Travel time dependency for HMC

Based on the previous analysis, we choose W = 30 4+ 44/n to study the standard simplex. Both
in dimension 5 and 20, the errors decrease sharply with the travel time, then stabilize (Fig
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and Fig Top left). This can be seen in the number of points sampled by the algorithm which
increases sharply before stabilizing(Fig and Fig Top right). Our interpretation is that when
the travel time is too short, successive points are highly correlated, resulting in a false detection
of convergence by the sliding window. Hence we get an high error and a low number of points.
On the contrary, if the travel time is long enough, successive points are essentially decorrelated.
As such, there is an optimal travel time between 0.5 and 1 in dimension 5 and between 1 and
1.5 for dimension 20. However, this optimum is neither the diameter, neither the radius of the
inscribed sphere. At maximum travel time 1, there is an average of around 1.2 calls to oracle in
dimension 5 and 2 in dimension 20.

Figure 7 Standard simplex in dimension 5, HMC: relative errors with deciles up
to 80 percents of all points(top left), number of points sampled per run with std
deviation(top right), number of calls to oracle per run with std deviation(bottom
left), average number of calls to oracle per step with std deviation, 500 runs
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Figure 8 Same as Figl7 in dimension 20.
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5 Conclusion

Sampling a target distribution is a central problem in science and engineering. A core difficulty is
to deal with high dimensional spaces, and strategies based on random walks proved instrumental
both to gain theoretical understanding and develop effective methods. In this context, this paper
makes three contributions.

First, we develop novel insights regarding Hamiltonian Monte Carlo (HMC) based strategies
with reflections on boundaries. These strategies leverage the properties of billiard trajectories
which escape corners easily contrarily to Hit and Run. Moreover, our intuition is that the
effectiveness of the HMC strategies lies in reflections, which are instrumental to decorrelate
points and therefore decrease the mixing time. We provide a detailed proof of detailed balance
for HMC with reflections (which was not used before even for HMC without reflections) and the
well connectedness of the random walk, leading to a convergence bound.

Second, in the particular case of polyhedral domains we present a robust implementation
based on multi-precision arithmetic. This ingredient is mandatory to guarantee exact predicates
and robust constructions, following the traditional terminology in robust geometric computations.

Third, we use our HMC random walk for polytope volume calculations, using it as an alter-
native to the celebrated Hit-and-run (HAR) random walk used in the practical volume algorithm
by Cousins and Vempala. The tests, conducted up to dimension 50, show that the HMC random
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walk outperforms the HAR random walk.

Our work clearly leaves stimulating questions open, two of which are of prominent importance.

The first one is the analysis of the optimal travel time required by HMC to sample a target
distribution, which should yield an automated choice for the travel time. The second one is the
analysis of the incidence of reflections on the mixing time, so as to quantify the speed at which
reflections decorrelate successive points.

Acknowledgments. We are grateful to B. Cousins and S. Vempala [24] for providing a high
quality MATLAB code.
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6 Supporting information: pseudo-code

In the following, we provide the pseudo-code for the high level description of the HMC algorithm

(Fig. [1).

Algorithm 1 Hamiltonian Monte Carlo step with real RAM arithmetic model

1: HMC_step(q)

2: Choose a travel time L ~ Unif (0, Liaz)-

3: choose p ~ N (0, I,,)

4: Set dist = L

5: while dist > 0 do

6:  (intersection,t.) < Intersect hyper planes(q,p) // find intersection with hyperplanes
7 if intersection = False OR dist < t. then

8: (¢,p) = Update positions momenta(q, p, dist) // update traj. with distance dist
9: Set dist =0

10: else

11: (¢,p) = Update positions momenta(q, p, t.)

12: Reflext normal(p(t.), n.)

13: Set dist = dist —t,

Algorithm 2 Hamiltonian Monte Carlo step with iRRAM number type

1: HMC_step(q)

2: Choose a travel time L ~ Unif(0, Linaz)-

3: choose p ~ N(0,I,,) iRRAM REAL

4: Set dist = L

5: while dist > 0 do

6:  (intersection,t.) < Intersect hyper planes(q,p) with ¢, an iRRAM REAL.
7. t$ = Near_inf_ double(t.)

8:  if intersection = False OR dist < tS then

9: (¢,p) = Update positions momenta(q, p, dist) // update trajectory with distance dist
10: else

11: (¢,p) = Update positions momenta(g, p,ts)

12: Reflext normal(p(ts), n.)

13: Set dist = dist — t5

14:  Is_strictly in_convex(q)

15:  Return ¢
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Algorithm 3 Find trajectory parameters for a given direction.

Compute traj params(qgir, Pdir)

Set w =v2a

Compute C = \/q3%;, + p2;,/w?

Compute ¢ = arctan(—42)

if pgir < 0 and ¢ < 0 then
b=d+m

if pgir > 0 and ¢ > 0 then
b=6—

Return [w, C, ¢]

Algorithm 4 Intersecting the trajectory with hyperplanes bounding the polytope

1:

Intersect_hyper_planes(q, p)

2: Set intersection = False

3: for each hyperplane H of equation (Azx); =b; do
Compute the outward pointing normal ny to the hplane
Compute the dot products ¢, =<g¢,nyg > and p,, =<p,nyg >

4
5
6: [w,C,®] = Compute_traj_params(¢n,,Pny)
T:
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

if C > b; then
t1 = (arccos(b;/C) — ¢) Jw
if t1 <0 then
tl =t1 427 /w
t2 = (—arccos(b/C) — @) Jw
if 2 <0 then
12 =12+ 271/w
t = min(t1,t2)
if intersection = False then
Set t. =1
Set t.=ng
Set intersection = True
else
if ¢ <t. then
Set t.=1
Set n. =ngy

23: Return (intersection, t.)

Algorithm 5 Reflecting the normal

1:

2
3

Reflext normal(p,n)
: n' =n/||n|| // unit normal
: Return p —2 < p,n’ > n’

Algorithm 6 Update trajectory with distance ¢

1
2
3
4:
5
6

Update_positions_momenta(q, p, t)
: for ¢ from 1 to n do

Set g; = C cos(wt + ¢)
Set p; = —wC'sin(wt + ¢)
: Return (¢, p)

[w,C,®] = Compute_traj_params (¢;,p;)
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7 Supporting information: results

To complement the analysis of section we provide in the following plots with the variance
of the statistics of interest (Figs. [11])).

Figure 9 Error analysis: variance a function of the dimension. Model: isotropic
simplex. (Left) HAR (Right) HMC For the same window size, the variance of the error is
lower for HMC.
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Figure 10 Number of generated points: variance. Model: isotropic simplex. (Left)
HAR (Right) HMC The log scale hints at a polynomial number of points as a function of the
dimension.
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Figure 11 (Left) Number of oracle calls for HMC (Right) Ratio between the number
of oracle calls and the number of points generated Plots for the isotropic simplex.
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