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1. Introduction

ABSTRACT

Sugeno integrals are aggregation operations involving a criterion weighting scheme based
on the use of set functions called capacities or fuzzy measures. In this paper, we define
generalized versions of Sugeno integrals on totally ordered bounded chains, by extending
the operation that combines the value of the capacity on each subset of criteria and the
value of the utility function over elements of the subset. We show that the generalized
concept of Sugeno integral splits into two functionals, one based on a general multiple-
valued conjunction (we call integral) and one based on a general multiple-valued implica-
tion (we call cointegral). These fuzzy conjunction and implication connectives are related
via a so-called semiduality property, involving an involutive negation. Sugeno integrals cor-
respond to the case when the fuzzy conjunction is the minimum and the fuzzy implication
is Kleene-Dienes implication, in which case integrals and cointegrals coincide. In this pa-
per, we consider a very general class of fuzzy conjunction operations on a finite setting,
that reduce to Boolean conjunctions on extreme values of the bounded chain, and are non-
decreasing in each place, and the corresponding general class of implications (their semid-
uals). The merit of these new aggregation operators is to go beyond pure lattice polyno-
mials, thus enhancing the expressive power of qualitative aggregation functions, especially
as to the way an importance weight can affect a local rating of an object to be chosen.

In the setting of Artificial Intelligence (for instance, recommender systems, cognitive robotics, but other fields as well),
the use of decision rules based on numerical aggregation functions is not always natural. For instance, probabilities, utilities,
importance weights cannot always be easily elicited from the user, by lack of time or lack of precision. Information systems
advising persons cannot ask too many questions to users for modeling their preferences, nor collect from them meaningful
numbers representing probabilities or criteria importance levels, or yet utility values. Even if they get them, making nu-
merical operations on them looks debatable. Another example is when a referee has to fill a form to assess the merits of a
paper for a journal, and numerical ratings are required. What is the precise meaning of these ratings? Does it make sense

to compute averages from them?

In such situations it is more natural to resort to a qualitative approach to multicriteria evaluation. The rationale is to
refrain from using numbers that look arbitrary or hard to collect, if we can evaluate decisions in a reasoned approach,
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without numerical calculations and address decision problems in the ordinal setting. There are two advantages: (i) a gain
in robustness and the need for less data; (ii) qualitative methods lend themselves to a logical representation (which makes
proposed choices more easily explainable). There are two possible choices of qualitative settings for representing notions
such as utility ratings by several agents, importance levels and likelihood degrees:

« Use distinct non-commensurate scales. This makes the framework very restrictive as impossibility theorems regarding
rational aggregation processes are often obtained (e.g., in voting theory).

« Use finite commensurate scales (taking advantage of notions facilitating commensurateness such as certainty equivalents)
then one works with a finite ordered set of value classes.

In multi-criteria decision making, Sugeno integrals [39,40] are commonly used as qualitative aggregation functions
[25] using finite scales and a commensurateness assumption between them. The definitions of these integrals are based
on a monotonic set-function named capacity or fuzzy measure that aims to qualitatively represent the likelihood of sets of
possible states of nature, the importance of sets of criteria, etc. These set functions are currently used in many areas such as
uncertainty modeling [13,14], multiple criteria aggregation [3,23,24] or in game theory [37]. See also a recent book devoted
to capacities in such areas [28]. Moreover, Sugeno integrals naturally lend themselves to a representation in terms of if-then
rules involving thresholds [7,15,23], which makes them easy to interpret.

Capacities can be exploited in different ways when aggregating local ratings of objects according to various criteria, and
different qualitative integrals (g-integrals, for short) can be obtained. In the case of Sugeno integrals, the capacity is used
as a bound that restricts the global evaluation from below or from above. In other cases, the capacity is considered as a
tolerance threshold such that overcoming it leads to improving the global evaluation of the object under study. When this
threshold is not reached there are two possibilities. Either the local rating remains as it stands or it is modified: improved
if the criterion is little important, downgraded if it is important.

These considerations give rise to new aggregation operations in the qualitative setting, such as soft and drastic integrals,
studied in a recent paper [16]. Namely, we introduced variants of Sugeno integrals based on Gédel implication and its con-
trapositive version, using an involutive negation. It models qualitative aggregation methods that extend min and max, based
on the idea of tolerance threshold beyond which a criterion is considered satisfied. These variants of integrals are valued
in a scale equipped with a residuated implication and an involutive negation. More precisely, in [16], the evaluation scale
is both a totally ordered Heyting algebra and a Kleene algebra. These new aggregation operations have been axiomatized in
[17] in the setting of a complete bounded chain with an involutive negation.

In the present paper, which extends a conference paper [18], we try to cast this approach in a more general totally
ordered algebraic setting, using multivalued conjunction operations that are not necessarily commutative, and implication
operations induced from them by means of an involutive negation, with a view to preserve characterization theorems proved
in [17] for Goédel implication and its contrapositive version, and non-commutative fuzzy conjunctions obtained via an invo-
lutive negation. We show that, once generalized in this way, the concept of Sugeno integral splits into two functionals, one
based on a generalized conjunction (we call g-integral) and one based on an implication (we call q-cointegral). These fuzzy
conjunction and implication connectives are related via a semiduality property, involving an involutive negation. Sugeno in-
tegrals correspond to the case when the fuzzy conjunction is the minimum and the implication is Kleene-Dienes implication,
in which case integrals and cointegrals coincide.

The paper is structured as follows. Section 2 presents the main motivations for the study of new aggregation operations,
namely the notion of weighted qualitative aggregation function. It studies the way importance weights of criteria affect local
ratings of objects with respect to such criteria. Section 3 provides insights on the algebraic setting useful for generalizing
Sugeno integrals, namely the possible dependence between fuzzy conjunctions and implications via residuation and a prop-
erty called semiduality. Section 4 presents the proposed generalizations of Sugeno integrals, emphasizing the existence of
distinct integrals and cointegrals respectively defined by means of fuzzy conjunctions and implications. Section 5 presents
representation theorems for g-integrals and q-cointegrals.

2. Motivations

After recalling the weighted min and max aggregation functions, this section extends these aggregation functions to
other weighting schemes, focusing on the possible effects of weighting criteria on the corresponding ratings. This extension
requires more general conjunctions and implications.

We adopt the terminology and notations usual in multi-criteria decision making, where some alternatives are evaluated
according to a common set C = {1,...,n} = [n] of criteria. A common evaluation scale L is assumed to provide ratings ac-
cording to the criteria: each alternative is thus identified with a function f e L¢ which maps every criterion i of C to the
local rating f; of the alternative with regard to this criterion.

We assume that L is a finite totally ordered set with 1 and 0 as top and bottom, respectively (L may be a subset {0 =
ag < ay < --- < a; = 1} of the real unit interval [0, 1] for instance). For any a € L, we denote by a. the constant alternative
whose ratings equal a for all criteria in C. In addition, we assume that L is equipped with a unary order reversing involutive
operation a — 1 — a, that we call negation. In the finite setting, there is a unique such negation operation.! We respectively

1 Often called strong negation in the literature, see [31].



denote by A and v the minimum and maximum operations induced by > on L. Such a finite totally ordered scale defined
by (L,>,1-,0,1) is called qualitative in this paper.

2.1. Weighted minimum and maximum

There are two elementary symmetric qualitative aggregation schemes on a finite totally ordered chain:

« The pessimistic one A} ; f; which is very demanding since in order to obtain a good evaluation an object needs to satisfy
all the criteria.
- The optimistic one, \/}; f; which is very loose since one fulfilled criterion is enough to obtain a good evaluation.

These two aggregation schemes can be slightly generalized by means of importance levels or priorities 7; € L, on the
criteria i € [n], thus yielding weighted minimum and maximum [11]. Suppose ; is increasing with the importance of i. A
fully important criterion has importance weight ; = 1. A useless criterion has importance weight ; = 0. In general these
criteria can be eliminated. We also assume 7r; = 1, for at least one criterion i (the most important ones). It is a kind of
normalization assumption that ensures that the whole positive part of the scale L is useful. It is typical of possibility theory
[12]. Indeed, the set of weights can be viewed as a possibility distribution over criteria, just like the set of numerical weights
in a weighted average can be viewed as a probability distribution.

These importance levels can interact with each local evaluation f; in different manners. Usually, a qualitative weight 7;
acts as a saturation threshold that blocks the global score under or above a certain value dependent on the importance level
of criterion i. Such weights truncate the evaluation scale from above or from below. Usually, the rating f; is modified in the
form of either (1 —m;) Vv fi € [1 —m;, 1], or m;Af; € [0, 7r;]. In the first expression, low ratings of unimportant criteria are
upgraded; in the second one, high ratings of unimportant criteria are downgraded. The weighted minimum and maximum
operations then take the following forms [11]:

n

MIN, (f) = \ (A =m) v fi): MAX: (f) = \/(mi A ). (1)

i=1 i=1

In these aggregation operations, a fully important criterion can alone bring the whole global score to 0 (MIN(f)) or to 1
(MAXx(f)), according to the chosen attitude (resp. pessimistic or optimistic).

It is well-known that if the range of the local ratings f; is reduced to {0, 1} (Boolean criteria) then letting Ay = {i: f; =1}
be the set of criteria satisfied by alternative f, the function

IT:As > MAX; (f) = \/{m; : i e A}
is a possibility measure on C [42] (i.e, a set function IT that satisfies [T1(AuU B) = I1(A) v I1(B) for every A, B C C), and,
N:Af> MINg (f) = \{1—m; 1 i ¢ A}

is a necessity measure [12] (i.e., a set function N that satisfies N(ANnB) = N(A) A N(B) for every A,B < C). Note that the
well-known duality property

[T(A) =1-N(A), (2)
where A denotes the set complement of A in €, immediately generalizes to the scale L in the following way:
MAX; (f) =1—MIN; (1 - f). (3)

In order to get a maximal global rating with the weighted minimum, we force all criteria with a weight not equal to 0 to
be satisfied; and with the weighted maximum we force only one fully important criteria to be satisfied.

Example 1. Let L = {0,0.4,0.6,1} c [0, 1] and consider three criteria with the importance profile 7 and the Boolean alter-
natives f and g:

1 2 3 MIN,  MAX,

7 1 1 06
f 1 1 o0 0.4 1
g 1 0 0 0 1

We can see that f violates the least important criterion 3 only, and it makes the global evaluation positive according to
the pessimistic criterion, while g is ruled out because it violates one essential criterion. But the optimistic evaluation puts
the two decisions on a par because they both satisfy one important criterion.

Note that the form (1) of the criteria is not arbitrary. It we consider weighted aggregations of the form Al  7; Vv f;,
and v, (1 —m;) A f; for instance, the effect of weights will be radically different. In the case of the former, you get the
maximal value 1 for the global rating as soon as all criteria are important, whatever the value of the local ratings, which
is not satisfactory. In the second case, it is enough to have one poorly important criterion fully satisfied to get a good



overall rating, again counterintuitive. So, the mathematical form of the combination between a criterion weight and the
local rating is affected by the aggregation scheme used and cannot be chosen arbitrarily if intuitively satisfactory results
must be obtained.
In the following we explore various alternative weighting schemes in the ordinal setting. The weighted min and max can
be generalized by conjunctive and disjunctive expressions of the form:
n n
MINE (f) = A\ (> f): MAX2(f) = \/ (i f,). (4)
i=1 i=1
for suitable choices of rating modification operations > and ®. In the sequel we study conditions that these operations must
satisfy in order for them to make sense. We consider the cases of conjunctive and disjunctive aggregations respectively.

2.2. A generalized rating modification scheme for the conjunctive aggregation

Let mr; > f; be the result of applying the weight ; to the rating f;. Using a conjunctive aggregation, an alternative should
not be rejected due to a poor rating on an unimportant criterion, especially the global rating should not be affected by use-
less criteria, whatever the corresponding rating. The importance weight 0 should turn the local rating on a useless criterion
into 1, since a A 1 = aq, i.e., this extreme value is not taken into account by the conjunctive aggregation. So we must assume
that 0> f; = 1. Moreover, it is clear that if the criterion has maximal importance, a very poor local rating on this criterion
should be enough to bring the global evaluation down to 0, which implies 1> 0 = 0. Besides, it is natural that the better
the local rating f;, the greater the modified local rating. However, the less important the criterion, the more lenient should
be the modified local rating.

According to the above rationale, the operation > should formally be a multiple-valued implication (as defined in
[1,21] for L =10, 1]):

Definition 1. A fuzzy implication is a two-place operation — on L such that:

1.0-1=11-0=0;1-1=1;0-0=1.
2. a — b is increasing in the wide sense with b for all a < L.
3. a — b is decreasing in the wide sense with a for all b € L.

As we use a finite scale with an involutive negation, it is natural to consider the special case when the set of possible
values for m; > f; is restricted to one of the arguments, their negations, and extreme values, ie., {0,1—m;, 1 — f;, m;, fi, 1}
according to the relative position of f; with respect to 7; or 1 — ;. In order to respect the properties of the fuzzy implication,
we can make the following observations:

+ We cannot have ;> f; = 7r; nor 7; > f; = 1 — f;, for consecutive values of f;, 7; # 0, 1. Indeed if a; > fi=a; and a1 >
fi=ajq, the modified score would be increasing with 7;, and if 7;>a;=1-a; and 7;> a1 =1—aj,4, then the
modified score would be decreasing with f;, which contradicts the claim that > should be a fuzzy implication function.

« We cannot have m; > 1 = 0, otherwise we would get 1>1 =0, as ;> f; decreases with 7;, which means that > would
not generalize implication.

Under these restrictions on the range of ;> f;, some well-known fuzzy implications [1], used in [16] or [17], are re-
trieved:

1 ifm<fi
+ Rescher-Gaines implication: ;> f; = 7; =¢¢ fi = ' f'
0 otherwise;
1 ifm<f;

» Godel implication: ;> f; = 7; =
P i i~ {f,- otherwise;

1 if T < f;,
« The contrapositive symmetric of Gédel implication: ;> f; = m; —>¢c fi = '= f'
1—m; otherwise;
« Kleene-Dienes implication: ;> f; = m; —xp fi= (1 —m;) Vv fi.
ifm; < f;

1
» The residuum of the nilpotent minimum: ;= f; =
P =/ (1—-m;) v fi otherwise.

Other fuzzy implications, like tukasiewicz's 7r; —1 f; = min(1 — 7r; + f;, 1) are possible if L = {0, 1/k,2/k, ..., (k—1)/k, 1},
but the results may stand outside {0, 1 — 7;, 1, f;}. Note that our framework excludes Zadeh’s implication [41] (1 —a) Vv (a A
b) as the latter is not decreasing with a.

The corresponding conjunctive aggregation schemes, alternative to MIN, are natural. Using — ¢, the aggregation selects
all objects that pass the prescribed thresholds for all criteria and totally rejects the other ones. Using — ¢, the aggregation
selects all objects that pass the prescribed thresholds for all criteria and ranks the remaining ones according to their worst
local ratings (forming a waiting list). Using — ¢, the aggregation selects all objects that pass the prescribed thresholds for
all criteria and ranks the remaining ones according to the importance of violated criteria, putting the objects that violate
the least important criteria upfront.



Example 2. Consider L ={j/10: j=0,1,...,10} c [0, 1], three criteria with the importance profile 7 and the alternatives f
and g:

1 2 3 ATt —=re fi AT —e fi AT oac fi A =m) v
T 1 0.5 0.2
f 1 04 0.3 0 0.4 0.5 0.5
g 1 0.5 0.3 1 1 1 0.5

The excellent global rating of g for all the three new aggregation operations is justified by the fact that it passes the
importance thresholds for all criteria while f fails for one of them. Using — g, f is then completely eliminated. In contrast,
the usual weighted minimum cannot tell f from g although the latter Pareto-dominates the former.

2.3. A generalized rating modification scheme for the disjunctive aggregation

Let ; ® f; be the result of applying the weight ; to the rating f;. Using a disjunctive aggregation, an alternative should
be rejected only due to a poor rating on all important criteria. Again, the global rating should not be affected by useless
criteria, whatever the corresponding rating. As the aggregation operation is disjunctive, the local rating on a useless criterion
should always be turned into 0, since av 0 =a, i.e., 0 does not alter the disjunctive aggregation. So 0 ® f; = 0. Moreover,
it is clear that if the criterion has maximal importance, a very good local rating on this criterion is enough to bring the
global evaluation up to 1. So 1® 1 = 1. But if f; =0, criterion i should not participate to the improvement of the global
rating, even if the criterion is important. So 7; ® 0 = 0. Besides, it is natural that the better the local rating f;, the better the
modified local rating 7; ® f;. However, the more important the criterion, the higher should be 7; ® f; since a given rating
on an important criterion should have a more positive influence on the global evaluation than the same rating on a little
important criterion.

According to the above rationale, the operation ® should formally be a multiple-valued conjunction:

Definition 2. A fuzzy conjunction is a two-place operation ® on L such that:

1.0®1=0;19®0=0;1®1=1;00=0.
2. a ® b is increasing in the wide sense with a, for all b € L.
3. a ® b is increasing in the wide sense with b for all a € L.

Note that we assume neither associativity nor commutativity (e.g., local rating and weight do not play the same role).
Moreover the top element can be the identity on the left (1 ® a = a) or on the right (¢ ® 1 = a), in which case we shall speak
of left- or right-conjunctions, respectively; or an identity on both sides (1 ® a =a® 1 = a, namely semicopulas [19] when
L =10, 1]). Besides, due to monotonicity and limit conditions, a® 0 =0® 1 =0.

We shall again study the case when the set of possible values for 7; ® f; is limited to {0, 1 — m;, 7r;, f;, 1 — f;, 1}. It is clear
that one cannot assume 7; ® f; € {1 —m;, 1 — f;} for 7}, f; # 0, 1, as a fuzzy conjunction is increasing in both places. So one
is left to have 7; ® f; € {0, 7y, f;, 1}, which as we shall see leaves the possibility to have 7; ® f; > m;Af;, including examples
where m; ® fi=1 when 7r; < 1, f; < 1, even if 7; ® f; must extend the Boolean conjunction. In the next subsection, we use
a systematic way of producing fuzzy conjunctions from fuzzy implications.

2.4. Semiduality

In order to generate interesting fuzzy conjunctions 7; ® f;, we can use the joint extension (3) of the De Morgan rela-
tionship Vi, fi =1 - AL, (1 - f;) existing between conjunctive and disjunctive aggregations, and of the well-known duality
property between possibility and necessity measures (2). Applying this De Morgan duality to generalized weighted conjunc-
tive aggregation MIN (f) = A ;> f; yields a family of generalized weighted disjunctive aggregations:

n n
MAXE (f) =1-MINz (1= f)=1- A\mie (- f) =\/mof (5)
i=1 i=1
In other words, to each connective > (fuzzy implication) that modifies local ratings in a conjunctive aggregation, corre-
sponds a connective ® = S(1>) (fuzzy conjunction) that modifies local ratings in a disjunctive aggregation, and is of the
form aS(>)b :=1 - (ar> (1 —b)). We shall say that such a pair of operations (>, ®) are semidual operations. It is obvious to
see that > is a fuzzy fuzzy implication in the sense of Definition 1 if and only if its semidual is a fuzzy conjunction in the
sense of Definition 2. It is also obvious that the connectives can be exchanged, that is, a>b=aS(®)b=1- (a® (1 — b)),
i.e., semiduality is an involutive transformation. Note that ar>b =1 if and only if aS(>)(1 — b) = 0 that is, a and 1 — b, when
positive, are divisors of 0 for the fuzzy conjunction ® = S(>>).
Under semiduality, some fuzzy conjunctions such that 7; ® f; € {0, 7y, f;, 1} are recovered from previously mentioned
fuzzy implications?:

2 The names we give them are inherited from the corresponding semidual fuzzy implications.



+ Rescher-Gaines conjunction [17]:
0 ifm<1-f;, . .
Tixgc fi=1— (i =pc (1 - f;)) = . In this case, we may have that 7r;xgc fi=1evenifm; <1, f; < 1.
1 otherwise.
0 ifm=<1-Ff,
fi  otherwise.
It is a non-commutative left-conjunction not upper-bounded by the minimum (since for instance, 7; ®; 1 = 1 when 7;
> 0).
« The reciprocal Godel conjunction [9]:
0 ifm=<1-Ff
T i=1—(m; 1-f))= -
i®cc /i (i ~ec 1 =) m;  otherwise.
the minimum (since for instance, 1 ®¢ f; = 1 when f; > 0).
« Kleene-Dienes conjunction: m; ®xp fi = 1 — (7r; = kp (1 — f;)) = 7; A f;, which is the minimum.
0 ifm<1-f;
7; A fi  otherwise.

« Godel conjunction [9]: m; ®¢ fi=1— (1 >¢c (1= f;)) =

It is a non-commutative right-conjunction not upper-bounded by

« The nilpotent minimum [22]: miAfi=1- (m;=(1 - f;)) =

More general examples of fuzzy conjunctions are

 T-norms, i.e., increasing semi-groups with identity 1 and annihilator 0. In the finite setting it includes A, the nilpotent
minimum. The tukasiewicz t-norm max(a + b — 1,0) can also be used if L = {0, 1/k,2/k, ..., (k—1)/k, 1}.

« Weak t-norms [21], i.e., left-conjunctions such thata ® 1 < a.

+ The non-commutative left-conjunction ®cg; defined by a ®crgb =0 if a =0, and a ®cgg b =b if a # 0 (see [17]).

« The right-conjunction a ®gc b = b ®cg¢ a associated with the previous fuzzy conjunction.

« Fuzzy conjunctions having identity 1. On [0, +o0) they are called pseudo-multiplications after Klement et al. [33] in the
definition of universal integrals, and semicopulas [19] on the unit interval.

These fuzzy conjunctions yield disjunctive weighted aggregations with various behaviors:

Using xgc the aggregation rejects all objects that have a local rating less than 1 — m; for all criteria and fully selects the

other ones. The local rating f; is turned into O for a non important criterion, even if this rating is high.

« Using ®¢ the aggregation rejects all objects that have a local rating less than 1 — 7; for all criteria and ranks the other
ones according to their best local ratings, forming a waiting list.

- Using ®¢c the aggregation rejects all objects that have a local rating less than 1 — 7r; for all criteria and ranks the other

satisfied ones according to the least importance degree of violated criteria, forming a waiting list. Note that ®; and ®¢c

are not commutative, and a ®cc b = b ®¢ a.

Using the nilpotent minimum, the aggregation downgrades to 0 all local ratings less than 1 — 7r;, and performs a standard

weighted minimum of local ratings on the rest of the criteria.

Example 3. Let us consider L ={j/10: j=0,1,...,10} c [0, 1], three criteria with importance vector 7 and the alternatives
f, g and h:

1 2 3 vitisge fi  Vimi®c fi  Vimi®cc fi  vimi A fi

T 1 05 02

f 0 04 08 O 0 0 0.4
g 0.1 06 08 1 0.6 1 0.5
h 0 06 08 1 0.6 0.5 0.5

Option f is eliminated by three operations because it does not pass the requested thresholds. In particular, a grade 0.8
is insufficient to make it for satisfying a poorly important criterion with weight 0.2. Option g is better evaluated because
it passes the threshold for the most important criteria 1 and 2. Option h is Pareto-dominated by g and only passes the
threshold for criterion 2. h and g receive distinct global ratings with the third aggregation because g passes the threshold on
criterion 1 that is more important than criterion 2. The usual weighted maximum, in contrast yields a more lenient global
evaluation for f, but cannot distinguish g from h.

Remark 1. The transformation of an aggregation operation A on the unit interval into a fuzzy implication using a negation
is the topic of an recent extensive review [34]. However these authors focus on the transformation A(a, b)~A(n(a), b) for
a general negation n, in the spirit of material implication induced by a disjunction. The reader can find many properties
induced on fuzzy implications from the properties of the aggregation function by this transformation, which is the counter-
part for fuzzy disjunctions of semiduality for fuzzy conjunctions. Namely their results could be equivalently spelled out in
terms of semiduality.

3. Algebraic considerations

Let us consider the following transformations that can be applied to some fuzzy conjunction x on a qualitative scale
(L,2,1-(),0,1):



anb __ Res a—egb_C  (1-b)5¢(1-a)

S| Res

a—gpb Res a®qgb ¢ b®Rga

Fig. 1. Connectives induced by the minimum on a finite chain.

axb Res asb_C a—cb
S| Res

a=b L Res a®b ¢ _bhoa

Fig. 2. Residuation and semiduality on a finite chain.

+ Residuation: aRes(x)b := \/{x : axx < b}, and we denote —= Res().
« Semiduality: aS(x)b:=1— (ax (1 — b)), and we denote == S(x).

« Contraposition: aC(x)b := (1 — b) » (1 —a), and we denote xc = C(x).
« Argument exchange: a€(x)b :=bxa.

» De Morgan duality: aD(x)b:=1— (1 —a) = (1 = b).

Note that semiduality, contraposition, and argument exchange are involutive transformations that are always defined.
However, residuation is not defined for any operation. It is well-defined only if the set {x: a x x < b} is not empty, which
means that Va, b € L, 3x s.t. a » x < b. This condition holds for fuzzy conjunctions as a0 =0 < b.

3.1. Relationships between fuzzy implications and conjunctions

It is known that some fuzzy implications and conjunctions presented in Section 2.2 are interdefinable via such transfor-
mations [9]. As an example, the diagram in Fig. 1, where » = A, commutes and involves Gddel and Kleene-Dienes implica-
tions.

Note that the diagram also commutes if we start with the nilpotent minimum instead of the minimum, but it collapses
to a single transformation since it is well-known that Res(A) = S(A) == and C(=) ==.

This diagram can be generalized to more general fuzzy conjunctions [21]. We consider a qualitative scale (L,>,0,1,1-),
equipped with a fuzzy conjunction « (see Definition 2). The diagram on Fig. 2 presents this more general setting where oper-
ations , ® = S(Res(x)) are fuzzy conjunctions, and operations —= Res(x), == S(x) are fuzzy implications (see Definition 1).

Fodor [21] has proved that this diagram commutes if « is commutative. More precisely in the finite setting (the left-
continuity of « is not needed) Fodor proved that:

* Reso S oRes(x) = S(x) if and only if {a: a » b < c} is never empty. This condition is verified for all fuzzy conjunctions in
the sense of Definition 2.
* Reso & oS oRes(x) =CoRes(x) (that is, on the diagram, Res o £(®) =—¢), if and only if « is commutative.

There are some useful connections between the properties of the commutative fuzzy conjunction x at the top left of
Fig. 2 and the properties of other connectives in the diagram. The reader can check the following easy results:

Proposition 1. Let » be a commutative fuzzy conjunction with identity 1:

* == S(x) is a fuzzy implication such that 1 = b=b, anda=0=1-a.

« —=Res(x) is a fuzzy implication such that a — b =1 whenever a < b, 1 — b=>b, and if a > 0, a — 0 = a, where we denote
a,=\V{x:axx=0}.

« ® = S(—) is a left-conjunction such that a@ b =0 whenever b<1—-a, anda® 1 =1 —a,.

* —c=C(—) is a fuzzy implication such that a — b =1 whenevera < b, 1 -cb=(1-b),,anda—--0=1-a.

Note that the above proposition applies when * is any triangular norm on a finite chain (and any left-continuous t-norm
on the unit interval, more generally any left-continuous semi-copula).

The properties, neutrality of truth 1 = b=b and strong negation principle a = 0 =1 —a [34], can be related to the
properties of its semidual ®. Namely the following claims are easily verified:

Proposition 2. Let ® be a fuzzy conjunction and — be its semidual fuzzy implication:

* ® is a left-conjunction if and only if its semidual verifies 1 — b =b.
« ® is a right-conjunction if and only if its semidual verifies a — 0=1 — a.
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Fig. 3. Connectives associated to the Rescher-Gaines implication on a finite chain.

aob Res bSa ¢ 1-a)o(1-0)
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(1—a)*bx Res  pgq € a®db

Fig. 4. Connectives induced by De Morgan law.

Note that Rescher-Gaines conjunction p; (defined in Section 2.3) is neither a right nor a left-conjunction, but it is com-
mutative, so we can get another special case of the above commutative diagram. Actually, xg; is a commutative operation
that has no identity. In a numerical setting, it considers that obtaining a rating b for a criterion of importance a is fully
acceptable if the average of a and b is strictly greater than 1/2, and fully rejected otherwise.

The (largely ignored, except in the three-valued case, see [6]) three pairs of semidual fuzzy implication functions and
conjunctions related to Rescher-Gaines implication, namely (=gg, *rc), (— rg» ®rc), and (= crg, Rcrg), are pictured on
Fig. 3 where (=g and xgg) are defined in Sections 2.2 and 2.4 respectively, and the other connectives are such that

. b 1 if b=1, _ 0 ifb=0, (6)
TRETN1_a ifb£1; RG a ifb#0:
a—cgcb=(1-Db) »>pc(1—a); a®crcb=>bersa. (7)

We can check that

+ The semidual of xp; (Rescher-Gaines implication) is a {0, 1}-valued implication function, hence such that 1=ysb # b, and
A= 0#1—a,ifa, b+#0,1.

« Its residuum — ¢ is a fuzzy implication function such that 1 —gsb # b for b # 0, 1, but a —g; 0 =1 — a. As expected,

the semidual fuzzy conjunction ®gg of — ¢ is a right-conjunction: a ®gc 1 = a.
« Similar results hold for the last pair of residual connectives, but now, 1 —gc b = b, as ®cg¢ is a left-conjunction.

3.2. Relationships between fuzzy disjunctions and differences

Interestingly enough, the diagram in Fig. 2 can be changed into the diagram in Fig. 4 by De Morgan duality with D(x) = o
(a disjunction), D(—) = © (a set-difference), D(®) = @ (a non-commutative disjunction).

It can be checked that the disjunctions and differences in Fig. 4 are still exchanged by S, C and £ as the corresponding
fuzzy conjunction and implication functions in Fig. 2. Moreover, the transformation Res that links other vertices in Fig. 4 is
defined by

aRes(e)b = /\{x | aex > b}
To see it :
bea=1-(1-a)—> (1-b)=1-\/{x: 1 -a)+x<(1-b)}
= A\1-x:1-(0-a)»x=b}= A{1-x:a0(1-x)>b}.

This transformation has been considered in the fuzzy set literature for a long time [10]. Res may be called an anti-
residuation.

Proposition 3. Considering a fuzzy conjunction x and the associated disjunction D(x) =e, then Res(Res(x)) = » and
Res(Res(e)) = o, i.e., Res and Res are the inverse of each other.

Proof. Considering Figs. 2 and 4 and assuming the existence of the infimum and of the supremum, let us first prove that

Ay.a—y=bl = ANy:Vix.axx<y} = b} =axb’
Let E(a,b) = {y : \/{x,axx <y} > b}. Note that:

3 It forbids to apply Res (resp. Res) to fuzzy disjunctions (resp. fuzzy conjunctions).



avb __Res  poga _C  (1-a)oe(1-b)

S Res

(I—a)Ab Res b®g a g a®agb

Fig. 5. Connectives induced by the maximum on a finite chain.

1. a x b € E(a, b): indeed, take y = ax b and x = b. Then it is true that \/{x,axx < axb} > b.
2. If y < a » b, then y ¢ E(a, b). Indeed, it would mean Jx > b: a x x <y < a = b, which is impossible since the fuzzy
conjunction  is order-preserving.

So AE(a,b)=axb. O
Example 4. We consider o = v (see Fig. 5), then,

0 ifb<a
b ifb>a
cbgga=1ifb>1-aand bega=bifb<1-a.

. aRes(v)b:beGa=1_(1_a)_>c(1_b):{

Operation @ is a non-commutative disjunction (it coincides with classical disjunction for Boolean values), and boga
expresses a difference (it coincides with bAa—a for Boolean values). As can be seen, b&ga is an interesting modifier such that
the value b is preserved if b is strictly less than threshold 1 —a and is put to 1 otherwise.

The study of differences and disjunctions in relation with conjunctive and disjunctive aggregations, and more generally
with qualitative aggregation, is left for further studies.

4. Sugeno-like g-integrals and q-cointegrals

The weighted minimum and maximum can be generalized by assigning relative weights to subsets of criteria via a ca-
pacity, which is an inclusion-monotonic map y :2¢ — L (if A € B, then y(A) < y(B)), that also satisfies limit conditions
y(2) =0 and y (C) = 1. This general form of weighting allows us to express dependencies between criteria or dimensions.

The Sugeno integral [39,40] of an alternative f can be defined by means of several expressions, among which the two
following normal forms [32]:

fyf=\/<V(A)A/\f.')=/\<V(A)V\/ﬁ>- (8)

AcC icA AccC icA

These expressions, which generalize the conjunctive and disjunctive normal forms in logic, can be simplified as follows
[29, 32, Th. 4.1] :

/yf:\/y({i:f,-za})/\a:/\y({i:f,->a})va. (9)

ael ael

The first expression in (8) is the original formulation of Sugeno integral [39], where it is proven to be equivalent to
the first equality in (9). Moreover, for the necessity measure N associated with a possibility distribution 7, we have [ f =
MIN5 (f); and for the possibility measure IT associated with 7, we have [ f = MAXz (f) [16,27].

4.1. Motivations and definitions

Let the conjugate capacity y¢ of ¥ be defined by y<(A) =1—y(A) for every A C C. This duality relation extends to
Sugeno integral with respect to the conjugate capacity, also extending the De Morgan duality between weighted minimum
and maximum given in (3):

[r=1-]a-n (10)

This equality, proved in [27], stems from Eq. (8). It is interesting to notice that this equality between the two normal forms
can be expressed using the conjugate capacity and the Kleene-Dienes implication —xp= S(A) (defined in Section 2.2), the
semidual of A:

/ny\/(V(A)/\/\fi>=/\<)/c(/\)—>1<n\/fi>- (11)

Acc icA AccC icA



So, Sugeno integral can be generalized with other inner fuzzy conjunction or implication functions linked by semiduality,
using expressions we call g-integrals and g-cointegrals, denoted respectively by f]j@ f and f)f f, for every capacity y and

every f e I€.

Definition 3. Let ® be a fuzzy conjunction in the sense of Definition 2 and y :2¢ — L be a capacity. A g-integral is the
mapping [ : L¢ — L defined by

/®f=\/<y(A)®/\f,->, for all f e L.
Y

AcC icA

When ® is the product and L = [0, 1], this is Shilkret integral [38] proposed in 1971 (and later reintroduced by Kauf-
mann [30] in 1978, under the name of “admissibility”). Grabisch et al. [27] introduce so-called Sugeno-like integrals, which
are similar to g-integrals, where ® is a triangular norm. Borzova-Molnarova et al. [2] study this type of integrals in the
continuous case as well when ® is a semicopula and L = [0, 1]. This kind of definition is also proposed by Dvorak and
HolCapek [20] assuming (L, ®, 1) is a commutative monoid and considering the complete residuated lattice generated by
this monoidal operation. In fact, what they study is an extension of Definition 3: Namely, they study fuzzy integrals of this
type extended to algebras of fuzzy sets, that is, where y is now a fuzzy set function that assigns an importance value y (A) to
any fuzzy subset A of C.

Definition 4. Let — be a fuzzy implication in the sense of Definition 1 and let y : 2¢ — L be a capacity. A q-cointegral is a
mapping fy_) : L€ — L defined by

/_)f=/\ ()/C(A)—>\/ﬁ), for all feL°.
14

AcC ieA

There are not many works considering q-cointegrals in the above sense. Grabisch et al. [27, p. 302] notice the failure
of the duality relation (10) for Sugeno-like integrals that use t-norms other than min, which hints at co-integrals using
implications that are semi-duals of t-norms.

With this terminology, Eq. (8) actually states that

Pl

for every capacity y and every f e LC. It means that Sugeno integrals and cointegrals defined by means of the operation A
and its semidual Kleene-Dienes implication, respectively, coincide. As already seen using Godel implication for — in [16],
this is not generally the case. So we study both g-integrals and q-cointegrals separately in the sequel.

In the following when we consider f e L€, the mapping i (i) denotes a permutation on the set of criteria such that foy
< -+ < fiy) and we let Fg) = {(D), ..., (n)} with the convention F,, ) = @. For all fin L€ we have f=\/L, 1% A fiy, where
1, is the characteristic function of A.

4.2. Elementary properties of g-integrals

We first prove that the counterpart of the Sugeno integral expression on the left-hand side of (9), in terms of the nested
family of subsets Fg;y induced by f; is still valid for fuzzy conjunction-based g-integrals:

Proposition 4. fy@’ f=Vi1 v (Fq) ® fii)
Proof. /J;@ f=Vacc?(A) ® \ica fi- Let index iy € A be such that \;., f; = f;,. It follows that A C F;,) which entails y (A) <
Y (Fi,)) and y (A) ® fi, < v (Fi,)) ® f;,- So, if the maximum is attained for set A, it is also attained by set F;,,. And fy® f=
Vit1 ¥ (Fy) ® fp). noticing that f;) = f, (g ) D
The conjunction-based q-integral is monotonic:
Lemma 1. For every capacity y, the map f}? : L¢ — L is order-preserving.
Proof. Directly from the assumption that the map x—a ® x is order-preserving. [
Another simplified form of Sugeno g-integral is valid for conjunction-based g-integrals:
Lemma 2. [ f =V, y{fza) ®a

Proof. We use Proposition 4. Let a € L
Ifa > fi, then y({f>a}) ®a=0@a=0.
Ifa<fytheny({fzah)@a=y{f=fnhea<y{f=f}D) ® fa).



If fioyy <a<fp theny({f=ahoa=y{f=faohe®a<y{f=fyD) ®fy. O

Borzova-Molnarova et al. [2] also prove this result when ® is a semicopula. We show here it is valid for a larger class of
fuzzy conjunctions.
Finally, if y is a possibility measure we retrieve the ®-weighted maximum:

Proposition 5. If y is a possibility measure I1 based on possibility distribution 7t then fli? f=MAX2 (f).

Proof. \/, c(TIT1(A) ® Aica fi) = Vacc (VieaTi) ® Niea fi = ViL i ® f; since letting 7;, = Vvica7r;, we do have the inequality
[1(A) ® Niea fi < i, ® f;,, as ® is order-preserving. [J

The proof of this proposition is the same as for Sugeno integral proper [8, p. 138-139] and [27]. However, if y is a
necessity measure, the expression of the g-integral will not simplify when ® # min. In other words we do not have that
[ f =MINz (f) for —=S(®).

4.3. Elementary properties of g-cointegrals

Using semiduality, q-cointegrals can be expressed in terms of g-integrals by extending the duality formula (10):
Proposition 6. If ® = S(—), then [ f=1— [%(1 - f).

Proof. 1—\/,cc(Y(A) ® Nica(l = fi)) = Nacc 1 = VA ® (1 = Viea fi) = Nacc VA = Viea fi= [, f. O

As in [17] (but now in a more general setting), using semiduality, we derive the following results from the ones on
(conjunction-based) g-integrals:

/_)f = /\)’C(m) - fo = /\J/C({fs a}) — a. (12)
Y i=1

ael

We also get that when y is a necessity measure N based on possibility measure 7, the g-cointegral reduces to the
—-based weighted minimum:

/N f=MIN7 (f) = Al 7i - f;
To see it, just use the semidual fuzzy conjunction ® = S(—):
- ®
/ f:]—/ (1-f)=1-MAXE(1 - f) = MINS®(f).
N mn

However the g-cointegral with respect to a possibility measure [;;” f does not reduce to a weighted maximum.

4.4. Some hints on the comparison between q-cointegrals and g-integrals

The equality (8) between q-cointegrals and g-integrals using fuzzy conjunction A and its semidual —p does not extend
to conjunction-based g-integrals. For example, using Godel implication-related connectives, only the inequality: f;@ f= f)f f

holds for (®, —) € {{(®c, —¢) (®cc,» —¢c)} [16]. This inequality cannot even be generalized to other fuzzy conjunctions.

To get a better insight on the comparison between q-integrals and q-cointegrals, consider the case of a profile f = aAb
such that fj=a> b ifi € A and f; = b otherwise. Then it is easy to check using Lemma 2, and Eq. (12) that the g-integral
and q-cointegral of aAb reduce to

® - _
| @n=asnvi®wean: [ @b =@ -bad-a.
Y Y
Suppose for simplicity that ® is a left-conjunction and — is its semidual. Then the first expression simplifies as follows:
®
/ (@Ab) =bv (y (A) ® a).
Y

Besides (y(A) = b)A(1—-a)=ar((1-y(A) -b)=ar(1—-(1-y(A)® (1-Db)). So, using the De Morgan dual @ =
D(®) of ®, we can write the g-cointegral as

[ @b =any@eb.
14

These two expressions suggest the following remarks



+ Since when ® = A the g-integral and g-cointegrals coincide, we notice that if ® is a triangular norm, or a semicopula, in
fact any fuzzy conjunction dominated by the minimum, then f; (aAb) > /59 (aAb), without equality in general whenever
0<yA) <1

avb ifa<1-

b
1 otherwise called the

For example, consider the nilpotent minimum A [22] and its De Morgan dual avb = {

nilpotent maximum. Let us show a case where the inequality f; f< fy: f holds, where the fuzzy implication func-
tion = = S(A) = Res(A). Suppose b<a<1-y(A) and b < a < y(A). Then [)f aAb=bv (y(A)Aa) =bv 0 =D>b while
fy_’aAbzaA(y(A)eBb):a/\(y(A)vb)=a.

- However, if ® is not upper-bounded by the minimum, then the other inequality fy_’ (aAb) < f}? (aAb) may hold. For

instance, this is the case with the semidual of the contrapositive symmetric of Godel implication, without equality in
general [16, p. 773].

5. Characterization results

Sugeno integrals have been characterized by means of a few properties pertaining to co-monotonic minitivity or maxi-
tivity and the corresponding forms of homogeneity. Let us recall the main results.

Two alternatives f,g e L€ are said to be comonotonic if for every i, j e [n], if f(i) < f(j) then g(i) < g(j). Sugeno integral
can then be characterized as follows:

Theorem 1. Let I : L° — L. There is a capacity y such that I(f) = fy f for every f € L€ if and only if the following properties are
satisfied

1. I(fvg) =I1(f) vI(g)), for any comonotonic f,g e L€.
2. I(an fy=anl(f), forevery a e L and f e L° (A-homogeneity).
3. I(1c) = 1.

Most older formulations of this theorem [4,35] add an assumption of increasing monotonicity of the functional I (if f > g
then I(f) > I(g)) to the three conditions (1-3). However, the proof that conditions (1-3) are necessary and sufficient seems
to first appear only in the thesis of Rico [36] (later reproduced in the book [26], and also in [28]).

Conditions (1-3) in Theorem 1 can be equivalently replaced by conditions (1'-3") below.

1. I(f Ag) =I(f) AI(g), for any comonotonic f, g e L€.
2. 1(bv f)=bvI(f), for every a € L and f € L¢ (v-homogeneity).
3. 1(0¢) = 0.

The existence of these two equivalent characterizations is due to the possibility of writing Sugeno integral in conjunctive
and disjunctive forms (8) equivalently. As this identity is no longer valid for more general forms of this integral, we shall
characterize g-integrals w.r.t. a fuzzy conjunction and q-cointegrals w.r.t. a fuzzy implication separately in the following. The
aim is to look for minimal properties of fuzzy conjunctions and implications that ensure the validity of such characteriza-
tions in the style of Theorem 1.

5.1. Characterization of g-integrals associated to a fuzzy conjunction

We first verify that g-integrals satisfy comonotonic maxitivity and a generalized form of A-homogeneity.

Lemma 3. For any fuzzy conjunction and any two comonotonic functions f,g < L¢, we have fy@’ (fveg = ff fv j];@ gz

Proof. The inequality f]fb (fveg > j']fb fv f)? g follows from Lemma 1. Let us prove the other inequality. Let a € L. For any
two comonotonic functions f, g € L° we have either {f > a}c{g > a} or {g > a}<{f > a}.

If {f > a}c{g > a} then {fvg=a}={f>alu{g=a} ={g=a} and y({fvgzah@®a=y({gzah)®a=(y({g=aD) ®
a) v (y ({f = a}) ® a). By symmetry, the inequality is also true when {g > a}<{f > a}; hence f)fz’ (fve) < Vver((y(gza) ®

ovy{fza)ea)=/2fv[Ps O

Lemma 4. For every f € L€ and every ¢ € {1, ..., n — 1}, the maps lp(i) A fey and Vi 1[:(!,) A f(iy are comonotonic.

Proof. We represent both maps as vectors of components ordered according to (1),..., (n), so that Fy =
{(¢), ..., (n)}. In consequence, IF([) A fi( =0 if i < ¢ while 1F<z> Afy=10.....0, fpy. ... fpy)s and /I, 1[.‘(1_) A fay =
,---,0,0, f(z+1), o f(n)). Hence it is easy to check that the two maps are comonotonic. [

Lemma 5. For any capacity y, any B < C and any a € L we have fy® (a A1p) = y(B) ® a. In particular f}f@ 1. =1.

Proof. Using Lemma 2, we already established that the g-integral of aAb reduces to ff (aBb) =(1®b)v(y(B)®a).lIf b=0,
we immediately conclude since f)j@ (aBO) =y(B)®aand aB0=arl1g. O



Note that contrary to when @ = A, we do not have fy®(a/\f) =f)§’(f)®a; namely if {i: f; > a} =B, fy@’(a/\f) =

(y(B)®a)V Vig(y (Fy)) ® f(i)) clearly differs from /);@ (fHlea=VL, (y(Fs) ® fi ®a), in general.
We can now prove our first characterization result.

Theorem 2. Let I : [ — L be a mapping. There are a capacity y and a fuzzy conjunction ® such that I(f) = j)‘,g’ f for every
f e LC if and only if

1. I(fvg) =1(f) vI(g), for any comonotonic f,g < L°.
2. There are a capacity A : 2¢ — L and a binary operation x on L such that I(a A14) = A(A) » a for every a € L and every A C C.
3.1(1¢) =1 and 1(0¢) = 0.

In that case, we have y = A and ® = .

Proof. Necessity is obtained by previous Lemmas 3 and 5. For sufficiency, assume that I is a mapping that satisfies condi-
tions 1 and 2 and let f € L. We have I(f) =I(\/[_; fu) A 1f, ). Using Lemma 4, I(f) = Visi I(fay A 1) = Vity AFiy) * fiiy-
Now we must prove that = is a fuzzy conjunction. Namely

« x is increasing in the wide sense in both places. If a > b, then anl, > bal, pointwise, and the two profiles are
comonotonic. Thus by condition 1, we find that I((aA 1) v (bAaly)) =1(arly) vI(bAaly) =1(anly), since (anly) Vv
(bA1,) =an1,. Using condition 2, it reads A(A)xa > A(A)«b. Likewise using A c B, we can prove with the same argu-
ment that A(B)xa > A(A)xa. Indeed, 14Aa and 1gAa are comonotonic and (14 A a) v (1 A a) = 1p A a. Condition 1 implies
I((Agra)v (Agra)) =1IAgra) =114 Aa) vI(Ag Aa). So [(1gnaa) < [(144a), which reads A(B)xa > A(A)xa. So, since A is
a capacity, = is order-preserving on the left place as well.

cI(1Ale)=1x1=11¢) =1

¢« I(0A14) =A(A)x0=1(0c) =0,

cI(anly) =0xa=1(0:) =0.

So we can let y = and ® = and get I(f) = [£ f. O

This result is not a generalization of Theorem 1, since Theorem 2 assumes A is a capacity and characterizes
operation . A counterpart of Theorem 1 would assume a fuzzy conjunction ®, i.e., respecting the three conditions of
Definition 2. It is easy to prove, following the same steps as in [26,28,36] for the proof of Theorem 1, that due to the
monotonicity and extremal properties of ®, the set-function A~ I(14) = ¥ (A) ® 1 is a capacity y that generally differs
from y, and contrary to universal integrals [33], fjfg 14 = 7 (A) # y (A), generally, since 1 is not necessarily an identity on

the right. The following counter-example shows that we may have y (A) # y (A) and j]fg’ * f? .

Example 5. ¢ = {1,2}, L =1{0,0.2,0.8, 1} and ® is the Godel conjunction. We have y (A) ®; 1 =1 if y(A) > 0 and 0 other-
wise so Y(A)®cl # y(A) if 0 < y(A) < 1. Let us consider y such that y({1}) =0 and y ({2}) = 0.3. If f is defined by f; =0
and f, = 0.8 we obtain ff’c f=(0®:;0) Vv (03®;0.8)=0.8 and f}f’c f=1since y({2}) =1.

Corollary 1. If the fuzzy conjunction ® is a right-conjunction, then under the assumptions of Theorem 2, the functional I is of
the form I(f) = fy®f where y (A) = I(1).

Proof. Due to Theorem 2, we know that I(14) = Y (A) ® 1 for a capacity y. As ® is a right-conjunction, y(A) ® 1 = y (A) =
I(14). O

Due to Proposition 1, operation ® can be built from exchanging arguments to a fuzzy conjunction that is the semidual
of the residuum of another fuzzy conjunction that has a two-sided identity 1, such as a semicopula.

In the case when the functional I is fully maxitive, we can extend the representation Theorem 2 if we slighly restrict the
notion of a fuzzy conjunction:

Definition 5. A binary operation () is said to be x-right-cancellative if and only if for every a, b € L, if a®x =b(x then
a=>h.

Theorem 3. Let I : I — L be a mapping. There are a possibility measure I1 and a fuzzy conjunction ® such that I(f) = fli? f for
every f e LC if and only if I satisfies the following properties:

L I(fvg) =I(f)VvI(g), for any f, ge L’
2. There are a capacity A : 2¢ — L and a binary operation x on L such that I(a A14) = A(A) = a for every a € L and every A C C.

3. 1(1¢) =1 and 1(0¢) = 0.
In that case, we have » = ® and, if = is 1-right-cancellative, we have T1 = A.

Proof. A g-integral with respect to a possibility measure satisfies the requested properties. Let us prove the converse.
According to the previous theorem, there exists a capacity A and a fuzzy conjunction  such that I(f) = [} f. For all
a # 0, we have (an1y) v (anlp) = (anlyypg) and by condition 1, I((aAn1y) v (aAlp)) =I1(an1y) vI(anlg). Now, since



I(an1y) =A(A)xa for all a, we get (A(A)xa) v (A(B) xa) = A(AUB) »a. By order-preservingness of x, (A(A) xa) v (A(B) *
a) = (A(A) v A(B)) xa for all a. In particular it holds for a = 1, hence the cancellativeness property for value 1 allows us to
conclude A(AUB) = A(A) vA(B). O

Since the fuzzy conjunction ® is not supposed to be commutative, there is a companion g-integral defined as follows.

Definition 6. Let ® be a non-commutative fuzzy conjunction, and let £(®) be the fuzzy conjunction obtained from the
former by exchanging arguments, i.e., a(®)b=b®a. Let y: 2¢ — L be a capacity. The g-integral f}f(@ is the mapping
L€ — L defined by

[V (/\ﬁ@V(A)>.

AcC \ieA

This g-integral generally differs from f)fz’ f [16], but it satisfies the same properties since we only use the increasingness
property of the fuzzy conjunction in both places, and the limit conditions 0® 1=1® 0=0 and 1® 1 = 1. More precisely
we have

<[5 =V foy @ v (Fay),
- for every capacity y, the map f)f @
S f=Veaae y(f = a),

- for any comonotonic f, g € L®, we have f}f(‘g’)(fvg) = ff(@’) fv ff(@’)g.

: [¢ — L is order-preserving,

£(®)

Lemma 6. [,

a/\1A=a®)/(A).

Proof. f]f(‘g’)aAlA:\/BgAa@y(B):a®y(A). O

Theorem 4. Let | : [ — L be a mapping. There are a capacity y and a fuzzy conjunction ®, such that I(f) = f}f ®) f for every

f eI if and only if
1. I(fvg) =I(f) vI(g)), for any comonotonic f,g < L€.

2. There are a capacity A: 2¢ — L and a binary operation = on L such that I(a A1,) = a A(A).
3. I(1¢) =1 and 1(0¢) = 0.

In that case y is defined by y = A, and ® = .

Proof. Necessity is obtained by previous Lemmas. For sufficiency, assume that I is a mapping that satisfies conditions 1 and
2 and let feL° We have I(f) =1(\/[; fi) A 1g,) = VL Iy A 1) = ViL1 fii) * A(Fq)). We follow the same lines as in

the proof of Theorem 2, to prove that « is a fuzzy conjunction. Then, we get I(f) = f(‘) f. O

Clearly using a left-conjunction in the above theorem we conclude that A(A) =1(1,).
The results of this section generalise and simplify our previous results presented in [17,18]. They indicate that the alge-
braic construction underlying Sugeno integrals needs very few properties for the inner aggregation operation.

5.2. g-cointegrals defined from fuzzy implications

We consider a fuzzy implication function —, which can always be assumed to be of the forma - b=1- (a® (1 - b))
for a fuzzy conjunction ®. This semiduality property and the generalized form of identity (10) - see Proposition 6 - linking
Sugeno integrals and cointegrals lead to state the following characterization result.

Theorem 5. Let I : [ — L be a mapping. There are a capacity y and a fuzzy implication function — such that I(f) = fy_’ f for
every f e L if and only if the following properties are satisfied.

1. I(frng) =I1(f) AI(g), for any comonotonic f, g e LC. -
2. There are a capacity p : 2¢ — L and a binary operation t> such that I(av 1) = p¢(A) >a,Va € L.
3. 1(1¢) =1 and I1(0¢) = 0.

In that case p =y, and > =—.

Proof. Let us define I’ by I'(f) =1 -1(1 — f).

For any comonotonic f,gelI’ I'(fvg) =1-I11-(fvg)=1-I((1-Hr1-g)=1-11-HHAl1-g) =I(f)Vv
I'(g).

Likewise, I'(a A1) =1—-1(1—-(anly)=1-1((1—-a) v 1) =1-(p(A) > (1-a)) =pAS(>)a

Hence I'(f) = /fc’ f, where ® = S(>>) is a fuzzy conjunction, applying Theorem 2. So I(f) =1 — f/;eé(l - f)= f; f. O



Note that the homogeneity condition I(a v 14) = p°(A) — a for q-cointegrals is better understood if we express the latter
expression (1 — p(A)) — a as p(A) @ a, where @ is the De Morgan dual of ® = D(®) = D(S(—)), which means it is indeed
the natural counterpart, using a disjunction, of the homogeneity condition I(a A 14) = A(A) ® a for g-integrals.

Clearly, if the fuzzy implication function is such that a — 0 =1 —a, then I(14) = 1 — p(A) = p(A) (for instance — is the
symmetric contrapositive of a residual fuzzy implication induced by a conjunction having two-sided identity 1, such as a
semicopula, after Proposition 1).

In the case when the functional [ is fully minitive, we prove the following:

Theorem 6. Let I : L° — L be a mapping. There are a necessity measure N and a fuzzy implication function — such that I(f) =
Iy f for every f e L€ if and only if I satisfies the following properties:

1. I(fAg) =1(f) Al(g), for any f,ge L€, B
2. There are a capacity p : 2¢ — L and a binary operation t> such that I(av 14) = p°(A) > a, for every a € L and every A C C.

3. I(1¢) =1 and I(0¢) = 0.

In that case, we have that > =— is a fuzzy implication function and, if the fuzzy implication — is 0-right-cancellative, p = N
is a necessity measure.

Proof. A g-cointegral with respect to a necessity measure satisfies the requested properties. Let us prove the converse.
According to the previous theorem, there exists a capacity p and a fuzzy implication — such that I(av 1) = p°(A) — a for
all a. For all a # 0, (av1y) A(avlg)=(avlsp); sol((avig) A(avig))=Iaviy) Al(av1p) =p°(ANB) — a. Again,
as — is decreasing in the first place, (p€(A) — a) A (p°(B) — a) = (p°(A) v p€(B)) — a for all a. In particular it holds for
a =0, hence the 0-right cancellativeness property allows us to conclude p(AUB) = p°(A) v p¢(B). So, p is a necessity
measure. [

The result holds for those fuzzy implications such that a — 0 =1 — q, like the contrapositive form of Gédel implication,
but also semiduals of triangular norms, residuated fuzzy implications (w.r.t. a triangular norm). In that case, I(14) = N(A).
We turn to the companion g-cointegral defined from a g-cointegral by contrapositive symmetry.

Definition 7. Let y: 2€ — L be a capacity. The contrapositive q-cointegral of f}f is the co-integral f}f ¢, where —c=C(—).
It is if the form:

[r=A ((1 —\/ﬁ) - —yC(A»).
4 AcC icA

This g-integral generally differs from /)7 f[16] but it satisfies the same properties since C(—) is also a fuzzy implication.
We can check that

—C
[ Car=a-a - a-yean.
Y
and the following variant of the previous Theorem 5 holds:
Theorem 7. Let I : L — L be a mapping. There are a capacity vy and a fuzzy implication — such that I(f) = f)f C f for every
f e L€ if and only if

1. I(fvg) =I1(f) vI(g), for any comonotonic f,g e L°.
2. There are a capacity A: 2€ — L and a binary operation t> such that I(a A 14) = (1 —a) > A(A).
3. I(1¢) =1 and I(0¢) = 0.

In that case, we have that > =— is a fuzzy implication and, if the fuzzy implication — is 0-right-cancellative, y is defined by
Yy = AS.

Of course, if the fuzzy implication is such that 1 — b = b, we get I(14) = A(A).

To summarize, what the above representation results express is that

« Comonotonic maxitivity is specific to g-integrals and comonotonic minitivity is specific to g-cointegrals.

- g-integrals and g-cointegrals do not satisfy the same homogeneity conditions, the former being homogeneous with re-
spect to the meet A and the latter with respect to the join v.

« g-integrals simplify if computed w.r.t. a possibility measure and q-cointegral simplify w.r.t. a necessity measure but not
conversely.

6. Conclusion
In this paper, we have proposed an algebraic setting with minimal properties, for defining generalized forms of Sugeno

integrals, where the inside operation is either a not-necessarily commutative multivalued conjunction or a multivalued im-
plication. We have highlighted the existence of g-integrals and q-cointegrals that are distinct, in contrast with the case of



standard Sugeno integrals. The properties in the algebraic setting were chosen to be minimal while preserving representa-
tion theorems by means of comonotonic minitive or maxitive functionals: g-integrals are comonotonic maxitive, cointegrals
are comonotonic minitive while standard Sugeno integrals are both. This paper leads to several perspectives and open ques-
tions:

A natural question is to find necessary and sufficient conditions for a fuzzy conjunction ® to ensure the equality between
g-integrals and their semidual g-cointegrals. It can be conjectured that only the pair formed by the minimum and its
semidual satisfy this property, up to a rescaling of the arguments of the operation. Indeed as in the case of Sugeno inte-
grals, the g-integral and g-cointegral formats are generalized disjunctive and conjunctive normal forms, moving from one
to the other requires mutual distributivity of A and v, and we know, from studies on fuzzy conjunctions and disjunctions
[31], that such distributivity conditions hold for A and v only (this argument was actually pointed out by Grabisch et al.
[27], a long time ago).

We have highlighted the point that operations defining g-integrals and g-cointegrals are pairs of semidual operations,
and that using residuations there are always six interdefinable connectives (three fuzzy conjunctions and three fuzzy
implications) if one of the fuzzy conjunctions is commutative. Studying these interdependencies when starting with a
non-commutative fuzzy conjunction remains an open problem: when does the generation process stop?

The comparison between g-integrals and g-cointegrals should be carefully studied, especially in the scope of using them
for multiattribute decision evaluation processes in the qualitative setting. Namely, what attitudes of the decision-maker
can they capture? it would be worth pursuing the work of Chateauneuf and Rico [5] in this generalized setting.

Some modification schemes, different from fuzzy conjunctions and implications, are not taken into account in this paper.
But they seem natural, for instance the one such that if f; > m; the local rating is f;, and it is O otherwise. They are
related to the commutative diagram of Fig. 4 relating multivalued disjunctions and set-difference operations obtained
from the diagram relating fuzzy conjunctions and implications via De Morgan-like transformations, that also involve a
transformation dual to residuation. Studying the corresponding counterparts of Sugeno integrals is also a perspective to
this work.
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