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DTM-BASED FILTRATIONS

Hirokazu ANAI', Frédéric CHAZAL*, Marc GLISSE*, Yuichi IKE', Hiroya

INAKOSHI', Raphaél TINARRAGE*, Yuhei UMEDA

*Datashape, Inria Paris-Saclay
T Fujitsu Laboratories, Al Lab

Abstract. Despite strong stability properties, the persistent homology of filtrations
classically used in Topological Data Analysis, such as, e.g. the Cech or Vietoris-Rips
filtrations, are very sensitive to the presence of outliers in the data from which they are
computed. In this paper, we introduce and study a new family of filtrations, the DTM-
filtrations, built on top of point clouds in the Euclidean space which are more robust to
noise and outliers. The approach adopted in this work relies on the notion of distance-
to-measure functions [I], and extends some previous work on the approximation of such

functions [2, [3].
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1 Introduction

The inference of relevant topological properties of data represented as point clouds in
Euclidean spaces is a central challenge in Topological Data Analysis (TDA).

Given a (finite) set of points X in R¢, persistent homology provides a now classical
and powerful tool to construct persistence diagrams whose points can be interpreted as
homological features of X at different scales. These persistence diagrams are obtained
from filtrations, i.e. nested families of subspaces or simplicial complexes, built on top of
X. Among the many filtrations available to the user, unions of growing balls U,¢ x B(z, t)
(sublevel sets of distance functions), ¢ € R*, and their nerve, the Cech complex filtration,
or its usually easier to compute version, the Vietoris-Rips filtration, are widely used. The
main theoretical advantage of these filtrations is that they have been shown to produce
persistence diagrams that are stable with respect to perturbations of X in the Hausdorff
metric [4].

Unfortunately, the Hausdorft distance turns out to be very sensitive to noise and
outliers, preventing the direct use of distance functions and classical Cech or Vietoris-Rips
filtrations to infer relevant topological properties from real noisy data. Several attempts
have been made in the recent years to overcome this issue. Among them, the filtration
defined by the sublevel sets of the distance-to-measure (DTM) function introduced in
[1], and some of its variants [5], have been proven to provide relevant information about
the geometric structure underlying the data. Unfortunately, from a practical perspective,
the computation of the sublevel sets filtration of the DTM and its persistent homology
turns out to be far too expensive in most cases. To address this problem, [2] introduces
a variant of the DTM function, the k-witness distance, whose persistence is easier to
compute and proves that the k-witness distance approximates the DTM persistence up
to a fixed additive constant. In [3] [6], a weighted version of the Vietoris-Rips complex
filtration is introduced to approximate the persistence of the DTM function, and several
stability and approximation results, comparable to the ones of [2], are established.

In this paper, we introduce and study a new family of filtrations based on the notion
of DTM. Our contributions are the following:

e Given aset X C R? a weight function f defined on R? and a real number p > 1, we
introduce the weighted Cech and Rips filtrations that extend the notion of sublevel
set filtration of power distances of [3]. Using classical results we show that these
filtrations are stable with respect to perturbations of X in the Hausdorff metric and
perturbations of f with respect to the sup norm (Propositions and .

e As for a general function f, the stability results for the weighted Cech and Rips
filtrations are not adapted to deal with noisy data or data containing outliers, we
consider the case where f is the DTM-function associated to the input point cloud.
In this case, we show that, given two point clouds X,Y C R?, the closeness between
the persistence diagrams of the resulting filtrations relies on the existence of a subset
of X which is both close to X and Y in the Wasserstein metric—here the point
clouds are seen as empirical measures—see Theorems and [4.9]

Practical motivations. Even though this aspect is not considered in this paper, it is
interesting to mention that the DTM filtration was first experimented in the setting of
an industrial research project whose goal was to address an anomaly detection problem
from inertial sensor data in bridge and building monitoring [7]. In this problem, the input



data comes as time series measuring the acceleration of devices attached to the monitored
bridge/building. Using sliding windows and time-delay embedding, these times series
are converted into a series of fixed size point clouds in RY. Filtrations are then built
on top of these point clouds and their persistence is computed, giving rise to a time-
dependent sequence of persistence diagrams that are then used to detect anomalies or
specific features occurring along the time [8,[9]. In this practical setting it turned out that
the DTM filtrations reveals to be not only more resilient to noise but also able to better
highlight topological features in the data than the standard Vietoris-Rips filtrations, as
illustrated on a basic synthetic example on Figure [l One of the goal of the present work
is to provide theoretical foundations to these promising experimental results by studying
the stability properties of the DTM filtrations.

Time series without rapid shift Time series with rapid shift
Time series and ‘ o p ‘ N §
time delay embedding " A R L b W
Conventional ) )
filtration Nl -
DTM filtration R

Figure 1: A synthetic example comparing Vietoris-Rips filtration to DTM filtration.
The first row represents two time series with very different behavior and their em-
bedding into R*® (here a series (z1,zs,...,7,) is converted in the 3D point cloud
{(1, 29, x3), (T2, 3, 24), ..., (Tp_2,Tn_1,%,)}). The second row shows the persistence di-
agrams of the Vietoris-Rips filtration built on top of the two point clouds (red and green
points represent respectively the O-dimensional 1-dimensional diagrams); one observes
that the diagrams do not clearly ‘detect’ the different behavior of the time series. The
third row shows the persistence diagrams of the DTM filtration built on top of the two
point clouds; a red point clearly appear away from the diagonal in the second diagram
that highlight the rapid shift occurring in the second time series.

Organisation of the paper. Preliminary definitions, notations, and basic notions
on filtrations and persistence modules are recalled in Section . The weighted Cech
and Vietoris-Rips filtrations are introduced in Section [3| where their stability properties
are established. The DTM-filtrations are introduced in Section [dl Their main stability
property are established in Theorems and [4.9] and their relation with the sublevel set
filtration of the DTM-functions is established in Proposition 4.6| For the clarity of the
paper, the proof of several lemmas have been postponed to the appendices.
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2 Filtrations and interleaving distance

In the sequel, we consider interleavings of filtrations, interleavings of persistence modules
and their associated pseudo-distances. Their definitions, restricted to the setting of the
paper, are briefly recalled in this section.

Let T =R* and E = RY be endowed with the standard Euclidean norm.

Filtrations of sets and simplicial complexes. A family of subsets (V) of E = R?
is a filtration if it is non-decreasing for the inclusion, i.e. for any s,t € T, if s < ¢ then
Vs C Vi Given € > 0, two filtrations (V);er and (W')er of E are e-interleaved if,
for every t € T, V C W't and Wt C V€. The interleaving pseudo-distance between
(V8)ier and (W) is defined as the infimum of such e:

di((VDier, (Wh)ier) = inf{e : (V) and (W) are e-interleaved}.

Filtrations of simplicial complexes and their interleaving distance are similarly defined:
given a set X and S an abstract simplex with vertex set X, a filtration of S is a non-
decreasing family (S*);cr of subcomplexes of S. The interleaving pseudo-distance between
two filtrations (S%);e7 and (S%)ier of S is the infimum of the € > 0 such that they are
e-interleaved, i.e. for any t € T, St C Sit< and Si C Site,

Notice that the interleaving distance is only a pseudo-distance, as two distinct filtra-
tions may have zero interleaving distance.

Persistence modules. Let k be a field. A persistence module V over T = R* is a
pair V = ((V"),er, (v1)s<ter) where (V') is a family of k-vector spaces, and (v% : V5 —
V) s<ter a family of linear maps such that:

e for every t € T, v} : V! — V' is the identity map,
e for every r,s,t € T such that r < s < ¢, v} ov: =1l

An isomorphism between two persistence modules V and W is a family of isomorphisms
of vector spaces (¢; : V& — W'),cr such that the following diagrams commute for every
s<teT

t
US
Vs —— V¢

s

w

W —— Wt

Given € > 0, an e-interleaving between two persistence modules V and W is a pair
of families of linear maps (¢; : V! — W), and (¢, : W — V€)1 such that the
following diagrams commute for every ¢t € T :



vt+26

Vt t >Vt+2e VtJre
Ny s 2
wt+2€
Wt+e Wt t >Wt+2€

The interleaving pseudo-distance between V and W is defined as
d;(V,W) = inf{e > 0,V and W are e-interleaved}.

In some cases, the proximity between persistence modules is expressed with a function.
Let n : T"— T be a non-decreasing function such that for any ¢t € T, n(t) > t. A n-
interleaving between two persistence modules V and W is a pair of families of linear maps
(¢ : VE— W), and (¢, : WE — V7)1 such that the following diagrams commute
for every t € T

U?(n(t»

s ()

W)
bt %(/ V W)
Wt ,UZI(W(t))

Wyt s Pyn(n(®)

Vt

When 7 is t +— t 4 ¢ for some ¢ > 0, it is called an additive c-interleaving and corresponds
with the previous definition. When 7 is t + ¢t for some ¢ > 1, it is called a multiplicative
c-interleaving.

A persistent module V is said to be g-tame if for every s,t € T such that s < t, the
map o’ is of finite rank. The g-tameness of a persistence module ensures that we can
define a notion of persistence diagram—see [10]. Moreover, given two ¢-tame persistence
modules V, W with persistence diagrams D(V), D(W), the so-called isometry theorem
states that d,(D(V), D(W)) = d;(V,W) ([10, Theorem 4.11]) where dy(-,-) denotes the
bottleneck distance between diagrams.

Relation between filtrations and persistence modules. Applying the homology
functor to a filtration gives rise to a persistence module where the linear maps between ho-
mology groups are induced by the inclusion maps between sets (or simplicial complexes).
As a consequence, if two filtrations are e-interleaved then their associated homology per-
sistence modules are also e-interleaved, the interleaving homomorphism being induced by
the interleaving inclusion maps. Moreover, if the considered modules are g-tame, then
the bottleneck distance between their persistence diagrams is upperbounded by e.

The filtrations considered in this paper are obtained as union of growing balls. Their
associated persistence module is the same as the persistence module of a filtered simplicial
complex via the persistent nerve lemma ([I1], Lemma 3.4). Indeed, consider a filtration
(V)er of E and assume that there exists a family of points (z;); € E! and a family of
non-decreasing functions r; : T'— R™ U {—o0} such that, for every t € T, V' is equal to
the union of closed balls |J; B(x;,7:(t)), with the convention B(z;, —o0) = (). For every
t € T, let V' denotes the cover {B(z;,7;(t)),i € I} of V*, and S* be its nerve. Let V be
the persistence module associated with the filtration (V*);cr, and V the one associated
with the simplicial filtration (S*);e7. Then V and V are isomorphic persistence modules.
In particular, if V is g-tame, V and V, have the same persistence diagrams.



3 Weighted Cech filtrations

In order to define the DTM-filtrations, we go through an intermediate and more general
construction, namely the weighted Cech filtrations. It generalizes the usual notion of
Cech filtration of a subset of R?, and shares comparable regularity properties.

3.1 Definition

In the following, we consider the Euclidean space £ = R?, the index set T = R*, a
function f: E — R and a real number p > 1. For every z € F and t € T, we define

ra(t) = {—oo if t < f(z),

(- f(x)p)% otherwise.

We denote by By(z,t) = B(z,7,(t)) the closed Euclidean ball of center x and radius
r.(t). By convention, an Euclidean ball of radius —oo is the empty set. For p = oo, we

also define
— if ¢
To(t) = { oot f(x),
t otherwise,

and the balls B(z,t) = B(z,7,(t)). Some of these radius functions are represented in
Figure [2|

<o oTOTDT

o mnn
X O WwN B

Figure 2: Graph of t — r,(t) for f(z) =1 and several values of p.

Definition 3.1. Let X C E. For every t € T', we define the following set:

VX, f]= | By(z.1).

rzeX

The family VX, f] = (VY[X, f])iso is a filtration of E. It is called the weighted Cech fil-
tration with parameters (X, f,p). We denote by V[X, f] its persistent (singular) homology
module.

Introduce V![X, f] = {Bf(z,t)}sex. It is a cover of V![X, f] by closed Euclidean balls.
Let N(V'[X, f]) be the nerve of the cover V'[X, f]. It is a simplicial complex over the
vertex set X. The family N (V[X, f])) = (W(V'[X, f]))e>o is a filtered simplicial complex.

bt



We denote by V[ X, f] its persistent (simplicial) homology module. As a consequence
of the persistent nerve theorem ([I1], Lemma 3.4), V[X, f] and V,/[X, f] are isomorphic
persistent modules.

When f = 0, V[X, f] does not depend on p > 1, and it is the filtration of FE by
the sublevel sets of the distance function to X. In the sequel, we denote it by V[X,0].
The corresponding filtered simplicial complex, N (V[X,0]), is known as the usual Cech
complex of X.

When p = 2, the filtration value of y € FE, i.e. the infimum of the ¢ such that
y € VI[X, f], is called the power distance of y associated to the weighted set (X, f) in [3,
Definition 4.1]. The filtration V[X, f] is called the weighted Cech filtration ([3, Definition
4.4)).

Example. Consider the point cloud X drawn on the right
(black). It is a 200-sample of the uniform distribution on
[—1,1]2 C R% We choose f to be the distance function to the
Cassini oval (magenta). Let ¢ = 0.2. Figure |3| represents the
sets V[ X, f] for several values of p.

p=1 p=2 p= p =0
Figure 3: The sets V'[X, f] for t = 0.2 and several values of p.

The following proposition states the regularity of the persistent module V[X| f].

Proposition 3.1. If X C FE is finite and f is any function, then V[X, f] is a pointwise
finite-dimensional persistence module.

More generally, if X is any bounded subset of E and f is continuous, then V[X, f] is
g-tame.

Proof. First, suppose that X is finite. Then N (V[X, f]) is a filtration of a finite simplicial
complex, and thus V[ X, f] is pointwise finite-dimensional. It is also the case for V[.X f]
since it is isomorphic to Vu[X, f].

Secondly, suppose that X is bounded and f is continuous. Consider the ‘filtration
value’ function:

tx : F — R*
Yy — inf{tGR*,EleX,yEBf(x,t)}
For every y € E, v € X and t > 0 the assertion y € By(x, 1) is equivalent to (||lz — y||P +

1
f (IL‘)p) » < t. Therefore the function tx can be written as follows:

Sl

tx(y) = inf{(|lz — ylI” + f(x)")?,z € X}.

6



It is 1-Lipschitz as it is the infimum of the set of the 1-Lipschitz functions y (||x —
1
ylI? + f(z)?) 7. It is also proper as X is bounded.

Let V be the filtration of E defined for all ¢ > 0 by V! = ¢3'(] — 00,t]). Let V be
its persistent homology module. The last two properties of tx (continuous and proper)
imply that V is ¢-tame ([I0], Corollary 3.34).

Notice that, since X may not be compact, V[ X, f] may not be equal to Vi, However,
it follows from the definition of ¢y that V[X, f] and V are e-interleaved for every ¢ > 0.
Therefore, V[ X, f] also is ¢-tame. O

3.2 Stability

We still consider a function f : E — R* and a subset X C E. Using the fact that two
e-interleaved filtrations induce e-interleaved persistence modules, we immediately obtain
stability results for the persistence module V[ X, f].

The following proposition relates the stability of the filtration V' [X, f] with respect to

f.

Proposition 3.2. Let g : E — R* be a function such that || f — g|lcc = sup,eg |f(x) —
g(x)| < e. Then the filtrations VX, f| and V[X, g] are e-interleaved.

Proof. By symmetry, it suffices to show that, for every t > 0, V[ X, f] C VI*¢[X ¢].

Let t > 0. Choose y € V'[X, f], and # € X such that y € By(z,t), i.e. ([l —yl? +
f(x)p)% < t. Let us prove that y € By(z,t +¢€), i.e. (||z —y|P + g(x)p)% <t+e.

From g(x) < f(2) + & we obtain ([lo — yll” + 9(x)")" < (o = yll” + ((z) + )",
Now, consider the function n — (|lz — y||P + (f(z) + n)p)%. Its derivative is n >

p—1

< f(@)tn T ) . It is consequently 1-Lipschitz on R*. The Lipschitz property
(la—yllr+(s@)+mr) ™

implies that

(lz =yl + (f@@) + ) < (o — ylP + F(z)) " +e
Hence (|lz—y[P+g(2)?)7 < (Jo—ylP+(f(@)+6)?)7 < (lr—ylP+f(2)?)7 +e < t4e. O

The following proposition states the stability of VX, f] with respect to X. It gener-
alizes [3, Proposition 4.3] (case p = 2).

Proposition 3.3. Suppose that f is c-Lipschitz, ¢ > 0. Let Y C E. Suppose that X
and Y are compact, and that the Hausdorff distance dy(X,Y) < €. Then the filtrations

VIX, f] and V[Y, f] are k-interleaved with k = e(1 + cp)%.

Proof. Tt suffices to show that for every t > 0, VI[X, f] C VIF[Y, f].
Let t > 0. Choose z € V![X, f], and x € X such that z € By(z,t), i.e. ||z — 2| < 7.(t).
From the hypothesis dy(X,Y) < ¢, there exists y € Y such that ||y — z|| < e. Let us
prove that z € By(y,t + k), i.e. ||z —y| < r,(t + k).

By triangle inequality, ||z —y|| < ||z — z|| + || — y|| < r.(t) + €. It is enough to show
that r,(t) + € <r,(t+ k), i.e.

\ <=
\ -

((t+ KPP — F@))? — (7 = F())

ry (t+k) ra(t)

> €.




The left-hand side of this expression is decreasing in f(y). Moreover, since f if c-Lipschitz,
f(y) is at most f(x) 4 ce. Therefore:

((E+RP = fpP)r = (= fa))
> ((t+ kY = (f@) +e)p — (¢ = (o))

It is now enough to prove that this last expression is not less than e, which is the content
of Lemma [A]] O

T e

Notice that the bounds in Proposition [3.2)and [3.3] are tight. In the first case, consider
for example £ = R, the set X = {0}, and the functions f = 0 and g = e. For every ¢ < ¢,
we have VI[Y] f] = 0, while V'[X, f] # 0. Regarding the second proposition, consider
E=R, f:2+ cr, X ={0} and Y = {e}. We have, for every t > 0, VI[X, f] = B(0,1)
and V'[Y, f] = Bl(e, (t* — (ce)p)%). For every t < e(1 + cp)%, we have (1P — (ce)p)% < €,
hence 0 ¢ V'[Y, f]. In comparison, V¢ > 0, 0 € V![X, f].

When considering data with outliers, the observed set X may be very distant from the
underlying signal Y in Hausdorff distance. Therefore, the tight bound in Proposition
may be unsatisfactory. Moreover, a usual choice of f would be dy, the distance function
to X. But the bound in Proposition [3.2] then becomes ||dx — dy||eo = dg(X,Y). We
address this issue in Section 4| by considering an outliers-robust function f, the so-called
distance-to-measure function (DTM).

3.3 Weighted Vietoris-Rips filtrations

Rather than computing the persistence of the Cech filtration of a point cloud X C E,
one sometimes consider the corresponding Vietoris-Rips filtration, which is usually easier
to compute.

If G is a graph with vertex set X, its corresponding clique complex is the simplicial
complex over X consisting of the sets of vertices of cliques of G. If S is a simplicial
complex, its corresponding flag complex is the clique complex of its 1-skeleton. We
denote it Rips(95).

Recall that N (V'[X, f]) denotes the nerve of V'[X, f], where V![X, f] is the cover
[By(w,t)bacx of VIX, f1.

Definition 3.2. We denote by Rips(V'[X, f]) the flag complex of N (V![X, f]), and by
Rips(V[X, f]) the corresponding filtered simplicial complex. It is called the weighted Rips
complex with parameters (X, f,p).

The following proposition states that the filtered simplicial complexes N'(V[X, f]) and
Rips(V[X, f]) are 2-interleaved multiplicatively, generalizing the classical case of the Cech
and Vietoris-Rips filtrations (case f = 0).

Proposition 3.4. For everyt > 0,
NV'[X, f]) € Rips(V'[X. f]) € N(V[X, f])

Proof. Let t > 0. The first inclusion follows from that Rips(V![X, f])) is the clique
complex of N (V![X, f]). To prove the second one, choose a simplex w € Rips(V'[X, f])).
It means that for every x,y € w, By(z,t)NBy(y,t) # 0, i.e. B(z,r.(t))NB(y,7,(t)) # 0.
We have to prove that w € N(V¥[X, f]), i.e. N, Bz, r:(2t)) # 0.

8



For every = € w, one has r,(2t) > 2r,(t). Indeed,

(2t — f(x)P)?

— Q(tp _ (@)p);

> 217 — f(x))? = 2r,(t)

r.(2t)

Using the fact that doubling the radius of pairwise intersecting balls is enough to make
them intersect globally, we obtain that w € N (V*[X, f]). O

Note that weighted Rips filtration shares the same stability properties as the weighted

Cech filtration. Indeed, the proofs of Proposition and immediately extend to this
case.

In order to compute the flag complex Rips(V![ X, f]), it is enough to know the filtration
values of its 0- and 1-simplices. The following proposition describes these values.

Proposition 3.5. Let p < 4+o00. The filtration value of a vertex x € X 1is given by
tx({z}) = f(x).

The filtration value of an edge {x,y} C E is given by

te ({2, ) :{ max{f(@), f()} if llz = yll < (@) = Fy)P]s,

t otherwise,

where t is the only positive root of

|z =yl = (7 = F@)")7 + (¢ — f(y)?)

Sl

(1)

When ||z —y|| > |f(x)P — f(y)p|%, the positive root of Equation (|I) does not always
admit a closed form. We give some particular cases for which it can be computed.

e For p =1, the root is tx({z,y}) = —f(”)+f(y2)+”z_y”,

\/ ((F@+F@)2+le—yl12) (@)~ F ) +le—y]1?)

2[jz—y|l ’

o for p=2 itistx({x,y}) =

e for p = oo, the condition reads ||z — y|| > max{f(z), f(y)}, and the root is
tx({z,y}) = @ In either case, tx({z,y}) = max{f(x), f(y), _Hff;yﬂ}_

Proof. The filtration value of a vertex x € X is, by definition of the nerve, tx({z}) =
inf{s € T, B¢(z, s) # 0}. It is equal to f(z).

Also by definition, the filtration value of an edge {z,y}, with z,y € X and z # y, is
given by

tx({z,y}) = inf{s € R, By(v,5) N By(y, s) # 0}

Two cases may occur: the balls By(z,t({z,y})) and By(z,t({z,y})) have both positive
radius, or one of these is a singleton. In the last case, t({x,y}) = max{f(z), f(y)}. In
the first case, we have ||z —y|| = r,(t) +7,(2), ie. ||z —y| = (tp_f(x)l’)% + (tP — f(y)p)%.
Notice that Equation (1)) admits only one solution since the function ¢ — (t? — f(z)?)» +
(tP — f(y)p)% is strictly increasing on [max{f(x), f(y)}, +o0). O

3 =

9



We close this subsection by discussing the influence of p on the weighted Cech and
Rips filtrations. Let Do(N(V[X, f,p])) be the persistence diagram of the Oth-homology
of N(V[X, f,p]). We say that a point (b,d) of Do(V[X, f,p]) is non-trivial if b # d. Let
Do(Rips(V[X, f,p])) be the persistence diagram of the Oth-homology of Rips(V[X, f, p]).

Proposition 3.6. The number of non-trivial points in Do(N (V[X, f,p])) is non-increasing
with respect to p € [1,400). The same holds for Dy(Rips(V[X, f,pl]))-

Proof. Since the persistence diagram of the Oth-homology of a filtered simplicial com-
plex only depends on the filtration of its 1-skeleton, it is enough to show the lemma for
Do(Rips(V[X, f,p])). As before, denote by tx the ‘filtration value’ function of Rips(V[X, f, p]).

The number of points in Dy(Rips(V[X, f,p])) is equal to the cardinal of X. Any p > 1
being fixed, we can pair every x € X with some edge {y, z} € Rips(V[X, f, p|) such that
the points of Dy(Rips(V[X, f,p])) are of the form (tx({z}),tx({y,z})).

Notice that the filtration values of the points in X do not depend on p: for all p > 1 and
x € X, tx({z}) = f(x). Moreover, the filtration values of the edges in Rips(V[X, f,p])
are non-increasing with respect to p. Indeed, for all {y, z} € Rips(V[X, f,p|) with y # z,
according to Proposition , the filtration value tx({y, z} is either max{f(x), f(y)} if
|z =yl < |f(z)? — f(y)?|?, or is the only positive root of Equation otherwise. Note
that the positive root of Equation (1)) is greater than max{f(x), f(y)} and decreasing in
p. Besides, the term |f(z)? — f(y)?|? is non-decreasing in p.

These two facts ensure that for every x € X, the point of Dy(Rips(V[X, f,p])) created
by x has an ordinate which is non-increasing with respect to p. In particular, the number
of non-trivial points in Dy(Rips(V[X, f,p])) is non-increasing with respect to p. H

Figure[8|in Subsection illustrates the previous proposition in the case of the DTM-
filtrations.

Now, consider & > 0, and let Dy(N(V[X, f,p])) be the persistence diagram of the
kth-homology of N'(V[X, f,p]). In this case, one can easily build examples showing that
the number of non-trivial points of Dy (N (V[X, f,p])) does not have to be non-increasing
with respect to p. The same holds for Dy (Rips(V[X, f,p])).

4 DTM-filtrations

The results of previous section suggests that in order to construct a weighted Cech filtra-
tion VX, f] that is robust to outliers, it is necessary to choose a function f that depends
on X and that is itself robust to outliers. The so-called distance-to-measure function
(DTM) satisfies such properties, motivating the introduction of the DTM-filtrations in
this section.

4.1 The distance to measure (DTM)

Let 1 be a probability measure over £ = R¢, and m € [0,1) a parameter. For every
z € R? let §,,, be the function defined on E by 6, (x) = inf{r > 0, u(B(z,r)) > m}.

Definition 4.1. Let m € [0, 1[. The DTM g of parameter my is the function:
dym: EF — R
T \/nlz Jo" 62 1 (x)dt
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When m is fixed - which is the case in the sequel - and when there is no risk of confusion,
we write d,, instead of d,, ,,.

Notice that when m = 0, d,,,, is the distance function to supp(su), the support p.

Proposition 4.1 ([I], Corollary 3.7). For every probability measure p and m € [0, 1],
dym s 1-Lipschitz.

A fundamental property of the DTM is its stability with respect to the probability
measure 4 in the Wasserstein metric. Recall that given two probability measures p and
v over E, a transport plan between p and v is a probability measure m over £ X E whose

marginals are p and v. The Wasserstein distance with quadratic cost between p and v is
1

defined as Wy (p,v) = (inf,T S g e —yllPdr(z, y)) *, where the infimum is taken over all

the transport plans. When o = pux and v = py are the empirical measures of the finite
point clouds X and Y, i.e the normalized sums of the Dirac measures on the points of X
and Y respectively, we write W5(X,Y") instead of Wy (pux, iy ).

Proposition 4.2 ([I], Theorem 3.5). Let u, v be two probability measures, and m € [0, 1.
Then )
||du7m - dv,mHoo < m_EWZ(PJ: V)~

Notice that for every x € E, d,(z) is not lower than the distance from x to supp(u),
the support of pu. This remark, along with the propositions and [4.2] are the only
properties of the DTM that will be used to prove the results in the sequel of the paper.

In practice, the DTM can be computed. If X is a finite subset of E of cardinal n, we
denote by ux its empirical measure. Assume that m = %, with ko an integer. In this

case, d,, reformulates as follows: for every x € E,

ko
1
(@) = = |l —pe(@)]?,
ko 4=
where py(x), ..., pr, () are a choice of kg-nearest neighbors of z in X.

4.2 DTM-filtrations

In the following, the two parameters p € [1,+oc] and m € [0, 1) are fixed.

Definition 4.2. Let X C F be a finite point cloud, puyxy the empirical measure of
X, and d,, the corresponding DTM of parameter m. The weighted Cech filtration
VIX,d,.,p|, as defined in Section , is called the DTM-filtration associated with the
parameters (X,m,p). It is denoted by W[X,m,p| or W[X]| when there is no risk of
confusion. The corresponding persistence module is denoted by W[X].

Let WYX, f] = {Bj(x,t)}sex denote the cover of WX, f] by the balls Bj(x,t)
and let NOW'[X, f]) be its nerve. The family N(W[X, f])) = (WW'X, f]))i>o is a
filtered simplicial complex, and its persistent (simplicial) homology module is denoted
by Wxr[X, f]. By the persistent nerve lemma, the persistence modules W[X, f] and
W[ X, f] are isomorphic.

As in Definition [B.2] Rips(W'[X, f]) denotes the flag complex of N'(W'[X, f]), and
Rips(WIX, f]) the corresponding filtered simplicial complex.
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is the union of X and I', where X is a 50-sample of the uniform /': ..' '
distribution on [~1,1]> C R?, and I is a 300-sample of the uniform [
distribution on the unit circle. We consider the weighted Cech \

Example. Consider the point cloud X drawn on the right. It : /“\\\
\
!
LT
filtrations V[I", 0] and V[X,0] for p = 1, and the DTM-filtration N -/

o st
W[X] for p =1 and m = 0.1. They are represented in Figure See—

for the value ¢t = 0.3.

V[T, 0] VX, 0] WX

Figure 4: The sets V*[I", 0], V*[X,0] and W'[X] for p=1, m = 0.1 and t = 0.3.

Because of the outliers X, the value of ¢ from which the sets V' [X, 0] are contractible
is small. On the other hand, we observe that the set W*[X] does not suffer too much
from the presence of outliers.

We plot in Figure [5| the persistence diagrams of the persistence modules associated to

Rips(V[T', 0]), Rips(V[X,0]) and RipsW[X]) (p =1, m = 0.1).

D(Rips(V[I', 0])) D(Rips(V[X, 0])) D(Rips(W[X]))

Figure 5: Persistence diagrams of some simplicial filtrations. Points in red (resp. green)
represent the persistent homology in dimension 0 (resp. 1).

Observe that the diagrams D(Rips(V[I,0])) and D(Rips(W[X])) appear to be close
to each other, while D(Rips(V[X,0])) does not.

Applying the results of Section 3] we immediately obtain the following proposition.

Proposition 4.3. Let X andY be two finite subsets of E. Consider the D TM-filtrations
WI[X] and W[Y]. Then

d(WIX],W[Y]) < m™ i Wa(X,Y) + 2vdy (X, Y),
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Proof. By definition of the DTM-filtrations, we have W[X] = V[X,d, ] and W[Y] =
V1Y.d,,]. We use the triangle inequality for the interleaving distance:

di(V[X> d,ux]> V[Y’ duy]) § Eii(v[Xa dux]a V[Yv dux])/"*’iii(v[y; d,ux]> V[Ya duy]) :

) @)

(1) : From Proposition we have d;(V[X,d, .|, V[Y,dxn]) < (1 + cp)%dH(X, Y),
where ¢ is the Lipschitz constant of dx,,. According to Proposition .1, ¢ = 1. We
obtain d;(V[X,d,, ], VY, d,,]) < 2rdu(X,Y).

(2) : From Proposition[3.2] we have d;(V[Y,d, |, V[Y,d,,]) < ||dux — duy [|o- According
to Proposition , [y — doy lloo < M~ 2Wa(X,Y). O

Note that this stability result is worse than the stability of the usual Cech filtrations,
which only involves the Hausdorff distance. However, the term W5(X,Y) is inevitable,
as shown in the following example.

Let E =R, Z ={0,1}, and € > 0. Pick two finite subsets X and Y of E close to Z in
Hausdorff distance, and such that px is close to €dg 4+ (1 — €)d; in Wasserstein distance,
and py close to (1 —€)dg + €d1. If m > ¢, then d,,, (0) is close to 0, while d,,, (0) is close
to /1 — 5. If p = 1, the interleaving distance d;(W[X], W[Y]) is then close to /1 — <
(as in Proposition [3.2)).

In comparison, the interleaving distance between the usual Cech filtrations is close to
0. In this case, it would be more robust to consider these usual Cech filtrations.

However, in the case where the Hausdorff distance dy(X,Y) is large, the usual Cech
filtrations may be very distant. The DTM-filtrations however may still be close, as we
discuss in the next subsection.

4.3 Stability when p=1

We first consider the case p = 1, for which the proofs are simpler and results are stronger.
We fix m € [0,1). If p is a probability measure on E with compact support supp(u),
we define

c(p,m) = sup (dum)-
supp (1)

If i = pr is the empirical measure of a finite set I' C E, we denote it ¢(I', m).

Proposition 4.4. Let pu be a probability measure on E with compact support I'. Let d,,
be the corresponding DTM. Consider a set X C E such that T' C X. The weighted Cech
filtrations VI, d,| and V[X,d,] are c(p, m)-interleaved.

Moreover, if Y C E is another set such that I' C Y, V[Y,d,] and V[X,d,] are
c(u, m)-interleaved.

In particular, if I' is a finite set, we obtain that WI'| and V[X,d,.] are c¢(I',m)-
interleaved.

Proof. Let ¢ = ¢(I';m). Since I' C X, we have V'[I',d,| C V'[X,d,] for every ¢t > 0.
Let us show that, for every ¢t > 0, V'[X,d,] C V', d,]. Let x € X, and choose
~v € T' a projection of x on the compact set I', i.e. one of the closest points to x € I'.
By definition of the DTM, we have that d,(x) > |z — v||. Together with d,(y) < ¢, we
obtain
b emdy(y) 2 12t — du(x) + lo — )
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which means that By, (z,t) C Bq,(v,t+c¢). The inclusion V*[X,d,] C V**[I', d,,] follows.
If Y is another set containing I', we obtain V*[X,d,] C V**<[I',d,] C V**°[Y,d,] for
every t > 0. ]

Theorem 4.5. Consider two finite sets X, Y C E. For every I' C X and Q C Y, we
have

G(W[X],W[Y]) < m 2 Wa(X,T) +m 2 Wa(Y, Q) + m 2 Wa(I', Q) + ¢(T', m) + ¢(Q, m).
In particular, with Q =Y, we obtain

d;(W[X],W[Q)) < m 2 Wa(X,T) + m 2W,(T, Q) + (T, m) + (2, m).

Proof. Let dx =d, ., dy =d,,, dr = d,, andy do = d,,,. Recall that the DTM filtrations
W[X] and WY] are equal to the weighted Cech filtration V[X,dx] and V]Y,dy|. We
prove the assertion by introducing the following filtrations between V[ X, dx] and VY, dy]:

VI[X,dx] +— V[X,dr] +— V[ UQ,dr| +— V[ UQ,dq| «— VY, dq] +— VI[Y,dy].
We have:

o d;(V[X,dx], VX, dr]) < m 2Wy(X,T) (Propositions [£.2] and [3.2)),
o d;(V[X,dr], VI UQ,dr]) < c(T',m) (Proposition {4.4]),
o d;(VITUQ,dp), VT UQ,dg]) < m 2 Wy(T, Q) (Propositions 4.2 and [3.2)),
o d;(VIT UQ, dqg|, V[Y,dq]) < c(2,m) (Proposition [4.4)),
o d;(V[Y,do), VY, dy]) < m 2W5(Q,Y) (Propositions [£.2] and [3.2)).
[

The second inequality of Theorem can be seen as an approximation result. Indeed,
suppose that  is some underlying set of interest, and X is a sample of it with, possibly,
noise or outliers. If one can find a subset I' of X such that X and I' are close to
each other—in the Wasserstein metric—and such that I' and §2 are also close, then the
filtrations W[X] and W[2] are close. Their closeness depends on the constants ¢(I', m)
and ¢(2,m).

For any probability measure p of support I' C E, The constant ¢(u, m) might be
seen as a bias term, expressing the behaviour of the DTM over I'. It relates to the
concentration of y on its support. Recall that a measure p with support I' is said to be
(a,b)-standard, with a,b > 0, if for all z € T and r > 0, u(B(x,r)) > min{ar®, 1}. For
example, the Hausdorff measure associated to a compact b-dimensional submanifold of
E is (a,b)-standard for some a > 0. In this case, a simple computation shows that there
exists a constant C', depending only on @ and b, such that for all z € T', d, ,(z) < Cm.
Therefore, ¢(p, m) < Cms.

Regarding the first inequality of Theorem [£.5] suppose for the sake of simplicity that
one can choose I' = ). The bound of Theorem .5 then reads

G(W[X],W[Y]) < m 2 Wa(X,T) + m 2 Wa(Y,T) + 2¢(T, m).

Therefore, the DTM-filtrations W[X] and W[Y] are close to each other if px and py are
both close to a common measure pr. This would be the case if X and Y are noisy samples
of I". This bound, expressed in terms of Wasserstein distance rather than Hausdorff
distance, shows the robustness of the DTM-filtration to outliers.
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Notice that, in practice, for finite data sets X, Y and for given I' and €2, the constants
c(I'ym) and ¢(2,m) can be explicitly computed, as it amounts to evaluating the DTM
on I' and Q, as well as the bounds of Theorem [4.5]

Example. Consider the set X = X UT as defined in the example page . Figure |§|
displays the sets W'[X], V*[X,d,.] and W*[['] for the values p =1, m = 0.1 and t = 0.4
and the persistence diagrams of the corresponding weighted Rips filtrations, illustrating
the stability properties of Proposition and Theorem

WHX] VIX, dy,] W]
c.’.:{.. OJ‘
D(Rips(W[X])) D (RipS(V[X  dyir])) D(RibS(W[F]))

Figure 6: Filtrations for ¢t = 0.4, and their corresponding persistence diagrams.

The following proposition relates the DTM-filtration to the filtration of E by the
sublevels sets of the DTM.

Proposition 4.6. Let p be a probability measure on E with compact support K. Let
m € [0,1) and denote by V the sublevel sets filtration of d,,,,. Consider a finite set
X CFE. Then ) )

dl(‘/: W[X]) S C(uv m) +2re+ m_EWQ(:uv :uX)v
with e = dy (K U X, X).
Proof. First, notice that V = V[E,d,]. Indeed, for every t > 0, V* C V'[E,d,] by the
definition of the weighted Cech complex. To prove VI[E,d,] C V! let z € V'[E,d,], and
y € E such that x € By, (y,t). We have ||z —y|| <t — f(y). For d, is 1-Lipschitz, we
deduce f(z) < f(y)+ ||z — vyl < f(y) +t — f(y) <t. Hence z € V".

Then we compute:

d;(V, W[X]) = di(V[E, d,], VX, dyiy])
< d(V[E,d),VIXUK,d)) + di(VIX UK, d,],VIX,d]) + di(V[X,d,]. V[X,d,])

< o, m) + 2 e+ m 2 Walp, pix),
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using Proposition [4.2] for the first term, Proposition [3.3] for the second one, and Proposi-
tion [3.2] and Proposition [.4] for the third one. O

4.4 Stability when p > 1

Let now assume that p > 1, m € [0, 1) being still fixed. In this case, stability properties
turn out to be more difficult to establish. For small values of ¢, Lemma gives a
tight non-additive interleaving between the filtrations. However, for large values of ¢,
the filtrations are poorly interleaved. To overcome this issue we consider stability at the
homological level, i.e. between the persistence modules associated to the DTM filtrations.

Let first show why one cannot expect a similar result as Proposition [£.4] Consider
the ambient space E = R and the sets I' = {0} and X =T U {1}. We have d,.(1) =1

and, for all t > 1, W'[['| = B(0,t) and V'[X,d,.] = B(0,t) U B(1, (" — 1)%) The sets
V' X,d,,| are represented in Figure 7| for ¢t = 1.5, ¢ = 5 and several values of p.

For p = 1, the ball B(1,(t? — 1)#) is contained in B(0,t). Whereas for p > 1, the
radius (t? — 1)% is asymptotically equal to ¢ + OHJFOO(W%I). Therefore, an € > 0 for which
the ball B(1, (t? — 1)%) would be included in B(0,t+ ¢€) for all # > 0 should not be lower
than 1 = dg (T, X). Therefore, d;(W[I'],V[X,d,.]) =1 =du(T, X).

e
000

Figure 7: Some sets V'[X,d,.] for t = 1.5 (first row) and ¢ = 5 (second row).

Even though the filtrations W[I'] and V[X,d,.] are distant, the set V'[X,d,.] is
contractible for all ¢ > 0, and therefore the interleaving distance between the persistence
modules W[I'] and V[X,d,,.] is 0.

In general, and in the same spirit as Proposition [4.4] we can obtain obtain a bound
on the interleaving distance between the persistence modules W[I'] and V[X, d,,.] which
does not depend on X—see Proposition 4.7

For I' a finite subset of E, we define

c(l',m,p) = S%p(dur7m) + w(p)t(l),
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with k(p) =1 — % and ¢(T") is the filtration value of the simplex I" in N (WIT]).

Proposition 4.7. Let I' be a finite subset of E, and d,. be the corresponding DTM of
parameter m. Consider a finite set X C E such that I' C X. The persistence modules
WL and V[X,d,.] are ¢(T', m, p)-interleaved.

Moreover, if Y C E is another finite set such thatI' CY, V[X,d,.| and V[Y,d,.] are
c(I',m, p)-interleaved.

The proof relies on the following proposition, whose proof is postponed to Subsection

4.5

Proposition 4.8. Let I' C X C E be finite sets. Consider a map m: X — I" which maps
every x € X to one of its closest points in I'. Denote the inclusion map j : I' — X and
the identity map v : X — X. Consider the filtered simplicial complexes N(V[X,d,.])

and NOW[IY).
For everyt > 0, the map m extends to a simplicial map N (V'[X,d,,.]) L, NWrter)).

We obtain the following diagram between simplicial complexes:

ot

NOVIX, dy]) —2 NOVET]) 25 N V(X d,,, ),

where v! is the simplicial map induced by v and j*¢ the one induced by j. This diagram
commutes at the homology level, i.e. the induced homomorphism (7' ¢or?), and i’ between
simplicial homology groups are equal.

Proof of Proposition[{.7] Choose a map 7 : X — I' which maps every z € X to one of
its closest points in I'. For every t > 0, let #* : N(V'[X,d,.]) — N(W'[I]) be the
simplicial map given by Proposition Denote by j* : NOW'[I]) — N (V'[X,d,,]) the
inclusion map. Let us show that the pair ((7%);>0,(j)i>0) define a ¢(T', m, p)-interleaving
between W/ [I'] and Vu[X, d,,.].

Let ¢ > 0. Denote ¢ = ¢(I',m,p), and by v' : NOV'[X,d,.]) = NV'"TX,d,.])
and w' : NOWVHT]) — NW'[X]) the inclusion maps. Let us show that the following
diagrams commute:

VX, dy,] —— VEIX,d),,] Vil X, dy
\ T e T \
Wter — Wore[L]

According to Proposition the following diagram commutes at the homological level.

ot

m

NOVIX, dy]) —= NWVD)) 225 N(VE(X, d,,])

Hence we obtain the first diagram by applying the simplicial homology functor. Similarly,
the second diagram results from the following one, which is clearly commutative since
7wt o 4t is the identity map.
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NWIT]) —L NOVX, dy]) =25 N (WD)

\/

wt

This shows that W[I'] and V[X,d,.| are c-interleaved.

If Y is another set containing I', let 8 : Y — I" be a projection, and k£ : I' = Y and
u:Y — Y the inclusion maps. For all ¢ > 0, define 6, k' and u! as before. We can
compose the previous diagrams to obtain the following:

Vi (X, d,,] N VI [X, d,y o, Vi [X, d,,.]

o \ o

t+c t+2c [F]
VLY, dur]

Since all the triangles commute, so does the following:

’Ui+26 c
Vj\/’[X7 d#r] ’ Vﬁ2 [X> dﬂr]
km %@W
VY, d.]

We can obtain the same interchanging X and Y. Therefore, by definition, the persistence
modules Vy[X, d,,.] and V[V, d,,.] are c-interleaved, with the interleaving ((kL™°m!)i>0, (5701 )1>0).
O

Theorem 4.9. Consider two finite sets X, Y C E. For every I' C X and Q C Y, we
have

d:(W[X]), W[Y])) < m 2 Wa(X, T)+m 2 Wa(Y, Q) +m~2Wa(T, Q)+ (T, m, p)+c(Q, m, p).
In particular, with Q0 =Y, we obtain

d;(W[X], WT]) < m™ 2 Wa(X,T) + m 2 Wa(T, Q) + (T, m, p) + ¢(Q, m, p).

Proof. The proof is the same as Theorem [4.5] using Proposition [4.7instead of Proposition
44 O

Notice that when p = 1, the constant ¢(I',m,p) is equal to the constant ¢(I',m)
defined in Subsection [4.3] and we recover Theorem [4.5
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As an illustration of these results, we represent in Figure [§ the persistence diagrams
associated to Rips(W][X]) for several values of p. The point cloud X is the one defined
in the example page Observe that, as stated in Proposition [3.6] the number of red
points (homology in dimension 0) is non-increasing with respect to p.

142 142

Figure 8: Persistence diagrams of the simplicial filtrations Rips(W[X]) for several values
of p.

4.5 Proof of Proposition 4.8

We first state the following lemma, which gives a (non-additive) interleaving between the

filtrations W[I'] and V[X,d,].

Lemma 4.10. Let X, T and « be as defined in Proposition[{.8 Letx € X, and vy = 7 ().
For every t > 0,
Bf(x7 t) - Bf(’% 2! + dur(q/))'

Let ¢ : t — 91 ut +suppdy.. Then for everyt >0,

W) € VX, d,.] € WO

Proof. Define d = d,,.(). Let u € E. Remind that

)

{u € Bi(n,t) <= t> (llu— P+ due(7)7)
u € By(z,t) < t> (lu—=z|P +du.(z)F)".

[l= W

We shall only use

3 =

uw€ By(y,t) < t>|u—7| +d,
u€ By(x,t) = t> ([lu—zlP + la —v|P)".

Let u € By(x,t). Let us prove that u € Ef(7,21_%t+ d). If |lu — v]| < ||y — z||, then
t > |lu — 7|, and we deduce u € By(v,t+d) C By(, 2175t + d).

Else, we have |[u — || > ||y — z||. Consider the line segment [y, u] and the sphere
S(7, |7 — x||) of center v and radius ||y — z|. The intersection S(v, ||y — z||) N |7, u] is a
singleton. Call its element z’. The situation is represented in Figure [0}
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Figure 9: Definition of the point z’.
We have ||u — 2'[| < ||u — 2| and ||y — 2'|| = || — =[|. Therefore
1 1
(w = 2|7+ fl2" = ~I7) 7 < (lle = 2P + [z = [I7) 7

1
We also have ||y — ul| = ||y — 2/|| + ||z’ — u|| and (|Ju — z||" + []& — ~||")» < ¢. Thus it
follows from the last inequality that

1
(e =217+ (flu = Al = [lu = 2'[)P)> <.

The left-hand term of this inequality is not lower than 25! |lu—]|. Indeed, consider the
function s — (7 + (|lu — v|| — s)P)” defined for s € [0, [|u — 7||]. One shows directly, by

1
computing its derivative, that its minimum is 2» ' |Ju — ||, attained at s = @

We deduce that 25 u—~|| < ¢, and |lu—~v| < 2"~ #¢. Thusu € By(y,2" #t+d). O

Notice that the previous lemma gives a tight bound, as we can see with the following
example. Consider set I' = {0} C R, L > 0, and X = I'U {z} with 2 = £. Let

2
m < %, and f = d,., which is the function distance to I'. For all ¢ > 2%_1[/, we have

L € By(z,t). Indeed, rx(Q%_lL) = ((2%_1L)p - (é)p)% = L. In comparison, for every
t <L, L ¢ B(0,t).

Following this example, we can find a lower bound on the interleaving distance between
the persistence modules W[I'| and V[X,d,.]. Consider L > 0, the set I' = {0,2L} C R,
x = %, and X =T U{z,2L —z}. Let m < %, and f = d,.. The persistence diagram
of the Oth-homology of W] consists of two points, (0,400) and (0,L). Regarding
V[X, f], the point of finite ordinate in the persistence diagram of its Oth-homology is
(0,2%_1[/). Indeed, for t = 2%_11/, we have L € By(z,t) and L € By(L — x,t), hence
the set V'[X,d,.] is connected. We deduce that these persistent modules are at most
(1-— 2%_1)L—interleaved.

In comparison, the upper bound we prove in Proposition is (1 — %)L.

We now prove the proposition stated in the previous subsection.

Proof of Proposition[{.§ Let tx : P(X) — RT be the ‘filtration value’ function of
N(V[X,d,.]), which maps every simplex ¢ C X to inf{t > 0,0 € N(V'[X,d,.])}. Note
that the restriction of ¢x to the set P(I') C P(X) is equal to the ‘filtration value’ function
of NOWII']). Denote f = d,,. and ¢ = ¢(I',m, p).
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Let t > 0. We decompose the proof in two steps.
First step: 7" : N(V'[X,d,,.]) = N(OWe[I) is simplicial.
Let 0 € N(V'[X,d,.]), and 7 = 7'(0). We have to show that 7 € N(W'¢[I')).

If tx(r) <t e 7€ NV'X, d]), then 7 € N(W!T]) C N (WD),

Else, we have tx (1) > t > tx(0). Let x € o, and define v = 7(z). According to
Lemma [4.10, B(x,tx (o)) C By(, 21_%15;((0) + d,.(7)). Hence

m By(x,tx(0)) C ﬂ Ef(% 21_%15)((0) + Sl7l_p dw).

reo yEeT

Since () By(z,tx(0)) # 0, we obtain () By (7, 21" vty () + sup, d,.) # 0. By definition

rEo YET
of the nerve, this means that tx(7) < 2= 5t x(0) +sup, d,.. We conclude by observing
that

tx (1) < 21_%15)((0) +supd,,. =tx(o) + (21_% — Dtx(0) +supd,,

<t+ (27 — Dtx(T) +supd,,
I

1
<t+(1—-)tx(')+supd,,

p r
=t+c

where, for the second line, we used tx (o) < tx(7) < tx(I') and 2l7r 1< 112 (Lemma

p
B).
J— 1
Notice that, still in the case tx(7) > t > tx(0), the same argument gives () By (y,2' »t(0)+
ycoUur

sup, dy ) # 0, and tx(cUT) <t +c.

Second step: the induced homomorphism (5'7¢ o 7*), and i are equal.

According to the last paragraph, we have the following diagram of simplicial maps:

ot

T

NOVIX, dy]) —= NOVHD)) 225 N(VE(X, d,,]).

In order to prove that it commutes at the homological level, we distinguish the cases

First, assume that ¢ < tx(T"). Let us show that the simplicial maps j'7¢ o 7’ and i’
are contiguous. Let 0 € N(V'[X,d,.]), and define 7 = 7’(c). We have seen in the last
paragraph that tx(c U7) < t + ¢. Hence the simplex ¢ U 7 is in the simplicial complex
N(V*[X,d,.]). This proves that the simplicial maps j**¢ o ' and v' are contiguous,
therefore they induce equal homomorphisms at homological level.

Secondly, assume that ¢t > tx(I'). In the remainder of the proof, we say that a
homology group H,(-) is trivial if it is of rank 0 when n > 0, or if it is of rank 1 when
n = 0. We say that a homomorphism between homology groups H,(-) — H,(-) is trivial
if the homomorphism is of rank 0 when n > 0, or of it is of rank 1 when n = 0.

The homomorphism ("¢ o 7'), is trivial. Indeed, N (W!*[I]) is the whole simplex
on I, hence its homology groups are trivial, and (j**¢ox'), factorizes through these. Let
us show that v! also is trivial.

21



We introduce an intermediate set between V[ X, d,.] and V**¢[X d,.]:

‘N/t X, dur] = UxeX\F §f<x7 t)u U'yel‘ Ef(% t),

Ve = UxeX\FEf(xvt) UUWEFEJC(/%t_’_C)u
ViFelX,dy,] = U:z:eX\F By(x,t+c)U U’yGF Bi(v,t+o).

Let Or € (), cr By(v,tx(I)). Since t > tx(I'), we have Op € V*. Let us show that V* is
star-shaped around Or.

Let € X and consider v = 7(z) € . We first prove that Bf(z,t) U Bs(v,t + ¢) is
star-shaped around Or. Let y € B(z,t). We have to show that the line segment [y, Or]
is a subset of By(z,t) U B(7,t+ ¢). Let D be the affine line going through y and Or,
and denote by ¢ the orthogonal projection on D. We have [y, Or] C [y, q(z)] U [¢(x), Or].
The first line segment [y, ¢(z)] is a subset of B(z,t). Regarding the second line segment
[¢(x), Or], let us show that q(z) € By(v,t+ ¢), and [¢(z),Or] C B(y,t + ¢) will follow.
The situation is pictured in Figure [10]

By(x,t) U By(7,1) By(x,t) UBf(7,t+¢)

Figure 10: Construction of an intermediate set Vi,

Denote by ¢(7) the orthogonal projection of v on D. According to Lemma ,
I = a(@)II* < |z =AI* + llz — a@)[|2lly — a0l = |z — g(2)]).

1 1
Let d = ||z — q(z)|. Since d = ||z — q(z)|| < (" — dyp.(2)?)? < (7 — ||z — 7||P)?, we have
|lx —~] < (# — dp)%. Moreover, ||y —q(7)|| < ||v — Or|| < tx(I'). The last inequality
then gives

Iy = g(@)? < (7 — &) + d(2tx (D) — d).

According to Lemma [B.3| we obtain that ||y — ¢(z)| is not greater than ¢ + x(p)tx(T).
Therefore, we have the inequality

B =

((t+r@txT)+ fO))P = f()P)? > (t+&@)tx D)+ f(0) = f(7) = |y — a(=z)]l,

and we deduce ¢(z) € By (7, t + &(p)tx (D) + f(7)) C B(y,t +¢).
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In conclusion, [y, Or] C By(z,t)UBy(v,t+c). This being true for every y € By(z,t),
and obviously true for y € By(v,t + ¢), we deduce that By(x,t) U Bf(y,t + ¢) is star-

shaped around Or. Finally, since Or € (,p B(7,tx(T)), we have that V* is star-shaped
around Or.

Let u' : V![X,d,.] = V'[X,d,.] be the inclusion map between sets. Consider the
diagram of inclusions:

"

//V\
ViIX, d,. y V1 > VIt X, d,,, .

Applying the singular homology functor, we obtain
ul,

T

Vt[Xa d,ur] — H*(vt) E— Vt+c[X7 dur]'

Since V! is star-shaped, H*(vt) is trivial, and so is ul. Moreover, according to the
persistent nerve lemma (|11, Lemma 3.4]), we have the following commutative diagram

VX, due] — VIF(X, dy]

T

A [X7 d#r] L VH—C[Xv d#r]

where the vertical arrows are isomorphisms. Therefore v! is trivial, as claimed. O

5 Conclusion

In this paper we have introduced the DTM-filtrations that depend on a parameter p > 1.
This new family of filtrations extends the filtration introduced in [3] that corresponds to
the case p = 2.

The established stability properties are, as far as we know, of a new type: the closeness
of two DTM-filtrations associated to two data sets relies on the existence of a well-sampled
underlying object that approximate both data sets in the Wasserstein metric. This makes
the DTM filtrations robust to outliers. Even though large values of p lead to persistence
diagrams with less points in the Oth homology, the choice of p = 1 gives the strongest
stability results. When p > 1, the interleaving bound is less significant since it involves
the diameter of the underlying object but, the obtained bound is consistent with the case
p =1 as it converges to the bound for p =1 as p goes to 1.

It is interesting to notice that the proofs rely on only a few properties of the DTM. As a
consequence, the results should extend to other weight functions, such that the DTM with
a parameter different from 2, or kernel density estimators. Some variants concerning the
radius functions in the weighted Cech filtration, are also worth considering. The analysis
shows that their asymptotic behaviour should look like the one of the case p = 1. In the
same spirit as in [12], 3] where sparse-weighted Rips filtrations were considered, it would
also be interesting to consider sparse versions of the DTM-filtrations and to study their
stability properties.
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Last, the obtained stability results, depending on the choice of underlying sets, open
way to the statistical analysis of the persistence diagrams of the DTM-filtrations, a

problem that will be addressed in a further work.
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Supplementary results for Section

Lemma A.1. Let c,e and x be non-negative real numbers, andt > a. Define a = (1—|—cp)%
and k = ea. Thent+ k > a+ ce, and

RSA

((t+ k) — (z+cel?)? — (17 —aP)7 > ¢
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Proof. Let D ={(t,z),t > = > 0} C R? Let us find the minimum of
® : D — R
(t,2) — ((t+ac) — (2 +ce)? — (7 — a?)7
An z > 0 being fixed, we study ¢ : t — ®(¢,z) on the interval (z,+00). Its derivative is
(t + ae)P™? Pt

§(0) = . |
((t+ae)p — (z+ ce)l’)l_E (tr — 27) "7

We solve:

 —
> (t+ ae)Pz? =tP(x + ce)?
t+ae x4 ce

t T

!
< t=—x
c
We obtain the second line by raising the equality to the power of ﬁ. Hence the derivative
of ¢ vanishes only at ¢ = Sx. Together with lim, ., ¢ = +00, we deduce that ¢ attains
its minimum at ¢ =z or t = <.
Let us show that ¢(2x) = e.

B(22) = B(2w,2) = ((Bz+adP—(@+cP)r - (2o —ar)?
= ((&)P(z + ce) — (xl o)y — z((2)P - 1)?
(z + ce)((%)”l —1)» — z((2)p-1)r

= eel(2y 1)

Using oo = (1 + cp)%, one obtains that ¢((2)? — 1)% = 1. Therefore, ¢(%z) = €.
Secondly, consider ® on the interval {(z,z),x >
The function t — ®(z,z) = ((x + ae)? — (x + ce)p)% is increasing. Its minimum is
0(0,0) = ((ae)” — (ce)P)» = e(aP — P)r = e.
In conclusion, on every interval (z,+o00) x {z} C D, ® admits ¢ as a minimum.
Therefore, € is the minimum of ¢ on D. O

B Supplementary results for Section

Lemma B.1. For allp > 1, 215 — 1 <1- %.

Proof. The convexity property of the function z — 2% gives, for all z € [0,1], 2* < z+ 1.
1
Hence 277 — 1 <1-— zlv' O

Lemma B.2. Let v,z € E, D an affine line, and q(7), q(x) the projections of v and x
on D. Then

Iy = a@)I* < llz = A1* + [l — a@) | 2lly — ¢l = llz — q(@)]])
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Proof. We first study the case where v,z and D lie in the same affine plane. If v and
x are on opposite sides of D, the result is obvious. Otherwise, the points 7, z, ¢(7y) and
q(z) form a right trapezoid (see Figure .

D
Figure 11: The points 7, z, ¢(7) and ¢(z) form a right trapezoid.

Using the Pythagorean theorem on the orthogonal vectors v — ¢(vy) and ¢q(vy) — ¢(x),
and on (v — ¢(7)) — (z — q(x)) and ¢(7) — q(x), we obtain

{Ih —qI*+ llg(y) = q@) 1> = Iy — q(=)]1?,
(v = a() = (& = q@)[I* + [la(v) = q(@)[|> = Iy — =[*
Using that [[(y — q(7)) — (z — q(@))[| =| |7 — ¢()[l — [z — g(z)]| |, the second equality
rephrases as [|¢(v) — ¢(2)[* = ||y — =[1* = (v — ¢(¥)|| — ]z — g(=)||)*. Combining these
two equalities give
Iy = a(@)[I> = Iy = a)IP + lla(y) = a(=)|?
= Iy = a)I*+ Iy = = = (v = gl = [l = g(=)]))?
= Iy = [ + [l — q(@)[|2lly — ¢V = [l = g()]])

Now, if v,z and D do not lie in the same affine plane, denote by P the affine plane

containing D and z. Let 4 the point of P such that ||y — q(7)]| = |7 — ¢(7)| and
v — q(x)|| = || — ¢(x)||. Using the previous result on 4 and the inequality ||y — x| >
|7 — ||, we obtain the result. O

Lemma B.3. Let a,b,d > 0 such that b < a and d < a. Then
(@ — d®)r +d(2b— d) < (a + kD)2,
with k =1 — 1.
p
Proof. The equation being homogeneous with respect to a, it is enough to show that
(1—d")r +d(2b—d) < (1+ kb)>

with b <1 and d < 1. We actually show that (1 —dP)» +d(2b—d) <1+ 2kb

Note that this is true when d < k. Indeed, (1 —dP)? +d(2b—d) < 1+ 2db < 1+ 2kb.
Now, notice that it is enough to show the inequality for b = 1. Indeed, it is equivalent

B B
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to (1 — dp)% —1—d* < 2kb—2db = 2b(k — d). For every d > &, the right-hand side of
this inequality is nonpositive, hence the worst case happens when b = 1. What is left to
show is the following: Vd € [k, 1],

(1—d)r +d2—d) <1+ 2%k
The function z +— (1 — x)% being concave on [0, 1], we have (1 — x)% <1- }—1730 for all
1

x € [0,1]. Therefore, (1 —dP)r <1 — %d”. Consider the function
1
¢:d (1—=d”)?+d(2—d).
p

Let us show that Vd € [0,1], ¢(d) < 1+ 2.

This inequality is obvious for d = 0. it is also the case for d = 1, since we obtain
(1—3d’)? +d(2—d)=(1-,)*+1=r>+1 In the interval [0,1], the derivative of ¢
is ¢'(d) = %d%’l —2dP~' — 2d + 2. Let d, be such that ¢'(d,) = 0. Multiplying ¢'(d.)
by % gives the relation A2 — d? — dZ + d. = 0. Subtracting this equality in ¢(d.) gives
¢(d.) =1~ (5 — 55)d2 + (1 = 2)d + d.. We shall show that the following function ¢,
defined for all d € [0, 1], is not greater than 1+ 2k.

1 1 2
Yid—1—=(1—>)d®+ (1 - >)d" +d.
p p p

We consider the cases p > 2 and p < 2 separately. In each case, 1 — % > 0. Assume
that p > 2. Then d? <1 and 1 — 1—2) > 0. Therefore (1 — %)dp <1- 12—), and we obtain

¢(d)§1+(1—;)dp+d
2
~2a4d
<1+(1- )i+
1
—1+2(1-3)

Now assume that p < 2. We have the following inequality: d — d? < p — 1. Indeed,
by considering its derivative, on shows that the application d — d — dP is maximum for
1
d = p »1, for which

d—d =d(1—d Y =pri(l—p?)
1 4

=p 1 (p—1)

p
Using (% —1)>0and d” > d— (p— 1), we obtain (% —1)dP >
Going back to 9 (d), we have

o(d) = —%(1—]19)% =) +d
Voo L (2 2 N
gl—}—)(l—]—?)d (p Dd+ (= —=1)(p—1)+d
=1 (1= )4 @ )+ - - 1)



- 1 1y 72 1 2 o :
Let us verify that d — 1 — (1 — 2)d” +2(1 — J)d + (5 — 1)(p — 1) is increasing. Its
derivative is

1 1
—2p—(1—=)d®P ' +2(1—=)> =2p—(1— =) +2(1 - )
P p
=0
We deduce that (d) < (1) for all d € [0,1]. The value (1) is 1 — (1 — ) +2(1 —
i) + (% — 1)(p — 1). Moreover, We3 have —%(1 — %) + (]—2) — 1)(p—1) < 0. Indeed,
1 1 2 _ _ (-1 1

—(1=35)+ (= 1(p—1) = =5~ Therefore ¢)(1) < 1+2(1 — ). .
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