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Abstract Particle swarm optimization algorithm is a stochastic meta-heuristic
solving global optimization problems appreciated for its efficiency and simplicity.
It consists in a swarm of interacting particles exploring a domain and searching a
global optimum. The trajectory of the particles has been well-studied in a deter-
ministic case. More recently authors shed some light on the stochastic approach
to PSO, considering particles as random variables and studying them with proba-
bilistic and statistical tools. These works paved the way to the present article. We
focus here on weak convergence, the kind of stochastic convergence that appears in
the Central Limit Theorem. We obtain three main results related to three differ-
ent frameworks. These three settings depend either on the regime of the particles
(oscillation or fast convergence) or on the sampling strategy (along the trajectory
or in the swarm). The main application of these results is the construction of con-
fidence intervals around the local optimum found by the swarm. The theorems are
illustrated by a simulation study.

Keywords Particle swarm optimization, - Convergence, - Central limit theorem

1 Introduction

Eberhart and Kennedy| (1995)) introduced the particle swarm optimization algo-
rithm (PSO) based on social interactions (behaviors of birds). Since then PSO has
known a great popularity in many domains and gave birth to many variants of the
original algorithm (see|Zhang et al.|2015|for a survey of variants and applications).
PSO is a stochastic meta heuristic solving an optimization problem without any

Vianney Bruned
Schlumberger Petroleum Services, Montpellier, 34000, France.

André Mas
IMAG, Univ Montpellier, CNRS, Montpellier, France.
E-mail: andre.mas@umontpellier.fr

Sylvain Wlodarczyk
Schlumberger Petroleum Services, Montpellier, 34000, France.



2 Vianney Bruned, et al.

evaluation of the gradient. The algorithm explores the search space in an intelligent
way thanks to a population of particles interacting with each other and updated
at each step their position and their velocity. The dynamic of the particles re-
lies on two attractors: their personal best position (historical best position of the
particle denoted p; below), and the neighborhood best position (corresponding
to the social component of the particles, denoted g;, ). In the dynamic equation,
the attractors are linked with a stochastic process in order to explore the search
space. Algorithm [1] refers to the classical version of PSO with S particles and N
iterations.

Algorithm 1 Classical PSO

Initialize the swarm of S particles with random positions x§ and velocities vg over the search
space.
for n=1to N do
Evaluate the optimization fitness function for each particle.
Update pg (personal best position) and g3 (neighborhood best position).
Change velocity (v$) and position (zf) according to the dynamic equation.
end for

The convergence and stability analysis of PSO are important matters. In the
literature, there are two kinds of convergence:

— the convergence of the particles towards a local or global optimum. This con-
vergence is not obtained with the classical version of PSO. [Van den Bergh
and Engelbrecht| (2010) and [Schmitt and Wankal (2015) proposed a modified
version of PSO to obtain the convergence.

— the convergence of each particle to a point (e.g. |[Poli|[2009)).

If we focus on the convergence of each particle to a point, a prerequisite is the
stability of the trajectory of the particles. In a deterministic case, |Clerc and
Kennedy| (2002)) dealt with the stability of the particles with some conditions
on the parametrization of PSO. Later, |[Kadirkamanathan et al.| (2006) used the
Lyapunov stability theorem to study the stability. About the convergence of PSO,
Van Den Bergh and Engelbrecht| (2006]) looked at the trajectories of the particles
and proved that each particle converges to a stable point (deterministic analysis).
Under stagnation hypotheses (no improvement of the personal and neighborhood
best positions), [Poli| (2009) gives the exact formula of the second moment. More
recently, [Bonyadi and Michalewicz| (2016|) or |Cleghorn and Engelbrecht| (2018))
provided results for the order-1 and order-2 stabilities with respectively stagnant
and non-stagnant distribution assumptions (both weaker than the stagnation hy-
potheses).

Let us introduce some notations. We consider here a cost function f : R — R*
that should be minimized on a compact set 2. Consequently the particles evolve
in Q C R

Let 25 € R? 1 < s < S denote the position of particle number s in the swarm
at step n. Let (rjn);_;  ,>; be sequences of independent random vectors in R4
whose margins obey a uniform distribution over [0, 1] and denote by w, c1 and c2
three positive constants which will be discussed later. Then the PSO algorithm
considered in the sequel is defined by the two following equations (or dynamic
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equation, [Poli|2009):

{viﬂ =w-vp+crin © (P, — ) + c2ran © (g, — 1),

Tpy1 =Ty + Upg1
where ® stands for the Hadamard product:
u®v= (U101, ...,UqVq) -

and p;, (resp. gn) is the best personal position (resp. the best neighborhood posi-
tion of the particle s) :

pp, = argmin f(¢),
te{mg,...,sz}

gn = argmin  f(t).
te{ps :s'€V(s)}

with V(s) the neighborhood of particle s. This neighborhood depends on the
swarm’s topology: if the topology is called global (all the particles communicate
between each other) then gy = gn = argmin,crp1 sy f(t) (see (Lane et al,
2008)). '

Our main objective is to provide (asymptotic) confidence sets for the global or
local optimum of the cost function f. If g = argmin, f (¢) for some domain €,
a confidence region for g is a random set A such that :

Plged)>1—a

for some small o € (0,1). The set A depends on the swarm and is consequently
random due to the random evolution of the particles. The probability symbol
above, P, depends on the distribution of the particles in the swarm. Let us illustrate
the use of confidence interval for a real-valued PSO. Typically the kind of results
we expect is: g € [m, M] with a probability larger than, say .99 %. This does not
aim at yielding a precise estimate for g but defines a “control area” for g, as well
as a measure of the imprecision and variability of PSO.

Convergence of the swarm will not be an issue here. In fact we assume that
the personal and global best converge : see assumptions Az and Bs below. We
are interested in the “step after” : localizing the limit of the particles with high
probability, whatever their initialization and trajectories.

Formally, confidence set estimation forces us to inspect order two terms (i.e.
the rate of convergence), typically convergence of the empirical variance. The word
asymptotic just means that the sample size increases to infinity.

The outline of the paper is the following. In the next section the three main
results are introduced. They are all related to weak convergence of random vari-
ables and vectors (see (Billingsleyl, [1999) for a classical monograph) and obtained
under three different sets of assumptions.

The two first consider the trajectory of single particles. The sample consists
in the path of a fixed particle. We show that two different regimes should be
investigated depending on the limiting behavior of p, and g,. Briefly speaking :
if the limits of p,, and g, are distinct, the particles oscillate between them (which
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is a well-known characteristics of PSO), if the limits of p, and g, coincide, then
particles converge at a fast, exponential, rate.

In the oscillating case a classical Central Limit Theorem is obtained relying
essentially on martingale difference techniques. In the non-oscillating situation, the
particle converges quickly and we have to use random matrices products to obtain
a non-standard CLT. As by-products of these two subsections we will retrieve
confidence sets of the form A (zf...x;), depending on the n positions of each
particle z°.

The third result states another classical CLT. The sample consists here in the
whole swarm. This time the confidence set is of the form A (x,ll ... xi), depending
on the S particles of the swarm when the iteration step is fixed to n. A numer-
ical study and simulations are performed in a Python environment. A discussion
follows. The derivations of the main theorems are collected in the last section.

2 Main results

The usual euclidean norm and associated inner product for vectors in R are
denoted respectively ||-|| and (-,-). If X is a random vector with null expectation
then E(X ® X)=E (XXt) is the covariance matrix of X. The covariance matrix
is crucial since it determines the limiting Gaussian distribution in the Central
Limit Theorem. We will need two kinds of stochastic convergence in the sequel.
convergence in probability of X, to X is denoted X,, —p X. The arrow — stands
for convergence in distribution (weak convergence).

Except in section[2.3|we consider a single particle in order to alleviate notations.
We drop the particle index so that x;, = zn, p;, = pn and g;, = gn.

In all the sequel we assume once and for all that :

Cl =C2=2¢C

Some authors took this choice for defining their working version of PSO, see
for instance |Clerc| (2006) (see equation [3.2] p.39), [Poli (2009).

Without this assumption, computations turn out to get intricate. Besides if
c1 # c2 some constants become quite complicated and hard to interpret (see for
instance condition A2 and the two constants € and £ involved in the asymptotic
variance within Theorem (1| below).

At last we take for granted that particles are warm, reached an area of the
domain were they fluctuate without exiting.

2.1 First case: oscillatory (p # g)

The following assumptions are required and discussed after the statement of The-
orem [I1

A; : For all n, z,, € Q where Q is a compact subset of R.

As : The following holds :

N

1 .
(prn — Epn) =p 0, lim E|p, —Epy| =0,
o n—-+oo

2
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N
1 .
N 2—:1 (gn — Egn) —p o,ngrme llgn — Egnll = 0.

A3 : The inequality below connect ¢ and w :

1—w?

0<c< 12
¢ 7 — bw

Before stating the Theorem we need a last notation. Let § = (81, ...,04) € R%.
The notation diag (§) stands for the diagonal d X d matrix with entries 01, ..., 54
and 692 is the vector in R? defined by 592 = (5%, ey 53).

Theorem 1 In addition to assumptions Ai1_3 suppose that, when n goes to in-
finity Ep,, — p and Eg,, — g. Set:

1—w c 2 c 1—w c
2—20(m> (1re-3) -5 C=moryo, (re—3)

Denote finally I' = € - diag (p — ) then:
N N
1 1 <~ Epn + Egn
N(=S g, =S P20 I,
F(F Loy B ) Sven

where N (0, ) denotes a Gaussian centered vector of R with covariance matriz
I.

Discussion of the Assumptions:

We avoid here the assumption of stagnation: the personal and local best are not
supposed to be constant but they oscillate around their expectation. The conver-
gence occurs at a rate ensuring that neither g,, nor p, are involved in the weak
convergence of the particles x,. Condition As is specific of what we intend by a
convergent PSO. It ensures that p, or g, have no impact on the weak conver-
gence behavior of the particles. With other words Assumption As requires that
the oscillations of p, and g, around their expectations are negligible. We tried
here to model the stagnation phenomenon which consists in sequence of iterations
during which g, (resp. pn) remain constant hence g, = Eg,, for n in [ﬁ , W} sup-
posedly. Notice however that convergence of the expectation towards p and g is
not mentioned at this step.

Note that assumption As is exactly the condition found by Poli in [Poli (2009))
(see the last paragraph of section III) for defining order 2 stability. This condition
may be extended to the case when ¢1 # ¢z, see |Cleghorn and Engelbrecht| (2018))
and references therein. At last A3 holds for the classical calibration appearing
in [Clerc and Kennedy| (2002)) (constriction constraints) with ¢ = 1.496172 and
w = 0.72984.
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Fig. 1 Display of constraint Az in the plane (w,c).

The next Corollary simplifies Theorem [If whenever the convergence of Ep, and
Egn to p and g holds with an appropriate rate. The centering term in the CLT is

ptg v — L SN
then 272, Denote Ty = « >_,,_1 Tn-

Corollary 1 If assumption Ai1_3 hold and if :

N

ﬁZ(IP—Epn|+\g—1Egn|)_>o7 2)

then Theorem [1l comes down to :

VN (ax - %) < N(0,T)
when Ntends to infinity.
Remark 1 Condition [2] always holds under stagnation .

The Corollary above shows that the mean computed from the path of the particle
converges to 0 = (p+ g) /2, losing the information on the location of p and g
only. Note that the initial PSO version in [1| (with ¢1 # ¢2) would lead to 6 =
(c1p +c2g) / (c1 + c2).

The next Corollary provides finally two kinds of by-products : asymptotic
confidence intervals, in R, for the coordinates of # and confidence regions for 6 in
R%. Let o € [0,1], ga be the 1 — a quantile of the standard Gaussian distribution
and xgd_)a be the 1 — a quantile of the Chi-square distribution with d degrees of
freedom. Set also § = (61,...,0q) and Ty = (Tn,1,---,ZTN,d)-
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Corollary 2 An asymptotic confidence interval at level 1 — « for 0y is directly
derived from Corollary[]] :

Ti—a(80) = [Zne — 50 (N,0);Zn,0 + 50 (N, a)]

with s¢ (N, @) = |pr — ge| \/ N q1—= -
An asymptotic confidence region at level 1 — « for the vector 8 = (p+ g) /2 is :

Ao (0) = {t eRY:N HF‘l/Q (t— g-cN)HQ < ngja}

{ N by~ F 2 (d)
~im ) T3 () gxlda}.
€=\ pe—9ge

We note however that the vector # may not be of crucial interest for the initial
optimization problem conversely to g. This point will be discussed in the last
section.

Remark 2 Assumption A2 deserves a last but technical remark. First, notice that
ﬁ 25:1 tn, —p 0 does not imply limy— 4o E||¢n|| = 0 nor the converse. Take

for instance t, = (—1)" to with Eto # 0 then \/% 25:1 tn —p 0 whereas E ||t,|| =
E||to]|. Conversely take t, = to/log (n) limn— oo E||tn]] = 0 but \/—% Zﬁ;l tn =

\;Uﬁ 21]:7:1 log™! (n) cannot converge in probability to 0.

2.2 Second case: non-oscillatory and stagnant (p = g)

In this section we study again a single particle and suppose once and for all that
zn € R. We assume throughout this subsection that the particle is under stag-
nation that is pn, = p for n sufficiently large (see assumption Bz below). This
assumption is strong but a more general framework leads to theoretical develop-
ments out of our scope. Starting from Equation , the PSO equation becomes
this time:

Tpt1 = (1 +w)2n —wrn—14+c(rin+r2n) (p—zn).

Change the centering and consider £, —p = yn. The previous equation becomes

Ynt+1 = (1 +w—c+cen)yn — WYn—1, (3)

where ey, is the sum of two independent random variables with ¢/ [—1/2;1/2]
distribution.
Assuming that for all n y, # 0, we have then :

%:(I—Q—w—c—i—csn)—wy;;—_l (4)

It is plain that yn+1/yn defines a Markov chain (more precisely : a non-linear
auto-regressive process) which will play a crucial role in the proofs and in the

forthcoming results. Notice that 2521 log ’ yZ’il ' = log |yn| — log |yo|.
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We are ready to introduce a new set of assumptions. Denote 7 the stationary
distribution of (yn/yn—1),,cy and take (Zn), oy @ copy of (Yn/yn—1),cy With Zo
a realization of 7. Then define :

Mo = ]Eﬂ' IOg |ZO| ’
+oo
2
o, = Varg (log|Zo|) + 2 Z Covr (log|Zo| ,log | Zx]) -
k=1

Bi: x:f,l_fp is a Harris recurrent Markov chain.
B:l4+w—-—c<w/c<(14¢)/4
Bs : For sufficiently large n g, = p, = p = g is constant.

The definition of Harris recurrence needed above is in Meyn and Tweedie

(2012), beginning of Chapter 9.

1.5

1.0

0.5
|

0.0
|

1.0 1.2 1.4 1.6 1.8 2.0

Fig. 2 Display of constraint By in the plane (c,w).

Theorem 2 Let w € (0,1), ¢ > 1, when B1i_3 hold, then:
1
7 (0 fon = gn| = nptz) & N (0,02) -
Remark 8 The theorem above is not a Central Limit Theorem for x,,. It is derived

thanks to a CLT but it shows that the asymptotic distribution of |z, — gn| is
asymptotically log-normal with approximate parameters nu, and no2.
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Remark 4 The mean and variance p, and o2 are usually unknown but may be
approximated numerically. We refer to the simulation section for more details.

Corollary 3 If p, = p an asymptotic confidence (non convex) region for g at
level 1 — o denoted A1_o below may be derived from the preceding Theorem:

Al*a (g) = Ai‘r—a U Al_—a
Af, = {wn + exp (u:c + &QQ/Z) ; Tn 1 €xp <Nw - &q1fa/2):|
Vn Vn
O Oz

Ao = {xn — exp (Mm + \/ﬁq17o¢/2) ,Tn — €Xp (uz — \/ﬁqa/z)]

Remark 5 Under matrix form the equation [3] is purely linear but driven by a
random matrix:

()=o)

Yn+1:Sn+IYn7 Yn = Snsn—1~~-82y1 = Tnyl;

with T, = S,Sn—1...S2. It is plain here that a classical Central Limit Theo-
rem cannot hold for the sequence (yn), - We turn to asymptotic theory for the
product of random matrices. We refer to the historical references: |Furstenberg
and Kesten| (1960) and Berger| (1984)) who proved Central Limit Theorems for the
regularity index of the product of i.i.d random matrices. Later Hennion| (1997)
generalized their results. But the assumptions of (almost surely) positive entries is
common to all these papers. Other authors obtain similar results under different
sets of assumptions (see |Le Page) |1982, Benoist and Quint, 2016, and references
therein), typically revolving around characterization of the semi-group spanned by
the distribution of S. These assumptions are uneasy to check here and we carried
out to a direct approach with Markov chain fundamental tools.

2.3 The swarm at a fixed step

In this section we change our viewpoint. Instead of considering a single particle
and sampling along its trajectory we will take advantage of the whole swarm but
at a fixed and common iteration step. Our aim here is to localize the minimum of
the cost function based on (x}l, e wﬁ) This time the particle index s varies up to
S the swarm size, whereas the index n is fixed. In this subsection we assume that
S 1 400 and asymptotic is with respect to S. We do not drop n in order to see
how the iteration steps influence the results. We still address only the case z;, € R
even if our results may be straigthforwardly generalized to x5, € R%. We provide
below a Central Limit Theorem suited to the case when the number of particles
in the swarm becomes large. In order to clarify the method, we assume that for all
particles z%, in the swarm p%, = ¢ = p. In other words, no local minimum stands
in the domain €2, which implies additional smoothness or convexity assumptions
on the cost function f. This may be possible by a preliminary screening of the
search space. Indeed a first (or several) run(s) of preliminary PSO(s) on the whole
domain identifies an area where a single optimum lies. Then a new PSO is launched
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with initial values close to this optimum and with parameters ensuring that most
of the particles will stay in the identified area.

So we are given (a:}“ ey xi ) where S is the sample size. Basically, the framework
is the same as in the non oscillatory case studied above for a single particle. From

wegetwithy%:xfl—p:
yn = Thyi,
i n l4w—c(l+£) —w
Tn: j=28j7 S]: 1( J) 0

Assume that the domain  contains 0 and that for all s (CL‘(i), le) are indepen-

i<S
dent, identically distributed and centered then from the decomposition above, for
all n and s, Ey?, = 0 and the (yf@)KKS are i.i.d too.

The assumptions we need to derive Theorem [ below are :

C1 : The operational domain 2 contains 0 (and is ideally a symmetric set).

Cs : The couples (9:6, azi)Ks are i.i.d. and centered.

Cs: For all i in {1,...,S} pi, = gn = p.

When S is large the following Theorem may be of interest and is a simple
consequence of the i.i.d. CLT.

Theorem 3 Under assumptions C1—3 a CLT holds when S the number of parti-
cles in the swarm tends to +oo :

5 .
LS () v (o)

where 02 = E (as}l — gn)2 is estimated consistently by :

S
. 12 i 2
i=1

Remark 6 The convergence of 52 to o2 is a straightforward consequence of the
weak and strong laws of large numbers.

Denote Z° = (1/8) Ziszl xl,. The Theorem above paves the way towards an
asymptotic confidence interval.

Corollary 4 An asymptotic confidence interval at level 1 — « for g is :

~ ~

On _S On
- —=Q-a/2,T +

An (g) = 70 NG ﬁQIfa/2



Weak convergence of particle swarm optimization 11

3 Simulation and numerical results

The Himmelblau’s function is chosen as example for our experiments. It is a 2
dimensional function with four local optima in [—10,10]? defined by : f(z,y) =

(332 +y— 11)2 + (m +y?— 7)2. Figure |3|illustrates the contour of this function.

Y axis
1)

Fig. 3 Contour of the Himmelblau’s function in the space [—6, 6]2.

With the Himmelblau’s function, we can observe the two different behaviors of
the particles: oscillatory and non-oscillatory. The Himmelblau’s function is positive
and has four global minima in: (3,2), (—2.81,3.13), (=3.77, —3.28), (3.58, —1.84)
where f(z,y) = 0. We use a ring topology (for a quick review of the different
topologies of PSO see [Lane et al.|2008) for the algorithm in order to have both
oscillating and non-oscillating particles. The latter converge quickly. The former
go on running between two groups of particles converging to two distinct local
optima.

3.1 Oscillatory case

We select particles oscillating between (3.58, —1.84) and (3, 2), these values could
be both their personal best position or their neighborhood best position. In this
case, the convergence of the p, and g to (3.58,—1.84) or (3,2) are satisfying the
conditions of Corollary |1} We have to verify the Gaussian asymptotic behavior of

H{(N)=+N (% 25:1 Xy — %) for each s oscillating particle.

We launch PSO with a population of 200 particles and with 2000 iterations,
w = 0.72984 and ¢ = 1.496172. A ring topology was used to ensure the presence
of oscillating particles. A particle is said oscillating if between the 500th and the
2000th iteration, Assumptions A;_3 holds.

A visual tool to verify the normality of H{ (V) for a particle is a normal prob-
ability plot. Figures [4] and [5|displays the normal probability plot of H{(N) respec-
tively for the x axis and y axis. For each axis, the normality is confirmed: H7 (V)
fits well the theoretical quantiles.
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Probability Plot Probability Plot

n 04 [
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Theoretical quantiles Theoretical quantiles

Fig. 4 Normal probability plot of Hf () Fig. 5 Normal probability plot of Hj(N)
on the first coordinate. on the second coordinate.

To check the formula of the covariance matrix I', the confidence ellipsoid is
also a good indicator (see Figure@. For a single particle, Hi () is not necessarily
always inside the confidence ellipsoid and does not respect the percentage of the
defined confidence level. Figure [7| shows the trajectory of x;, and Hi(N) on the y
axis, H{ (N) remains bounded.

Y coordinate

-0.4 -0.2 0.0 0.2 0.4 0.6
X coordinate

Fig. 6 Trajectory of H;(N) for an oscillating particle in [—10, 10]%. The confidence ellipsoid
at a level of 85% is displayed in red. Around 99% of the trajectory of Hj(N) is inside the

ellipse.
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Fig. 7 Top track: Trajectory of a oscillating particle on the y axis. The particle is oscillating
between 2 and -1.84. Bottom track: corresponding trajectory of Hf(N) on the y axis, the red
dot are corresponding to the 95% confidence interval. The trajectory of Hf(N) is well bounded.

With 200 Monte-Carlo simulations of PSO (200 particles, and 2000 iterations),
we select all the particles oscillating between (3.58, —1.84) and (3,2), and for each
of them we compute H7(2000). Figure [§] displayed the density of H{(2000) using
1150 oscillating particles. Almost 95% of the particles are inside the confidence

ellipsoid of level 95% (represented in red).

0.36
6
0.32
4 0.28
2 0.24
0.20
> 0
0.16
-2 0.12
2 0.08
0.04
-6
-1.0 -05 0.0 05 10 000

X

Fig. 8 Density of H1(2000) with 1150 particles issued from Monte-Carlo simulations. The red

ellipse is the 95% confidence ellipsoid.
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3.2 Non-oscillatory case

We study now the behaviors of non-oscillating particles on the Himmelblau’s func-
tion. We launch PSO with a population of 1000 particles and with 2000 iterations,
w = 0.72984 and ¢ = 1.496172. A ring topology was used to ensure the presence
of enough particle converging to each local optimum. We select particles converg-
ing to (3,2), meaning that p, = g, = p for a sufficiently large n. For the weak
convergence of the particle, we consider:

S 1 S
H3(N) = ﬁ(loglmN—gNI—Nuz).

First, it is easy to check the linear dependency of log |x% — gn| with a single display
of the trajectory. Figure [J] illustrates this phenomenon for a single particle. We
observed numerical issues when we reach the machine precision, but a numerical
approximation of g can be performed thanks to a linear regression.

0 100 200 300 400 500
Iteration

Fig. 9 |zn — gnl| over 500 iterations in a logarithmic scale. After 300 iterations, we reach the
computer precision. We take advantage of the linear behavior of log (|zn, — gn|) on the 200 first
iterations to perform a linear regression estimating .

Using many converging particles, a Monte Carlo approximation of u; is done.
For the approximation of o, a possibility is:

T
72 = Vary (log | Xo|) + 2 Z Covr (log|Xo|,log | Xk]),
k=1

where T' = 20. With near 240 converging particles to (3,2), we found that for the
first coordinate:

e = —0.032,

gz = 0.156.
We verify the asymptotic normality of H2(N) with a normal probability plot using

the approximation of . Figure displays the normal probability plot of Ha(NV)
on the first coordinate, the theoretical quantiles are well fitted by Ha2(N).
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N

-3 -2 -1 0 1
Theoretical quantiles

Fig. 10 Normal probability plot of H2(N) on the first coordinate.

Figure illustrates different trajectories of H2(IN) on the first coordinate
which are bounded by the 95% confidence interval deduced from 7.

iteration

Fig. 11 Trajectories of H2(NN) on the first coordinate for five particles. The red dot represents
the 95% confidence interval deduced from .. Trajectories stop around the 400 iterations (after
an heating phase) due to numerical precision.

3.3 Swarm at a fixed step

To check the Theorem [3] we study:

S

H3 () = fﬂ?g (a5~ 90

In practice, we encountered some difficulties to verify Theorem [3| because of
the convergence rate of the particles. Indeed, when p;, = g;, = p°, the particle s
converges exponentially to g;, but the spread of the rate of convergence is large.
As a consequence, at a fixed step of PSO, some particles could be considered as
outliers because of a lower rate of convergence. Because of these particles qualified
as belated, the asymptotic Gaussian behavior of H¥ (.5) is not verified. A solution
is to filter the particles and remove the belated particles. Figures [I2] and [I3] illus-
trate this phenomenon for the Himmelblau’s function in 2D and with near 1500
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converging particles to (3, 2) over 500 iterations. In Figure we compute without
any filtering H3' (S) and we notice that the Gaussian behavior is not verified and
some jumps appeared. The presence of these ”jumps” is due to belated particles
which have a lower rate of convergence in comparison to the swarm. When we
remove these particles with a classical outliers detection algorithm in Figure [13]
Theorem [3] seems to be verified.

Probability Plot, at iteration 200 Probability Plot without belated particles, at iteration 200

.
15 3 (]

10 /
2

1

Ordered values
Ordered values

-1.0
15 ® e -2
-3 -2 2 3 -3 -2 2 3

-1 0 1 -1 0 1
Theoretical quantiles Theoretical quantiles

Fig. 12 Normal probability plot of Fig. 13 Normal probability plot of
HP=200(5) at the 200th iteration on the HP=200(N) at the 200th iteration on the
first coordinate, using all the particles. We first coordinate, computed without outly-
observe a discontinuity of the probability ing or belated particles.

plot due to belated particles.

4 Discussion

Our main theoretical contribution revolves around the three CLTs and the confi-
dence regions derived from sampling either a particle’s path or the whole swarm.
Practically the confidence set A1_4 localizes, say g, with a high probability. High
probability means larger than 1 — «. The simulations carried out in Python lan-
guage tend to foster the theory.

This work was initiated in order to solve a practical issue in connection with
oil industry and petrophysics. Yet in the previous section we confined ourselves to
simulated data for several reasons. It appears that our method should be applied
on real-data for a clear validation.

A second limitation of our work is the asymptotic set-up. The results are stated
for samples large enough. This may not have an obvious meaning for people not
familiar with statistics or probability. Practitioners usually claim that the Central
Limit Theorem machinery works well for a sample size larger than thirty/forty
whenever data are stable, say stationary (path with no jumps...). As a consequence
the first iterations of the algorithm should be avoided to ensure a warming. When
studying PSO the behavior of p, and g, turns out to be crucial too in order
to ensure this stability, hence the validity of the theoretical results. However the
control of p, and g, is a difficult matter, which explains our current assumptions
on stagnation or “almost stagnation”. However, in order to fix the question of
the asymptotic versus non-asymptotic approach a work is on progress. We expect
finite-sample concentration inequalities : the non-asymptotic counterparts of CLT.

In the oscillating framework (see Corollary our results involve the parameter
denoted 6, the center of the segment [p, g]. Here we miss the target g for instance.
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We claim that our method may be adapted to tackle this issue. Briefly speaking
: running two independent PSOs on the same domain with two distinct pairs
(c1,c2) and (0’1,0/2) will provide, under additional assumptions on the local and
global minima of the cost function, two CLTs involving :

—agrep +cp and 0 = 703,9 + C%p.
c1+ co c1+ ¢

A simple matrix inversion then recovers the CLT for e.g. g.

5 Derivations of the results

We start with some notations. First we recall that the sup-norm for square matrices
of size d defined by:

a0 |l

The tensor product notation is appropriate when dealing with special kind of
matrices for instance covariance matrices. Let u and v be two vectors of R? then
u®v = uv' (where v' is the transpose of vector v) stands for the rank one matrix
defined for all vector « by (u ® v) (x) = (v, z) u. Besides ||u @ v||, = ||u|| ||v||. The
Hadamard product between vectors was mentioned earlier. Its matrix version may
be defined a similar way. Let M and S be two matrices with same size then M ©® S
is the matrix whose (7, j) cell is (M © S), ; = mijsi ;. We recall without proof
the following computation rule mixing Hadamard and tensor product. Let 7, e, u
and v be four vectors in R?. Then:

Mou)R(EGV)=NRe) o (uv), (6)

and the reader must be aware that the Hadamard product on the left-hand side
operates between vectors whereas on the right-hand side it operates on matrices.

We will need F,, the filtration generated by the path of particle number s up
to step n : {zg, ..., x5} and FS the filtration generated by the swarm up to step n
A{xdy oy xn s =1,...,S} .

We will also denote later g, = E (gn)+&n and p, = E (pn)+vn the expectation-
variance decomposition of g,, and p, where &, and v,, are centered random vectors
and support all the variability of g, and p,, respectively.

5.1 First case: oscillatory

The proof of Theorem [I]is developed in the next two subsections. The first subsec-
tion below provides some short preliminary results and the proof of the Theorem.
The second subsection is devoted to the -somewhat long- derivation of the single
Proposition [2] This Proposition [2]is needed within the proof of Theorem
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5.1.1 Preliminary results and proof of Theorem[]]

Let us start with some Lemmas who will be invoked later.

Lemma 1 Let sg) and 777(3) be any coordinate of the random vectors en and nn.

Clearly, aﬁ) and m(@j) are not independent but not correlated and follow the same
type of distribution. Besides:
Ee®? —Ey@? = 1/6, Eep@ =0,
Ee®®p0) = ge@p)? — g,
The proof is very simple hence omitted.

Lemma 2 When Ai1_3 hold and when N goes to infinity:
N
1
¥ 2
n=1
Proof: Denote ¢n, = Exyp, — (Epn + Egn) /2. From we get in matrix form:

()= 71(m) ()

Kny1= (14 w)E (pntgn) — wE (pn-1+9gn-1) — E (Pnt1+gn+1).

2

Epn + Egn 50

3 — Ex,p,

where:

The above equation may be rewritten qn4+1 = Mgq,, + K41 with obvious but
shorter notations. Notice that in K, each E (pr+gk), k € {n—1,n,n+ 1} may be
replaced by E (pr+gx) — (p + g). Consequently, we know that K, tends to 0. Also
notice that ||[M|lco < 1 because w < 1.

Then we derive:

n
an=Y M" K,
p=2

It suffices to notice now that if qn decays to 0, so does ||qn|| and Lemma [2] will
be derived by a simple application of Cesaro’s famous Lemma. Let us prove now
that g | 0.

Take € > 0 denote Koo = max (||K,||) and Cas = [1 — ||1\/I||OO]71. First pick
N such that sup,> y-41 [Kpll <&/ (2Cnm)

N* n
lanl < Y IMIZP K+ > M 1Kyl
p=2 p=N*+1

n

N*

_N* — —

<MY M K| + max Kyl > ML
p=2 - p=N*+1

<Oy [ Koo IMIZY 4+ sup Kol
p>N*+1

Then let NT be such that ||1\/I||JOVOT <e/(2CmKs). It can be seen from the equa-

tions above that for n > NT+ N*, || q,|| < e.
The following Proposition is crucial:
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Proposition 1 Let Sy = 227:1 zn then:

N N
Z{ © (pn — gn)_gnQZn} Z z1—wzo+sz—zN+1)

Under assumptions Asg
1
Eh
N n=1

Besides when A1 holds (the ), s are almost surely bounded) then Sy /v/N converges
weakly if and only if:

1

N
NZ[ © (pn — gn)—snezn}

n=1

converges weakly too.

Proof of Proposition[I} The first equation is obtained by summmg fromn =1to
N both sides of Equation (8)). Then we are going to prove that \ﬁ Z 1"n —p 0
by Markov inequality which will be enough to get the rest of the Proposmon. We
start from 7, = e, (L”gﬂzg" — Ewn> + —H';" (pn. — Epn + gn — Egn). By the first

part of assumption Asg

Z n — Epn) —p 0

n=1 n

] =

(gn —Egn) —p 0.

o~

1

We turn to:
N 2 N 2
Epn + Egn 2 Epn + Egn
E Eil En (f — Exn) = Eej E,l — 5 = Exn,

because €, is an i.i.d. centered sequence. The proposition now follows from Lemma
This completes the proof of the Proposition.

Proposition [I] shows that the limiting distribution of Sy is completely de-
termined by the limiting distribution of Zn 1 ["" O (Pn—gn) —en® zn] If a
Central Limit Theorem holds for the previous series, then the limiting distribu-
tion will depend on the covariance matrix of Z* ® (pn — gn) — €n © 2zn. The latter
will be decomposed in several terms.

Proof of Theorem [Ik

As a preliminary step, let us rewrite on a single line :

Pntgn
2

DPn — gn

xn)"'c (Tl,n - 7"2,n)® B

Tnt1 = 14+ w)zpn—wen_14c(rin + T2,n)®(

Taking expectation:

Eznt1 = (14 w)Exy —wExn—1 +c (w — Ezn) . (7)
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By subtracting, denoting the centered process z, = z,, — Ex, and e the vector
of R? defined by e = (1,1, ...,1) the PSO equation becomes :

~ C
Znt1 = (14+w—1c)zn —wzn—1— en © 2n + cfp + P O (pn—gn), (8)
with

En =Tin+7T2n —€ Nn =TIn—T2n,

2

~ €+ éen
rnZEnG( —Eiﬂn)"' Q(pn_Epn+gn_Egn)~

2

Equation will be a starting point especially for studying single particle
trajectories.

We turn to the Theorem. From:

N N N N
1 1 Epn + Egn 1 1 Epn + Egn,
T n — 3 8 — xr n T E n— " & |
anzlx N 2 anzlz + an_1< v 2

n=1

we see from the proof of Lemma |2 that (1/\/N> Zgil [Ezn, — (Epn + Egn) /2] —
0 as N tends to infinity. Following Proposition [T} the Theorem [I] comes down to
proving:
1
i
We can first remark that w, = 5= ©(pn — gn) —€nOzy is a vector-valued martingale
difference sequence with respect to the filtration F;, = F,,. We confine ourselves

to proving a Levy-Lindeberg version of the CLT for the series of u, in two steps
(Theorem 2.1.9 p. 46 and its corollary 2.1.10 in |Duflo, |1997)): first ensuring conver-

N
Z [%@(pnfgn)fen(azn} — N (0, ).
n=1

gence of the conditional covariance structure of (1/\/ N) Zgzl Un, then checking

the Lyapunov condition holds (hence the Lindeberg’s uniform integrability that
ensures uniform tightness of the sequence).

First step: The conditional covariance sequence of u,, is the sequence of matrices
defined by % 22;1 E (tun ® un|Frn). We show in this first step that this sequence
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converges in probability to I". We start with elementary calculations:

NZIE(un@)unLFn—NZ (5 © (P —90) © L © (pu = 90) 170

2

+ E((en ® 2n) ® (en @ 2n) | Fn)

1

2=

n

1 N
— 57 2 E([1m © (pn — 9n)] ® [ © 2n] | Fn)

n=1

[\]

N
2 N
:]ENEIIQ{Z1[(pn—gn)®(pn—gn)]+zn®zn}

1
:6:[®|: FN,pg+FNz:|

where we used Lemma [1{ and denoted I'y,p.g = =+ SN (Pn = gn) @ (Pn — gn)
and :

1 N
FN,z:NZZn®Zn7

n=1
By Proposition |2| stated and proved in the next subsection, I'n,. — %FNyp,g
tends in probability to zero. Hence whenever the limit in the r.h.s below exists:

N
. 1 Z (1 9 .
NEH»IOO N n:lE(un BuniFe) = (24 + 6) NggrlooIQFN’p’g'

Under assumption A1—2 imy— 400 I'N,p,g — I 'N,p,g = 0 in matrix norm, where

1 N
g = 5 O Elpn = 9) OF (pn — ga)].

n=1

To prove this it suffices to write:

I'Npg— TNy = Z (Vn —&n) ® (pn — gn) + Z E(pn —gn) ® (vn —&n),

n=1

and apply the bounds derived from the proof of Proposition [2] for instance:

N
> (Un = &) @ (pn — gn)

1 N
<% ; |(Vn — &n) ® (Pn — gn)|l o

oo

<

2 \

N
Z [vn = &nllllPn — gull

N
1
< sup|lpn — gnll 5 > (lwnll + ligal) =2 0
n n=1
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Finally, the convergence of I'n,p 4 to I' is a consequence of the adaptation of
Cesaro’s Lemma for tensor products.

Second step: A Lyapunov condition holds almost trivially here. Namely we are
going to prove that:

N
1 4
T2 SO Efunll* x o0 0.
n=1

Simple calculations provide:

2
lunl? < 2|2 © (o = gu)|| +2llen © 20l

1
sup{(pn.,i — gn.i)"} Il + 2sup{zn ;} [len]®

< 5 T iy
< 21002 [Imall® + lleal?]
with |Q| = sup,cq |s| hence
E flua|* < C|01%,

for some constant C then (1/N%) Y E ||un||* tends to zero when N tends to
infinity. This completes the proof of Theorem [}

5.1.2 Proof of Proposition[4

We are ready to state and prove this important intermediate result.

Proposition 2 Under assumption As denote:
2 2\ —1
c 1—w c c
5 () em-5)
g 24(0(1+w) Ty 6)
then when N tends to +o0

N
I'n,.— Z diag (592) —p 0,
n=1

2|

with 6n, = Pn — gn-

The proof of the Proposition will immediately follow from this Lemma.

Lemma 3 Let E, be a sequence of i.i.d centered random matrices with finite
moment of order 4, let un and vy, two sequence of random wvectors almost surely
bounded and such that (Un,vn) is for all n independent from Ey then for the ||-|| o
norm:

N
1
NzlEnG)(un@)vn) —p 0.

The proof of the above Lemma is a straightforward application of Cauchy-Schwartz
inequality.
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Proof of the Proposition [2 We take advantage of Equation and note that
(En © zn) ® (En © zn) == (En & En) © (zn ® Zn)
= [(En ®en) — 031} O (2n ® 2n) + 621 (2n ® 2n),

where 02 = 1/6 by Lemma |l| and I stands for identity matrix. After some tedious
calculations we obtain:

Zng1 ® Zn41 = (L +w — €)* (20 ® 20) + W 2n1 ® 201 (9)

& 10 © (b = 9] @ 10 © (b — 1)

—w(l4+w—0c)[zn ®2n-1+ 2n—1 ® 25] + Cn.

+ 02 10 (20 ® 20)] +

For the sake of completeness, we list now all the eleven terms contained in C,,.
In order to simplify notations let [[u : v]] = © ® v + v ® u. Notice for further use:

Illw: v]llloe < 2 [ull o]l -

Then:
€=t {[lows 7ull = [0 60 O 2l + 5 om0 0 0 = )]} (10
#we{lonms s 60 0] = w5 7ul] = 5 lonmt 70 © (= 9]

llen ©® 2n i n @ (P — gn)]] — % ([Fn:0n © (Pn — gn)]]}

N |

— {[[c&n © 2zn : Tnl]] +
+ PP @ Ty + [(5n ®en) — 051] ® (2n ® 2n) -

From El we sum over all indices n in {1,..., N} we get:

N N
(1—(1—1—(,‘1—0)2 —wz) Zzn@)zn =02 Z IO (zn ® zn)]
n=1 n=1

2 N_
_|_CZZ[nn(D(pn—gn)]@[nn@(pn_gn)]

n=1
N
—w(l4+w=—2¢) Z [2n ® Zn—1 + 2Zn—1 ® 2zx]
n=1

N
+ch+21®21—ZN+1®ZN+1

n=1

+w? (20 ® 20 — 2v @ zN) .
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Now we need to go slightly further in the computations and to find a recurrent
equation for z, ® z,—1. Let us start again from :

241 ®@zn =(14+w—0¢)2n @ 2n —wWzn-1Q 2n — c(en @ zn) ® 2n + cTn Q zn

C
+ 2 [0 © (P — 9n)] ® 2n,

5 |
2n @ z2n+1 = (1+w—0¢)2n @ 2n —wzn @ 2n—1 — C2n @ (en ® 2n) + C2n @ Ty

C

Summing over all indices n in {1,..., N} above we come to
(1 —l—w) Z [Zn ® 2n—1+2n-1® Zn]
n=1
N
=21Q020+ 20021 —2N®2N+1 —2N4+1 Q2N +2 (1 +w —¢) Z [2n ® 2n]
n=1

[7n © (Pn — gn) : 2n]]

—

N | =

+cz{ it 2] = [[(En @ 20) £ 2al) +

Plugging the last equation in line @ we get finally:

(1—(1+w—c —w )ZZn@Zn

N 2
= gz Zn@zn ZZ UnQ(Pn_gn)]@’[Wn@(Pn_gn)]

(1+w—-c)? al (l+w-0) ol
N N N
l+w-—c _ I+w-— 1
"”C%Z[[rn:zn]]—wc( Zg [0 © (pn = gn) 2 0]l + ) Cn.
n=1 n=1 n=1
Denoting k = (17(1+w70)27w2+2w(1-;:‘;_726)2) = 2¢ (T) (1+UJ %)
2 N C2 N
K Z 2n@2n = — Z [I © (Zn ® Zn)]“‘z Z [77n O] (pn - gn)}®[7]n © (pn - gn)]"'mN’
n=1 n=1
with
1+w-—
RN = _w(l—i—# ([z1 : z0]] = [[2n : 2v41]]) + 21 ® 21 — 2v41 @ 2vy1 (11)
N
+w2(ZO®Z0*ZN®ZN)+ZCn
n=1
N
(At+tw=c ol = (7 c 2]l — & — ) :
el =D S ey @ 20) 2]~ [ 2]~ & [0 © (o — g0) : 2]}
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It is proved in Lemma that Sy /N —p 0. First, let us unravel the matrix:

T . ® n—c—— I@ (2n ® 20)] .

Denote [Tn],; the (4, ) cell of matrix T». It is simple to see that:

2 1 al
[TN]”:<R_E) {NZ(zn@)zn) , [TN [ Zzn@)zn

i 2y

(12)
for i # j. Now denote:

[ © (Pn — gn)] @ [ © (Pn — gn)]

(M @ 1) © [(Pn — gn) @ (Pn — gn)] -

-3
L

2 \

Taking conditional expectation w.r.t F,, we get -all non diagonal term vanish:

N

E(An|Fn) = [E (1n @ )] © [(Pn — gn) @ (Pn — gn)]

)—\K\J 3

B
Z gn) @ (Pn — gn)]

with I the identity matrix. Noting that the difference:

AN —E(AN|Fn) = Z [ T ® 1n) — (Enf) I] O [(Pn = gn) @ (pn — gn)]

vanishes when N tends to infinity by applying Lemma [3] we get with Landau
notation in probability:

2 N
c 1
N 24an::1 © [(pn — gn) @ (pn — gn)] + 0P (N>
From we obtain simultaneously that [Tx], ; —p 0 for i # j and
2 N
(TNl — ﬁﬁ 2:: —9gn) ® (Pn — gn)] =p 0
which is precisely the statement of Proposition [2}

Lemma 4 Ry /N —p 0 in matriz norm.
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Proof: Let us start from . First by assumption Aj:

1
i ([[z1 : z0]] = [[2nv : 2nv41]])+21@21 —2N11Q2N8 114w (20 @ 20 — 28 @ 2N) —p 0.

It must be also noticed that:

N
el S len @20 2l) [ al) = © (o —9n) 21
involves three terms between double brackets that already appear in C,, up to
constants. Proving that each term of (1/N) Zf:jzl Cn, tends in probability to 0 will
be sufficient to complete the proof of the Lemma.

Our aim is to perform successive applications of Lemma [3| For the sake of
completeness we remind now the eleven terms contained in C, and mentioned
earlier.

Ch=c(l+w-—2c) {[[zn :7n]] = [[2n : €n © 2n]] +%[[zn 20 © (Pn *gn)ﬂ}

twe{[onms s 60 0] = nmt s Ful] = 5 om0 © (0 — 9]

= H{llen @ 20 1+ 3 [0 © 20110 © (0o = 9a)]l = § [0 © (0 — )]

+ PP @ Fn + |:(5n ®€n) — 031} O (2n ® 2n) .

In the list above terms numbered 2, 3, 4, 6, 11 vanish by applying successively
@ and Lemma [3| Take for instance term 1, get rid of the constants and focus on
the first tensor product in the double bracket namely:

2n @ (EnOzn) = (€@ 2n) ® (en ©2n) = (e®en) © (2n ® 2n) .

Recall that e is the vector with all components valued at 1. Then we can apply
Lemma [3| which shows that (1/N) 22’21 (e®eén) ® (2n ® 2zn) vanishes in proba-
bility. It is not hard to see that terms 3, 4, 6 and 11 may be treated the same
way.

Term number 8 namely depends on both &, and 7,. An application of @ leads
to considering, up to a constant and commutation to:

(1 ®en) © (20 @ (Pn — gn)) -

The reader can check that the matrix E, = (1, ® ) is stochastically indepen-
dent from zp, ® (pn — gn), that the sequence of matrices E, are independent and
centered. Lemma 3| applies here.

The terms numbered 1, 5, 7, 9, 10 depend on 7,,. Now consider

E E
i e o (w ,Exn) n HT% © (En + vm) = Pm1 + T,
and the five terms containing them in C,,. We split 7, and deal separately with
rn1 and rp2 to derive the needed bounds in probability.
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First, let us focus on r,1 = &, © (% — Exn) only. Once again Lemma

may be invoked for the specific halves of terms 1, 5 and 9 by using the same
methods as above. The half part of terms 7 and 10 of containing £, may be
bounded the following way (denote 8, = % — Exy,):

llen © zn : en © Bulllloe < 212l I1Bnll,
2
[(n © Bn) ® (en © Bn)llog < 2(1Bnll”
Lemma [2] ensures that both right hand sides above tend to zero (since sup,, ||zn ||
is almost surely bounded) and Cesaro’s Lemma terminates this part.
We should now inspect the terms numbered 1, 5, 7, 9, 10 in with respect

to rn2 = <£52 © (€ + vn). Terms 7 and 9 may be controlled by Lemma [2[ and
Lemma [3] respectively. Let us deal with term 1:

S [lzn : o]

N
<23 flzal 72
0o n=1

N
<2 <sup ||Zn||) S firul
n

n=1

N
< 2sup |zl D [lvnll + 1€l

n=1

N
n=1

1 & 1 &
(3 3 hll> <) < & e,

then Assumption Az together with Cesaro’s Lemma again ensure that + SN [|vn || —p

Take for instance ) |vnl|. Applying Markov inequality:

0as well as & S°N | [|€n]| hence & HZT]YZI [[zn : Tng]]H . Term 5 vanishes in prob-

ability with the same technique at hand. Now term 10 gives:

1 N
T g r2n & T2n
HN n=1

which also tends to zero in probability under A;1_2. By the way we mention that
the cross-product [[r1n : r2»]] in term 10 vanishes due to Lemma [2| Our task is
almost done. Let us deal now with the remaining terms of Ry. Both:

1 & 1 &

2
< ~ Z lren ® ron||o = ~ Z lr2n|
0o n=1 n=1

N
Y [(en ©2n) @ 2n + 20 ® (en © 2n)]

n

L
N

Il
i

=
M=

[ © (Pn — gn)] @ 2n + 20 @ [0 © (Pn — gn)]

Il
_

n

tends to 0 in probability by Lemma [3] and (6]). At last, the remaining [[7n : 2n]]
is basically the same as term 1 in (10)) and may be addressed the same way. This
terminates the proof of the Lemma.
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5.2 Second case: non-oscillatory and stagnant

We start from [4 and set X5, = yn/yn—1. Then we get :

w
Xny1=14w—c— X—n—l—csn,

where €, = r1,n + r2,n — 1 has a “witch hat” distribution (convolution of two

uniform distributions) with support [—1,+1]. We focus now on the above homo-

geneous Markov chain X, and we aim at proving that a CLT holds for h (X,) =

log | X,,| namely that for some p and o2 :

N
1 2
VN [N;10g|xn| —u] <—>N(0,a ) ,
which will yield:

N

We aim at applying Theorem 1 p.302 in [Jones| (2004). We need to check two
points: existence of a small set C and of a function g with a drift condition (see
Meyn and Tweedie, [2012)).

Denote P (t,x) the transition kernel of X,. It is plain that P (¢,z) coincides
with the density of the uniform distribution on the set £, = [1 +w—2c— %, 1+w-— %} .
The Theorem [2]is a consequence of the two Lemmas below coupled with the above-
mentioned Theorem 1 p.302 in |Jones| (2004]).

VN [i log [y | — ,4 N (0,0%).

Lemma 5 Take M, = w/ (c — 7) with any0 < 7 < ¢ then the set C = (—oo0, —M,|U
[Mr, +00) is a small set for the transition kernel of Xy,.

Proof:
We have to show that for all x € C and Borel set A in R:

P(A,x) 2 2Q(A),

where € > 0 and @ is a probability distribution. The main problem here comes
from the compact support of P (¢,x). Take x such that |x| > M then:

1+w—c—%+c€nSl—l—w—c—%—ﬁ—canSl—i—w—c—l—%—i—can,

where e, has compact support [—1,+1]. It is simple to see that with M = M, =
w/ (¢ — 7) the above bound becomes:

l1+w—2c+74+cen < 1+w—c—%+c€n <l4+w+T7+cen.
The intersection of the supports of 1+w—2c+74cen and 14+w—2c+74cey, is the set
[14+w—c— 7,14 w—c+ 7] whatever the value of  in C. The probability measure

@ mentioned above may be chosen with support [l +w—c—7,14+w —c+ 7].

Now we turn to the drift condition. Our task consists in constructing a function
g : R — [1, 4+00[ such that for all z:

/R g () P (t,2) dt < p1g (z) + polace, (13)
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where 0 < p1 < 1 and p2 > 0. Besides, in order to get a CLT on log | X, | we must
further ensure that for all x:

[log|2(]* < g (). (14)

Note however that, if holds for g but fails, then both conditions will hold
for updated function g* = ng with constant > 1 and p5 = np2 such that
holds.

Lemma 6 Take for g the even function defined by g (xz) = C1/+/|z| for |z| < M,
and g (z) = Co (log |z])? for |z| > M,. Assume that:

B:l+w—-—c<w/e<(1+c¢)/4

Then it is always possible to choose three constants T, C1 and Ca such that
holds for a specific choice of p1 and pa.

Proof:

The proof of the Lemma just consists in an explicit construction of the above-
mentioned 7, C1, and Cz. This construction is detailed for the sake of completeness.

At this point and in order to simplify the computations below we
will assume that the distribution of ¢, is uniform on [—1,+1] instead of
the convolution of two U|_1 /3 1/2) distributions.

Set A = 14 w — ¢, assume that A > 0 (the case A < 0 follows the same lines)
and notice that:

1 A—(w/z)+c ( )d 1 (w/z)—X+c
S S

/ g(t)P(t,x)dt g (s)ds,
R

B % A—(w/z)—c B % (w/x)—A—c

the last inequality stemming from parity of g. We should consider two cases © > 0
and z < 0.

The proof takes 2 parts (x > 0 and = < 0 respectively). Both are given again
for completeness and because the problem is not symmetric. Each part is split
in three steps: the two first steps deal with x ¢ C, the third with x € C =
(=00, —M7] U [ M7, 4+00).

Part 1: >0
First step: We split [0, M-] in two subsets, [0, M,] = [0, A7) U[A,, M;]| with

Ar =w/ (M: +14+w)

is chosen such that 0 < x < A, implies the following inequality on the lower bound
of the integral: (w/x) — A —¢ > M. Clearly A, < M, because A >0 > —7 — M.
Then:

(w/x)—A+c (w/z)—X+c
% (s)ds:%/ log? |s| ds < Calog? |(w/x) — A+ ¢|.
C J(w/z)=A—c € J(w/z)—Ar—c
Let:

sup Vx| (10g|(w/ac)—)\+c|)2 =K1 (w,¢,7) < 400.
0<z<w/(c+M;)
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The strictly positive K1 (w, ¢, T) exists because v/ log? |(w/x) — X + ¢| is bounded
on [0, A;]. The first condition reads:

1 (w/z)—X+c

- g(s)ds < O /VIal,  0<z <A
2¢ Jiw/z)—r—c

whenever
CoKi (w,e,7) < p1Ch (15)

and p1 will be fixed after the second step.

Second step: Now we turn to A, < z < M,. We still have g (z) = C1/+/]z| but
we need to focus on the bounds of the integral.

This time the lower bound of the integral (w/z) —A—c € [-\ — 7, M,;] and the
upper bound (w/x) — A+ ¢ € [2¢ — A — 7,2¢ + M,]. We are going to require that
(w/x) — A — ¢ > —M; it suffices to take A + 7 < M, and this comes down to the
following set of constraint on 7: {7 > c¢—w} U {r <c¢—1}. We keep the second
and assume once and for all that:

T<c—1 (16)
Then for x € [A;, M;],
1 [w/@)=Ate 1 M- | pleln-rte
) VRN LT RN L ) VR A

=71+ 1.

We want to make sure that the upper bound (w/z) — A + ¢ is larger than M.
This will hold if (w/M7) — A+ ¢ > M, hence if 2¢c — 7 — A > M,. We imposed
previously that A + 7 < M. So:

w
T<c——=>M,<c=>2c—T—AX>M;,
c

but the constraint 7 < ¢ — w/c is weaker than consequently holds.
Focus on the first term Z; in and consider:

1 (M 1M
T = — g(s)ds:—/ 1 ds
2c (w/x)—A—c 2c (w/z)—A—c |3‘

Consider the (only) two situations on the sign of (w/z) — A —c = (w/x) — (1 + w).
Ifr<w/(14w)then (w/z)— (14+w)>0and Z; < %\/MT Notice by the way
and for further purpose that:

Ch w
sup Ve < — | —— M.
€[Ar 0/ (14w)] cVitw

If £ > w/ (14 w) then (w/x) — (1 +w) <0 and:

1 M, 1 0 1 M.
T =— g(s)ds:—/ ids—i——/ 1 ds
2¢ J@w/@)—r—c 2¢ J(w/a)—(1+w) V15l 2¢ Jo |s]

= & [VIw/a) — (@)l +Vaz] .
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Again:

VIl < % [VIe (T w) = wl + VaiE] .

From the bounds above we see that:

sup |zl < % [\/|MT (1+w)—w|+MT} .
]

€A, M,

The reader will soon understand why we need to make sure that the right had
side in equation above is strictly under C. It is not hard to see that the function

M; (14 w) —w| + M- is increasing and continuous on [0,c — 1]. If we
prove that for some ¢ € 0, 1[:

%[\/|MO(1+w)7w|+Mo} —1-35<1,

then the existence of some 7 > 0 such that:

H\AMT+ (1+w)—w|+MT+} =1-20<1 (18)

will be granted. But 1 [/[Mo (1 +w) — w[+ Mo| = £ [\/ZX+ 2].

If we assume that A < w/c < (1 + ¢) /4 (assumption B2) then since ¢ > 1:

1[,/f/\nLg} <1(1+1><1.
c c c 2 c

We turn to Zs in :

1 (w/x)—A+c
I,

(w/x)—A+c
/ (log 5)2 ds < o Ko (w,c, T+> ,
M,

Vel

o 2c M,

where:

/ (w/z)—A+c
Ks (w,c,7'+) = sup ﬂ/ (logs)2 ds.
M,

we[A,,M,] 2C

Set finally pf =1 -6 < 1.
From we get:

1 (w/z)—A4c ( ol

2c (w/z)—A—c

whenever holds the new condition:
CaKo (UJ,C,T) < Ch9. (19)

Finally comparing ((15)) and , we see that both conditions cannot be incompat-
ible. Accurate choices of the couple (Cf' , C;' ) are given by the summary bound:

§d 1-96
5 < ¢ min [ — .
C5 < C{ min (K2, i ) (20)
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It is now basic to see that the quadruple (Cf', C’;’, T, pi") yields the drift condition

(13) for = ¢ C.

Third step: The remaining step is to check the inequality for some pa:
/g(t) P (t,z)dt < p{ g (z)+ p2,
R

for any z in C -that is any |z| > M, (rather x > M, here as explained above since

x > 0). We see that:

w

0< —< —
— P MT7

SHRS

and:

(w/a:)—A—Q—c 2c—T7—X\ 3c—(14w)
— ds<—/ g(sds<—/ g(s)d
2¢c (w/w)f)\fc (1+w)

The values of the constants C; and C2 were fixed above. Then denote:

3c—(1+4w)

r_1 g(s)ds >0,

0
2 2c —(14w)

then clearly for any z in C:
[ 9@ Paars i,
R
so that holds.

Part 2 (z <0)
We go on with x <0 and A >0, set y = —x >0,

1 A—(w/xz)+c 1 (w/y)+A+c

g(t) P (t,x)dt = g(s)ds=— g (s)ds.
/ 2¢ Ja—(w/a)—e 2¢ J(w/y)+r—c

Since g is even and in view of the proposed C we just have to prove exactly the
following drift condition with = > 0:

(w/z)+A+c
2 S jurin g(s)ds < p1g (z) + p2lacc.
w/x)+A—c

First step: Take x ¢ C. We split [0, M~] in two subsets, [0, M-] = [0, B;]U[B-, M~]

with Br = w/ (M, — X+ ¢) is chosen such that 0 < z < B, implies the following
inequality on the lower bound of the integral: (w/x)4+A—c > M,. Clearly B, < M,
for all 7. Then:

(s)ds =

(w/z)+A+c Cs (w/z)+A+c 9 5
— g ——= log” |s| ds < Calog” |(w/x) + A+ .
2¢ J(w/a)+A—c 2c Jq

w/z)+A—c

Let:
sup \/|a: log? |(w/x) + A+ ¢| = K1 (w, ¢, 7) < +00.
<B

_1:_
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The strictly positive K1 (w, ¢, 7) exists because /|| log? |(w/z) + A + ¢| is bounded
on [0, B7]. The initial condition reads:

1 (w/x)+A4+c

o g(s)ds < p1Ci/y/|z|, 0<z< B
2c (w/z)+A—c

whenever Co K1 (w, ¢, 7) < p1C1 and p1 will be fixed later.

Second step: Now we turn to Br < z < M,. We still have g (z) = C1/+/]z| but
we need to focus on the bounds of the integral.

This time the lower bound of the integral (w/z) + A — ¢ € [\ — 7, M;] and the
upper bound (w/z) + A+ ¢ € [A+ 2¢ — 7, M+ + 2¢]. If we assume that 7 < X then
(w/z) + X —c > 0 > —M,. Besides in order that A + 2¢ — 7 > M, we just have
need that 2¢ > M, or 7 < ¢ — w/ (2¢) . As a consequence the assumption:

7 < min ()\, c— %) (21)

allows to write for x € [B-, M;],

1 (w/z)+X+c 1 M. 1 (w/z)+X+c
- g(s)ds = - g(s)ds+ 5 [ 0(s) ds
c (w/z)+A—c c (w/z)+A—c CJm,
=11+ 1o,

with non-null Z; and Zs. Focus on:

L:@[M Las= G [VaE - ) FA—]

270 w/x)+A—c \/g
sup VzI1 < gMT.
z€[B,,M,] c

At last we see that for My < 1ie. 7 < c—w, sup,ep, a,) vVrZi < Ci/c. This
condition combined with let us set in the sequel:

7<77 =min(\,c—w).
We turn to Zs:
1 (w/z)+A+c (w/z)+X+c B
— g (s ds:@ log? |s|ds§gK2 (w,c,T ),
2¢ Jor 2¢ Jur, VT
with: (/)2
/ w/x +c
K, = K» (UJ,C,Ti) = sup 2] / (log s)? ds.
v€[B,,M,] 2¢ Jm,

Set finally p; = (14 1/c) /2 < 1. From all that was done above we get:

Ci 1 Ce . _ - O
g@)P(t,x)dt < -+ —F=K; <p; —,
I Viale  Vlal NG
whenever: =y
_ —1/c
Co2 Ko (w,C,T ) < 5 C1.
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This will be combined with the constraint of the first step CoK; < p1C1 (we
denoted K (w, c, Ti) = K7 ). The new condition:

C;§<men(ﬁ%,“‘yd> (22)
K;' 2K,

ensures that

1 (w/z)+A+c _
o i g(s)ds < pyg(z) for x € [0, M;].
w/x)+A—c

Third step: The remaining step is to check the inequality:

/Rng(t,m) dt < p7 g (2) + pa,

for any x in C -that is here any x > M,. Adapting the method given above is
straightforward and leads to the desired result with a given p; .

We are ready to conclude. Take

x . . 6 1—-6 T 1-1
C5 = C{ min (—+ T 7—p1_, _/c> .
KT K K{ 2K,

Conditions and hold for the couple (CT, C5) . For such a couple we have:
Ag@P@@ﬁsﬁw@+£,x>&
[a@Paya<pio@+p. w0

and for all z:

[ 9@ P (ta)dt < max (o 1) g )+ max (o305 ).

This finishes the proof of the Lemma.
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