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RIESZ BASES OF REPRODUCING KERNELS IN SMALL FOCK
SPACES

K. KELLAY & Y. OMARI

ABSTRACT. We give a complete characterization of Riesz bases of normalized reproducing
kernels in the small Fock space }'3;, the space of entire functions f such that fe=% € L?(C),

where ¢(z) = (log® |2[)?*!, 0 < B < 1. The first results on this subject are due to
Borichev-Lyubarskii who showed that ¢ with § = 1 is the biggest weight for which the
corresponding Fock space admits Riesz bases of reproducing kernels. Later, such bases
was characterized in Baranov et al. [5] for the case when § = 1. The present paper
answers a question in [5] by extending their results for all parameters 8 € (0,1). Our
results are analogues to those obtained for the case § = 1 and those proved for Riesz
bases of complex exponentials for the Paley-Wiener spaces. We also obtain a description
of complete interpolating sequences in small Fock spaces with associated uniform norm.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

For a subharmonic function ¢ tending to infinity when |z| is getting large, define the
weighted Fock spaces FZ, p = 2,00, by the set of all entire functions f for which fe™
belongs to LP(C). Seip and Wallstén [19, 20| characterized interpolating and sampling se-
quences in these spaces when ¢(z) = |z|?. They show that there are no sequence which are
simultaneously interpolating and sampling, and hence there are no Riesz bases of repro-
ducing kernels in this situation. However, the situation changes in small Fock spaces when
the weight decreases slowly. In [8, Theorem 2.8, Theorem 2.10|, Borichev and Lyubarskii

showed that the spaces F? with ¢(2) = ps(2) = (log* |z|)ﬁ+1, 0 < 8 <1, possess Riesz
bases of normalized reproducing kernels at real points. Another proof was given by Bara-
nov, Belov and Borichev in |3, Theorem 1.2] for the case where ¢(z) = O(log™ |z|)? under
some regularity conditions on ¢. In this case, the Fock spaces ]:3 can be viewed as de
Branges spaces |3, Theorem 1.2| see also [4]. A more general approach based on the bound-
edness and invertibility of a discrete Hilbert transform was given by Belov, Mengestie and
Seip in [6]. In a recent work, Baranov, Dumond, Hartmann and Kellay [5] gave a char-
acterization of complete interpolating sequences (or Riesz bases) in such spaces, when
©(2) = (log™ |2])?, in the spirit of Ingham-Kadets 1/4-th theorem in Paley-Wiener space
(see [17] for the case of F2, 1 < p < oo). If the weight growth more rapidly than (log™ |2[)?,
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2 K. KELLAY & Y. OMARI

then the associated Fock type space has no Riesz bases of (normalized) reproducing kernels,
see [3, 7, 8, 18, 20] and the references therein. Also, for the case when the corresponding
Riesz measure of the weight ¢ is doubling, Marco, Massaneda and Ortega-Cerda in [13]
proved that ]:3 possesses no Riesz bases of normalized reproducing kernels. Finally, it
follows from [10] that there is no criterion for the existence of Riesz bases in a Fock-type
space .7-"5 consisting of reproducing kernels in terms of growth of the weight function ¢ only.

The main question we deal with in this paper is a question asked in [5]. It consists
to characterize Riesz bases of normalized reproducing kernels for ]-"3 5 where 0 < 8 < 1.
Indeed, we obtain a complete description of such bases. Our obtained results are analogue
to the well known Avdonin’s theorem [1]| proved for Riesz bases of complex exponentials
for the Paley-Wiener spaces ( see [22, Theorem 14, p. 178 and [2, p. 102| for more
general statement) and those obtained for F7 (see [5, Theorem 1.1]). We give also a
characterization of complete interpolating sequences in ]::;Z for 0 < 8 < 1, the case when

f =1 was studied in [5, Theorem 1.2].

1.1. Description of Riesz bases of .7-"5. Let ¢ be an increasing function defined on
[0, 00) tending to infinity. We extend ¢ into the whole complex plane C by ¢(z) = ¢(|z|)
and we associate a Fock type space

o= {feHol((C) VA ::/C|f(z)|2e_2“"(z)dm(z) <oo}.

Here m stands for the area Lebesgue measure. Since point evaluations are bounded linear
functionals, ]—g, by Riesz Theorem the space ]:; endowed with the inner product

(9 = / f()9@e @ dm(z), f.g € F?

is a reproducing kernel Hilbert space (RKHS). Let k, be its reproducing kernel at z € C,
that is

f2)=(fk),  fEF feF,
We denote by k. = k./|[k.|l,2 the normalized reproducing kernel of 7. Let T' be a
sequence of complex numbers. A system of normalized reproducing kernels Kr = {k, }wer
is said to be a Riesz basis for .7-"3 if Kr is complete and if for some constant C' > 1 and for
each finite sequence {a,}, we have

Sl <

vyel

2

< CZ |a'y|2>

yell

Z ayk,

yell

©,2
This means that I' is a complete interpolating sequence for ]:;- In an equivalent way, the
operator
Tr: ‘/—‘3 — €2(P)
f = ()
is bounded and invertible from F? to ¢*(I").
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A given sequence {y,} of real numbers is said to be separated whenever there exists a
constant 0 > 0 such that

inf |pin, — pim| > 6.
n#m
Our first main result in this paper is the following

Theorem 1.1. Let ¢(r) = (log™ T)BH where 0 < 5 < 1, and let

1 B 5
I'.= {Vn = exp (1::__—;) Beénelen7 en €ER :n > 0} ) (11>

where (6,), is a real sequence and such that |v,| < |ynt1|. Then, Kr = {ky} er is a Riesz
basis for ]—g if and only if the following three conditions hold:

(1) {log|y|, v €'} is separated,

(2) (0,/(1 4 n)%_l) is a bounded sequence of real numbers,
n>0

(3) there exists N > 1 such that

S (1.2)

1 1
lim sup - - ‘ Z 51@‘ < — .
n (1+n+N)F—(14+n)7' 57, 2(1+pB)7

1.2. Complete interpolating sequences in uniform Fock spaces J2°. In this sub-
section we consider the uniform Fock type space, associated with ¢, given as follows

Fz = {1 €HOID) ¢ [l = s0p F(e < o0

F2° endowed with the norm || . ||, is clearly a Banach space. Let I' = {7, } be a sequence
of C. T is said to be sampling for F7° whenever there exists C' > 1 such that

||f||<p,0<> < C||f||<p,oo71“>

for every f € F2°, where

[/ lp00,r :=sup |f(7)|e_g0(7)-
yel’
It is called an interpolating set for F2° if for every sequence v = (Uv)fyel“ such that
[v]p00r < 00 there exists f € JF2° that satisfies f(vy) = v,, for every v € I'. Finally,
I' is said to constitute a complete interpolating sequence for F° if I' is simultaneously a
sampling and interpolating set for F2°.

The following result describes complete interpolating sequences for F°, the same result
was obtained in [5] for the case where g = 1.

Theorem 1.2. Let p(r) = (logJr T)BH where 0 < B < 1. Let I' be a sequence of complex
numbers and let v* € C\T'. Then I'U{v"} is a complete interpolating set for F2° if and
only if Kr is a Riesz basis for F_.
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1.3. Remarks. Several remarks are in order before we turn to the proofs of our theorems:

1. Complete interpolating sequences for F7, p = 2,00 are characterized by comparing
them to the sequence

1

1 .
A= {)\n = exp (J—Z)ﬂew”, 0, eR:n> O}, (1.3)

which is a complete interpolation sequence for ]:3 and AU{\*} is a complete interpolation

sequence for F2° where A* € C\ {\"} (for p = 2 see [3, Theorem 1.2] and Lemma 2.6 and
for the case p = oo see Lemma 2.7 ).

2. The diagonal asymptotic estimates of the reproducing kernel play an important role
15
in the study of Riesz Bases. Let p(2) = (Ap(2))™"? = |z|(log|z|) 2 . As stated in
Corollary 2.3, the kernel admits the following estimate

2¢(2) 2¢(2)
e 2 e
Slkllpe & 7y 1> 1
p(z)? T elp(z)

Furthermore the kernel attains the extreme values above (see Lemma 2.2 for the precise
diagonal asymptotic estimates.

3. The case where § = 1 was shown in [5, Theorem 1.1] under conditions (1), (2) and
there exists N > 1 such that

1 1

The family Ky = {kx}rea (associated with 8 = 1) is a Riesz basis for 77 . The condition
(1.2) may appear different to (1.4) in the case § = 1, however the two conditions are
equivalent for the problem studied here (see Remark 5.1).

4. The condition (1.2) can be written as
n+N

1 1
Ay = limsup 54 < —. 1.5
n o log [Aan| — log |\ k;ﬂ 2 (1.5)
And for N = 1, the condition (1.2) is equivalent to
log [7n| — log | As| 10, 1
sup } T ‘ =sup —1— < T (1.6)
n>1 nB n>1 nB 2ﬁ(1 + ﬁ)ﬁ

(see Remark 5.1).  The conditions (1.5) and (1.6) seem similar to some well-known re-
sults. Indeed, the well known 1/4 Kadets-Ingham’s theorem [11] obtained for Riesz bases
of exponentials for the Paley-Wiener spaces PW?, the results showed by Marzo and Seip
in [14] for polynomials. For arbitrary N, (1.5) is a condition in the same spirit of Avdonin’s
condition [1|. It is interesting to note that contrary to the situation in the Paley-Wiener
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spaces, conditions (1)-(3) describe Riesz bases of reproducing kernels for F7 rather than
in the Paley-Wiener spaces, they are just sufficient.

5. We notice again that our spaces possess Riesz bases of normalized reproducing ker-
nels at real points, they can be viewed as de Branges spaces [4, 3|. Using the boundedness
and invertibility problems of a discrete Hilbert transform on lacunary sequences, Belov,
Mengestie and Seip gave another characterization of Riesz bases, where our summability
condition (1.2) correspond to Muckenhoupt-type condition, for further details we refer to
[6, Theorem 1.1]. Our approach consists of using Bari’s theorem on Riesz bases in Hilbert
space, as in the proof of |5, Theorem 1.1].

The plan of our paper is the following. In the next section we state diagonal asymptotic
estimates of the reproducing kernel. We the show A and AU{\*} are complete interpolat-
ing sequences for .7:3 and JF_°, respectively. And we give the separation condition. Section
3 is devoted to prove Theorem 1.1. The proof of Theorem 1.2 will be presented in Section
4. We finish our paper by some remarks in the last section.

Throughout the paper, we use the following notations:

e A < B means that there is an absolute constant C' such that A < CB.
e A= Bif both A < B and B < A hold.

Acknowledgement. The authors are grateful to O. El-Fallah, Yu. Lyubarskii and J.
Ortega-Cerda for helpful discussions.

2. KEY LEMMAS AND PRELIMINARIES RESULTS

In this section we prove some preliminaries results and some key lemmas. In fact, we
prove estimates of the reproducing kernel at the diagonal. We get also necessaries esti-
mates of some infinite products and also preliminary result about the separation condition.

Throughout the rest of this paper we denote ¢(r) = ¢s(r) = (log™ r) o+ where 0 < 8 < 1.

2.1. Estimate of the norm of the reproducing kernel. We begin by the following
lemma which was proved in [3, Lemma 3.1] and which will be used repeatedly throughout
the paper.

Lemma 2.1. For every nonnegative integer n we have

A e { E 1+n\"%"
1"l = (1+5) P (25(1+ﬁ> )

In the following Lemma, we provide an asymptotic estimate of the reproducing kernel
k. of ]:3 on the diagonal. Note that such estimate was obtained for the points A € A by
Baranov, Belov and Borichev in [3, Lemma 3.2]. They proved directly the estimate by
using Hardy’s convexity theorem. Here we deal with the Laplace’s method to cover the
rest of complex numbers z € C. We denote by [z] the integer part of a real z.
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Lemma 2.2. Let |z| = ¢, n, = [(1 + B)s”] and define g,(t) = st — B(5) 7 . Let
$(z) = max(gs(nz), gs(n= +1)). We have

Q25 o20(2)

+ 5 ,
2l0(z)  P2(2)
where p(z) == (Ap(2)) "% = |2] (log|2]) =

Proof. Let |z| = e°, note that ¢/.(t) = 0 for t = (1 + 8)s” and @(z) < (). Since
sz“?ﬂﬁ = ano |z|2"/||z”||<p2, by Lemma 2.1 we have

k- 15.2 < |2 > 1

s e2gs(n)
ke 50 = D PR =1
n>1 (14n)
nz 2gs(t) e29s(nz) 29s(n=+1) 00 29s(1)
€ € €
5/ ——dt + — + — +/ ——dt
0 (1+41t)2 (14+n,)2 (24n,) %  Jnt1(141¢)25
EERES
e2¢(2) o0 281+6 A\1¥s e2#(2) sP 00
N 18 +/ - 1-8 s'da = 5 T 1z e_251+%(x)f(x)da7
s 2 0 —(1 + ) 5 2 s 2 Jo

where () :ﬁ(ﬁ)% —zand f(x)= 1/(1+x)%. We have ¢/ (x )

xo = 1+ B, we have ¢/'(zy) = 0 and ¢(x¢) = —1. Since ¢"(z) = =
B(1+8)

(25)7 — 1. Let

m\H

>0,z >1, we

pes [

get by Laplace’s method [9]

*° 2T
e W@ f(2)da ~ | ——— f(x)e @0, S — +o0.
| e @~ oo )

For S = 2s'7% — 400, we get

6235(2) e251+ﬂ eZ‘E(Z) e2<,D(Z)

-+ = —+
gtz exst a(log|)E |2 (log |z]) P

2
a5 = llkes I3

<p2r'\./
2

On the other hand, using Laplace’s method again, we obtain

1+8

148
z;:/ o2t [x—ﬁ(ﬁ)T]dx ~ o o2’
0 281+B’I/J"(JL'O)

Wﬁ(l + 5) 9gl+8
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Also, we have

148 e
J = / o [e=8(t) 7 ]y
1+8-2/sP
2/sP U 148
= exp(QsHﬁ (1+8—u)—p(1- A )du
/ | (-5
2/sP 5 1
= exp <231+ l— ——? >du
/0 [ 28(8+1) |
o0 Sl+[‘3u2
< o287 / e BGBTL du
0
_ 1 w o250 11.
2 si+B 2
So, we get
ne—1 294 (1) 2gs(nz) 2gs(nz+1)
. e e e
Hkely 2 [ i+t
0 (1+1t)=2s (I1+mn,)2 (24 n,)?°
145
027(2) §f  [1HB-2/s 25T [o-8(:25) 7 ]
2 —tF5 + 1—5/ 5 dz
sz sz Jo (1+x) 2
27 g
= =t =T-J)
S 2 S 2
625(2) SB e2sl+5
Therefore,
2(2) 20(2)
.22 2 2] > 1.

— + :
12)2(log |2))" 7" |2[*(log [2[)*~7

The proof now is complete.

O
We have the following corollary, the identity (2.2) was obtained in |3, Lemma 3.2]
Corollary 2.3. Let z € C be fized, we have
e2<p(z) 9 6290(2)
— Sk, S =l >1 (2.1)
p(z)? 22 2lp(2)
Furthermore, for every A, € A, where A is the sequence given in (1.3), we have
Mol = s < len(An)P (2.2)

T alp(W)
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1
where e,(2) = 2" /||2"||42. Also, if o, = exp <"1++1é2) " n>2, then

e2§0(0n)
plon)*

Proof. The estimate (2.1) follows directly from the last lemma. (2.2) was proved in [3,

Lemma 3.2]. We will prove (2.3). Following the notations of Lemma 2.2, let |z| = e¢® we
1

set n, = [(1+ B)s°] and g,(t) = st — 3 ( ! ) ’ . From Lemma 2.2 we have

o, I3 =

(2.3)

1+8

1
122 (log |2]) 2"

_9l=p8
]2, = [ezmax{gs<nz>,gs<nz+1>}+ezso(z> . 1oglog|z|].

We write n, = (1 + 8)s” + 4., for some §, € (—1,0]. Simple calculations show that for
j € {0,1} we have

ﬁlogs:s((l%—ﬂ)sﬁ%—ézjtj)

4
B+1
(1+8)s"+0.+7\ ° 544, 1-0
5( 75 s7T 4 1 log s
= log s 2ﬁ(1+5)(5Z+‘7)8 <0

if and only if

B(1—p?) logs

2
2+o0(1) s'-P <0 +4)%

Now, if z = 0, we then have 62 = (4. 4+ 1)? = 1 and hence the last identity holds. Thus

(2.3) follows immediately. O

Remark. For some radial weight that satisfies (logr)? = O(¢(r)), when r — oo, the re-
producing kernel of F7 possesses the following estimate k. (2) =< Ap(2)e*?) (see [3, 7, 8]).
This estimate remains valid for the kernel of .7-"5 when the associated Riesz measure of the
weight ¢ is doubling [13, Lemma 21|. The estimate in (2.2) prove that the case g # 1 is
quite different to the case when § = 1. Indeed, in the case = 1 the reproducing kernel
admits the estimate ||kz’|i1,2 = Ay (2)e?13) | for every iﬁE C. However, in (2.2) we have
for every A € A that ||k,\]|g205’2 = ezﬂ%(’\)/<\)\|2<log(>\)>7) > Aps(N)e??#N | whenever
B # 1. This can maybe explain the difference in the results obtained about Riesz bases of
normalized reproducing kernels.
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2.2. Complete interpolating sequences in F2, p = 2,00. With a given sequence I' of
complex numbers, we associate the infinite product

GF(Z)ZHO—E), 2 €C,

yerl’ v

whenever it converges. In what follows, we denote by dist(z,[") the Euclidean distance
between z and the sequence T'.

The following lemma describes estimates of the infinite product associated with a se-
quence I given as in (1.1). Recall that

1 n+N
Ay = limsup 5,4_
n 10g ‘)‘n+N‘ - lOg ‘)‘n| k:;-i-l

Lemma 2.4. Let I = {7, }, be a sequence given by (1.1). We write 7y, = A\,e’ e where

On,0n € R, and suppose that |v,| < V11| and |6,] = O((1 + n)%_l). The infinite product
Gr converges on every compact set of C and for small e > 0 there exists a positive constant

C such that

1 dist(z,I) <1Gr(2)| e < dist(z,T")

= < , z e C.
C(l—l—‘z|)%+AN+€ (1+‘Z|>%—AN—€

1
Proof. Let z € C such that |z| = e = exp ( - )?. Let also m be the integer such that

i
|Ym-1| < 12| < |ym| and suppose that dist(z,I') = |z — 7,,—1|. Therefore we have

z
Ym—1

1—

og|Gr(z) = 3 1og\1—i

o<n<m—1 n

+ log +0(1)

2| 4 logdist(z,T) — ¢ + O(1)

1 m—1

~( k
— mt—z (m) —;5k+logdist(z,F)—t—i—O(l),

however,

Zl po="0 4 mT (1+0(1)). (2.4)
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Now for N € N there exist p and r two positive integers such that m = pN + r and

0 <7 < N. Let ug := log ||, we have

m p—1| N pN+r
D% < 2D i | ] D &
k=1 j=1 k=1 k=pN+1
e 22
1
< (AN+§> (ujN+N—ujN)+O(m5 1)
=0
€
< (AN + 5) t+ oft)
Consequently;,
3t /3 3
> m 9 m .
log |Gr(z)] z mt—p <m> - <§ FANTF §> (ﬂ) + log dist(z,T") 4 o(t)

3
B+ <§ FANTF %) t + logdist(z,T") + o(t).

A\

Finally, there exist A and B two positive constants depend on ¢ such that
dist(z, A) dist(z, A)
(1 [&l) T2 (T Jel)T2=

< [Gr(2)] e < B

< , z € C.

We need the following classical ingredient, for which we single out as a lemma

Lemma 2.5. Let I be a sequence given by (1.1). We have

dist(z,T')?

Proof. Note that, for every 2 (|y,-1] + [7a]) <7 < 2(|7] + [vn41]), we have dist(re,I)

lre® — ~,|. So, we get

dist(z’ F)2 /%(|7n+|7n+1) /27r |7’ei9 _ '7n|2 1
o oara dmiz) < Ll dhdr =y ——.
/(C (1 + |Z|)3+a ( ) Z 1 0 (1 + 7«)3-‘:—04 Z |'7n|a_1

n>0 ¥ 3 (Im-1l+lml) n>0

Therefore, the last sum is finite if and only if o > 1.

~
—~

O

In the following lemma we improve a result of Borichev and Lyubarskii [8, Theo-
rem 2.8]. They proved that {k; },>o is a Riesz basis for 72 where Ay = 0, [\,| =

exp [(wpy1 — wy_1)/4] and

wy = log [|2"]|2 = c(n + 1)'*5 + O(logn).

Their proof was based on the Bari’s theorem (see [15, section A.5.7.1]). Thanks to the
estimate of the moments ||2"[|,2 given in Lemma 2.1, we provide in the following result
another sequence of same kind as that of [§8]. The provided sequence will be viewed as a
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reference set of complete interpolating sequences for ]—‘3 and will play a crucial tool in the
proof of the main theorems. Another proof of this lemma was given by Baranov-Belov-
Borichev in [3, Theorem 1.2| by using the results of Belov-Mengestie-Seip [6]. However, for
the sake of completeness, we give here the proof, we proceed here by Bari’s theorem as in

18].

Lemma 2.6. Let A be the sequence given by (1.3). Then Ky = {ky},c, is a Riesz basis
for F2.

Proof. Let n > 0 and e,(z)

2"/||2"||p2 and hy, := e""ne,. We have

2

||hn — n 12 — e_Zne"Len — gen — Mek
v 2T, T
2
_|q 2 lenlADE 3 lex(An)]?
||k)\n||9072 -, k;én ||k)\n||i,2
Ji -
However,
2
J, = '1 _ e ([An])] 1— len(An)? —Jy
[k, llo2 |~ 1k, 1122
Consequently;,
| ex(An) |
1 =K, Il =
.2 Z 2, ]#Zn en(An)

On the other hand and for k # n we have

1-8
|€n()\n)|2 - <1+k> 2 e2C(n,k)’

lex( ) |2 1+n
14n)\7 14+E\ 7 [(1+n) "
n n
k) = —k + —_— — :
k) = (o )< ) ’ (HB) (HB) ]
Therefore, by simple computations we get

1+
c(n,k) = (1+8)" 5 |k —nl2(1+n)5 ",

where

Thus,
S lex
2
Zth_k%HM = ZZH H
n=0 n=0 k#n A"
1

- 1-8 _ 148 -
S5 (1) F s bt o
1+k

n=0 k#n

A
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Note that A = I with §;, = 0. So Lemmas 2.4 and 2.5 imply that A is a uniqueness set
for ]—g, that is the unique function in ]:3 that vanishes in A is the zero function. Also,
for any A € A the sequence A\ {)} is a zero sequence of F? and hence the system Ky is
complete and minimal in ]—‘3 and > ||h, — ki, ?072 < 00. Bari’s theorem [15] ensures that

IC, is a Riesz basis for .7:3.

O

We have the following lemma corresponding to F2°

Lemma 2.7. Let \* € C\ A. Then AU{\"} is a complete interpolating sequence for F2°.

Proof. First let us prove that A=AU {\*} is a uniqueness set for F°. Indeed, suppose
that \* # 0 and take f € F2° vanishes in AU{\"}, so f(z) = (1 — 2/\")h(2)Ga(2) where
h is an entire function. By Lemma 2.4 we get

dist(z, A)

|h(z)|m S |f(R)e ) <1, zeC.

It follows from this that & is the zero function. It remains to show that A is an interpolating
set for F2°. For this purpose let v = (vA),ex be a sequence of complex numbers such that
0], 00z < 00. Put F(2) = (1 — 2/A")G4(2) and consider the function

Z’U)\F/ vl z € C.

AEA
We have
ROI < Y Il |t )’
AeA
GA(Z)
S ol o) |
ZK ilaone

Let z € C and p € N such that |A\,_1| < |z] < |A,]. Suppose 0 # |[\*| < |\| and write
A = (\))n>_1 where A_; = \*. Let |z| = €' and u,, = log |\,,|. We have

Ga(2) o dist(z,A) |z
ew(A)ﬂ A—‘ = 4+ As| -
D i CToVIE=Y Il DR DR P WAL \HH\A |H
w_/ ~— ~
Il ZZ
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By (2.4)
dlst (z,A) o
I, = o) A
R L \"HMH‘ d
n<p—1 k=0
n p—1
< 2P Z exp [uﬁ“ —(n+1)u, + Zuk — Zuk]
n<p—1 k=0 =
N Z exp [(% +d5u,1;6) — (up2 ! —l—dﬁu )}
n<p—1
< ePt— Bu6+1 Z e—c|up,1—un\
n>0
1 — z
S exp (QO(Z) — (W + 0(1)) (p — 3)21':1 B) S egp( )
and

n—1
I, = |z|P*! Z exp [ugﬂ — (1 +n)u, + Zuk]

n>p k=p
(p+1)t—Buf ! LS 15, 1-8
< el up ; exp | —3 |y — up| + dg |uy, u, |

< orrBult o ele),

Y

So F), the interpolating function belongs to F2°. This ends the proof.

2.3. log-separated sequences. We next set
|z — w)

d(zw) = 1 + min(|z], [w])’

z,w € C.

The sequence X C C is said to be d—separated if there is dy, > 0 such that
inf {d(o,0") : 0,0" € X, 0 # 0"} >ds.

We denote by D(z,r) the euclidean disc of radius r centered at z. For 6 < 1 and 0 # z € C
the ball corresponding to the distance d is given by

Dy(z,0) :={w e C : d(z,w) < d}.

Hence Dy(z,9) is comparable to D(z, ¢s|z|) with a suitable constant ¢s depending on 4.
It follows from this that > is d—separated if and only if there exists ¢ > 0 such that the
euclidean disks D(o, c|o]), o € 3, are disjoint and this is equivalent to the fact that the
sequence {log|o| : ¢ € X} is separated.
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The following lemma was proved in [5] in the case where § = 1 by using Bernstein type
inequality. The proof in the case 0 < § < 1 is different from [5, Lemma 2.6|.

Lemma 2.8. Let I be a sequence given by (1.1). Then
LK) < C@) IFII2 2 (2.5)
vyel

for every f € .7:2 if and only if {log|y| : v € '} is a finite union of separated sequences.

Proof. Let f be a function of ]-"g. According to Lemma 2.6, the system /C, is a Riesz basis
for ]-"3 and hence

fz) = Y (fk) oa(z), z€C,

AEA
where Gy := {g) : A € A} is the unique biorthogonal system of K, and it is given by
1Al Ga(z)

gn(z) = RIS z€C, (2.6)

where GG, is the infinite product associated with A. We then get

Z ’(fakfym>‘2 Z ‘< (f, k) gxn,kym»z

m20 n>0
2
Z ‘Z <f7k>\n> <g)\n7k'ym>‘ .
m>0 n>0

Since the operator f — ((f,ky,)) is an isomorphism between F? and ¢?, then (2.5) is
equivalent to the fact that the matrix C = (C,n), ,, defines a bounded operator in ¢2,
where

||kxn||so2 GA(Ym)
1y o2 |G (An) (A = V)

Denote first by p, = [(1+ 3) (log |7m|)’] — 1. We have

dist (Y, A) pm Y
Galym)| < ——~ -
Gatom) = T T3

[Crml = Ngrns ko) =

Ym

and

G/
| |A|H

e

Hence

T

|Crm| =

ka2 dist(Yms A) [ym|P™
7 A 2.7
Hk’YmHg&Q A — Y| [Aa|? H |)\ |H| k- (2.7)

By (2.2), we have

[ llo2 = len(An)] and &y, [[o2 = lep,, (m)]
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and we get

1277 | 5.2 dist (Y, A -

Conl £ el
||Zn||so2 [An = Yl H| 1£Io
1-8
1 + pm | ¥ diSt(7m7A> —a(n,m)
- | — e ’

where

o= (L0 (e S (ks (1
1 1 1-8 1-8
LY () (e - () )

Now, if || > |An|, then we have dist(v,,, A) < |\, — m|, and hence

=

3 1
8|(14pm) P —(1+4n) P

1Crml S (2.8)

If |vm| < |Anl, then dist(ym,,A) < \)\pm| (or |vm|) and [N, — | =< |Aa]- Again we have
(2.8). So, we get in any case that we have (2.8).

On another hand, by Corollary 2.3 and by (2.7), we get

1-8
logh/m‘ 1 A )— dist(7m7 pm+1 I
Com| 2 ( P (An)=¢(vm) [Ar
log\)\n| ‘)\ —’Ym |>\ |n+1 H‘)\ |H
1+ pm %dist(vm,/\) —&(n,m)
— 17 ‘e ’
14+n [An = Y ’
where
F(n,m) <1+pm)% <1+”>%
a(n,m) = o
14y 2 L py ¥, §5 (1Y :
i) e () T R () R ()
A1) — @)1 +Z 145 3

k=0
1-8

:
-l - (59 1215+10+5 G5 7 -(3) 7]

Again and by the same way as before we get

1 1
s |(14pm) P —(1+n) P

|Cn,m‘ 2 e

Finally,

=
=

—(14n)

(L4pm) P —(14m) )

S |Com| S e
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If {log |7] : v € T'} is a finite union of separated sequences, then C' = (C,,,,) is bounded
in (2,

In the opposite direction, since Ky is a Riesz basis, let g, be the function given in (2.6),
91|22 < 1 and as before we have

NPTk
~ Ser kv(’Y)

> Y 9 (V)

YeINDg(A,5) kV(V)

> E e—csllog || =log|Al|
~Y
~ELND4(A,0)

= Card(I'N Dy(A,0)).
Since dist(y, A) < |y — A|, we get

sup Card(I' N Dy(A,9)) < 0.
AEA

Hence I' is a finite union of d—separated sequence.

3. PROOF OF THEOREM 1.1

Proof. "<="

First of all, since the sequence {log |v,|} is separated, then by Lemma 2.8 the operator
Tt is bounded from ]:3 to /2. On the other hand, the sequence I" is a uniqueness set for
F2, and for any v € I, the sequence I'\ {7} is a zero set of F2. Indeed, let f € F2 such
that fir = 0, then by the Hadamard’s factorization theorem [12] we can write f = hGr,
for an entire function h. Since f € ./73, by Lemma 2.3 we have

e?(2)
< I fllpalkallo2 S ———5 |2l >1.
|z|(log |2|) =
Lemma 2.4 implies that
dist(z, T 1
h) D) e < L s

(1 + |z[)3/2rey ™ ™~ 12|(log |2])

where ¢y = Ay + ¢, for some ¢ small enough so that ¢y < 1/2. Then h must be a
polynomial. Combining this fact with Lemma 2.5, we conclude that A must be identically
zero, and hence I' is a set of uniqueness for ]-"g, therefore Tt is injective. Also since
Trg, = €ny1, the (n + 1)—th element of the canonical basis of ¢2, for every n > 0, where

gn(z) o ||k’Yn||<P,2 GF(Z)

= , ze€C
Gi“(%z) 2= "Tn
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this implies that the range of Tt is dense in /2. In order to prove that the operator Tt is
onto, we associate with each a € ¢? the function as follows

1k [lp2 Gr(2)
Ha(Z) = Z G~ G;(’t) ﬁ, z € C.

The estimate of the reproducing kernel given in Corollary 2.3 and the estimate of G proved
in Lemma 2.4 ensure that the above series converges uniformly on every compact set of
C. It remains now to show that H, € ]-"2. Indeed, since Iy is a Riesz basis for ]-"3 (see
Lemma 2.6), we have

1Hallze = Y [(Ha k)l

yell

m=0
— Z Z a GF()‘M) Hk'yn 0,2 '
m=>0 | n=>0 G/F(’yn)()‘m - ’}/n) ||k)\m||<p,2

Hence {H,}aer2 C ]:3 if and only if the matrix A = (A4,,,,)
in /2, where

.m0 defines a bounded operator

Grdm)  lkylle

Gr(m)Am = 1) [k, 2
Recall that for every z € C there exists p € N such that 7,1 < |z| < |7,|, we have

dist(z,T’ v
Gr(a) = B T 0
k=0

|Anm1| =

2|
and also
1 n—1 ~
|Gr()| X — — 1.
. |7n| ]g Yk

Since 0,, = O((l + n)%_l), there exists M > 0 such that for every m > 0 there exists
li| < M such that the correspond p to \,, is m + i. Consequently,

. m-+i—1 n—1
A, = Iy, llp2 dist(Am, ) [7n] 11 Am JIRESS
’ eanllo2 [Am =l Am 0 Tk g [
By Lemma 2.2 we have
2¢(2)
[E:llGe = len.—1(2)[" + len. (2)] MTE

where n, = [(1+ ) log” |2|]. Again, since 6, = O((1 —|—n)%_1), for every n > 0 there exists
|7] < M satistying
6290(7")

2
320,2 = entj ()l

||kV7L _I_ -
[ )? (log [ ]) '
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Also for every m > 0 we have
e‘p(A”l)

||k:)\m||8072 = em(Am)| =
|Am| (log [Am])

15 °
T4

From these estimates we can write |A,, ;| =< Iy + Jom, Where

m—+i—1 n—1
I — lentilm)l [ Am] 7 H )‘_m H Tk
7 len(Am)] [Am = Yal [Am] o | TRl [Tn
_. Ml emm
|)‘m - 7n|
and
] )\ % )\ m+i—1 )\ n—1
J. = (log | m|)176 eP(m)—e(Am) A H Zm H Tk
(log 7al) = P =l T Lig
Am
_ el e
[ Am — Ynl
To estimate the coefficients I,, ,,, and J,, ,,,, we first write
m+i—1 >\ n—1 ~
Kn,m - H —= H _k .
k=0 Vi k=0 Tn
We next put ug := log |\x| for every k& > 0. We have
m+1—1 n—1 m+i—1 n—1
log Ky = (m + i)ty — n(u, + 0,) — Z uk+2uk — Z Op —l—Zék
k=0 k=0 k=0 k=0
= Umii 7 U0y [ﬁuﬁ“ — n(u, + 5,1)} — [ﬁuf:rll — (m+ z)um}

2
m—+i—1

n—1
s (P =l l) = D et D
k=0 k=0
Hence we have
O, m) = 108 Ky +108 en 5 ()] — 108 em(Aur) + (1t + 6,)

Up — Ut 1 (-2 1-8 2 1—6) ( 1-8 1—5)
2 + <2ﬁ(5 + 1) + O( )) J Uy t um-i—z + B Uy, um—i—z
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Now if n < m + 4, then

]n,m = MGQ(n,m) — e@(mm)

and

1 m+i—1

O(n,m) = — (5 + 0(1)) (Ui — Up) — Z 5
k=n+1
If n > m + i, then
|)‘m - ’}/n|
and
1 n—1
k=m-+i

And hence

Similarly, we have

O(n,m) =log Ky m + ©(7n) — ©(Am) + 1 log 5
Up — Um4i 1 2 1-8 9 1- 1 —B 1+m
— 1 — : 1
5 +<25(ﬁ+1)+0( )) <] u,, zumﬂ)%— 1 og(len)2
m+i—1 n
s (W =) = D Gt D b
k=0 k=0

Now if n < m + 7, we have

J - |)\m| eG(n,m) -

_ 17ml ef(nm)
nm — ~
‘)‘m - 7n|

Y

and

0(n,m) = exp [— G + 0(1)) (s — Un) — mffl 54 .

k=n+1
If n > m +1, then

Jn |)\m| 0(n,m)

- e 0(n,m)+um—un—0bn
7m -
[ Am = Ynl

= e
and

1 n—1
O(n,m) + Uy, — uy — 6, = — (5 + 0(1)) (Up, — Uppai) + Z 0.
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Hence,

n—1
1
Jnm = €xp [— <§ + 0(1)) |[Un = U yi| Z 5k] :

k=m+1
Consequently;,

n—1
1
[Anm| = Lnm+ Jom X exp [_ (_ + 0(1)) Uy — Uy £ Z 5k] :

2 .
k=m+1
Recall that

i 1
Ay = limsup
n Up+N — Un

Which implies that for a very small € (chosen in such a way that Ay 4+ ¢ < 1/2) and for

every n > 0 we have
n—+M

>

k=n+1

< (AN + %) (Uns N — Up) -

Thus,

1 €
[Anm| S exp {_ (5 — (AN + 5) + 0(1)) lw, — umﬂ\} .

Since Ay < %, the matrix A = (A,,,,) defines a bounded operator in ¢? and hence Kr is a
Riesz basis for ]-"3.

||:>||
Proof of (1). Let ¢(r) = @g(r) = (log™ r)1+ﬁ, 0 < B < 1. If Kr is a Riesz basis for
]:ZB then I' is an interpolation sequence for ]-"3 5 and hence for ]—g .- By [5, Corollary 2.3]

{log Yn},=¢ is separated.

Proof of (2). Let I' = {v,} be a sequence of complex numbers such that Kr is a Riesz
basis for ]:;- Then for every v € I' there exists a unique function f, € ]:3 that satisfies
the interpolation problem :

<fv>kv> =1 and <fv>kv> =0, Y el'\{y}.

Consequently, I'\ {7} is a subset of the zero set of the function f,. Since I' (is complete) is
a uniqueness set, then I'\ {7} is exactly the zero set of f,. By the Hadamard’s factorization

theorem we have f.(z) = CG’F(G'yr)igz)—w)’ for some constant ¢ € C. Since, (f,,k,) = 1, we then
get ¢ = ||k, ||p,2. Therefore,
Gr(2)
F(2) = ksl , z€eC.
! TGz =)

Also || fy|l4,2 < 1. Hence,
Q)] < il Bl = lem(Am)l,
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for every A, € A.

Suppose now that (6, /(1 + n)%_l) is unbounded. Without loss of generality we assume

the existence of a subsequence (d,,, /(1 +nk)%_1) which tends to +oo (the case convergence
to —oo is similar). Then, for every k there exists my, such that |ny — my| — oo and 7,
close to A, . we then obtain

e Q)| S Mo, oz = lem, (A I (3.1)
On the other hand, we have ||k, [[,2 > [em,(7s,)] and

np—1 nE—1

[ Ay, — Y| Am / 1 Tn
|Gr(Amy)| = —5—— S 1Grlm )] = -
* |>\mk‘ g J : * h/nk‘ Vi
We next denote n := n; and m := my, if no confusion is possible. The identity (3.1)
becomes
|70l
len(Am)| 2 [frn(Am)] 2 o ‘ em(
Hence,
enlAm) | | Am Am < 1. (3.2)
em(Vn) Tn Tn

Note that we can suppose that |\,,| < |v,| and hence m = n + 0, + 0,,m, where (J))
is a sequence which tends to infinity <5;L = Const(/3)d,/(1 + n)_ 1) and (0,,,,,) bounded
negative sequence such that 6, ,, < —1 (otherwise we replace m by m —m’ for a suitable

integer m’). Thus

log )\—m

n

= Uy — (U, + 0p)

= b ((1+ B)(un +6,)° + 5n,m)% — (Up + 6p)

1
————+0(1) ) Spm(t, + 5,) 7
(ﬁ(ﬁ+1) ()) ml )
Sincen—m-—1=n+0,—m—203,—1=—06,m — 6, — 1, (3.2) becomes

L 1 + 0(1)) O (U, + 5,1)1_5 > ¢p 5nu,11_6

1 2 —(0n+0nm+1) (W

which is impossible.

Proof of (3). Recall first that the matrix of coefficients

GrAm) — lFllee

Anm —
[Ann] ‘Gfp(%)(Am—%>||kAmr|¢,z
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defines a bounded operator in /2. From the proof of the first part we have
mi—1
[Anm|l 2 exp [_w +¢p <ui_ﬁ - u:n_fz) + k;l 5k] .

Assume that for every N > 1, we have

n+N
Ay :=limsup ——— E ol = = —i—e’:‘N
u u
n n+N — Un ke=n+t1

For every N > 1 there exists an integer ny (sufficiently large) such that

nN—l—N
Z 5ol > Uny+N — Uny gNUnNJrN — Uny
2 2
kan-i-l
’le+Nl
e Assume that there exists a subsequence (N;) such that > ¢&x > 0 (n; is the integer
k=n;+1

ny,), we then get

n;+Nj
|A > |Unl - unl+Nl| 1-83 1 B : ! 6
nL+Nl,m| = €Xp _f + g\ Upon, — E k

k TLl+1
1-5 1-
2 exp [05 (uerNl U, B)] .

Which implies that (A,,1n,n,) is unbounded (0 < # < 1) and hence the matrix (A, ,,)

cannot represent a bounded operator in £2.
n;+N;

e There exists Ny > 1 such that for every N > Ny we have > 4, < 0. For every n the
k:nl—i-l

following holds

n+N
UntN — Up 1 -
el 2 o |20 () - 3 .
k=n+1

If (en) contains a subsequence ey which is bounded below by some ¢ > 0 then for N in
this subsequence we have

1- Upy+N — U
e it )« o]

This ensures that (A, ny+n) tends to infinity. Therefore, the matrix A cannot define a
bounded operator in £2. Suppose now that (ey) converges to zero. Simple computations
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yield
N - Upy+N — Un
|ATLN,TLN+N‘ Z exXp _CB (uiNiN _ uyllNﬁ) + E,‘N%}
- 1-8 EN ﬁ(l—l—nN) 1-8 .
Z exp | —Cg (unN—l—N u /3) + — 51— ﬁZ Uy, N Uy B

[/ _ 1+
= exp (uiNiN —uif) <€;V 6(1 _gzN) —Cg)} :

Note that ny can be chosen so large, we then choose the integer ny in such a way that
en(l+ny) > 4%(1 — (%), (0 < B < 1). It follows from this that

1—
Anmwin] 2 exp | (unfin = ulf) (265 = cs)]
= exp [05 (u,lw_ﬁN u ﬁ)]

Thus (A ny+n) y is unbounded and hence the matrix A = (A, ,,) cannot define a bounded

operator in ¢2. This ends the proof.
O

4. PROOF OF THEOREM 1.2

2 C 7

Suppose that Kr is a Riesz basis for F2. Then I' satisfies conditions (1), (2) and (3) of
Theorem 1.1. _

First, the sequence I' = I' U {7} is a uniqueness set for 72°. Indeed, if f is a function

from F2° that vanishes on T, then f = (1 —z/7*)Grh, for an entire function h. Again, the
estimates of Gr imply

dist(z,I")

|h(z)|(1 + |2])1/2+AN+e

SIfRe <1, zeC

Hence,

(1 4 |Z‘)1/2+AN+€
<
LEURS dist(z,T") ~

Since Ay < 1/2, the function h must be identically zero.

ze C\T.

Let us prove that ' = {n}tn>-1 is an interpolating sequence for F2°, where v_; = "
For this, let v = (v,) be a sequence such that [[v[|, 7 < oo and consmler the following
entire function

Z'UnF, z € C.

Z_'Vn)
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where Fp = (1 — 2/9")Gr. Prove that L, € F2°. According to Lemma 2.7, AU {\*} is a
complete interpolating set for F2°, consequently

. Fr(Am i
Mol = 0, (S S = o (S
where
By, = ertr-etn) | ___Frlm)
Fr () (A = )
< cron)stin Gr(Am)

|um _un‘

G ('Vn)()‘m — V)
= |Anml el

where u,, = log |\,|. The estimates of the matrix A = (A, ) imply that L, belongs to Fer.

N

Suppose now that I'U{~*} is a complete interpolating set for Fo° and prove that Kr is a
Riesz basis for 7. That is, T' satisfies conditions (1)-(3) of Theorem 1.1. For that purpose,
firstly I' is d—separated because every interpolating set for ]::;Z is also an interpolating
sequence for F27. Otherwise, remark that

1-8
() =p(Am) |)\ | GF()\m) > (lOg’)/n) 2 ‘ ‘
5 |“in,m]|-

|7n| Gi“('yn)()‘m - ’Yn) ~ (log )\n)%
From the proof of Theorem 1.1. If (J,) contains a subsequence noted (d,,) such that
(6, /(1 + nk)%_l) is unbounded, then (A, ,,) is unbounded and hence for (B,,,,) and this
ensures (2). Suppose now that Ay = 1 +¢ey, for a nonnegative sequence (). Again as in

the proof of Theorem 1.1 the sequence |A,, + N, n.| + [Angnetn, | is unbounded and hence
for the matrix (B, ,,). This proves (3) and ends the proof.

| Bpm| =< €?

5. FINAL REMARKS

The following remark shows that the limit superior in condition (3) in Theorem 1.1 can
be replaced by a supreme. This result implies that for the case f§ = 1 Theorem 1.1 and |5,
Theorem 1.1 are equivalent.

Remark 5.1. Let (0,,) be a sequence of real numbers such that <5n/(1 + n)%_1> € (>°. Let

N be a positive integer and § = ———. The two following conditions are equivalent for
28(1+8) 7
the study of Riesz bases of normalized reproducing kernels for ]-"3
n+N
(1) sup———— o| <0,
n N (1 +n) k;—i-l
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1 n+N
(2) limsup——— Jk| < 0.
" N(1+”)7 ' k:;—i-l

Proof. First, it is obvious that

n+N n+N
limsup—— Op| <sup———— Okl -
n N(1+n k;—i-l ”N(1+n k;i-l

Conversely, let I' = {7,,} be a d—separated sequence of complex numbers ordered in such
a way that |v,| < [Vns1] and write 4, = \,e® e, Suppose that

Ay :=limsup———— 0| <.
n N(1+"__1 k;—l—l

Let € € (0,0 — Ay), there exists m > 0 such that

1 n+N
sup 0l <Ay +e< -
wzm N(1+n)s " Z 4

Consequently, Kr is also a Riesz basis for ]:3. O
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