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ON THE CHAPMAN-ENSKOG ASYMPTOTICS FOR A
MIXTURE OF MONOATOMIC AND POLYATOMIC RAREFIED

GASES

CÉLINE BARANGER, MARZIA BISI, STÉPHANE BRULL,
AND LAURENT DESVILLETTES

Abstract. In this paper, we propose a formal derivation of the Chapman-
Enskog asymptotics for a mixture of monoatomic and polyatomic gases. We
use a direct extension of the model devised in [8, 16] for treating the inter-
nal energy with only one continuous parameter. This model is based on the
Borgnakke-Larsen procedure [6]. We detail the dissipative terms related to the
interaction between the gradients of temperature and the gradients of concen-
trations (Dufour and Soret effects), and present a complete explicit computa-
tion in one case when such a computation is possible, that is when all cross
sections in the Boltzmann equation are constants.

1. Introduction

In the computations of the flow around a shuttle in the context of reentry in the
upper atmosphere, it is necessary to use a kinetic description (that is, Boltzmann
equations) since the Knudsen number Kn (defined as the mean free path of a
molecule of the gas divided by a characteristic length of the shuttle) is of order 1
(or larger) at high altitude. It is also necessary to couple this kinetic description
with a coherent macroscopic description used at lower altitudes where the Knudsen
number becomes much smaller than 1.

Such a coupling is well understood for one monotamic gas thanks to the estab-
lishment of the Chapman-Enskog asymptotics, which clarifies (at the formal level,
cf. [2], [11], and, in a perturbative context, also at the rigorous level, cf. [24])
the relationships between the Boltzmann equation and the compressible Navier-
Stokes(-Fourier) equations of one perfect monoatomic gas. The link between the
cross section in the Boltzmann equation and the dependence of the transport co-
efficients (viscosity and heat conductivity) w.r.t. temperature is related to the
resolution of a specific linear Boltzmann equation (cf. [15] for example), which can
be solved in some specific situations, including the case of Maxwell molecules (cf.
[11]). A survey on recent advances on fluid-dynamic limits of kinetic models, with
both formal and rigorous proofs, may be found in [22].

It is however important to perform the Chapman-Enskog asymptotics in situa-
tions much more complicated than the ones in which is considered only one single
monoatomic gas. Indeed, the main chemical species found in the upper atmosphere
of the earth are the molecular oxygen (O2) and the molecular nitrogen (N2), which
are both diatomic. Moreover, due to the chemical (dissociation/recombination)
reactions taking place in the heated air surrounding a shuttle, one should also
(at least) take into account the atomic oxygen O, the atomic nitrogen N (both
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are obviously monoatomic) and the diatomic nitrogen monoxide NO. As a con-
sequence, it is important to be able to treat mixtures of several monoatomic and
polyatomic gases with different masses (note that it is possible to approximate the
masses of N2, O2 and NO by a common value, but this cannot be generalized if
one takes into account the (atomic) argon Ar, whose concentration in the upper
atmosphere is not unsignificant). Other interesting physical applications involving
polyatomic gases are discussed in the monographs [34], where transport phenomena
in multi-component plasmas are examined, and [29], where the authors investigate
conditions of a strongly vibrational and chemical non–equilibrium state, developing
methods of kinetic theory in the approximation of the state-to-state kinetics.

Our goal is to present in detail the Chapman-Enskog asymptotics in a model
as simple as possible fulfilling the assumptions described above (that is, taking
into account a mixture of several monoatomic and polyatomic gases with different
masses), and which enables to recover at the macroscopic level a set of compressible
Navier-Stokes equations for perfect gases with general energy laws. The model
proposed in [8, 16] almost fulfills those assumptions. It uses as unknowns the
number densities in the phase space f (i)(t, x, v, I) of particles of the i-th species
which at time t and point x move with velocity v and have a one-dimensional
internal energy parameter I > 0. The choice of one parameter in the model enables
to get quite general energy equations, but unfortunately not the energy equation
of monoatomic gases (which can be recovered only as a limit of the model). In
order to integrate the possibility of having mixtures of monoatomic and polyatomic
species, we introduce therefore in the model of [16] collision kernels for monoatomic-
diatomic collisions (these kernels are described in section 2). For some applications
of such models we refer to [25], [32], [20]. In particular in [25], the authors highlight
different types of shock profiles which are specific to the polyatomic setting by using
the model given in [1], [10], [26]. In [17], a numerical model for polyatomic gases
using the reduced distribution technique is derived.

In order to test the compatibility of numerical (usually DSMC) codes used at the
kinetic level with fluid mechanics codes used at the macroscopic level, it is useful
to have one example in which the transport coefficients can be explicitly derived
from the cross sections used in the Boltzmann equation. We provide in this paper
such an explicit computation (that is, when the cross sections are constants). This
computation can be seen as an extension of classical computations of transport
coefficients for monoatomic gases with a cross section of Maxwell molecules type
(cf. [11]).

We notice that in [18], [21], [19], [33] the authors describe the internal energy
variable with a discrete parameter. In [18], [21], [19], a Chapman-Enskog expan-
sion is performed starting from the Boltzmann collision operator given in [33].
This way of modelling has been adopted in [23], [4], where kinetic equations of
Boltzmann or BGK–type are built up for mixtures of gases undergoing also a bi-
molecular reversible chemical reaction. In [4] the hydrodynamic limit of the BGK
model for a fast reactive mixture of monatomic gases is derived, at both Euler and
Navier-Stokes levels, by a Chapman-Enskog procedure in terms of the relevant hy-
drodynamic variables. This BGK model has been recently generalized in [3] to a
mixture of polyatomic gases (inert or reacting), each one having a set of discrete
energy levels; the relevant asymptotic limit is available only for a single gas, and
its comparison with phenomenological results obtained in the frame of Extended
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Thermodynamics seems to be promising [5]. Suitable fluid–dynamic closures for
a single polyatomic gas have been achieved in the case of a continuous internal
energy [30], and the state of the art on the matter may be found in the book [31].
However, for the reasons explained above, in view of practical applications, it is
important to provide a complete Navier–Stokes description for a mixture involving
monoatomic and polyatomic species, and this is the aim of our work.

The paper is organised as follows. In section 2, the kinetic model for mixtures
of monoatomic and polyatomic gases is introduced, Boltzmann kernels are writ-
ten down together with the corresponding linear operators, and conservations laws
associated to the kernels are recalled. In section 3, the asymptotic expansion is
performed, and the various transport terms appearing in the Navier Stokes system
are described and linked to the cross sections of the Boltzmann kernels. Then,
section 4 is devoted to the complete treatment of the case when all cross sections
are constant: in this case all transport terms can be made explicit, obtaining thus
Navier–Stokes equations consistent with the physical expectations (see [28], [21]).
Some basic integrals widely used in the procedure are finally listed in a short Ap-
pendix A, and some steps of the computations needed in Section 4 are detailed in
Appendix B.

2. Boltzmann kernels for a mixture of rarefied monoatomic and
polyatomic gases

In this section, we present a direct extension of the model devised in [16] to the
case of a mixture of monoatomic and polyatomic gases.

2.1. General definitions. We consider a mixture of A monoatomic gases and
B polyatomic gases. The distribution function (at time t, point x and velocity
v) of each monoatomic species i ∈ {1, . . . , A} is denoted by f (i)(t, x, v), where
(t, x, v) ∈ R+ × R3 × R3. Then, we introduce for the polyatomic species i ∈ {A +
1, . . . , A + B} a unique continuous energy variable I ∈ R+, collecting rotational
and vibrational energies. Therefore the polyatomic species are represented by the
quantity f (i)(t, x, v, I), where (t, x, v, I) ∈ R+ × R3 × R3 × R+. Following [8] and
[16], we introduce (for each poyatomic species i = A + 1, . . . , A + B) a function
ϕi(I) > 0, which is a parameter of the model. This function is related to the
energy law obtained at the macroscopic level for the considered species i (cf. [14]),
for example ϕi(I) = 1 for the energy law of diatomic gases e = 5

2 T (e being
the macroscopic internal energy by unit of mass, and T being the temperature,
computed in a unit such that the constant of perfect gases is 1).

In the following, the quantity f (i)ϕi represents the classical distribution function
(see Remark 1).

Note that the discrete internal energy levels obtained from quantum mechanics
enable a much more detailed description of the rotational and vibrational states
of a polyatomic molecule than the crude Borgnakke-Larsen procedure used in this
paper.

The interest of using this procedure (and of considering one single continuous
internal energy parameter) resides in the very simple way in which it can then be
implemented in (already existing) DSMC numerical codes used in an engineering
context.
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Finally we define the mass mi of a molecule of species i, and recall the definition
of macroscopic quantities:

The (macroscopic) mass of monoatomic species i ∈ {1, . . . , A} (at time t and
point x):

ρ(i) = mi n
(i)(t, x) :=

∫
R3
f (i)(t, x, v)mi dv.

The (macroscopic) mass of polyatomic species i ∈ {A + 1, . . . , A + B} (at time
t and point x):

ρ(i) = mi n
(i)(t, x) :=

∫
R3

∫ ∞
0

f (i)(t, x, v, I)mi ϕi(I) dIdv.

The momentum of monoatomic species i ∈ {1, . . . , A} (at time t and point x):

mi n
(i)(t, x)u(i)(t, x) :=

∫
R3
f (i)(t, x, v)mi v dv.

The momentum of polyatomic species i ∈ {A + 1, . . . , A + B} (at time t and
point x):

mi n
(i)(t, x)u(i)(t, x) :=

∫
R3

∫ ∞
0

f (i)(t, x, v, I)mi v ϕi(I) dIdv.

The (macroscopic, internal) energy of monoatomic species i ∈ {1, . . . , A} (at
time t and point x):

mi n
(i)(t, x) e(i)(t, x) :=

∫
R3
f (i)(t, x, v)mi

|v − u(i)(t, x)|2

2 dv.

The (macroscopic, internal) energy of polyatomic species i ∈ {A+ 1, . . . , A+B}
(at time t and point x):

mi n
(i)(t, x) e(i)(t, x) :=

∫
R3

∫ ∞
0

f (i)(t, x, v, I)
(
mi
|v − u(i)(t, x)|2

2 +I
)
ϕi(I) dIdv.

Since in this work we do not study chemically reactive collisions, we do not
introduce the formation energies e0

i . These energies should of course be introduced
if chemically reactive collisions were considered. They would enable to recover the
form of the Navier-Stokes systems which are used in combustion theory.

2.2. Collision operators. In this subsection, we define the collision operators
enabling to treat the collisions between the various types of gases (monoatomic and
polyatomic).

2.2.1. Collision operator for monoatomic species. We write here the usual Boltz-
mann kernel, for collisions between species i and j (i, j ∈ {1, . . . , A}).

We define (for f := f(v) ≥ 0, g := g(v) ≥ 0):
(1)

Qij(f, g)(v) =
∫
R3

∫
S2

{
f(v′) g(v′∗)− f(v) g(v∗)

}
Bij

(
|v − v∗|,

v − v∗
|v − v∗|

· σ
)
dσdv∗,

with

(2) v′ = mi v +mj v∗
mi +mj

+ mj

mi +mj
|v − v∗|σ,
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(3) v′∗ = mi v +mj v∗
mi +mj

− mi

mi +mj
|v − v∗|σ.

The cross section Bij satisfies the symmetry constraint Bij = Bji. As a con-
sequence, the operator satisfies the following weak formulation: For ψi := ψi(v),
ψj := ψj(v), ∫

R3
Qij(f, g)(v)ψi(v) dv +

∫
R3
Qji(g, f)(v)ψj(v) dv

= −1
2

∫
R3

∫
R3

∫
S2

{
f(v′) g(v′∗)− f(v) g(v∗)

}
×
(
ψi(v′) + ψj(v′∗)− ψi(v)− ψj(v∗)

)
×Bij

(
|v − v∗|,

v − v∗
|v − v∗|

· σ
)
dσdv∗dv.

This weak formulation implies the conservation of momentum and kinetic energy:∫
R3
Qij(f, g)(v)

(
mi v

mi
|v|2
2

)
dv +

∫
R3
Qji(g, f)(v)

(
mj v

mj
|v|2
2

)
dv =

(
0
0

)
,

together with the entropy inequality:∫
R3
Qij(f, g)(v) ln f(v) dv +

∫
R3
Qji(g, f)(v) ln g(v) dv ≤ 0.

2.2.2. Collision operators between monoatomic and polyatomic molecules. We write
here the asymmetric operator enabling to treat the collisions between a polyatomic
molecule (of mass mi, with i ∈ {A+1, . . . , A+B}), and a monoatomic one (of mass
mj , with j ∈ {1, . . . , A}). This operator is inspired from the operators presented
in [8], [14], [16].

We define (for f := f(v, I) and g := g(v)):

(4) Qij(f, g)(v, I) =
∫
R3

∫
S2

∫ 1

0

{
f(v′, I ′) g(v′∗)− f(v, I) g(v∗)

}
×Bij

(√
E,R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ
)
R1/2 ϕi(I)−1dRdσdv∗,

with

(5) v′ = mi v +mj v∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ,

(6) v′∗ = mi v +mj v∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ,

(7) I ′ = (1−R)E,
where µij = mi mj

mi+mj
is the reduced mass, E = 1

2 µij |v − v∗|
2 + I is the total energy

of the two molecules in the center of mass reference frame, and the parameter R
lies in [0, 1].

We also define the symmetric operator (with the same cross section)

Qji(g, f)(v) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

{
g(v′) f(v′∗, I ′∗)− g(v) f(v∗, I∗)

}
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×Bij
(√

E,R1/2 |v − v∗|,
v − v∗
|v − v∗|

· σ
)
R1/2 dRdσdv∗dI∗,

with

(8) v′ = mj v +mi v∗
mi +mj

+ mi

mi +mj

√
2RE
µij

σ,

(9) v′∗ = mj v +mi v∗
mi +mj

− mj

mi +mj

√
2RE
µij

σ,

(10) I ′∗ = (1−R)E,
where µij = mi mj

mi+mj
and E = 1

2 µij |v − v∗|
2 + I∗.

These operators satisfy the following weak formulation (note that by symmetry,
the same cross section Bij appears in Qij and Qji): for ψi := ψi(v, I) ≥ 0, ψj :=
ψj(v) ≥ 0,∫

R3

∫ ∞
0

Qij(f, g)(v, I)ψi(v, I)ϕi(I)dvdI +
∫
R3
Qji(g, f)(v)ψj(v) dv

= −1
2

∫
R3

∫
R3

∫ ∞
0

∫
S2

∫ 1

0

{
f(v′, I ′) g(v′∗)− f(v, I) g(v∗)

}
×
(
ψi(v′, I ′)+ψj(v′∗)−ψi(v, I)−ψj(v∗)

)
Bij

(√
E,R1/2 |v−v∗|,

v − v∗
|v − v∗|

·σ
)
R1/2 dRdσdv∗dIdv.

The weak formulation implies the conservation of momentum and total energy:∫
R3

∫ ∞
0

Qij(f, g)(v, I)ϕi(I)
(

mi v

mi
|v|2
2 + I

)
dIdv+

∫
R3
Qji(g, f)(v)

(
mj v

mj
|v|2
2

)
dv =

(
0
0

)
,

together with the entropy inequality:∫
R3

∫ ∞
0

Qij(f, g)(v, I) ln f(v, I)ϕi(I) dIdv +
∫
R3
Qji(g, f)(v) ln g(v) dv ≤ 0.

2.2.3. Collision operators for polyatomic molecules. We finally present the operator
enabling to treat the collisions between two polyatomic molecules of respective mass
mi and mj (i, j ∈ {A+ 1, . . . , A+B}). This operator is extracted from [16] (in the
case when no chemical reactions are considered).

We define (for f := f(v, I) ≥ 0, g := g(v, I) ≥ 0):

(11) Qij(f, g)(v, I) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

{
f(v′, I ′) g(v′∗, I ′∗)− f(v, I) g(v∗, I∗)

}
×Bij

(√
E,R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ
)

(1−R)R1/2 ϕi(I)−1drdRdσdI∗dv∗,

with

(12) v′ = mi v +mj v∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ,

(13) v′∗ = mi v +mj v∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ,
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(14) I ′ = r (1−R)E, I ′∗ = (1− r) (1−R)E,

where µij = mi mj

mi+mj
is the reduced mass, E = 1

2 µij |v − v∗|
2 + I + I∗ is the total

energy of the two molecules in the center of mass reference frame, and r,R lie in
[0, 1].

Remark 1. The collision operator defined in (11) can be rewritten as

Qij(fi, fj)(v, I) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

{
ϕi(I)ϕj(I∗)
ϕi(I ′)ϕj(I ′∗)

ϕi(I ′)fi(v′, I ′)ϕj(I ′∗)fj(v′∗, I ′∗)

−ϕi(I)fi(v, I)ϕj(I∗)fj(v∗, I∗)
}

×
Bij

(√
E,R1/2 |v − v∗|, v−v∗|v−v∗| · σ

)
ϕi(I)ϕj(I∗)

(1−R)R1/2 ϕi(I)−1drdRdσdI∗dv∗.

In this expression, ϕi fi represents the effective distribution function and Bij

ϕi(I)ϕj(I∗)
corresponds to the effective collision cross section. Note that using this description
of Qij , we recover the general shape of the collision operators presented for example
in [8], [18], [21].

Note also that the microreversibility property of Bij (cf. [16]) is consistent with
the one appearing in [33].

Using the symmetry constraints Bij = Bji, one can show that these operators
satisfy the following weak formulation: for ψi := ψi(v, I), ψj := ψj(v, I),∫
R3

∫ ∞
0

Qij(f, g)(v, I)ψi(v, I)ϕi(I) dvdI+
∫
R3

∫ ∞
0

Qji(g, f)(v)ψj(v, I)ϕj(I) dvdI

= −1
2

∫
R3

∫ ∞
0

∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

{
f(v′, I ′) g(v′∗, I ′∗)− f(v, I) g(v∗, I∗)

}
×
(
ψi(v′, I ′) + ψj(v′∗, I ′∗)− ψi(v, I)− ψj(v∗, I∗)

)
×Bij(

√
E,R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ) (1−R)R1/2 drdRdωdI∗dv∗dIdv.

This weak formulation implies the conservation of momentum and total energy:∫
R3

∫ ∞
0

Qij(f, g)(v, I)
(

mi v

mi
|v|2
2 + I

)
ϕi(I) dIdv

+
∫
R3

∫ ∞
0

Qji(g, f)(v, I)
(

mj v

mj
|v|2
2 + I

)
ϕj(I) dIdv =

(
0
0

)
,

together with the entropy inequality:

(15)
∫
R3

∫ ∞
0

Qij(f, g)(v, I) ln f(v, I)ϕi(I) dIdv

+
∫
R3

∫ ∞
0

Qji(g, f)(v, I) ln g(v, I)ϕj(I) dIdv ≤ 0.
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2.3. Linearized operators. We now introduce the Maxwellian distributions

(16) M (i) := n(i)

(2π T/mi)3/2 qi(T )
exp

(
− mi |v − u|2 + 2 ri I

2T

)
,

with ri = 0 for i = 1, . . . , A and ri = 1 for i = A+ 1, . . . , A+B.
In the formula above, qi(T ) = 1 for i = 1, . . . , A and

qi(T ) :=
∫ ∞

0
ϕi(I) e−I/T dI(17)

for i = A + 1, . . . , A + B. We refer to [14] and [16] for those formulas in the case
when ri = 1. In the framework of [21], [19], this term is considered as an internal
energy partition of species i.

For any family of functions g(i) := g(i)(v, I) with i = A+ 1, . . . , A+B, one can
write
(18)[

[M (i)]−1Qij(M (i),M (j) g(j)) + [M (i)]−1Qij(M (i) g(i),M (j))
]
(
√
T V + u, J T )

= n(j)Kij((v, I) 7→ g(i)(v
√
T + u, I T ), (v, I) 7→ g(j)(v

√
T + u, I T ))(V, J),

where Kij is defined below. Formulas very close to (18) can be written down when
at least one of the molecules is monoatomic (the only difference being that the
dependence w.r.t. the second variable of g(i) and/or g(j) does not appear).

We define now the global linearized operator (around a centered reduced Maxwellian,
and with a rescaled cross section) as

(19) K :


h(1)

.

.
h(A+B)

 7→


∑
j n

(j)K1j(h(1), h(j))
.
.∑

j n
(j)KA+B j(h(A+B), h(j))

 .

This operator will play an important role in the study of the Chapman-Enskog
asymptotics described in next section, and components Kij vary according to what
type of interactions we are dealing with (among monatomic molecules, or poly-
atomic molecules, or pairs of a monatomic and a polyatomic molecule).

Thanks to the entropy inequalities satisfied by theQij (such as (15)), it is possible
to show that K is symmetric and semi-definite negative (so that often, one considers
−K), w.r.t to a scalar product defined below.

Note also that K is Galilean-invariant (isotropic w.r.t. the velocity variable) in
the following sense: for all isometric transformationR in O(3,R), one has (denoting
by o the composition w.r.t the velocity variable only),

(20) K(h(1) oR, . . . , h(A+B) oR)(v, I) = K(h(1), . . . , h(A+B))(Rv, I).
We refer for example to [15] for a complete proof of these properties in the case of
one single monoatomic gas.

We begin the description of the Kij in the monoatomic-monoatomic case. For
i = 1, . . . , A, j = 1, . . . , A,

(21) Kij(h(i), h(j))(v) =
∫
R3

∫
S2

e−
mj

2 |v∗|
2

(2π/mj)3/2
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×
[
h(j)(v′∗) + h(i)(v′)− h(j)(v∗)− h(i)(v)

]
Bij(
√
T |v − v∗|,

v − v∗
|v − v∗|

· σ) dσ dv∗

where v′, v′∗ are defined in (2), (3).
We then turn to the monoatomic-polyatomic case. For i = 1, . . . , A, j = A +

1, . . . , A+B,

(22) Kij(h(i), h(j))(v) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

e−
mj

2 |v∗|
2−I∗

(2π/mj)3/2

×
[
h(j)

(
v′∗, (1−R)E

)
+ h(i)(v′)− h(j)(v∗, I∗)− h(i)(v)

]
× T

qj(T ) Bij(
√
T
√
E,
√
T R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ)R1/2 dRdσ dI∗ dv∗,

with E = 1
2 µij |v − v∗|

2 + I∗ and v′, v′∗ defined in (5), (6).
Symmetrically, we write down the polyatomic-monoatomic case. For i = A +

1, . . . , A+B, j = 1, . . . , A,

(23) Kij(h(i), h(j))(v, I) =
∫
R3

∫
S2

∫ 1

0

e−
mj

2 |v∗|
2

(2π/mj)3/2

×
[
h(j)(v′∗) + h(i)

(
v′, (1−R)E

)
− h(j)(v∗)− h(i)(v, I)

]
×Bij(

√
T
√
E,
√
T R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ)R1/2 ϕi(I)−1 dRdσ dv∗,

with E = 1
2 µij |v − v∗|

2 + I and v′, v′∗ are defined in (8), (9).
Finally, we consider the polyatomic-polyatomic case. For i = A+ 1, . . . , A+B,

j = A+ 1, . . . , A+B,

(24) Kij(h(i), h(j))(v, I) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

e−
mj

2 |v∗|
2−I∗

(2π/mj)3/2

×
[
h(j)

(
v′∗, (1− r) (1−R)E

)
+ h(i)

(
v′, r (1−R)E

)
−h(j)(v∗, I∗)− h(i)(v, I)

]
T

qj(T ) Bij(
√
T
√
E,
√
T R1/2 |v − v∗|,

v − v∗
|v − v∗|

· σ)

× (1−R)R1/2 ϕi(I)−1 dRdr dσ dI∗ dv∗,

with E = 1
2 µij |v − v∗|

2 + I + I∗ and v′, v′∗ are defined in (12), (13).
The Galilean invariance (isotropy in the space of velocities) can be seen on each

of the operators Kij . Namely for all isometric transformation R in O(3,R), one
has (denoting by o the composition w.r.t the velocity variable only),

(25) Kij(h(i) oR, h(j) oR)(v, I) = Kij(h(i), h(j))(Rv, I).
We introduce now the scalar product that will be used throughout the pa-

per. Given two vectors k = (k(1), . . . , k(A+B)) and l = (l(1), . . . , l(A+B)), with
k(1), . . . , k(A), l(1), . . . , l(A) functions of V , and k(A+1), . . . , k(A+B), l(A+1), . . . , l(A+B)

functions of V, J , we define

〈k| l〉 :=
A∑
i=1

n(i)
∫
R3

e−mi
|V |2

2

(2π/mi)3/2 k
(i)(V ) l(i)(V ) dV
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(26) +
A+B∑
i=A+1

n(i)
∫ ∞

0

∫
R3

e−(mi
|V |2

2 +J)

(2π/mi)3/2 k(i)(V, J) l(i)(V, J) T ϕi(J T )
qi(T ) dV dJ.

We observe that the operator K defined in (19) is symmetric w.r.t. the scalar
product 〈 · | · 〉, so that (admitting that it satisfies Fredholm’s property, which we
do here since we work at the formal level), its image is the orthogonal of its kernel.

We refer to [7], [12] and [9] for the Fredholm property in the case of a mixture
of monoatomic gases (with the same or different masses).

The kernel K of K can easily be found (provided that all cross sections Bij are
strictly positive). We refer for this to a computation done in [16].

It is constituted by the vectors l∆,j (j = 1, . . . , A+B), lU,z (z = 1, 2, 3) and lE ,
defined as

(27) l∆,j =



l(1),∆,j

.

.

.
l(j),∆,j

.

.

.
l(A+B),∆,j


=



0
0
.
0
1
0
.
0
0


,

(28) lU,z =


l(1),U,z

.

.
l(A+B),U,z

 =


m1 Vz
.
.

mA+B Vz

 ,

(29) lE =


l(1),E

.

.
l(A+B),E

 =


m1

V 2

2 + r1 J
.
.

mA+B
V 2

2 + rA+B J

 .

All of these properties will be useful for the description of the transport coeffi-
cients in the Navier-Stokes systems obtained in next section.

3. Chapman-Enskog expansion for a mixture of mono- and poly-
atomic gases

We perform in this section the Chapman-Enskog expansion for a mixture of
mono- and poly- atomic gases, when the collision operators are defined by the
formulas developed in the previous section of this paper. The expansion is done
at the formal level, we do not try here to present a functional setting which would
be adapted for obtaining a rigorous expansion. We recall nevertheless that such a
setting exists in the case of one single monoatomic gas (cf. [24]).
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3.1. Principle of the expansion. We present in this subsection the basic ideas
underlying the Chapman-Enskog expansion. As in the previous section, we intro-
duce a mixture of A monoatomic gases and B polyatomic gases. We systematically
use the notations of subsections 2.1 to 2.3.

We start by writing the Chapman–Enskog expansion for our mixture. We first
define the rescaled (w.r.t the Knudsen number) system of Boltzmann equations:

(30) ∂tf
(i) + v · ∇xf (i) = 1

ε

A+B∑
j=1

Qij(f (i), f (j)),

where the operators Qij are defined by formulas (1), (4), (11).

We then look for solutions of the Boltzmann equation (30) under the form

(31) f (i) = M (i)
ε (1 + ε g(i)

ε ),

where M (i)
ε is a Maxwellian distribution of (number) density n(i)

ε := n
(i)
ε (t, x) ≥ 0,

macroscopic velocity uε := uε(t, x) ∈ R3, and temperature Tε := Tε(t, x) ≥ 0, that
is (cf. (16))

(32) M (i)
ε = n

(i)
ε

(2π Tε/mi)3/2 qi(Tε)
exp

(
− mi |v − uε|2 + 2 ri I

2Tε

)
,

with ri = 0 for i = 1, . . . , A and ri = 1 for i = A + 1, . . . , A + B. We also assume
(this is done without loss of generality, since one can perform a modification of the
parameters of the Maxwellian distribution by adding terms of order ε, cf. [13] for
example) that the vector of perturbed distributions g = (g(1)

ε , . . . , g
(A+B)
ε ), with

functions g(i)
ε := g

(i)
ε (t, x, v) ∈ R for i = 1, . . . , A, and g(i)

ε := g
(i)
ε (t, x, v, I) ∈ R for

i = A+ 1, . . . , A+B, satisfies the conditions

(33) ∀i = 1, . . . , A+B, 〈g | l∆,i〉 = 0,

(34) ∀z = 1, . . . , 3, 〈g | lU,z〉 = 0,

(35) 〈g | lE〉 = 0,

where 〈· | ·〉 is the scalar product defined in (26) and vectors l∆,i, lU,z, lE are pro-
vided in (27), (28), (29).

Introducing (31) in equation (30), we get the (approximated) system of linear
equations satisfied by g(i)

ε for i = 1, . . . , A+B:

(M (i)
ε )−1

(
∂tM

(i)
ε + v · ∇xM (i)

ε

)
= (M (i)

ε )−1
A+B∑
j=1

[Qij(M (i)
ε ,M (j)

ε g(j)
ε )

+ Qij(M (i)
ε g(i)

ε ,M (j)
ε )].(36)

Then for i = 1, . . . , A, thanks to (18),
(37)

(M (i)
ε )−1

(
∂tM

(i)
ε +v·∇xM (i)

ε

)
=

A∑
j=1

n(j)
ε Kij(v 7→ g(i)(v

√
Tε+uε), v 7→ g(j)(v

√
Tε+uε))
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+
A+B∑
j=A+1

n(j)
ε Kij(v 7→ g(i)(v

√
Tε + uε), (v, I) 7→ g(j)(v

√
Tε + uε, I Tε)),

and for i = A+ 1, . . . , A+B, thanks to (18) again,

(38) (M (i)
ε )−1

(
∂tM

(i)
ε + v · ∇xM (i)

ε

)

=
A∑
j=1

n(j)
ε Kij((v, I) 7→ g(i)(v

√
Tε + uε, I Tε), v 7→ g(j)(v

√
Tε + uε))

+
A+B∑
j=A+1

n(j)
ε Kij((v, I) 7→ g(i)(v

√
Tε + uε, I Tε), (v, I) 7→ g(j)(v

√
Tε + uε, I Tε)),

where the linear operators Kij are defined by (21) – (23).
We can at this level write down the compressible Navier-Stokes equations (ne-

glecting terms of order ε2) of the mixture under the following abstract form:

• Mass conservation for each monoatomic species: i = 1, . . . , A,

(39) ∂t

∫
R3
M (i)
ε mi dv +∇x ·

∫
R3
M (i)
ε mi v dv = −ε∇x ·

∫
R3
M (i)
ε g(i)

ε mi v dv;

• Mass conservation for each polyatomic species: i = A+ 1, . . . , A+B,

(40) ∂t

∫
R3

∫
R+

M (i)
ε mi ϕi(I) dIdv +∇x ·

∫
R3

∫
R+

M (i)
ε mi v ϕi(I) dIdv

= −ε∇x ·
∫
R3

∫
R+

M (i)
ε g(i)

ε mi v ϕi(I) dvdI;

• Momentum conservation of the mixture (we consider the components k =
1, . . . , 3):

(41) ∂t

( A∑
i=1

∫
R3
M (i)
ε mi vk dv +

A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε mi vk ϕi(I) dIdv

)

+∇x ·
( A∑
i=1

∫
R3
M (i)
ε mi vk v dv +

A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε mi vk v ϕi(I) dIdv

)

= −ε∇x ·
( A∑
i=1

∫
R3
M (i)
ε g(i)

ε mi vk v dv+
A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε g(i)

ε mi vk v ϕi(I) dIdv
)

;

• Total energy conservation of the mixture:

(42) ∂t

( A∑
i=1

∫
R3
M (i)
ε mi

|v|2

2 dv +
A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε

(
mi
|v|2

2 + I

)
ϕi(I) dIdv

)

+∇x ·
( A∑
i=1

∫
R3
M (i)
ε mi

|v|2

2 v dv+
A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε

(
mi
|v|2

2 + I

)
v ϕi(I) dIdv

)

= −ε∇x·
( A∑
i=1

∫
R3
M (i)
ε g(i)

ε mi
|v|2

2 v dv+
A+B∑
i=A+1

∫
R3

∫
R+

M (i)
ε g(i)

ε

(
mi
|v|2

2 +I
)
v ϕi(I) dIdv

)
.
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Next subsections are devoted to computations enabling to write these abstract
equations in such a way that they clearly appear as a system of compressible Navier-
Stokes equations for our mixture (with dissipative terms of order ε, as always when
Chapman-Enskog expansions are concerned). In subsection 3.2, we compute the
l.h.s. of equations (39) – (42), which amounts to identifying the terms of order
0 in the expansion, corresponding to the system of compressible Euler equations
for the mixture. Then subsection 3.3 is devoted to the computation of the r.h.s,
of equations (39) – (42), which amounts to identifying the terms of order ε in the
expansion, corresponding to the dissipative terms in the system of compressible
Navier-Stokes equations for our mixture.

3.2. Euler system. We present here as announced the computations for the l.h.s.
of equations (39) – (42). We denote

ηi(T ) =
∫ ∞

0
I ϕi(I) e−I/T dI,

and do not write anymore the dependence w.r.t. ε of the various considered terms.
In the formalism of [21], [19], the term ηi(T )/qi(T ) appearing in (50) corresponds to
the average internal energy of the ith species. We first compute moments relations
for Maxwellian distributions (in the formulas below, components are labeled by
k, l = 1, . . . , 3):

(43) ∀i = 1, . . . , A,
∫
R3
M (i)mi dv = mi n

(i),

(44) ∀i = A+ 1, . . . , A+B,

∫
R3

∫
R+

M (i)mi ϕi(I) dIdv = mi n
(i),

(45) ∀i = 1, . . . , A,
∫
R3
M (i)mi vk dv = mi n

(i) uk,

(46) ∀i = A+ 1, . . . , A+B,

∫
R3

∫
R+

M (i)mi vk ϕi(I) dIdv = mi n
(i) uk,

(47) ∀i = 1, . . . , A,
∫
R3
M (i)mi vk vl dv = mi n

(i) uk ul + n(i) T δkl,

(48)
∀i = A+1, . . . , A+B,

∫
R3

∫
R+

M (i)mi vk vl ϕi(I) dIdv = mi n
(i) uk ul+n(i) T δkl,

(49) ∀i = 1, . . . , A,
∫
R3
M (i)mi

|v|2

2 dv = mi n
(i) |u|2

2 + 3
2 n

(i) T,

∀i = A+ 1, . . . , A+B,

∫
R3

∫
R+

M (i)
(
mi
|v|2

2 + I

)
ϕi(I) dIdv

= mi n
(i) |u|2

2 + n(i)
[

3
2 T + ηi(T )

qi(T )

]
,(50)

(51) ∀i = 1, . . . , A,
∫
R3
M (i)mi

|v|2

2 vkdv = mi n
(i) |u|2

2 uk + 5
2 n

(i) T uk,
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∀i = A+ 1, . . . , A+B,

∫
R3

∫
R+

M (i)
(
mi
|v|2

2 + I

)
vk ϕi(I) dIdv

= mi n
(i) |u|2

2 uk + n(i) uk

[
5
2 T + ηi(T )

qi(T )

]
.(52)

Using identities (43) - (52), we get as announced the Euler system in conservative
form (up to terms of order ε) (remember that we use for the components the
notation k = 1, . . . , 3):

(53) i = 1, . . . , A+B, ∂t(mi n
(i)) +∇x · (mi n

(i) u) = 0,

(54)

k = 1, . . . , 3, ∂t

(A+B∑
i=1

mi n
(i) uk

)
+
∑
l

∂xl

(A+B∑
i=1

[mi n
(i) uk ul + n(i) T δkl]

)
= 0,

(55) ∂t

( A∑
i=1

[mi n
(i) |u|2

2 + 3
2 n

(i) T ] +
A+B∑
i=A+1

[mi n
(i) |u|2

2 + n(i)
[

3
2 T + ηi(T )

qi(T )

]
]
)

+
∑
l

∂xl

( A∑
i=1

[mi n
(i) |u|2

2 ul + 5
2 n

(i) T ul]

+
A+B∑
i=A+1

[mi n
(i) |u|2

2 ul + n(i) ul

[
5
2 T + ηi(T )

qi(T )

]
]
)

= 0.

Note that in these equations, one could introduce the formation energy at zero
temperature e0

i of the i-th species. This term would in fact be unavoidable in the
equations if we also had considered chemically reactive collisions.

These equations can be rewritten under the following non conservative form,
which is useful for the computation of the dissipative terms (of order ε) appearing
in the Chapman-Enskog asymptotics:

(56) i = 1, . . . , A+B, ∂tn
(i) + (u · ∇x)n(i) + n(i)∇x · u = 0,

(57) k = 1, . . . , 3, ∂tuk + (u · ∇x)uk +
∑A+B
i=1 ∂xk

(n(i) T )∑A+B
i=1 mi n(i)

= 0,

(58) ∂tT + (u · ∇x)T + 2 Λ(T )T ∇x · u = 0,

with

(59) Λ(T ) =
∑A+B
j=1 n(j)

3
∑A+B
j=1 n(j) + 2

∑A+B
j=A+1 n

(j)
(
ηj

qj

)′
(T )

.

3.3. Navier-Stokes system. In this subsection, we provide the dissipative terms
(viscosity, Soret and Dufour terms, etc.) of order ε which are typical of the
Chapman-Enskog asymptotics.
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3.3.1. Computation of the l.h.s of the linear equations (37), (38). We start with
the quantity

(M (i))−1 [∂tM (i) + v · ∇xM (i)],
which appears in the l.h.s. of (37), (38). Skipping all intermediate computations
and using identities (56) – (58) to eliminate temporal derivatives, we finally get

(60) (M (i))−1 [∂tM (i) + v · ∇xM (i)]

= v − u√
T
·
[√

T

(
∇xn(i)

n(i) −
mi

∑A+B
j=1 ∇xn(j)∑A+B

j=1 mj n(j)

)
+
(

1−
mi

∑A+B
j=1 n(j)∑A+B

j=1 mj n(j)

)
∇xT√
T

]

+P

(
v − u√
T

)
: mi

(
∇xu+∇xuT

2

)
+
(
mi

T
|v − u|2

(
1
3 − Λ(T )

)
− 2 I

T
ri Λ(T ) + 2

(
3
2 + ri T

q′i(T )
qi(T )

)
Λ(T )− 1

)
(∇x·u)

+
(
mi

2
|v − u|2

T
+ ri

I

T
−
(

5
2 + ri T

q′i(T )
qi(T )

))
v − u√
T
· ∇xT√

T
,

with
P (v) = v ⊗ v − 1

3 |v|
2 Id.

We now wish to point out the specificities of the formulas above. First, the

term in P

(
v−u√
T

)
is identical to the same term in the case of one monoatomic

gas. The term in v−u√
T

in the second term of identity (60) is typical of mixtures,
it does not appear when only one gas is considered. The term involving ∇x · u
appears only when at least one polyatomic gas is part of the mixture (since in a
mixture of monoatomic gase, one has Λ(T ) = 1

3 ). Finally, the last term has a
shape which depends on the monoatomic or polyatomic character of the species
i. When i ∈ {1, . . . , A}, we recover the usual term (sometimes denoted by Q)(
mi

2
|v−u|2
T − 5

2

)
v−u√
T
, which is typical of monoatomic gases.

3.3.2. Orthogonality properties. In order to solve the linear system (37), (38), taking
into account (60), we need to use orthogonality properties.

We then introduce the following families (we indicate the dependences w.r.t. the
components by indices p = 1, . . . , 3, and sometimes q = 1, . . . , 3 ):

kP,p,q =


k(1),P,p,q

.

.
k(A+B),P,p,q

 =


Ppq(V )m1

.

.
Ppq(V )mA+B

 ,

kQ,p =


k(1),Q,p

.

.
k(A+B),Q,p

 =


Vp

(
m1
2 V 2 + r1 J − ( 5

2 + r1 T
q′1(T )
q1(T ) )

)
.
.

Vp

(
mA+B

2 V 2 + rA+B J − ( 5
2 + rA+B T

q′A+B(T )
qA+B(T ) )

)
 ,
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kW =


k(1),W

.

.
k(A+B),W

 =


s(1) · V

.

.
s(A+B) · V

 ,

for all families of three–dimensional vectors s(i) = (s(i)
1 , . . . , s

(i)
3 ) (i = 1, . . . , A+B)

such that

s(1) n(1) + . . .+ s(A+B) n(A+B) = 0,(61)

and

kD =


k(1),D

.

.
k(A+B),D

 =


m1 V

2 ( 1
3 − Λ(T ))− 2r1 J Λ(T ) + (3 + 2r1 T

q′1(T )
q1(T ) ) Λ(T )− 1

.

.

mA+B V
2 ( 1

3 − Λ(T ))− 2rA+B J Λ(T ) + (3 + 2rA+B T
q′A+B(T )
qA+B(T ) ) Λ(T )− 1

 ,

where Λ(T ) has been defined in (59).
Moreover, by computing q′i(T ) defined in (17), we get q′i(T ) = ηi(T )/T 2. Hence

by setting Ei = ηi(T )/qi(T ), we get

k(i),Q,p = Vp

(
mi

2 V 2 + riJ − (5
2 + ri

Ei
T

)
)
,(62)

k(i),D = 2riΛ(T )
(
Ei
T
− J

)
+ 2

(
1
3 − Λ(T )

)(
mi

V 2

2 −
3
2

)
.(63)

Remembering that in the case of monoatomic mixtures, Λ(T ) = 1
3 , we see that the

term (63) is non-zero in the case of the presence of a polyatomic component. With
these notations, the terms (62), (63) can be connected to terms appearing in [19],
[21].

In the sequel, use will be made also of the global matrices, collecting all compo-
nents for indices p, q = 1, . . . , 3, which will be denoted by kP = (kP,p,q)p,q=1,...,3,
kQ = (kQ,p)p=1,...,3.

In these families, the first A components only depend on V (and not on J). Note
also that the families kQ and kD depend on T .

One can check that the subspace

Span(kP,p,q, kQ,p, kW , kD)

is orthogonal, with respect to the scalar product 〈 · | · 〉 defined in (26), to the
subspace

Span(l∆,j , lU,z, lE).
In the case of kP,p,q, it is a direct consequence of the evenness properties and of

changes of variables of the type (V1, V2, V3)→ (V1, V3, V2).
For kQ,p and kW , the properties of evenness enable to consider only lU,z, and for

p = z only. This last case can be treated by a direct computation.
Finally for kD, one needs to perform a direct computation for l∆,j and lE , the

case of lU,z being treated by evenness properties.
Still assuming the Fredholm property, notice that the families (kP,p,q, kQ,p, kW , kD)

belong to the image of K defined in (19), so that it is possible to find families of
functions such that their image by K is one of the functions of (kP,p,q, kQ,p, kW , kD).
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Moreover such a family of functions is unique if we also impose that it belongs to
the orthogonal of the kernel of K.

In other words, for all family of tridimensional vectors s(i), i = 1, . . . , A + B,
such that the relation (61) is satisfied, we can find the functions

hW = (h(i),W )i=1,...,A+B , hP,p,q = (h(i),P,p,q)i=1,...,A+B ,

hD = (h(i),D)i=1,...,A+B , hQ,p = (h(i),Q,p)i=1,...,A+B , p, q = 1 . . . 3
(whose components depend on V for i = 1, . . . , A and on V, J for i = A+1, . . . , A+
B), satisfying the linear integral equations

K(hW ) = kW , K(hP,p,q) = kP,p,q, K(hD) = kD, K(hQ,p) = kQ,p,(64)

and the orthogonality relations:

∀i = 1, . . . , A+B, 〈h | l∆,i〉 = 0,

∀z = 1, . . . , 3, 〈h | lU,z〉 = 0,

〈h | lE〉 = 0,
with a generic notation h = hP,p,q, hQ,p, hW , hD.

3.3.3. Galilean invariance and computation of g(i). We now notice that thanks to
the Galilean invariance (25), we can write (cf. [15]) for i = 1, . . . , A :

h(i),P,p,q(V ) = h̃(i),P (|V |)Ppq(V ), h(i),Q,p(V ) = h̃(i),Q(|V |)Vp, h(i),D(V ) = h̃(i),D(|V |),

and for i = A+ 1, . . . , A+B:

h(i),P,p,q(V, J) = h̃(i),P (|V |, J)Ppq(V ), h(i),Q,p(V, J) = h̃(i),Q(|V |, J)Vp,

h(i),D(V, J) = h̃(i),D(|V |, J).

Thanks to (37), (38), and the computations (60), we see that the previous defi-
nitions lead to the following formula for the perturbation g(i):

(65) i = 1, . . . , A g(i)(V
√
T + u) = h̃(i),P (|V |)P (V ) :

(
∇xu+∇xuT

2

)
+ h̃(i),D(|V |)∇x · u+ h̃(i),Q(|V |)V · ∇xT√

T
+
√
T h(i),W (V ),

(66)

i = A+1, . . . , A+B g(i)(V
√
T+u, J T ) = h̃(i),P (|V |, J)P (V ) :

(
∇xu+∇xuT

2

)
+ h̃(i),D(|V |, J)∇x · u+ h̃(i),Q(|V |, J)V · ∇xT√

T
+
√
T h(i),W (V, J),

with vectors s(i) appearing in kW (thus affecting h(i),W ) provided by

s(i) = ∇xn
(i)

n(i) −
mi

∑A+B
j=1 ∇xn(j)∑A+B

j=1 mj n(j)
+
(

1−
mi

∑A+B
j=1 n(j)∑A+B

j=1 mj n(j)

)
∇xT
T

.(67)

Note that the vectors s(i) satisfy the relation (61).
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Note also that performing some elementary manipulations, s(i) can be rewritten
as

s(i) = n

ni
d(i), d(i) = ∇x(pi

p
) + (pi

p
− ρ(i)∑A+B

j=1 ρ(j)
)∇xp
p
,(68)

with

n =
A+B∑
i=1

ni, ρi = mi n
(i), pi = n(i) T, p =

A+B∑
i=1

pi,

which is consistent with [19], [21]. The quantities d(i) are the diffusion driving
forces.

3.3.4. Computation of the dissipative terms. We can then make explicit the com-
putation of the diffusion terms in the Chapman-Enskog expansion, that is the
quantities appearing as derivatives in the r.h.s of (39) – (42).

We begin by considering, for i = 1, . . . , A and k = 1, . . . , 3:

D
(i)
k :=

∫
R3
M (i) g(i)mi vk dv.

Hence by using a change of variables, we get

D
(i)
k =

√
T n(i)

∫
R3

e−mi
|V |2

2

(2π/mi)3/2 h̃
(i),Q(|V |)V · ∇xT√

T
mi Vk dV

+
√
T n(i)

∫
R3

e−mi
|V |2

2

(2π/mi)3/2 h
(i),W (V )

√
T mi Vk dV.

Hence according to evenness properties, it comes that

D
(i)
k = n(i)

∫
R3

e−
|V |2

2

(2π)3/2 h̃
(i),Q

(
|V |
√
mi

)
V 2

1 dV ∂xk
T

(69) +T n(i)mi

∫
R3

e−mi
|V |2

2

(2π/mi)3/2 h
(i),W (V )Vk dV.

In the same way, for i = A+ 1, . . . , A+B and k = 1, . . . , 3:

D
(i)
k :=

∫ +∞

0

∫
R3
M (i) g(i)mi vk ϕi(I) dvdI

= n(i) T

∫ +∞

0

∫
R3

e−
|V |2

2 −J

(2π)3/2 h̃(i),Q
(
|V |
√
mi

, J

)
V 2

1
ϕi(JT )
qi(T ) dV dJ ∂xk

T

(70) +T 2 n(i)mi

∫ +∞

0

∫
R3

e−mi
|V |2

2 −J

(2π/mi)3/2 h
(i),W (V, J)Vk

ϕi(JT )
qi(T ) dV dJ.

In the previous relation, the term h(i),W depends on a linear combination of
the terms s(i), i ∈ {1;A + B} defined in (67). Hence, we recover in this way the
interspecies diffusion terms (Fick) and the terms corresponding to the Soret effect.
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We then compute, for k, l = 1, . . . , 3,

Fkl :=
A∑
i=1

∫
R3
M (i) g(i)mi vk vl dv +

A+B∑
i=A+1

∫ ∞
0

∫
R3
M (i) g(i)mi vk vl ϕi(I) dvdI.

By using again a change of variable, and taking into account evenness properties
and the fact that for any function a := a(|V |),∫

R3
a(|V |) (V 4

1 − V 2
1 V

2
2 ) dV = 2

∫
R3
a(|V |)V 2

1 V
2
2 dV,

we get

Fkl =
( A∑
i=1

T
n(i)

mi

∫
R3

e−
|V |2

2

(2π)3/2 h̃
(i),P

(
|V |
√
mi

)
2
3 V

4
1 dV

+
A+B∑
i=A+1

T 2 n
(i)

mi

∫ ∞
0

∫
R3

e−
|V |2

2 −J

(2π)3/2 h̃(i),P
(
|V |
√
mi

, J

)
2
3 V

4
1
ϕi(JT )
qi(T ) dV dJ

)

×
[
∇xu+∇xuT

2 − 1
3 ∇x · u Id

]
kl

+T ∇x · u δkl
( A∑
i=1

n(i)
∫
R3

e−
|V |2

2

(2π)3/2 h̃
(i),D

(
|V |
√
mi

)
V 2

1 dV

(71) +
A+B∑
i=A+1

n(i) T

∫ ∞
0

∫
R3

e
|V |2

2 −J

(2π)3/2 h̃
(i),D

(
|V |
√
mi

, J

)
V 2

1
ϕi(JT )
qi(T ) dV dJ

)
,

so that viscosity terms are recovered.
We finally compute (for k = 1, . . . , 3)

Gk =
A∑
i=1

∫
R3
M (i) g(i)mi

|v|2

2 vk dv+
A+B∑
i=A+1

∫ ∞
0

∫
R3
M (i) g(i)

(
mi
|v|2

2 + I

)
vk ϕi(I) dvdI.

With the same change of variables as before and by using the expression of g(i) (cf.
(65) and (66)) and evenness properties, we get

Gk =
∑
l

Fkl ul + T

{ A∑
i=1

n(i)

mi

∫
R3

e−
|V |2

2

(2π)3/2 h̃
(i),Q

(
|V |
√
mi

)
|V |2

2 V 2
1 dV

}
∂xk

T

+T 2
{ A+B∑
i=A+1

n(i)

mi

∫ ∞
0

∫
R3

e−
|V |2

2 −J

(2π)3/2qi(T )
h̃(i),Q

(
|V |
√
mi

, J

) (
|V |2

2 + J

)
V 2

1 ϕi(JT ) dV dJ
}
∂xk

T

+T 2
{ A∑
i=1

n(i)
∫
R3

e−mi
|V |2

2

(2π/mi)3/2 h
(i),W (V )mi

|V |2

2 Vk dV

}

+T 3
{ A+B∑
i=A+1

n(i)
∫ ∞

0

∫
R3

e−mi
|V |2

2 −J

(2π/mi)3/2qi(T )
h(i),W (V, J)

[
mi
|V |2

2 + J

]

(72) ×Vk ϕi(JT ) dV dJ
}
.
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In the previous formula, the terms h(i),W contain a linear combination of the
gradients of the concentrations. Hence, this final computation shows the dissipative
terms corresponding to the (Fourier) diffusion of temperature, and those related to
the Dufour effect.

We finally write down the system (39) – (42) in the following semi-explicit form:

(73) i = 1, . . . , A+B ∂t(mi n
(i)) +∇x · (mi n

(i)u) = −ε∇x ·D(i),

(74)

k = 1, . . . , 3 ∂t

(A+B∑
i=1

mi n
(i) uk

)
+
∑
l

∂xl

(A+B∑
i=1

[mi n
(i) uk ul + n(i) T δkl]

)

= −ε
∑
l

∂xl
Fkl,

(75) ∂t

( A∑
i=1

[mi n
(i) |u|2

2 + 3
2 n

(i) T ] +
A+B∑
i=A+1

[mi n
(i) |u|2

2 + n(i)
[

3
2 T + ηi(T )

qi(T )

]
]
)

+
∑
l

∂xl

( A∑
i=1

[mi n
(i) |u|2

2 ul+
5
2 n

(i) T ul]+
A+B∑
i=A+1

[mi n
(i) |u|2

2 ul+n(i) ul

[
5
2 T + ηi(T )

qi(T )

]
]
)

= −ε∇x ·G.

In those equations, the terms D(i), Fkl and G are given by formulas (69), (70),
(71) and (72) in terms of the functions h̃(i),Q, h(i),W , h̃(i),P and h̃(i),D.

Before writing comments about the above equations, we explain some symmetry
properties between dissipative terms.

3.3.5. Symmetry of the Dufour et Soret terms. In this part, we perform a connection
with the formalism developed in [19], [21]. By introducing the specific enthalpy of
the ith species hi by

hi = (5
2T + riEi)

1
mi

,(76)
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Gk writes

Gk =
3∑
l=1

Fkl ul + T

A∑
i=1

n(i)
∫
R3

e−mi
V 2

2

(2π/mi)
3
2
h(i),Q,k(V ) k(i),Q,k(V ) dV ∂xk

T

+ T

A+B∑
i=A+1

n(i)
∫
R3

∫
R+

e−mi
V 2

2 −J

(2π/mi)
3
2
h(i),Q,k(V, J) k(i),Q,k(V, J)T ϕi(JT )

qi(T ) dV dJ ∂xk
T

+ T 2
A∑
i=1

n(i)
∫
R3

e−mi
V 2

2

(2π/mi)
3
2
h(i),W (V ) k(i),Q,k(V ) dV

+ T 2
A+B∑
i=A+1

n(i)
∫
R3

∫
R+

e−mi
V 2

2 −J

(2π/mi)
3
2
h(i),W (V, J) k(i),Q,k(V, J) T ϕi(JT )

qi(T ) dV dJ

+
A+B∑
i=1

hiD
(i)
k .

Using relations (64), we get

Gk =
3∑
l=1

Fkl ul + T 〈K−1(kQ,k), kQ,k〉∂xk
T + T 2〈K−1(kW ), kQ,k〉+

A+B∑
i=1

hiD
(i)
k .

Next, by using the symmetry of the linearized Boltzmann operator, one obtains

〈K−1(kW ), kQ,k〉 =
A∑
i=1

n(i)
∫
R3

e−mi
V 2

2

(2π/mi)
3
2
s

(i)
k h(i),Q,k(V )Vk dV

+
A+B∑
i=A+1

n(i)
∫
R3

∫
R+

e−mi
V 2

2 −J

(2π/mi)
3
2
s

(i)
k h(i),Q,k(V, J)Vk T

ϕi(JT )
qi(T ) dV dJ.

The first term of the right-hand side of this identity can be rewritten as

n(i)
∫
R3

e−mi
V 2

2

(2π/mi)
3
2
h(i),Q,k(V )Vk dV = 〈hQ,k, b(i)〉 = 〈hQ,k, (Id− PK)b(i)〉,

where b(i) ∈ RA+B , and its components are defined by

b
(i)
j := Vk δij .(77)

Moreover, PK is the projection on the kernel of K defined by (27), (28) and (29).
In the same way, we write, for i = A+ 1, ..., A+B,

n(i)
∫
R3

∫
R+

e−mi
V 2

2 −J

(2π/mi)
3
2
h(i),Q,k(V, J)Vk T

ϕi(JT )
qi(T ) dV dJ = 〈hQ,k, b(i)〉 = 〈hQ,k, ψDi〉,

with

ψDi := (Id− PK)b(i), ψDi
j = (δij −

n(i)mj

ρ
)Vk, j = 1..A+B, ρ :=

A+B∑
j=1

ρ(j).

Hence by setting

θi := − T

n(i) 〈K
−1(kQ,k), ψDi〉, λ := −T 〈K−1(kQ,k), kQ,k〉,(78)
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we get

Gk =
3∑
l=1

Fkl ul − λ∂xk
T − p

A+B∑
i=1

θid
(i) +

A+B∑
i=1

hiD
(i)
k .(79)

In this identity, the third term represents the Dufour effect.

Next we compute D(i)
k as

D
(i)
k = mi∂xk

T 〈hQ,k, ψDi〉+miT 〈hW , ψDi〉.

Moreover, by using the definition hW and the symmetry of K−1, we get

miT 〈hW , ψDi〉 = miT

A+B∑
j=1

n

nj
〈ψDj ,K−1(ψDi)〉 d(j)

= −
A+B∑
j=1

Cji d
(j),

with
Cji = −miT

n

nj
〈ψDj ,K−1(ψDi)〉.

Therefore,

D
(i)
k = −ρiθi∂xk

ln(T )−
A+B∑
j=1

Cjid
(j).(80)

The first term represents the Soret effect whereas the terms Cji correspond to the
multicomponent flux diffusion coefficients. By comparison with the third term in
(79), we recover the symmetry property between Soret et Dufour effects, cf. [19],
[21].

3.4. Remarks on the result of the Chapman-Enskog computation. We
explain here the main differences between the system of Navier-Stokes equations
written in this work and the corresponding system for a mixture of monoatomic
gases:

• First, the energy equation makes use of the internal energy 3
2 T + ηi(T )

qi(T )
instead of 3

2 T (this of course would already be seen at the level of Euler
equations),

• Secondly, in the viscosity term Fkl, the second part (proportional to ∇x ·u)
only appears when polyatomic gases are considered (cf. comments at the
end of subsection 3.3.1).

4. Explicit computations in the case of constant cross sections

The quantities h(i) which appear in the definition of g(i) and therefore in the
dissipative quantities D(i)

k , Fkl and Gk (which are part of the Navier-Stokes system
of compressible monoatomic and polyatomic gas mixtures) cannot in general be
explicitly computed.

As in the case of a single monotaomic gas, it is however possible to compute
them when the cross sections (here denoted by Bij) appearing in the collision
operators Qij are very simple. Therefore, in this section, we shall systematically
use the assumption that Bij is constant (and Bij = Bji). Moreover, in order to be



CHAPMAN-ENSKOG ASYMPTOTICS 23

coherent with the fact that in the air, the main polyatomic species (that is, O2 and
N2) are in fact diatomic, we also shall assume that for all i = A+ 1, . . . , A+B, one
has ϕi(I) = 1, and qi(T ) = T .

In that specific case, the quantities kW , kP , kD, and kQ can be written in the
following way:

k(i),W = s(i) V, k(i),P,p,q = mi Ppq(V ),

k(i),Q,p =
(
mi
|V |2

2 − 5
2

)
Vp + ri (J − 1)Vp,

k(i),D = (mi|V |2 − 3)
(

1
3 − Λ

)
− 2ri Λ (J − 1).

Note that using the formalism of [33], [27] and [18], they can be rewritten as

k(i),W = s(i) φ1000i
i , k(i),P,p,q = φ2000i

i |pq,

k(i),Q,p = φ1010i
i |p + ri φ

1001i
i |p, k(i),D = 2

(
1
3 − Λ

)
φ0010i
i − 2ri Λφ0001i

i .

In the case when the Bij are not constant (and even if they only depend upon
v−v∗
|v−v∗| · σ), one needs to solve the linear (spatially homogeneous) integral problems
K(hW ) = kW , etc., together with suitable orthogonality conditions. This can of
course be done only at the numerical level. It requires then a lot of care in the
effective implementation and a significant amount of computational time, even after
the isotropy properties of the kernels have been exploited.

The next four subsections are respectively devoted to the computation of hW ,
hP = (hP,p,q)p,q=1,...,3, hD and hQ = (hQ,p)p=1,...,3. Then, subsection 4.5 contains
the computation of D(i)

k , Fkl and Gk, starting from the values obtained for hW , hP ,
hD and hQ. In the procedure, use will be made of integrals reported in Appendix A.
Since these computations are quite long, only the main results are displayed in
subsections 4.1 to 4.4. Detailed computations can be found in Appendix B.

4.1. Computation of hW . We want to solve the problem

K(hW ) = kW ,(81)

with
k(i),W = s(i) · V ,

and with the orthogonality constraints

∀i = 1, . . . , A+B, 〈hW | l∆,i〉 = 0,

∀z = 1, . . . , 3, 〈hW | lU,z〉 = 0,

〈hW | lE〉 = 0
(with scalar product defined in (26) and l∆,i, lU,z, lE defined in (27), (28), (29)).

We test for that the effect of Kij on combinations of mi v1. Skipping all details
(that the interested reader may find in Appendix B), we finally get

(82) Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1) = B̃ij µij (W (j)

1 −W (i)
1 ) v1 ,
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where W (i)
1 ,W

(j)
1 ∈ R are constants, and B̃ij are defined in terms of the constant

cross sections Bij as

B̃ij =



Bij if i, j = 1, . . . , A,
2
3Bij if i = 1, . . . , A, j = A+ 1, . . . , A+B,

2
3Bij if i = A+ 1, . . . , A+B, j = 1, . . . , A,
4
15Bij if i = A+ 1, . . . , A+B, j = A+ 1, . . . , A+B.

Therefore, after exchanging the variable 1 with any of the variables p, we get the
solution

h(i),W (V ) = miW
(i) · V, i = 1, . . . , A,

h(i),W (V, J) = miW
(i) · V, i = A+ 1, . . . , A+B,

where the tridimensional constants W (i) must satisfy the system
A+B∑
j=1

n(j) B̃ij µij (W (j) −W (i)) = s(i),(83)

A+B∑
i=1

mi n
(i)W (i) = 0.(84)

Note that the first part of the system only contains A+B−1 independent equations.
It can be solved only under the constraint

∑A+B
i=1 n(i) s(i) = 0.

We finish the computation by noticing that in the special case of a mixture of
two gases, the system above can be solved very easily (remember that B̃12 = B̃21):

W (1) = m2 s
(1)

(m1 n(1) +m2 n(2)) B̃12 µ12
,

W (2) = −m1 s
(2)

(m1 n(1) +m2 n(2)) B̃12 µ12
,

with

s(1) = ∇xn(1)

n(1) − m1(∇xn(1) +∇xn(2))
m1n(1) +m2n(2) +

(
1− m1(n(1) + n(2))

m1n(1) +m2n(2)

)
∇xT
T

,

s(2) = ∇xn(2)

n(2) − m2(∇xn(1) +∇xn(2))
m1n(1) +m2n(2) +

(
1− m2(n(1) + n(2))

m1n(1) +m2n(2)

)
∇xT
T

.

4.2. Computation of hP . We now solve the problem
(85) K(hP,p,q) = kP,p,q

with (for each p, q = 1, . . . , 3)

∀i = 1, . . . , A+B, 〈hP,p,q | l∆,i〉 = 0,

∀z = 1, . . . , 3, 〈hP,p,q | lU,z〉 = 0,
〈hP,p,q | lE〉 = 0 .

We recall that
k(i),P,p,q = Ppq(V )mi .

The computation of hP follows the same lines as the computation of hW . We
consider the component p = 1, q = 2 of the tensor. With the notations of the
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previous paragraph for B̃ij , for i = 1, . . . , A + B, j = 1, . . . , A + B, and Π(i)
12 , Π(j)

12
real constants, we get (all details are reported in Appendix B):

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2) = B̃ij µ
2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
− Π(i)

12
mi

)
v1 v2.

All other components of the tensor can be treated in the same way, thanks to
the isotropy properties of K.

The solution to the problem (85) is thus

h(i),P,p,q(V ) = mi Π(i)
12 P

(i)
p,q(V ), i = 1, . . . , A,

h(i),P,p,q(V, J) = mi Π(i)
12 P

(i)
p,q(V ), i = A+ 1, . . . , A+B,

where the constants Π(i)
12 are defined by the system

A+B∑
j=1

n(j) B̃ij µ
2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
− Π(i)

12
mi

)
= mi.

We denote from now on Π(i) := Π(i)
12 . Using the Galilean invariance again, we

get h(i),P (V ) = h̃(i),P (|V |)P (|V |), with

h̃(i),P (|V |) = mi Π(i), i = 1, . . . , A,

h̃(i),P (|V |, J) = mi Π(i), i = A+ 1, . . . , A+B.

4.3. Computation of hD. We recall that we consider here a mixture of monoatomic
and diatomic gases, so that ϕi(I) = 1 for i = A+ 1, . . . , A+B. Then, the quantity
Λ(T ) defined in (59) simplifies very much, and turns out to be independent of T :

(86) Λ =
∑A+B
j=1 n(j)

3
∑A+B
j=1 n(j) + 2

∑A+B
j=A+1 n

(j)
.

Note that for a completely monoatomic mixture, Λ = 1
3 , while for a completely

diatomic mixture, Λ = 1
5 .

We have to solve the problem

(87) K(hD) = kD,

where
k(i),D = (mi|V |2 − 3)

(
1
3 − Λ

)
− 2 ri Λ(J − 1),

with
∀i = 1, . . . , A+B, 〈hD | l∆,i〉 = 0,
∀z = 1, . . . , 3, 〈hD | lU,z〉 = 0,

〈hD | lE〉 = 0.

In each computation of this subsection, the objective will be to try to cast the
final results as proper combinations ofmi|v|2−3 and I−1. We will skip intermediate
steps, which are detailed in Appendix B.

We introduce indeterminate constant coefficients ∆(i) for i = 1, . . . , A + B and
∆̃(i) for i = A+ 1, . . . , A+B.
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• For i = 1, . . . , A and j = 1, . . . , A, we get

B−1
ij Kij

(
v 7→ ∆(i)(mi|v|2 − 3), v 7→ ∆(j)(mj |v|2 − 3)

)
(v) =

= − 2µij
mi +mj

(∆(i) −∆(j))(mi|v|2 − 3).

• For i = 1, . . . , A and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
v 7→ ∆(i)(mi|v|2 − 3), (v, I) 7→ ∆(j)(mj |v|2 − 3) + ∆̃(j)(I − 1)

)
(v) =

= − 2
15

mj

mi +mj

[
2 ∆(i) 5mi +mj

mi +mj
−∆(j) 8mi

mi +mj
− ∆̃(j)

]
(mi|v|2 − 3).

• For i = A+ 1, . . . , A+B and j = 1, . . . , A, we get

B−1
ij Kij

(
(v, I) 7→ ∆(i)(mi|v|2 − 3) + ∆̃(i)(I − 1), v 7→ ∆(j)(mj |v|2 − 3)

)
(v, I) =

= − 2
15

mj

mi +mj

[
2 ∆(i) 5mi +mj

mi +mj
−∆(j) 8mi

mi +mj
− ∆̃(i)

]
(mi|v|2 − 3)

+ 2
5

(
∆(i) 2mj

mi +mj
+ ∆(j) 2mi

mi +mj
− ∆̃(i)

)
(I − 1).

• For i = A+ 1, . . . , A+B and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
(v, I) 7→ ∆(i)(mi|v|2 − 3) + ∆̃(i)(I − 1), (v, I) 7→ ∆(j)(mj |v|2 − 3) + ∆̃(j)(I − 1)

)
(v, I) =

= − 4
105

mj

mi +mj

[
∆(i) 2(7mi + 2mj)

mi +mj
−∆(j) 10mi

mi +mj
− ∆̃(i) − ∆̃(j)

]
(mi|v|2−3)

+ 8
105

(
∆(i) 3mj

mi +mj
+ ∆(j) 3mi

mi +mj
− 5

2 ∆̃(i) + ∆̃(j)
)

(I − 1).

In conclusion, system (87) can be rewritten as :

- for i = 1, . . . , A,

(88)

A∑
j=1

2n(j)Bij
µij

mi +mj
(∆(j) −∆(i))

+
A+B∑
j=A+1

n(j)Bij

{
16
15

mj

mi +mj

mi

mi +mj
∆(j) + 2

15
mj

mi +mj
∆̃(j)

− 4
3
mj(mi + 1

5mj)
(mi +mj)2 ∆(i)

}
= 1

3 − Λ,
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- for i = A+ 1, . . . , A+B,
(89)

A∑
j=1

n(j)Bij

{
16
15

µij
mi +mj

∆(j) − 4
15

mj

mi +mj

5mi +mj

mi +mj
∆(i) + 2

15
mj

mi +mj
∆̃(i)

}
+

A+B∑
j=A+1

n(j)Bij

{
8
21

mimj

(mi +mj)2 ∆(j) + 4
105

mj

mi +mj
∆̃(j) − 4

15
mj(2mi + 4

7mj)
(mi +mj)2 ∆(i)

+ 4
105

mj

mi +mj
∆̃(i)

}
= 1

3 − Λ,

(90)
A∑
j=1

n(j)Bij

{
4
5

mi

mi +mj
∆(j) + 4

5
mj

mi +mj
∆(i) − 2

5∆̃(i)
}

+
A+B∑
j=A+1

n(j)Bij

{
8
35

mi

mi +mj
∆(j) + 8

105∆̃(j) + 8
35

mj

mi +mj
∆(i) − 4

21∆̃(i)
}

= −2Λ.

We can note that a suitable combination of the right hand sides of the system
(88)–(90) vanishes. One can check that the same linear combination vanishes when
one considers the left hand sides of the equations (88)–(90), yielding that one of
these A+ 2B equations is redundant (more precisely, exactly A+ 2B− 1 equations
are independent).

The solution to problem (87) is therefore

h(i),D(V ) = ∆(i)(mi|V |2 − 3), i = 1, . . . , A,

h(i),D(V, J) = ∆(i)(mi|V |2 − 3) + ∆̃(i)(J − 1), i = A+ 1, . . . , A+B,

which, as expected from the Galilean invariance, depends on the vector V only
through its modulus |V |. The coefficients ∆(i), ∆̃(i) are defined by any A+ 2B − 1
among the equations (88)–(90).

4.4. Computation of hQ. We recall that we wish to solve the problem

K(hQ,p) = kQ,p,(91)

where
k(i),Q,p = 1

2(mi|V |2 − 5)Vp + ri(J − 1)Vp ,

with (for each p = 1, . . . , 3)

∀i = 1, . . . , A+B, 〈hQ,p | l∆,i〉 = 0,

∀z = 1, . . . , 3, 〈hQ,p | lU,z〉 = 0,

〈hQ,p | lE〉 = 0.
We test for that the effect of Kij on combinations of |v|2v1 and v1. We introduce

indeterminate constant coefficients Q(i) for i = 1, . . . , A + B and Q̃(i) for i =
A+ 1, . . . , A+B.

• For i = 1, . . . , A and j = 1, . . . , A, we get

B−1
ij Kij

(
v 7→ Q(i)mi|v|2v1, v 7→ Q(j)mj |v|2v1

)
(v) =
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= Q(j) mi

(mi +mj)3

[
8
3 m

2
imj |v|2v1 + 5

(
m2
i +m2

j −
2
3 mimj

)
v1

]
+Q(i) mi

(mi +mj)3

[
−mj

(
3m2

i +m2
j + 4

3 mimj

)
|v|2v1 + 10mj

(
mi −

1
3 mj

)
v1

]
.

From the computations relevant to hW (see Subsection 4.1), we easily get:

B−1
ij Kij

(
v 7→ Q(i)v1, v 7→ Q(j)v1

)
(v) = 1

mi +mj

(
miQ

(j) −mjQ
(i)
)
v1.

Thus, combining the two previous results, we finally get

B−1
ij Kij

(
v 7→ Q(i)(mi|v|2 − 5

)
v1, v 7→ Q(j)(mj |v|2 − 5

)
v1

)
(v) =

=
{
Q(j) 8

3 m
2
i −Q(i)

(
3m2

i + 4
3mimj +m2

j

)}
mj

(mi +mj)3 (mi|v|2 − 5)v1.

• For i = 1, . . . , A and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
v 7→ Q(i)mi|v|2v1, (v, I) 7→ Q(j)mj |v|2v1 + Q̃(j)Iv1

)
(v) =

= Q(j) 2
3

mi

(mi +mj)3

[
2m2

imj |v|2v1+5
(
m2
i+m2

j

)
v1

]
+Q̃(j) 2

3
m2
i

(mi +mj)2

[
1
5 mj |v|2v1 + v1

]
+Q(i) 2

3
mimj

(mi +mj)3

[
−
(
3m2

i + 2mimj +m2
j

)
|v|2v1 + 10mi v1

]
.

From Subsection 4.1, we easily get

B−1
ij Kij

(
v 7→ Q(i)v1, v 7→ Q(j)v1

)
(v) = 2

3
1

mi +mj

(
miQ

(j) −mjQ
(i)
)
v1

(and this allows to compute also Kij

(
v 7→ 0, v 7→ − Q̃(j)v1

)
(v)). Thus, combin-

ing the results, we obtain

B−1
ij Kij

(
v 7→ Q(i)(mi|v|2 − 5

)
v1, v 7→ Q(j)(mj |v|2 − 5

)
v1 + Q̃(j)(I − 1)v1

)
(v) =

=
{

2Q(j)mi −Q(i)

(
3mi + 2mj +

m2
j

mi

)
+ 1

5 Q̃
(j)(mi +mj)

}
2
3

mimj

(mi +mj)3 (mi|v|2 − 5)v1.

• For i = A+ 1, . . . , A+B and j = 1, . . . , A, we get

B−1
ij Kij

(
(v, I) 7→ Q(i)mi|v|2v1 + Q̃(i)Iv1, v 7→ Q(j)mj |v|2v1

)
(v, I) =

= Q(j) mi

(mi +mj)3

[
4
3 m

2
imj |v|2v1 + 4

3 mi(mi +mj)Iv1 + 2
(
m2
i −

2
3 mimj + 5

3 m
2
j

)
v1

]
+Q(i) mimj

(mi +mj)3

[
−
(

2m2
i + 4

3 mimj + 2
3 m

2
j

)
|v|2v1 + 4

3(mi +mj)Iv1 + 4
3(4mi −mj)v1

]
+ Q̃(i) 2

15
1

(mi +mj)2

[
m2
imj |v|2v1−

(
3m2

i+8mimj+5m2
j

)
Iv1+

(
3mi−2mj

)
miv1

]
.
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From Subsection 4.1, we have

B−1
ij Kij

(
v 7→ Q(i)v1, v 7→ Q(j)v1

)
(v) = 2

3
1

mi +mj

(
miQ

(j) −mjQ
(i)
)
v1,

therefore

B−1
ij Kij

(
v 7→ Q(i)(mi|v|2 − 5

)
v1 + Q̃(i)(I − 1)v1, v 7→ Q(j)(mj |v|2 − 5

)
v1

)
(v, I) =

=
{

2
3 Q

(j)m2
i −Q(i)

(
m2
i + 2

3 mimj + 1
3 m

2
j

)
+ 1

15 Q̃
(i)mi(mi +mj)

}
× 2 mj

(mi +mj)3 (mi|v|2 − 5)v1

+
{

2Q(j)m2
i + 2Q(i)mimj −

1
5 Q̃

(i)(3m2
i + 8mimj + 5m2

j

)} 2
3

1
(mi +mj)2 (I−1)v1.

• For i = A+ 1, . . . , A+B and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
(v, I) 7→ Q(i)mi|v|2v1 + Q̃(i)Iv1, (v, I) 7→ Q(j)mj |v|2v1 + Q̃(j)Iv1

)
(v, I) =

= Q(j) mi

(mi +mj)3

[
16
35 m

2
imj |v|2v1 + 8

21 mi(mi +mj)Iv1 +
(

20
21 m

2
i + 4

3 m
2
j

)
v1

]
+ Q̃(j) 8

105
mi

(mi +mj)2

[
1
2 mimj |v|2v1 + (mi +mj)Iv1 + 5

2 miv1

]
+Q(i) mi

(mi +mj)3

[
− 4

5 mj

(
m2
i + 16

21 mimj + 1
3 m

2
j

)
|v|2v1 + 8

21 mj(mi +mj)Iv1 + 16
7 mimjv1

]
+ Q̃(i) 8

105
1

(mi +mj)2

[
1
2 m

2
imj |v|2v1 −

1
2(5mi + 7mj)(mi +mj)Iv1 + 5

2 m
2
i v1

]
.

From Subsection 4.1, we have

B−1
ij Kij

(
v 7→ Q(i)v1, v 7→ Q(j)v1

)
(v) = 4

15
1

mi +mj

(
miQ

(j) −mjQ
(i)
)
v1,

therefore

B−1
ij Kij

(
v 7→ Q(i)(mi|v|2 − 5

)
v1 + Q̃(i)(I − 1)v1, v 7→ Q(j)(mj |v|2 − 5

)
v1 + Q̃(j)(I − 1)v1

)
(v, I) =

=
{

4
7 Q

(j)m2
i −Q(i)

(
m2
i + 16

21 mimj + 1
3 m

2
j

)
+ 1

21 (Q̃(j) + Q̃(i))mi(mi +mj)
}

× 4
5

mj

(mi +mj)3 (mi|v|2 − 5)v1

+
{
Q(j)m2

i +Q(i)mimj + 1
5 (mi +mj)

(
Q̃(j)mi −

1
2 Q̃

(i)(5mi + 7mj)
)}

8
21

1
(mi +mj)2 (I−1)v1.

In conclusion, the solution of problem (81) is thus

h(i),Q,p(V ) = Q(i)(mi|V |2 − 5)Vp, i = 1, . . . , A,

h(i),Q,p(V, J) = Q(i)(mi|V |2 − 5)Vp + Q̃(i)(J − 1)Vp, i = A+ 1, . . . , A+B,
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and we note that, as already anticipated owing to the Galilean invariance, h(i),Q,p(V, J) =
h̃(i),Q(|V |, J)Vp, where

h̃(i),Q(|V |) = Q(i)(mi|V |2 − 5), i = 1, . . . , A,

h̃(i),Q(|V |, J) = Q(i)(mi|V |2 − 5) + Q̃(i)(J − 1), i = A+ 1, . . . , A+B.

The coefficients Q(i) and Q̃(i) are defined as solutions of the system
- for i = 1, . . . , A,

A∑
j=1

n(j)Bij

{
Q(j) 8

3 m
2
i −Q(i)

(
3m2

i + 4
3mimj +m2

j

)}
mj

(mi +mj)3

+
A+B∑
j=A+1

n(j)Bij

{
2Q(j)mi −Q(i)

(
3mi + 2mj +

m2
j

mi

)
+ 1

5 Q̃
(j)(mi +mj)

}

×2
3

mimj

(mi +mj)3 = 1
2 ,

- for i = A+ 1, . . . , A+B,
A∑
j=1

n(j)Bij

{
2
3 Q

(j)m2
i −Q(i)

(
m2
i + 2

3 mimj + 1
3 m

2
j

)
+ 1

15 Q̃
(i)mi(mi +mj)

}
2 mj

(mi +mj)3

+
A+B∑
j=A+1

n(j)Bij

{
4
7 Q

(j)m2
i −Q(i)

(
m2
i + 16

21 mimj + 1
3 m

2
j

)
+ 1

21 (Q̃(j) + Q̃(i))mi(mi +mj)
}

× 4
5

mj

(mi +mj)3 = 1
2 ,

A∑
j=1

n(j)Bij

{
2Q(j)m2

i + 2Q(i)mimj −
1
5 Q̃

(i)(3m2
i + 8mimj + 5m2

j

)} 2
3

1
(mi +mj)2

+
A+B∑
j=A+1

n(j)Bij

{
Q(j)m2

i +Q(i)mimj + 1
5 (mi +mj)

(
Q̃(j)mi −

1
2 Q̃

(i)(5mi + 7mj)
)}

× 8
21

1
(mi +mj)2 = 1.

4.5. Obtention of the viscosity coefficients in the case of constant cross
sections. We recall here the Navier-Stokes system obtained at the end of subsec-
tion 3.3.4: now write down eqs. (73) - (75) in the special case which is considered
here:

(92) i = 1, . . . , A+B, ∂t(mi n
(i)) +∇x · (mi n

(i)u) = −ε∇x ·D(i),

(93)

k = 1, . . . , 3, ∂t

(A+B∑
i=1

mi n
(i) uk

)
+
∑
l

∂xl

(A+B∑
i=1

[mi n
(i) uk ul + n(i) T δkl]

)
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= −ε
∑
l

∂xl
Fkl,

(94) ∂t

( A∑
i=1

[mi n
(i) |u|2

2 + 3
2 n

(i) T ] +
A+B∑
i=A+1

[mi n
(i) |u|2

2 + 5
2 n

(i) T ]
)

+
∑
l

∂xl

( A∑
i=1

[mi n
(i) |u|2

2 ul + 5
2 n

(i) T ul] +
A+B∑
i=A+1

[mi n
(i) |u|2

2 ul + 7
2 n

(i) T ul]
)

= −ε∇x ·G.
The viscous terms D(i)

k (for i = 1, . . . , A+B), Fkl and Gk, have been computed
in Subsection 3.3.4, in formulas (69) – (72).

When the cross sections Bij are constant, the functions h(i),W , h̃(i),P , h̃(i),D and
h̃(i),Q have been computed in subsections 4.1 to 4.4 and may be cast in compact
form, for i = 1, . . . , A+B, as

(95)

h(i),W = miW
(i) · V,

h̃(i),P = mi Π(i),

h̃(i),D = ∆(i)(mi|V |2 − 3
)

+ ri ∆̃(i)(J − 1),

h̃(i),Q = Q(i)(mi|V |2 − 5
)

+ ri Q̃
(i)(J − 1),

where the constant coefficients W (i), Π(i), ∆(i), ∆̃(i), Q(i), Q̃(i) fulfil suitable linear
systems pointed out in subsections 4.1 to 4.4.

The integrals appearing in coefficients D(i)
k , Fkl and Gk can be then computed

owing, whenever necessary, to integrals reported in Appendix A, and bearing in
mind that we are assuming here that ϕi(I) = 1, so that qi(T ) = T . Skipping all
intermediate computations, viscosity terms turn out to be

(96) D
(i)
k = miW

(i)
k n(i) T, i = 1, . . . , A+B,

where coefficientsW (i)
k are combinations of the quantities s(i), (so that they contain

gradients of number densities and of temperature), while
(97)

Fkl = 2T
A+B∑
i=1

n(i) Π(i)
[
∇xu+∇xuT

2 − 1
3 ∇x · u Id

]
kl

+ 2T ∇x · u δkl
A+B∑
i=1

n(i) ∆(i),

and finally
(98)

Gk =
3∑
l=1

Fkl ul + T ∂xk
T

A+B∑
i=1

n(i)

mi

(
5Q(i) + ri Q̃

(i)
)

+ T 2
A+B∑
i=1

n(i)
(

5
2 + ri

)
W

(i)
k ,

where Π(i), ∆(i), W (i), Q(i), and Q̃(i) are computed in subsections 4.1 to 4.4. Note
that Fkl may be cast as

Fkl = −µ
[
∇xu+∇xuT

2 − 1
3 ∇x · u Id

]
kl

− κ∇x · u δkl ,

where

µ = − 2T
A+B∑
i=1

n(i) Π(i)
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represents the shear viscosity, while the term −κ∇x · u is the so–called dynamical
pressure, an additional contribution to the classical scalar pressure which is typical
of the polyatomic structure of molecules [31, 5]. The bulk viscosity κ is provided
by the formula

κ = − 2T
A+B∑
i=1

n(i) ∆(i) .

Moreover, Gk can be written as

Gk =
3∑
l=1

Fkl ul − λ∂xk
T + T 2

A+B∑
i=1

n(i)
(

5
2 + ri

)
W

(i)
k ,

where

λ = −T
A+B∑
i=1

n(i)

mi

(
5Q(i) + ri Q̃

(i)
)

is the partial thermal conductivity, while the last term provides the dependence of
the heat flux w.r.t. the gradients of number densities (through coefficients W (i)).

It is also possible to rewrite Gk within the formalism of equation (79). Indeed,
in the Maxwellian case, Ei = T , so that hi =

( 5
2 + ri

)
T
mi

. Therefore, by using the
expression (96) of D(i)

k , we see that

Gk =
3∑
l=1

Fkl ul − λ∂xk
T +

A+B∑
i=1

hiD
(i)
k .

Hence by comparison with (79), we see that the Dufour effect is equal to zero in
the case of constant cross sections. Moreover, by using the relations (79), (80), we
also see that the Soret effect is equal to 0 in this case.

To conclude, the system of Navier-Stokes equations which are obtained by the
Chapman-Enskog procedure from a system of Boltzmann equations corresponding
to a mixture of monoatomic and polyatomic gases with constant cross sections, can
be written down explicitly thanks to equations (92) – (94), together with formulas
(96) – (98), and the linear finite-dimensional systems defined in subsections 4.1 to
4.4.
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Appendix A: Some integrals

Integrals over the variable R:∫ 1

0
R1/2 dR = 2

3 ,
∫ 1

0
(1−R)R1/2 dR = 4

15 ,∫ 1

0
(1−R)R3/2 dR = 4

35 ,
∫ 1

0
(1−R)2R1/2 dR = 16

105 .
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Integrals over the angular variable:∫
S2
dσ = 1,

∫
S2
|σ|2 dσ = 1,

∫
S2

(σ1)2dσ = 1
3 .

Integrals over the velocity variable:∫
R3

e−
1
2 |v∗|

2

(2π)3/2 dv∗ = 1 ,
∫
R3
|v∗|2

e−
1
2 |v∗|

2

(2π)3/2 dv∗ = 3 ,∫
R3
|v∗|4

e−
1
2 |v∗|

2

(2π)3/2 dv∗ = 15 ,
∫
R3
|v∗|6

e−
1
2 |v∗|

2

(2π)3/2 dv∗ = 105 ,

or, in case of particle masses mi 6= 1,(mi

2π

)3/2 ∫
R3
e−

1
2mi|v∗|2 dv∗ = 1 ,

(mi

2π

)3/2 ∫
R3
mi|v∗|2 e−

1
2mi|v∗|2 dv∗ = 3 .

Use will be made also of some of the following relations:∫
R3

(v1)2A(|v|) dv = 1
3

∫
R3
|v|2A(|v|) dv ,∫

R3
(v1)4A(|v|) dv = 1

5

∫
R3
|v|4A(|v|) dv ,∫

R3
(v1)2(v2)2A(|v|) dv = 1

15

∫
R3
|v|4A(|v|) dv ,∫

R3
(v1)6A(|v|) dv = 1

7

∫
R3
|v|6A(|v|) dv ,∫

R3
(v1)4(v2)2A(|v|) dv = 1

35

∫
R3
|v|6A(|v|) dv ,∫

R3
(v1)2(v2)2(v3)2A(|v|) dv = 1

105

∫
R3
|v|6A(|v|) dv .

Appendix B: Some details on computations for constant cross
sections

In this Appendix, we collect some details about the computations of families of
functions hW , hP , hD, hQ in case of constant cross sections, the final results being
given in Subsections 4.1 - 4.4. We recall that those families of functions allow to
construct the viscosity coefficients of Navier–Stokes equations computed in Subsec-
tion 4.5.

B.1. Details on computations for hW . We present here the computations to
solve the problem K(hW ) = kW , with k(i),W = s(i) ·V , presented in Subsection 4.1.

We begin by computing for all i, j = 1, . . . , A+B the quantity

Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1),

where W (i)
1 ,W

(j)
1 ∈ R are constants.

For i = 1, . . . , A, j = 1, . . . , A,

Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1)(v) =

∫
R3

∫
S2

e−
mj

2 |v∗|
2

(2π/mj)3/2

×
[
W

(j)
1 mj

(
mi v1 +mj v1∗

mi +mj
− mi

mi +mj
|v − v∗|σ1

)
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+W (i)
1 mi

(
mi v1 +mj v1∗

mi +mj
+ mj

mi +mj
|v − v∗|σ1

)
−mjW

(j)
1 v1∗ −miW

(i)
1 v1

]
Bij dσ dv∗

= Bij µij (W (j)
1 −W (i)

1 ) v1.

For i = 1, . . . , A, j = A+ 1, . . . , A+B,

Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1)(v) =

∫
R3

∫ ∞
0

∫
S2

∫ 1

0

e−
mj

2 |v∗|
2−I∗

(2π/mj)3/2

×
[
mjW

(j)
1

(
mi v1 +mj v1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

+miW
(i)
1

(
mi v1 +mj v1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)
−mjW

(j)
1 v1∗ −miW

(i)
1 v1

]
R1/2 dRdσ dI∗ dv∗

= 2
3 Bij µij (W (j)

1 −W (i)
1 ) v1.

For i = A+ 1, . . . , A+B, j = 1, . . . , A,

Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1)(v, I) =

∫
R3

∫
S2

∫ 1

0

e−
mj

2 |v∗|
2

(2π/mj)3/2

×
[
mjW

(j)
1

(
mi v1 +mj v1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

+miW
(i)
1

(
mi v1 +mj v1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)
−mjW

(j)
1 v1∗ −miW

(i)
1 v1

]
Bij R

1/2 dRdσ dv∗

= 2
3 Bij µij (W (j)

1 −W (i)
1 ) v1.

For i = A+ 1, . . . , A+B, j = A+ 1, . . . , A+B,

Kij(v 7→W
(i)
1 mi v1, v 7→W

(j)
1 mj v1)(v, I) =

∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

e−
mj

2 |v∗|
2−I∗

(2π/mj)3/2

×
[
mjW

(j)
1

(
mi v1 +mj v1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

+miW
(i)
1

(
mi v1 +mj v1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)
−mjW

(j)
1 v1∗ −miW

(i)
1 v1

]
Bij (1−R)R1/2 dRdr dσ dI∗ dv∗
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= 4
15 Bij µij (W (j)

1 −W (i)
1 ) v1.

B.2. Details on computations for hP . We present here the computations con-
cerning the problem K(hP ) = kP (see Subsection 4.2).

We consider only the component p = 1, q = 2, the other ones being obtained
thanks to the isotropy properties.

For i = A+ 1, , . . . , A+B, j = A+ 1, . . . , A+B, and Π(i)
12 , Π(j)

12 real constants,

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2)(v, I) =
∫
R3

∫ ∞
0

∫
S2

∫ 1

0

∫ 1

0

e−
mj

2 |v∗|
2−I∗

(2π/mj)3/2

×
[
mj Π(j)

12

(
mi v1 +mj v1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

×
(
mi v2 +mj v2∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ2

)

+mi Π(i)
12

(
mi v1 +mj v1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)

×
(
mi v2 +mj v2∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ2

)

−mj Π(j)
12 v1∗ v2∗ −mi Π(i)

12 v1 v2

]
Bij (1−R)R1/2 dRdr dσ dI∗ dv∗

= 4
15 Bij µ

2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
− Π(i)

12
mi

)
v1 v2.

In the same way, for i = 1, . . . , A, j = 1, . . . , A,

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2)(v) = Bij µ
2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
− Π(i)

12
mi

)
v1 v2,

for i = 1, . . . , A, j = A+ 1, . . . , A+B,

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2)(v) = 2
3 Bij µ

2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
−Π(i)

12
mi

)
v1 v2,

for i = A+ 1, . . . , A+B, j = 1, . . . , A,

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2)(v, I) = 2
3 Bij µ

2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
−Π(i)

12
mi

)
v1 v2.

Finally, with the notations of Subsection 4.1 for B̃ij , for i = 1, . . . , A + B, j =
1, . . . , A+B,

Kij(v 7→ mi Π(i)
12 v1 v2, v 7→ mj Π(j)

12 v1 v2) = B̃ij µ
2
ij

(
Π(j)

12 − 2 Π(i)
12

mj
− Π(i)

12
mi

)
v1 v2.
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B.3. Details on computations for hD. We present here the computations con-
cerning the problem K(hD) = kD (see Subsection 4.3). We skip a lot of intermediate
steps, that may be recovered using the integrals reported in Appendix A, analo-
gously to previous paragraphs.

We introduce indeterminate constant coefficients ∆(i) for i = 1, . . . , A + B and
∆̃(i) for i = A+ 1, . . . , A+B.
• For i = 1, . . . , A and j = 1, . . . , A, we get

B−1
ij Kij

(
v 7→ ∆(i)(mi|v|2 − 3), v 7→ ∆(j)(mj |v|2 − 3)

)
(v) =

=
∫
R3

∫
S2

(mj

2π

)3/2
e−

1
2mj |v∗|2

[
∆(j)

{
mj

∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj
|v − v∗|σ

∣∣∣∣2 − 3
}

+ ∆(i)

{
mi

∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj
|v − v∗|σ

∣∣∣∣2 − 3
}
−∆(j)(mj |v∗|2 − 3)

−∆(i)(mi|v|2 − 3)
]
dσ dv∗ = 2µij

mi +mj
(∆(j) −∆(i))(mi|v|2 − 3).

• For i = 1, . . . , A and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
v 7→ ∆(i)(mi|v|2 − 3), (v, I) 7→ ∆(j)(mj |v|2 − 3) + ∆̃(j)(I − 1)

)
(v) =

=
∫
R3

∫
S2

∫ ∞
0

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2−I∗

∆(j)

mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

− 3


+ ∆̃(j)((1−R)E − 1) + ∆(i)

mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

− 3


−∆(j)(mj |v∗|2 − 3)− ∆̃(j)(I∗ − 1)−∆(i)(mi|v|2 − 3)

]√
RdRdI∗ dσ dv∗

= 2
15

mj

mi +mj

(
∆(j) 8mi

mi +mj
+ ∆̃(j)

)
(mi|v|2 − 3)

+ ∆(i)
[
− 4

3
mj

(mi +mj)2

(
mi + 1

5 mj

)]
(mi|v|2 − 3).

• For i = A+ 1, . . . , A+B and j = 1, . . . , A, we get

B−1
ij Kij

(
(v, I) 7→ ∆(i)(mi|v|2 − 3) + ∆̃(i)(I − 1), v 7→ ∆(j)(mj |v|2 − 3)

)
(v, I) =

=
∫
R3

∫
S2

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2

∆(j)

mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

− 3


+ ∆(i)

mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

− 3

+ ∆̃(i)[(1−R)E − 1]

−∆(j)(mj |v∗|2 − 3)−∆(i)mi(|v|2 − 3)− ∆̃(i)(I − 1)
]√

RdRdσ dv∗
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= ∆(j)
[

16
15

µij
mi +mj

(mi|v|2 − 3) + 4
5

mi

mi +mj
(I − 1)

]
− 2

15
mj

mi +mj

(
2 ∆(i) 5mi +mj

mi +mj
− ∆̃(i)

)
(mi|v|2−3)+2

5

(
∆(i) 2mj

mi +mj
− ∆̃(i)

)
(I−1).

• For i = A+ 1, . . . , A+B and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
(v, I) 7→ ∆(i)(mi|v|2 − 3) + ∆̃(i)(I − 1), (v, I) 7→ ∆(j)(mj |v|2 − 3) + ∆̃(j)(I − 1)

)
(v, I) =

=
∫
R3

∫
S2

∫ ∞
0

∫ 1

0

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2−I∗

∆(j)

mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

−3
}

+∆̃(j)[(1−r)(1−R)E−1]+∆(i)

mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

− 3


+ ∆̃(i)[r(1−R)E−1]−∆(j)(mj |v∗|2−3)−∆̃(j)(I∗−1)−∆(i)mi(|v|2−3)−∆̃(i)(I−1)

]
×(1−R)

√
RdRdr dI∗ dσ dv∗

= 4
21

mj

(mi +mj)2

(
2 ∆(j)mi + 1

5 ∆̃(j)(mi +mj)
)

(mi|v|2 − 3)

+ 8
35

(
∆(j) mi

mi +mj
+ 1

3 ∆̃(j)
)

(I − 1)

− 4
15

mj

(mi +mj)2

[
∆(i)

(
2mi + 4

7 mj

)
− 1

7 ∆̃(i)(mi +mj)
]

(mi|v|2 − 3)

+ 4
7

(
2
5 ∆(i) mj

mi +mj
− 1

3 ∆̃(i)
)

(I − 1).

B.4. Details on computations for hQ. We present here the computations con-
cerning the problem K(hQ) = kQ (see Subsection 4.4).

We test for that the effect of Kij on combinations of |v|2v1 and v1.
We introduce indeterminate constant coefficients Q(i) for i = 1, . . . , A + B and

Q̃(i) for i = A+ 1, . . . , A+B.
• For i = 1, . . . , A and j = 1, . . . , A, we get

B−1
ij Kij

(
v 7→ Q(i)mi|v|2v1, v 7→ Q(j)mj |v|2v1

)
(v) =

=
∫
R3

∫
S2

(mj

2π

)3/2
e−

1
2mj |v∗|2

[
Q(j)mj

∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj
|v − v∗|σ

∣∣∣∣2
×
(
miv1 +mjv1∗

mi +mj
− mi

mi +mj
|v − v∗|σ1

)
+Q(i)mi

∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj
|v − v∗|σ

∣∣∣∣2
×
(
miv1 +mjv1∗

mi +mj
+ mj

mi +mj
|v − v∗|σ1

)
−Q(j)mj |v∗|2v1∗ −Q(i)mi|v|2v1

]
dσ dv∗

= Q(j) mi

(mi +mj)3

[
8
3 m

2
imj |v|2v1 + 5

(
m2
i +m2

j −
2
3 mimj

)
v1

]
+Q(i) mi

(mi +mj)3

[
−mj

(
3m2

i +m2
j + 4

3 mimj

)
|v|2v1 + 10mj

(
mi −

1
3 mj

)
v1

]
.
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• For i = 1, . . . , A and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
v 7→ Q(i)mi|v|2v1, (v, I) 7→ Q(j)mj |v|2v1 + Q̃(j)Iv1

)
(v) =

=
∫
R3

∫
S2

∫ ∞
0

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2−I∗

Q(j)mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

×

(
miv1 +mjv1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)
+Q̃(j)(1−R)E

(
miv1 +mjv1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

+Q(i)mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2(

miv1 +mjv1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)

−Q(j)mj |v∗|2v1∗ − Q̃(j)I∗v1∗ −Q(i)mi|v|2v1

]√
RdRdI∗ dσ dv∗

= Q(j) 2
3

mi

(mi +mj)3

[
2m2

imj |v|2v1+5
(
m2
i+m2

j

)
v1

]
+Q̃(j) 2

3
m2
i

(mi +mj)2

[
1
5 mj |v|2v1 + v1

]
+Q(i) 2

3
mimj

(mi +mj)3

[
−
(
3m2

i + 2mimj +m2
j

)
|v|2v1 + 10mi v1

]
.

• For i = A+ 1, . . . , A+B and j = 1, . . . , A, we get

B−1
ij Kij

(
(v, I) 7→ Q(i)mi|v|2v1 + Q̃(i)Iv1, v 7→ Q(j)mj |v|2v1

)
(v, I) =

=
∫
R3

∫
S2

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2

Q(j)mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

×

(
miv1 +mjv1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)
+Q(i)mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

×

(
miv1 +mjv1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)
+ Q̃(i)(1−R)E

(
miv1 +mjv1∗

mi +mj

+ mj

mi +mj

√
2RE
µij

σ1

)
−Q(j)mj |v∗|2v1∗ −Q(i)mi|v|2v1 − Q̃(i)Iv1

]√
RdRdσ dv∗

= Q(j) mi

(mi +mj)3

[
4
3 m

2
imj |v|2v1 + 4

3 mi(mi +mj)Iv1 + 2
(
m2
i −

2
3 mimj + 5

3 m
2
j

)
v1

]
+Q(i) mimj

(mi +mj)3

[
−
(

2m2
i + 4

3 mimj + 2
3 m

2
j

)
|v|2v1 + 4

3(mi +mj)Iv1 + 4
3(4mi −mj)v1

]
+ Q̃(i) 2

15
1

(mi +mj)2

[
m2
imj |v|2v1−

(
3m2

i+8mimj+5m2
j

)
Iv1+

(
3mi−2mj

)
miv1

]
.

• For i = A+ 1, . . . , A+B and j = A+ 1, . . . , A+B, we get

B−1
ij Kij

(
(v, I) 7→ Q(i)mi|v|2v1 + Q̃(i)Iv1, (v, I) 7→ Q(j)mj |v|2v1 + Q̃(j)Iv1

)
(v, I) =
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=
∫
R3

∫
S2

∫ ∞
0

∫ 1

0

∫ 1

0

(mj

2π

)3/2
e−

1
2mj |v∗|2−I∗

Q(j)mj

∣∣∣∣∣miv +mjv∗
mi +mj

− mi

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

+ Q̃(j)(1− r)(1−R)E
)(

miv1 +mjv1∗

mi +mj
− mi

mi +mj

√
2RE
µij

σ1

)

+

Q(i)mi

∣∣∣∣∣miv +mjv∗
mi +mj

+ mj

mi +mj

√
2RE
µij

σ

∣∣∣∣∣
2

+ Q̃(i)r(1−R)E


×

(
miv1 +mjv1∗

mi +mj
+ mj

mi +mj

√
2RE
µij

σ1

)

−Q(j)mj |v∗|2v1∗ − Q̃(j)I∗v1∗ −Q(i)mi|v|2v1 − Q̃(i)Iv1

]
(1−R)

√
RdRdr dI∗ dσ dv∗

= Q(j) mi

(mi +mj)3

[
16
35 m

2
imj |v|2v1 + 8

21 mi(mi +mj)Iv1 +
(

20
21 m

2
i + 4

3 m
2
j

)
v1

]
+ Q̃(j) 8

105
mi

(mi +mj)2

[
1
2 mimj |v|2v1 + (mi +mj)Iv1 + 5

2 miv1

]
+Q(i) mi

(mi +mj)3

[
− 4

5 mj

(
m2
i + 16

21 mimj + 1
3 m

2
j

)
|v|2v1 + 8

21 mj(mi +mj)Iv1 + 16
7 mimjv1

]
+ Q̃(i) 8

105
1

(mi +mj)2

[
1
2 m

2
imj |v|2v1 −

1
2(5mi + 7mj)(mi +mj)Iv1 + 5

2 m
2
i v1

]
.
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