DRIFT ESTIMATION ON NON COMPACT SUPPORT FOR
DIFFUSION MODELS
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ABSTRACT. In this paper, we study non parametric drift estimation for an ergodic and
B-mixing diffusion process from discrete observation of the sample path. The drift is
estimated on a set A using an approximate regression equation by a least squares contrast
which is minimized over a finite dimensional subspace Sy, of L?(A,dz). This yields a
collection of estimators indexed by the dimension of the projection space. The novelty
here is that, contrary to previous works, the set A is general and may be non compact and
the diffusion coefficient may be unbounded. This induces a restricted set for the possible
dimensions of the projection spaces. Under mild assumptions, risk bounds of a L-risk
are provided where new variance terms are exhibited. A data-driven selection procedure
by penalization is proposed where the dimension of the projection space is chosen within
a random set contrary to usual selection procedures. Risk bounds are obtained showing
that the resulting estimator is adaptive in the sense that its risk achieves automatically
the bias variance compromise. The estimation method is illustrated on simulated data
for several diffusion models. November 8, 2018

1. INTRODUCTION

Non parametric drift estimation for diffusion processes from discrete observations is a
widely investigated subject and to some extent thoroughly known (see e.g. Hoffmann,
1999, Spokoiny, 2000, Gobet et al., 2004, Kutoyants, 2004, Dalalyan, 2005, Kessler et al.,
2012 among many authors). Nevertheless, gaps in this field remain and the aim of this
paper is to fill some of these.

Consider discrete observations with sampling interval A, (X;a)1<i<n+1, of the one-dimensional
diffusion process (X¢)>0, solution of

(1) dX, = b(X,)dt + o(Xy)dW;,  Xo=n,

where (W;) is a Wiener process and 7 is a random variable independent of (W;). Assume
that model (1) is in stationary regime with marginal distribution 7 (z)dz and exponentially
B-mixing. The asymptotic framework is that, as n tends to infinity, the sampling interval
A = A, tends to 0 while the total length time of observations nA, tends to infinity
(high frequency data). The functions b, o are unknown and we are concerned here with
nonparametric estimation of b.

Drift estimation for diffusion models especially in high frequency framework is closely
related to heteroscedastic regression function estimation. Indeed, using equation (1), one
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can build an approximate regression equation. Setting

Xiona — X; 1
%&, A0 (Xia) (Wiis1)a — Wia)
yields Y;ao = b(X;a) + Z;a + remainder, where the remainder term should be small for
small A. This is why regression function estimation methods have been applied for drift
estimation by several authors (see above). A first approach is to estimate both br and 7
and then do the quotient to get an estimator of b, for instance using kernels (see e.g., Efro-
movich, 1999, Tsybakov, 2009, for regression and Kutoyants, 2004 for diffusion models).
There are no support constraints with kernels but the fact that two functions are to be
estimated is a drawback as two smoothing parameters are to be chosen and the quotient
may lead to unstable estimators. The alternative approach (see e.g. Birgé and Massart,
1998, Barron et al., 1999, Baraud, 2002, for regression and Comte et al. (2007) for diffu-
sions) is based on least-squares and sieves. An estimation set A is fixed and a collection of
finite-dimensional subspaces of I.2(A, dz) is chosen. This leads directly, by minimization
of a least-squares contrast on each subspace, to a collection of estimators of b1 4 indexed
by the dimension of the projection space. Then, a data-driven selection procedure is ap-
plied to choose adequately an estimator among the collection. For this method, authors
generally assume that the set A is compact and proofs rely on this constraint.

Recently, the accuracy of least squares approximation in regression estimation is addressed
by Cohen et al. (1993) without any support constraint. Then adaptive regression function
estimation on non compact support is developed in Comte and Genon-Catalot (2018).
These two papers consider only an homoscedastic model. In here, we adapt these results
to drift estimation in diffusion models estimated on non compact support. Moreover, we
consider an unbounded diffusion coefficient ¢(.). We show how the results of Comte et
al. (2007) can be generalized to these two extensions.

Section 2 gives the framework and assumptions on the model. Section 3 concerns the esti-
mation of the drift function and is divided in several subsections. First, the approximate
regression model is precised. Then, the projection estimators of b1 4 are built using a col-
lection of finite-dimensional subspaces of L.2(A, dz) where the estimation set A is a general
Borel subset of R. Due to the non compactness of the estimation set, the possible dimen-
sions of the projection spaces are restricted to a set involving the inverse of a matrix, a
constraint called "regularization” by Cohen et al. (2013). Risk bounds are obtained based
on the expectation of an empirical norm and of the IL?(A, w(z)dz)- norm. The variance
term is completely new and differs from the one obtained in Comte et al. (2007). Exam-
ples of non compactly supported bases are provided and a data-driven procedure to select
among the collection of estimators is proposed. In the selection procedure, the dimension
is selected via a penalization criterion within a random set which is non standard in these
methods and induces difficulties in proofs. Section 4 is devoted to a simulation study.
Some concluding remarks are given in Section 5. Proofs are given in Section 6.

(2) Yian = Zin =

2. ASSUMPTIONS ON THE DIFFUSION MODEL

Consider discrete observations with sampling interval A, (X;a)i<i<n+1, of the diffusion
process (X¢)¢>0, solution of (1) where (W;) is a Wiener process and 7 is a random variable
independent of (W;). The drift function b(.) is unknown and our aim is to propose non-
parametric estimators for it, relying on the sample (X;a)1<i<nt+1. The diffusion coefficient
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02(.) is also unknown and our estimation procedure will not depend on it. The asymptotic
setting is: A = A, tends to 0 and nA,, tends to infinity as n tends to infinity. Without
loss of generality, we assume log nA,, > 1. To simplify notations, we only write A without
the subscript n. However, when speaking of constants, we mean quantities that depend
neither on n nor on A. We consider the following assumptions.

(A1) b,0 € C'(R) and there exists L > 0, such that, for all z € R, |¥/(z)| + |¢o'(x)| < L.

(A2) The scale density
s(z) = exp {—2 /Ox :2(22) du}

satisfies [___s(2)da = +00 = [T s(x)da and the speed density m(z) = 1/(o?(z)s(x))
satisfies fj;o (x)dx = M < 4o0.
(A3) Xy = n has distribution 7 (z)dz given by 7(x) = M ~1m(x).
Under (A1), Equation (1) has a unique strong solution adapted to the filtration (F; =
o(n,Ws,s <t),t >0). The functions b, ¢ have linear growth:

(3) JK,Vx € R, |b(x)| + |o(x)] < K(1+ |z|).

Under the additional assumption (A2), Model (1) admits a unique invariant probability
m(z)dz. And under (A3), (X;) is strictly stationary and ergodic.

(A4) (X;) is geometrically S-mixing: there exist constants K > 0 and 6 > 0 such that:
(4) Bx(t) < Ke™™,

where Bx(t) f+°° x)dzx||Py(x,dx’) — w(2')dx'||ry denotes the S-mixing coef-
ficient of (X;). The norm ||.|7y is the total variation norm and P, denotes the
transition probability.
(A5) ||7loo < 400 (||7||oc = sup,e4 7(z) denotes the sup norm on A).
In Veretennikov (1988) or Pardoux and Veretennikov (2001), sufficient conditions ensuring
(A4) may be found. Assumption (AS5) is only used in Section 3.4. The following result
is used below (see Proposition A, in Gloter (2000)):

Proposition 2.1. Assume (A1)-(A3) and let f : R — R be C' and such that there exists
a constant v > 0 such that, for all z € R, |f'(z)| < c(1 + |z|7). If Eln[F0t7) < 400,

(5) E( sup |f(X) = f(X)[F) < ch*2(1+ Efn| ().
s€[t,t+h]

In particular, Proposition 2.1 applies for b and ¢ with v = 0. In what follows, for a
function h, we denote h4 := hly, ||.|| denotes the LL?-norm, ||.||; the norm in L2(7(x)dx)
and ||.||2,m the Euclidian norm in R™.

3. DRIFT ESTIMATION

3.1. Approximate regression model for the drift. Consider Y;a, Z;a defined in (2)
and set R;n := Ria1 + Rin 2,

H—l)A 1 i+1
Riag = / —o(Xia))dWs,  Ring = / (b(Xs) — b(Xia))ds.
A A Jin
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Then, process (1) satisfies the following relation:
(6) Yia = b(Xia) + Zin + Ria.

Equation (6) is close to an heteroscedastic regression equation where Z;a plays the role
of the noise and R;a is an additional residual term to take into account. This leads us
to apply part of the tools proposed for regression function estimation on non compact
support in Comte and Genon-Catalot (2018) to the present diffusion context. Note that
in this paper, only homoscedastic regression is studied.

Remark 3.1. Decomposition (6) is slightly different from the one used in Comte et
al. (2007) which was Yia = b(Xia) + Zia + Riag, where Zia = A~L [(TD2 5(x )aw,,
The "new” noise Z;a has simpler structure than ZA. This is important for the technical

tools used in the proofs (Talagrand deviation inequalities with coupling method instead
of direct martingale deviations).

3.2. Definition of the projection estimator of the drift. In this section, several
definitions and notations are common or close to the ones used in Comte and Genon-
Catalot (2018) inducing some unavoidable repetitions for the text to be self-contained.
Consider model (1) with observations (X;a)1<i<n+1 decomposed as in (6). Let A C R and
let (¢j,7 =0,...,m—1) be an orthonormal system of A-supported functions belonging to
L2(A, dx). Define S,, = span(yo, ..., Pm_1), the linear space spanned by (©o, ..., Pm_1)-
The ¢;’s may depend on m but this is omitted in notations for simplicity.

We assume that for all 7, fcp?(x)w(:c)dx < +o00, thus S, C L%(A, 7(z)dz), and define an
estimator of the drift function b on A, element of S,,, by:

by, = arg min t
m g o Yn(t)
where 7, (t) is a least-squares contrast given by

(7)) = = i [£*(Xin) — 2Yiat(X; ! Z ia — t(Xia)]® — Z

n
1=1

For functions s, t, we set

n

R 1
117 = - D (Xia), (s,t)n = ~ D s(Xia)t(Xia) and ( Z“Z
i=1

i=1
when 4 is the vector (uq,...,u,)’, @’ the transpose of @, and ¢ a functlon. Let

Dy, = (9j(Xia))1<i<n,0<j<m—1.

and
®) B = (i et dozsicns = 5P U = ([ i@r(In(ds) — —B(E,).
0<j,k<m—1
Set ¥ = (Ya,...,Y,a) and define ¢ = (&(()m), . ,dggl_)l)' as the m-dimensional vector
such that by, = ;n;l &§m)cpj. Assuming that U,, is invertible almost surely (a.s.) yields
m—1
(9) b= >0y, with 6 = (3,8,)718,Y = 9,8,V
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In what follows, the matrices V¥,, and V¥,, play a central role for the comparability of the
norms ||.||r and |[|.||, uniformly over a space S,,. Key tools are deviation inequalities proved
in Cohen al. (2013) and Comte and Genon-Catalot (2018) for independent sequences of
random variables. We extend these to discretely observed diffusion process.

3.3. Risk bounds for the drift estimator.
Notations. For M a matrix, we denote by ||M||op the operator norm defined as the square
root of the largest eigenvalue of M M’. If M is symmetric, it coincides with sup{|\;|} where
A; are the eigenvalues of M.
Decomposition (6) allows to handle a non necessarily bounded volatility function. It
involves the empirical processes:
1 n 1 n
wn(t) = — z;me)a(Xm)(W@H)A = Wia),  Rup(t) =~ z;t(Xm)Rm,k, k=12
1= 1=
(Ry,2 is the same as in Comte et al. (2007)

~—

. The following assumption is required:

—_

(10) L(m) := sup ©3(x) < +oo.

J
€T

3

Il
o

One easily checks that L(m) does not depend on the choice of the L?(dx)-orthonormal
basis of Sy,. If the spaces S,, are nested, i.e. m < m' = S, C S, the map m — L(m)
is increasing. Assuming En? < +o0o and using (3) and (10), we define

(1) b= ([ ei(ehorte)o@ma)ds

To ensure the stability of the least-squares estimator, we must consider a truncated version
of by, given by

= s ~ 0(1 —log2)
(12) b = b 1) (97 fopv i) <ens log2 )y €T Ty

0<j,k<m—1

where Cj is a numerical constant, Cy > 72. The choice of ¢ is done using Proposition
6.1 (1) in Lemma 6.1. Due to 6, the constant ¢ is unknown. To avoid this problem, for
n large enough, we can simply change log?(nA) into log?™¢(nA) with € > 0, and take a
constant ¢ equal to 1. R

Note that, when the spaces S,, are nested and ¥, (resp. W,,) is invertible, m
W Hlop (resp. m H‘T’;@lHop) is non-decreasing (see Proposition 2.2 in Comte and
Genon-Catalot (2018)). We prove:

Proposition 3.1. Let (X;a)i<i<n be observations drawn from model (6) under assump-
tions (A1)-(A4) and (10), with A <1, A = A, — 0 and nA — +oo when n — +00.
Assume that E(n*) < +o0c. Consider the estimator by, of bs. Then for m such that

A
13 L U op V1) < —5—— and m<nA
(13) My V1) € 50 and m <
with ¢ given in (12), we have
~ 64 c
— b2 <7 inf |ba — |2 + — TX[U V20 P12 2
Efllbm — blln] < 7 inf flba =tz + ST, MWy, 02 0 ] + 1A + 1
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~ _ 1
El[jbm — blI7] < ca{inf [lba — 7 + —ATr[\I/ V0 2 U+ A
where c1,co, c3 are positive constants.

Note that, for m satisfying condition (13), ¥,, is invertible and its eigenvalues are lower
bounded by 2mlog?(nA)/cnA. Condition m < nA is actually included in the first part
of (13): indeed, if (0;,5 = 0,. — 1) is an orthonormal basis of S, with respect to
L2(A, 7(x)dz), and K(m) = supa;eA Zm ! 03 (x), then K(m) > m and one can prove that
K(m) < L(m)||9,;}{|op (see Lemma 6.2 in Comte and Genon-Catalot (2018)).

As the spaces S,,, are nested, the bias term, infcg, ||ba —t||> decreases when m increases.
The terms ¢; A 4 co/(nA) are residual terms tending to zero under our asymptotic frame-
work. The novelty is the variance term Tr[¥,, !/ 2\11m702 \11;11/ 2]. It is non-decreasing and
can be upper bounded in several manners (see Proposition below) Note that if o(z) = o,

then U, *W,, >0,/ = 521d,, and Tr[¥,,/* W, 20,,"%] = 6%m.

Proposition 3.2. Let m be an integer. Assume that ¥, is invertible and En? < 4o0.

(1) If the spaces Sy, are nested, then m — Tr[¥,, 1/2\Ilm702 \Ilﬁll/Q] is non-decreasing.
(2) If o is bounded on A, then Te[U/2W, U-12] < |oal’m
(3) Assume that (10) holds, then Tr[¥ _I/Q‘I/m 02\11_1/2] < E[e4(X0)]L(m)[[ % |op-

From (2), if o is bounded on A (compact or not), we recover the result of Comte et al.
(2007), see the penalty term in Theorem 1 therein (which has order [|o||scm/(nA)).
If in addition, A is compact, we can assume that m(z) > my > 0,Vx € A. By Proposition
4.1 in Comte and Genon-Catalot (2018), this implies that |¥; 1o, < 1/m. In such a
case, condition (13) contains all indices up to order nA/log?(nA). Therefore, the result
of Proposition 3.1 encompasses the result given in Proposition 1 of Comte et al. (2007).Note
that, in the latter paper, only the empirical risk is studied.
On the other hand, it is proved in Comte and Genon-Catalot (2018) that, with the non
compactly supported Laguerre and Hermite bases,

a) for all m <n, \/I}m is a.s. invertible;

b) for all m, ¥,, is invertible and there exists a constant ¢* such that, ||V, > c'm.

Mg
Property b) enlightens that || ¥, 1], has a real weight and increases the variance.

3.4. Model selection. We precise condition (10) as follows:
(B1) The collection of spaces S,, is nested (that is S,, C S, for m < m') and such
that, for each m, the basis (¢o,...,¥m—1) of S, satisfies

m—1
(14) L(m) = Z cp?Hoo < cz,m for CZ, > (0 a constant.

j=0
This assumption is shared by most classical bases on a compact support (histograms,
trigonometric polynomials). For non compact support, we have in mind concrete examples
of orthonormal bases. First, for A = R*, the basis of L?(R*, dx) composed of Laguerre
functions (¢;,5 > 0), and S,, = span(lo,...,ly,—1); second, for A = R, the basis of
L%(R,dz) composed of Hermite functions (h;,j > 0), and S, = span(ho, ..., hm-1) (see
Section 4.2 in Comte and Genon-Catalot (2018) and the simulation study below). Laguerre
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and Hermite functions being uniformly bounded functions, condition (14) holds.
We define, for m upper-bounded on A by ||7||s (that is under (A5)), the collection:

9 12 0 nA o
(15) Moa = {m M 0518,V < 3E0S Y 0= go
where 0 is defined in (4) and Cy > 72 is the same as in ¢. The choice of ? comes from
Lemma 6.4 and uses Proposition 6.1, (ii). Due to ||7]|« and 6, the constant 0 is unknown.
As previously, for n large enough, we can simply change log?(nA) into log?™¢(nA) with
€ > 0 and take a constant 0 equal to 1. Note that the constraint on m in M, is stronger
than the one in (13) as m (¥, lop V1) < m (J¥,1[2, v 1).

Introducing the random collection of models //\/TnA given by

— ~ A
16 Moa = {meN, Em(|T12, v 1 <a”},
(16) s = {m e N Em(T1E, V1) < 0o
with 0 defined in (15), we define the data-driven selection of m by
. T,
(17) m = arg min {—||bm|i+ﬁci52w} , 52 :E[0'2(X0)],
meﬁ/l\nA nA

where k is a numerical constant. The set .K/l\nA is the empirical counterpart of Mj,a
defined by (15), with constant multiplied by 4. This is different from the usual selection
procedures where tlr/lg set of possible values for choosing the dimension m is nonrandom.
Note that for m € M,a, Bm = b,,, and these are the only m which are considered.

Theorem 3.1. Let (X;a)i1<i<n be observations from model (6). Assume that (A1)-(A5)
and (B1) hold and that En® < 4o00. Assume that A = A, — 0 and nA — +oo when
n — +oo. Then, there exists a numerical constant kg such that for Kk > kg, we have

- V| c1log?(nA)
o —ball?) < i i 2 2 27 Wry llop ¢ log (na)
(18) E(Hbm bAHn) = Cmeljr\l/fl‘nA[té%i”bA t||7r + KC,S nA ] +alA+ nA >
and
. V| cylog?(nA)
o 2\ . . 2 5 2m|[ ¥ op / 2
(19) (b —bal) < C1inf [ inf [log —t]2 + nede? BRSO

where C, Cy are numerical constants and cy, ca, ¢y, ¢y are constants depending on m, b, o.

Inequalities (18) and (19) show that the estimator by, automatically realizes the com-
promise between the squared bias and the variance bound. The results are a substantial
generalization of Theorem 1 in Comte et al. (2007). In section 4, we explain how to
estimate s? and how to fix .

4. SIMULATION STUDY
Samples (X;a)1<i<n from the following models were generated for (n, A) = (100000, 0.02)
(nA = 2000) and for (n,A) = (50000, 0.01) (nA = 500).

Example 1. Hyperbolic diffusion. The model dX; = —0X; dt+v+/1 + X2dW;, Xo =1,
is simulated by a Euler scheme with step d. We keep one out of 10 observations i.e.
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A = 106. Assumptions (A1)-(A2) hold for # > —~2/2. The invariant density is propor-
tional to 1/(1 + 22)'*(/7*) and [ ain(z)dx < +oo for § > 3¢?/2. We chose 6 = 2 and
v =+/1/2. Setting Y; = arg shX;, we see that the process (Y;) satisfies the conditions of
Pardoux and Veretennikov (2001) ensuring the exponential S-mixing property. Therefore,
(X¢) satisfies (A4). For simplicity, as the invariant distribution is centered, instead of
starting the process with the invariant distribution, we set Xy = 0.

Example 1 Example 2

=t -0.5 o 05 1 =1 -0.5 o 05 1

m = 5.2 (0.9), Mmax = 6.2 (0.5) m = 4.2 (0.4), Mmax = 5 (0)

m = 6.0 (0.6), Mmax = 9.9 (1.0) m = 5.2 (1.0), Mmax = 7 (0)

FIGURE 1. 25 estimated curves in Hermite basis (dotted-green), the true
in bold (red), nA = 500, top and nA = 2000, bottom.

Example 1 Example 2
nA =500 | 0.56 (0.005) 0.57 (0.004) | 1.38 (0.046) 1.410 (0.048)
nA = 2000 | 0.55 (0.003) 0.57 (0.002) | 1.33 (0.021) 1.40 (0.024)

TABLE 1. Estimation of s? = E[0?(X)] associated with the paths in Figure 1.

The other examples are obtained from a d-dimensional Ornstein-Uhlenbeck process (Ut)¢>0,
with dynamics given by
2

2
(20) AU, = —3 Usdt + %th, Uy ~ N'(0, L

4kId>'
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Exact simulation is generated with step A by computing

2 —kA
75(1—e™ ")
4k La).

Example 2. X; = tanh(U;) where U, is defined by (20) with d = 1 is solution of (1) with

_kA
Upsa =€ 2 Upa +€pynas  eka ~id N (0,

4

Example 3. X; = exp(U;) where U, is defined by (20) with d = 1 is solution of (1) with

2

b(z) ==z <—]; log(x) + %

k 2
b(z) = (1 —2?) <—2atanh(x) - 7x> , o(x) = %(1 —2?), with k=4 and v = 2.

) , o(z) = %x, with £k =1 and v =1/2.

Example 4. Cox-Ingersoll-Ross or square-root process. We take X; = ||Uy||3 ; where Uy
is defined by (20) with d = 3 is solution of (1) with

d 2
dX, = (% — kXy)dt + /X dW,

where W/ is a standard brownian motion. We take £k = 2 and v = 1.

In examples 2,3.4, the models are strictly stationary, ergodic and S-mixing but the func-
tions b,0 do not satisfy (A1l). Nevertheless, we implement the estimation method as
a specific study would show that our results hold. Examples 3,4 provide nonnegative
processes and allow to use Laguerre basis.

Implementation is done with either the Laguerre basis (A = R™) or the Hermite basis
(A =R) which are easy to handle in practice.
e Laguerre basis, A = R*. The Laguerre polynomials (L;) and the Laguerre functions
;) are given by

J N
k(J\T _ )
(21) Lj(z) = kz_o(—l) (/{:)k" 0i(r) = V2L;(2z)e 1450, j > 0.
The collection (£;);>0 constitutes a complete orthonormal system on L?(RT) satisfying
(see Abramowitz and Stegun (1964)): Vj > 0, Va € RT, |¢;(z)| < v/2. The collection of
models (S, = span{{y,...,¢n—_1}) is nested and obviously (14) holds with C?D =2.

e Hermite basis, A = R. The Hermite polynomial and the Hermite function of order j are
given, for j > 0, by:

2 dj 2 2 i. —-1/2
P hile) = o H()e T o= (2vm) Y
The sequence (h;,j > 0) is an orthonormal basis of L?(R, dz). Moreover (see Abramowitz
and Stegun (1964), Szegd (1959) p.242), ||hillo < ®o, P =~ 1,086435/7/4 ~ 0.8160, so
that (14) holds with ¢ = ®§. The collection of models (S, = span{ho, ..., hm_1}) is obvi-

ously nested. Laguerre polynomials were computed using formula (21) and Hermite poly-
nomials with Hy(z) =1, Hi(x) = x and the recursion H,,11(x) = 22H,(z) — 2nH,_1(z).

(22)  Hj() = (~1)e

The computation of the set .//\/\ln raises a problem: the value given by the theory, namely
m||¥;H|2, is always very large so that the set of possible m’s is reduced to {1}. Therefore
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Example 3 Example 4
m = 3.5 (0.5), Mmax = 4 (0) m = 3.9 (0.3), Mmax = 4.1 (0.2)
m = 3.9 (0.3), Mmax = 5 (0) m =4 (0), Mmax = 5.2 (0.4)

FIGURE 2. 25 estimated curves in Laguerre basis (dotted-green), the true
in bold (red), nA = 500, top and nA = 2000, bottom.

Example 3 Example 4
52 $2 52 $2
nA =500 | 0.07 (0.004) 0.07 (0.004) | 0.37 (0.01) 0.37 (0.01)
nA = 2000 | 0.07 (0.002) 0.07 (0.002) | 0.36 (0.007) 0.37 (0.007)

TABLE 2. Estimation of s> = E[0?(X()] associated with the paths of Figure 2.

a 1 ;11]](1){,4 < [nA/(log(nA))?1}. Numerically,
we obtain M} = {1,..., Mmax}, With Mpax < 10, which is more satisfactory.
The term s? := E[0?(Xa)] is estimated by residual least squares corresponding to this

maximal dimension,

we choose a larger set given by ./{/l\; = {m, | ¥

A& -
= =) [Yia = b (Xin)]%.
S n Z[ A b Illax( A)]

In Tables 1-2, we compare it with s2 = (1/n) Y ", 0%(X;a), a pseudo-estimator using
the (unavailable) knowledge of the function ¢2. The comparison is done for the 25 paths
generated for Figures 1-2: we can see that the estimation is quite good.

The constant k is standardly calibrated by preliminary simulations and taken equal to
k = 2.107%. It is not surprising that x must be chosen very small: this is due to the
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fact that mH\T/;llHOp is large, as noted above. The penalty is taken equal to pen(m) =

KciSQmH\Tlr_anOp/(nA) and 7 is selected as the minimizer of —||b,,||2 + peni(m).

We present in Figures 1-2 beams of 25 estimators b corresponding to 25 simulated
trajectories of each model using the Hermite basis for examples 1 and 2 and Laguerre basis
for examples 3 and 4. We stress that the value of m is rather small: under each graph,
we give the mean 7 computed over the 25 estimators and the mean of the maximal value
Mmax, both with standard deviation in parenthesis. It is noteworthy that the function is
very well reconstructed using a small number of coefficients.

5. CONCLUDING REMARKS

In this paper, we revisit the problem of nonparametric drift estimation for an ergodic
diffusion from discrete observations of the sample path. As in Comte et al., 2007, an
estimation set A is chosen. The drift function is estimated on A using an approximate
regression equation by a least squares contrast which is minimized over a finite dimensional
subspace S, of L2(A, dz). This yields a collection of estimators indexed by the dimension
of the projection space. A data-driven procedure is proposed to select the best dimension
using a penalization criterion. While in Comte et al., 2007, the set A must be compact and
the diffusion coefficient must be uniformly bounded, the novelty of the present paper is to
get rid of these two assumptions. This leads to considerable modifications in the method of
estimation and complicates a lot proofs. First, we rely on a slightly different approximate
regression equation. This allows to modify the way of dealing with the adaptive procedure.
Second, the possible dimensions to define the projection estimators are restricted to a set
involving the inversion of a matrix which does not even appear when the set A is compact.
In the risk bounds, the variance term is different from the case where A is compact and
o(.) bounded. Moreover, to define the adaptive procedure, the adequate dimension is to
be selected within a random set. This induces difficulties and a non standard treatment
of the classical method of penalization. The estimator obtained is nevertheless adaptive
in the sense that its L2-risk achieves the best compromise between the square bias and
the new variance term.

An important question may be to look at rates of convergence and optimality in this new
setting. This is treated in the case of the simple regression model with independent data
on non compact support in Comte and Genon-Catalot (2018) and is worth of interest in
the diffusion context.

Estimation of o2 could be investigated too under the same set of assumptions but leads
to rather lengthy developments.

6. PROOFS

6.1. Preliminary properties. Consider the set where the empirical and L?(A, 7(z)dx)-
norms on S, are equivalent:
2
IS
117

We generalize to the diffusion context Proposition 2.3 of Comte and Genon-Catalot (2018)(see
also Theorem 1 of Cohen et al. (1993) for part (i)).

(23) Q) = { sup

tESm, t#0
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Proposition 6.1. Let (X; ) be a discrete sampling of the process (X;) given by (1) and
assume (A1)-(A4) (thus ( iA)i 1s strictly stationary and geometrically B-mizing with [3-
mizing coefficients satisfying ,6’(2) = Bx(iA) < Ke= %2 for some constants K > 0,0 > 0).
Consider a basis satisfying (10) and let 1d,, denotes the m x m identity matriz.

(i) Assume that U, is invertible. For U,, defined by Equation (8), for all u € [0, 1]

P(Qn(w)) = P[0, 200,12 = Tdyop > o]

nAf c(u) > 4 0
121og(nA) L(m)(|[¥m'llop V1))~ 6(nA)>’

< 4dmexp (—

where c(u) = u+ (1 —u)log(l — u).
(ii) If in addition (A5) holds, then, for all u > 0,

nAfu2 /2 > 0
(

P, — U, > } <4 - '
I lop > u| < 4mexp < 12L(m) log(nA) (|[7llee V 1+ 2u/3) ) " 6(nA)5

6.2. Proof of Proposition 6.1. For t = Z;”:_Ol zip; in Sy, [[t]2 = ZV,7, |t|]2 =
#'V,,7. Thus,

sup Z [t2(X;) — Bt (X,)]| = sup #V,, 7 — :E'\Ilmf‘
t€Sm, [[tll==1|" ZER™ |3 *E||2,m=1
_ sup TUV2(T,, — \I;m)\y;}/%‘ = U220, 02— Tdu,op.
TeR™,||d]|2,m=1
Hence,
(24) Qo) = {195, 2T W2 — Tl > u}

Now, we consider the coupling method and the associated variables (X, ) with Berbee’s
Lemma, see Berbee (1979), with the method described in Viennet (1997, Prop.5.1 and its
proof p.484). Assume for simplicity that n = 2p,q, for integers p,,g,. Then there exist
random variables X\, 7 = 1, ..., n satisfying the following properties:

e For /=0,...,p, — 1, the random vectors

— / % * * !
Xf,l = (X(%qn-i-l)ﬁ? ceey X(%-i-l)an) and Xé,l = (X(qun—i-l)A’ ey X(%—i—l)an)
have the same distribution, and so have the random vectors
— / T x * £ !
Xeo = (X[@er1)gat1)as - X(2042)g,0) and Xjp = (X[(2€+1)qn+1]A’ ---:X(ze+2)qna) '
e For/=0,...,p, — 1,
25) P [Xe £ K] < Blan) = Bx(gad) and P[Kes # K7p| < Bx(gad).
e For each ¢ € {1,2}, the random vectors )Zgé, ""X;nfl 5 are independent.
Then let Q* = {X;a = X\, =1,...,n} and write that
P [Hldm — U2, 2| > u} < P [{Hldm — M2, 02| > u) N Q]
(26) +P[(2%)€].
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Using the definition of the variables X7\, we get P[(Q2*)¢] < 2p,fx(gnl) < 2ppedans,
Choosing ¢, A = 6log(nA)/0, thus 2p, = n/q, = nAf/6log(nA), yields

e OnA o
(27) PUOYT = Grogmd)md)E = 6(na)

Now, we write S;, = (1/2)(Sy,,1 + Sm,2) where S,, is given by

~ 1 <&
=02y 2 g = = K,,(X;A) — E[K,,(X;
S m m d nZ{ (Xia) (Ko (Xia)l}s

(28)  Kn(Xia) = U, 2K (Xin) U2 Kn(Xia) = (9 (Xia)or(Xin))o<jhem—1,
with obviously E [K,,(X;a)] = Id,,. Here, S;, 1 is built with the )_Ql:

pn—1 gn

Dn Z Z{K X(%q +r)A )_ (Km(X(%qn-‘rr)A))}

and S,, 2 is analogously defined with the X ¢,2. We have
P [{|[Idm — ;20 0,2 |lop > u} N Q] = P{|ISm1+ Smallop > 2u} N Q7]
(29) < P [HS allop > u] +P [HS 2llop > u]

where Sm 5> 0 = 1,2 are built on the X /5. The two terms are similar so we only treat one.

We write
pn—1

= G; —1d,, where Gj=—— K,,
m,l — Z 4 J4 D n TZl 2£qn+r )

As ||G}llop < L(m )||\I/;}Hc,p/pn7 by Theorem 1 in Cohen et al. (2013) and Lemma 6.2 in

Comte and Genon-Catalot (2018), we get

c(u)pn
B8}, 1lop > w) < 2mexp <_> |
o L) [ lop

Using the definition of p,,, gives the result (i) of Proposition 6.1.
To prove (ii), we proceed similarly and bound P [{H\I/ - (I\/mHop >upnQ*|. We

write Sy, = (1/2)(Sm.1 + Sm.2) where (K., is defined by (28)):

5, = %Z{Rmum) E [Ryp(Xia)|} = B — 0,

pn—1 dn
Sm,l = - Z q Z{K (2lgn+r)A )_E(Km(X(%qn-i-r)A))}
nor=1

is built with the X, ¢,1 and Sm,z is analogously defined with the X 2. As above,

(30) P [{ITm— Tmllop > w} 97| < BI85 llop > u] + P IS 2llop > u]
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where S* "o for 6 = 1,2 are built on the XZ‘ s- We treat only the first term applying
Tropp’s result to S m. Which is a sum of p, independent matrices. It is clear that for all

0r, [[Km(X (qun+r)A)||op < L(m) a.s. and thus

L(m)

n

4 L(m)log(nA)

2
= — = L
0 nA

||ZK Xiotgnira) — EEm (X 41ya))llop < 2

Pndn —

Now, we must bound the variance of S7, ;. We have

2

v(Smi) = — sup Ef— [Z(Km( ra) — E(Km( m)))]l‘
pn Hf”zm:l qn r=1 27m
Next
_ 1 n 2
El = E q7 Z(Km( :A)_E(Km( :A)))] z
n r=1 2,m
1 m—1 gn m—1 T
= -5 Var Z@j(XTA)SDk(XTA)xk
In j=0 r=1 k=0 i
1 m—1 gn m—1 b m—1
= — Var | > ¢ (Xea)pr(Xra)zi| = D Var Z 2i(Xra)on(Xra)w ]
A, k=0 4 j=0

Therefore, for ||z|l2,m =1,

m—

2 1 2
E, < Z <Z% ra)r(Xra)z > < L(m)E (kz_[)wk(XrA)ka)

J=0

/(Zsok ) (w)du < L(m)|7]loo.

Thus, V(S,*nJ) < L(m) ||7]leo/Pn = (12/0)(L(m)log(nA)/nA) using the definition of g,.
Finally, applying Theorem 6.1 and joining the analogous of (26), (27), (30), the value of
L and the bound on v(S;, ;) gives (ii). O

6.3. Proof of Proposition 3.1. We define the sets

A oz |1
A, = \1110v1 §cn} ande::Qm12:{ L1 <, VteS,p.
{Em 031 v1) < e /2 ={|iE -1 < 5

Below, we prove the following lemma

Lemma 6.1. Under the assumptions of Proposition 3.1, for m satisfying (13), we have
P(A7,) < ¢/(nA)°, P(Q,) < ¢/(nA)°

. L, 0(1—log2)
where ¢ is a positive constant, for any ¢ < %<1z -
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Now, we write

b = balla = [Ibm = ballZ1a,, + [ball21ag,

(31) = b — ball21a000 + 10m — bal21a00s, + [[ba]l21Ac .

We bound successively the expectation of the three terms.

e Study of IE(||ZA7m —ball214,,n0.,)-
The following equality holds, for all functions s,tin S,:
(32) (1) = () = It = bll7 = lls = bl — 2vn(t — 5) = 2Ry 1 (t — 8) — 2R a(t — 5).

Thus v (bm) < Yn(by), for any function by, in S,,, implies

(33)  Nlbm — blI2 < [lbne — blI2 + 20 (b — bin) + 2R 1 (b — byn) + 2Rn2 (b — bim).
We first study the last term. In the same way as Comte et al. (2007) p.531, we have

8

R 1. , n (k+1)A 2
22— b) < <llbm — bull2 + /m (B(X,) — b(Xga))ds
k=1

Now, using (5) for f = b, we get

IN

(k+1)A 2 (k+1)A
E (/ (b(Xs) — b(XkA))dS> A E[(b(Xs) — b(Xga))?]ds
kA kA

cA3(1 + En?).

IA

Thus, we have:
. 1 .
2E [Rn,Q(bm — bm)lAmem} < gE[Hbm — b2 1A,,00,] + 8 A

1 N 1
(34) < Bl — b2 an0,] + EIID = bnl314,.00,.] + 8¢A,

For the two other terms to study in (33), we write

2K |:(7/n(i)m - bm) + Rn,l(i)m - bm))ll\mﬂﬂm}

< E

1 .
g”bm - bmH72TlAmﬂQm +38 sSup [n(t) + le(t)]zl
tESm,||t]|x=1

Then, by the definition of €2,,, we have

1 - 1 =«
gl bl 10| < B[l buliTaen, ]

1 - 1
(35) < Bl U Lan 4B [0 0l Lann .
Moreover
SE(  sup  [vn(t) + Ru1 (D)) <16E(  sup  v2(t)+ sup  RZ(1)).
tESm, ||t =1 tESm, ||t =1 t€Sm,Itl==1

Now the following result holds.
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Lemma 6.2. Under the assumptions of Proposition 3.1, we have

1
(36) E{ sup  wp(t) | = ST 120,, o 012,
HE S|t =1 nA ’
(37) E( sup R2,(t)) < CA.
t€Sm, tllx=1
Therefore, gathering (33), (34), (35), (36) and (37) we get, for m satisfying (13),
Letig 2 7 2 16 ~1/2 ~1/2

e Study of E(HbAHngA,cn)'
We use Lemma 6.1. By the Cauchy-Schwarz inequality, E(|[ba|21xc ) < cEV2[b4(X0)]/ (nA)?
with the bound on P(AS,) given in Lemma 6.1.

o Study of E(||by, — bal21a,.00¢ )-

We introduce the operator II,,, of orthogonal projection, for the scalar product of R”, onto
the subspace {(t(Xa),...,t(X(na),t € Sy} of R™ and denote by II,,b4 the projection of
b= (ba(XA)s .-, 04(Xna). We can write:

(38) b — b2 = [|ba — b all2 + [ Tiba — bal2 < [[bm — Winbal|2 + [|ba]2.

Recall that (see (6)) Yia = b(Xga) + Exa with Exa = Zgxa + Rra. Elementary compu-
tations yield:

m—1
- 1 ~ ~ =
Waba = (Y i (Xpa) k=1,...,0)  with &™) =~ 13,5y,
n
=0
while by, = (Z;n:_ol &§m)<pj(XkA),k = 1,...,n) with a(™ = %\/I};nl@m? Therefore,

setting F = (Ra+ ZA, ..., Roa + Zpp)', we have

b~ bally = (@™ —a™)pi(Xia) | = @0 = YT (@ - G0
i=1 7=0
= B, (@) E < 5 o (@) B/l
- TL2 m*m m —= m |lop m 2m-
On A, H\T/;llHop < enA/L(m)log?(nA). Consequently,
A A ~ =
Ellby — ball21pn roe ] < c— = RY2(|(,,) E/nl%. YPY2(0F
[ A Lusny] < et BB Bl PO

We can prove the following Lemma:

Lemma 6.3. Under the assumptions of Proposition 3.1, we have for C' > 0 a constant,
A? 1

E(||(2m)'E/nll3,m) < CmL?(m)( 5t W)'
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Using Lemma 6.3, the bound on P(Q)) given in Lemma 6.1 and the fact that m < nA,
we get E(||by, — ball21,,n0:,) < ¢/(nA) for a constant ¢ > 0.
Gathering the three bounds and plugging them in (31) implies the first result of result of
Proposition 3.1.

To get the result in L?(7)-norm, we write analogously:

(39) B = ball2 = [lbm — bal21a,n00m + bm — ball21a,000, + [[ball21ae, -

For any t € S,,, we have using (x +y)? < (1 +1/60)z% + (1 + 0)y? with § = 4,
. 5 -
lom = ballZlamnen < Jlbm = tlzlanne, + 501t = ballz1lann0n,

< 2o~ 11 anr 5l bl a0,
by using the definition of €2,,. We insert b4 again and get:
b = ball21a,n0, < 5llbm = balli1a,n0,, + 51ba = tR1a,00,, + 5t = bal21a,.00,,.-
Therefore taking expectation and applying the first result of Proposition 3.1 yield
Te[U, 20, 0,

m,02*m ]

nA
Next, we study E (HBm - bAnglAmﬂﬂfn> +E(||bal|214c ). For the first term, we write that

b = ballZ < 2(lbm 12 + [[b4]2) and
2

m—1
[y =/ > ajei(@) | w(@)de = (@) W a0 < ([T lop @™ 13 -
j=0

E <||z§m _ bA||;i1Ammm) <45 inf (¢ - ball2) +5 x 64

First, under || 3°7%, P3lloo < L(m), we get

m—1
1Vllop =  sup 'V, 7= sup / Z zjpi(u) | m(u)du
[1Z]l2,m=1 [&12,m=1 =0

m—1 m—
< sup / a:? <pj2(u) m(u)du < L(m).

lZ]l2,m=1

Next, a3, = (1/n?) 103! 91, V(3 < (1/n%) 05 913, 3, and

m
195802 = e (U @B @01 ) =m0 = 20195 o

Therefore, on A, we have L(m)(H\TI;@lHOp V1) < enA, and thus

e o LT e (o -
w2 < = ler (S7yE ) <oa(3OVA ).
=1 i=1

Then as B[S0, YA)? < n?E(VA), we get

E(|lbm31a,n05,) < \/IE(HEmII?r)P(Q%q,) < CEV2(YAnAPY2(Q,) < ¢/ (nA)
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as E[YA] < ¢A% On the other hand E(|[ba|21lq: ) < [[ba]2P(Q5,) < ¢”/(nA)>. Thus
E <||3m — bA||3rlQ$ﬂ) < ¢1/(nA). Joining the bounds for the three terms of (39) ends the
proof of the second Inequality of Proposition 3.1. [J

6.4. Proof of Lemma 6.1. We use Proposition 6.1, (i) for v = 1/2 and condition (10)
to get that
0(1 — log2)lognA n 0 < C

24¢/2 6(nA)® — (nA)>
for ¢ < (6(1 —log2))/(6 x 12). Besides, in Comte and Genon-Catalot (2018), Lemma 6.3,
it is proved that P(AS,) < P(Q2,) = P[|Um” T ¥m’? — Idplop > 1/2]. The proof of
Lemma 6.1 is thus complete. [

P(Q,) = B(Q(1/2)°) < 4nAexp | -

6.5. Proof of Lemma 6.2. e Proof of equality (36).
Write that

2 2
sup  vp(t) = sup (2, t)7
tESm, ||t~ =1 teSm,H‘I/}nQﬁHz m=1,t= Z] 0 ey

where 52 is the n-dimensional vector with coordinates o(Xia)ei, t = 1,...n and g; =
- = 2, —1rg,—1/2

(Wiigna—Wia)/A. Let t = Zm 01 a;pj where @ = \I/ml/ ,thatisa; = ;":01 [\I/ml/ 1 kU

and ||@]|2,m = 1. Then t = Zk % uk(zgn_ol [qf,}l/zbkcpj). By the Cauchy-Schwarz inequal-

ity, we have (78,t)2 < 327 ( D [ v, 2] k)2, and more precisely,
m—1 m—1
sup (@, t)n =Y (@ > W ke
tESm7”\I’1/2a”2,'m—1 k=0 ]:0
Therefore,
m—1 m—1
E sup @&t | =D E| (@) (9 ke0m
L€ S, | W3 "2, m=1 k=0 i=0

Then using that, for any function ¢ bounded, Ele;ext)(X;a)1¥(Xka)] is equal to 0 if ¢ # k
and to E(¢2(Xy))/A if i = k, we get

2

m—1 m—1
_ 1
E( (@2 ) (9, 2 nein | = EE o (X Z /2];.505(Xo)
j=0 =0
1 _
= Y Rl e el
0<j,6<m—1

We thus obtain equality (36) as

1
E sup (@t tr | = D A2l P | e A | Ry Py

- nA
€S ||, *all2,m=1 0<j,kb<m—1

1
- T [\Ix;nl/zq/mﬁggqf;}/z .

n
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e Proof of bound (37). Now write

2 2
sup Ry, (t) = sup Ry, (1)
teS”n’Ht”"':l tGSm:”\pl/QAHZ m=1t= Zj =0 G‘J@]

Let t = Z?:BI ajp; where @ = \Ifml/2_' | @]|2,m = 1. Then (as above):

m—1 m—1 m—1 m—1
—1/2 —1 2
b= e | Y (9, ikp; | and R Ry | D195 e
k=0 7=0 k=0 7=0
Therefore,

m— m—1

—-1/2

E sup Z [\ PRXES

teSm,H\Ijl/Q‘l”Q;’n—l k=0 ]:0

Then using that the ];(i—H)A(O'(XS) — 0(X;a))dW, and X, j < i are uncorrelated and
the terms are centered, and that the process (X;) is stationary, we get
2

m—1 m—1
E |R;, (@205 = *E Raq [ Y1952 005(Xa)
j=0 §=0
Therefore,

m—1
E( 5 Sup Ri;(ﬂ) < Z [ Lk ek (05(Xa)pe(Xa)RA L)
t€Sm, ||t r=1 0<;

L<m
m—1
1
< = > <Z[ 25T > (05(Xa)pe(Xa)RA 1)
0<jl<m—1 \ k=0
1 _
= = > [3E (95 (Xa)pe(Xa)RA )
0<j,0<m—1
1 2A 2 -1
o LY, uopE!( / (U(Xs)—a(XA))dWS> B A 0] L
nA A n

since by (5) for f =0, E [ zA(a(XS) - O'(XA))2de| < eA%(1+En?). Now, for m satisfying
(13), L(m) |V op < cnA/21og?(nA) < ecnA. Thus,

tE€Sm, [Itl==1

E ( sup Ri’l(t)> < C'A.

This ends the proof of (37) and of Lemma 6.2. J

6.6. Proof of Lemma 6.3. Set

n

m—1
N? = |0 @, El3,, =n> Y (O ¢i(Xia)Ein)®

j=0 i=1
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where Ejn = & [{FD2(5(X,)—b(Xin))ds+L [TV 0(X,)dW,. We can write 7| ¢;(Xin) Ein =
S DA gD g 4 fO"“)A EYdw, with

, 1 — , 1 —
HS(]) = A Z 1]iA,(i+l)A] (3)90]'(XiA)(b(Xs)_b(XiA))a Ks(]) = A Z 1]iA,(i+1)A] (S)(PJ(XZ'A)O'(XS)'
i=1 1=1

Therefore,

, 1 m=1 / (nt1)A " (n+1)A . 2
N = Hs'] dS + / KSJ dWs
(nA)* | 4 /0 0

IN
oo
3
>3
=
-~
c\
£
T
S
oW
o
~
=
+
N
o\
)
T
S
I
>
ISH
=
~

We bound successively the expectation of the two terms. By (10), > 70, <p4 < L*(m), so:

1 m=1 .(nt+1)A iy ) 1 n (i+1)A , , y
_ < _ _ )
AEjZO/o (H)ds < L (m)A]E;_l:/m (b(X,) — b(X;a))*ds

IN

cL?(m)nA%(1 +E(n").
Next, using the Burkholder-Davis-Gundy and the Cauchy-Schwarz inequalities yields

IN
E
&=
g
3
>
B
-
oy
AN
.
2
3
>
&=
g
S—
qﬁlk
s
B

C/
< ArLAm)A)Ee () < L% (m)(nA)*E(1+ 1)
Finally, EN* < CmL?(m)(A?n=3 4+ (nA)~2), which is the result of Lemma 6.3. [J

6.7. Proof of Proposition 3.2. (1) The result follows from equality (36) and the fact
that the spaces are nested.

(2) For the second point, we use: Tr[W¥,, 1/2\Ilm702\1!,}1/2] < m||\Ilfnl/2\IJmU 1/2Hop Then,
H\I/;mlﬂqjm,:ﬂ \1}771 ||0P = sup x/\y;zl/z\pm,zﬂ \I’;zl/%: = sup Y \I’m,tﬂy-
Iel2.m=1 v yll2,m=1

Now, if o is bounded on A, y'¥,, ;2y is equal to

m—1
[ wei@ot@nas < o) i / Z i3 (@) r(a)do =
=0
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Thus, Tr[\I/,;l/Qqu’Ug\I/;ll/Q] < m||o?]|co-

(3) Let us prove the other variance bound. We recall that ||A|% = Tr(4AA") = Tr(A'A).

Writing that \11;1/2‘11,%02 111%1/2 = (\11%1/2\117171/7202)(\117711/2\11717{’202)', we have
] e L s o

m,o?

Using [|ABIIE < [ AlIE[IBIS,,

_ — — 1/2 _
(40) T [0, e W] < U R = 0 o TH(W, ).

m,o2
Lastly Tr(V,, ,2) = Z;n;(]l S (,O?(:L‘)O’Q(x)ﬂ'(x)dl‘ < L(m)E[0%(X0)] gives bound (3).
6.8. Proof of Theorem 3.1. We follow the scheme of Theorem 4.1 in Comte and Genon-

Catalot (2018). But here, the variables are not independent, the function o(.) is unbounded
and there are two other main differences:

e the penalty

2 am|[¥ lop

(41) pen(m) = kc,s -
is random and has to be compared to its deterministic counterpart, pen(m) =
K s m|[ U5 lop/n,

e there are the two additional terms, R, and R, 2.

We denote by ]\/ZnA the maximal element of /\//\lnA defined by (16), by M, the maximal
element of M, defined by (15) and by M, the maximal element of the set defined by

nA

+ 2 —12
(42) MnA—{mEN, (013 V1) £ R

} , with 0 is given in (16).
The value ]\/ZTHA is random but thanks to the constants associated with the sets, with large
probability, we prove Mpa < Mpa < MnJrA or equivalently Mya C Mua C M;LFA. Set

(43) EnA = {MnA C /\//\lnA C M:;A} . Qua = anEM:AQm‘

Lemma 6.4. Under the Assumptions of Theorem 3.1, P(Q% ) < ¢/(nA)* and P(ZE¢ \) <
d /(nA)*, where ¢, ¢ are positive constants.

We do not give a detailed proof of this Lemma. As 40 < ¢/2, the first bound of Lemma 6.4
is a simple consequence of Lemma 6.1. The proof of the second bound is not immediate
but quite similar to the one of Lemma 6.6 in Comte and Genon-Catalot (2018). It relies
on Inequality (ii) of Proposition 6.1 and this is the only place where this inequality is
applied.

Now we write the decomposition:

bi—ba = (bs —ba)lz,, + (b — ba)lze

(44) = (bm —ba)lz, an0,n + (b — ba)lz, snae + (b — ba)lze

Lemma 6.5. Under the Assumptions of Theorem 3.1, E [Hl;m - bAHﬂ < c(nA)?.
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As in addition that P(2¢ ,) < ¢/(nA)* and P(Q¢4) < ¢/(nA)?, we get

A 2 C
E | b5 = balln(Iz,aneg, +125,)] < X

Therefore it remains to study E(||bs, — bal21=, \nq,. ). We have

T = arg mﬂl {'Yn(i)m) + ﬁ(m)},
mGMnA

with pen(m) defined by (41). Thus, using the definition of the contrast, we have, for any
m € Mpua, and any b, € Sp,,

~

(45) Yn(bin) + pen(ri) < v (bm) + pen(m).
Now, on the set =, = {/\/lnA C M\RA C M:A}, we have in all cases that m < ]/\J\nA <

M;A and either M,A <m < ]\//TnA < M;‘A or m < Mupa < Z\/ZHA < M;A. In the first case,
m is upper and lower bounded by deterministic bounds, and in the second,
m =arg min {y,(bn)+ pen(m)}.
meMpa

Thus, on =,4, Inequality (45) holds for any m € M, and any b,, € S,,. With decom-
position (32), it yields, for any m € M, and any b,, € Sy, on E,A N A,

. 1,- _ .
16, = Bl < [1bm = Bl + < llbs — binl[F +16  sup  v3(t) + pen(m) — pen(ri)
8 teBT (0,1)

+16  sup R% (t)1=,, 4 2Rn2(bs — b)
teBr (01)

1 1, -
< (15 lbm = b2+ Slba — b2 +16( sup  w2(8) — p(m.1n))
2 2 teBr, . (0,1) +

(46)  +16 sup RZ(t)1z,. + 2Ry 2(bs — b)) + peni(m) + 16p(m, 1ir) — pen ().
teBT, (0,1)
where B .(0,1) = {t € Sy, + Spu, ||t]|x = 1}.
Then, for 7 a random index in M4, using (37),

E( sup R:((D1z,,) <E( sup  Rp (1) <CA.
tESm"rSm,”t”ﬂ-Zl tESN[TJ{,Ht”w:l

The bound on R, » is straightforward (see the proof of Proposition 3.1, non adaptive case)
and we get

= n—-=nA

. 1. .
(47) E [Ru2(bi = bm)1z,s] < ZEllba = bull31z,s] +8¢A.
The main point is the study of v, ().

Lemma 6.6. Let (X;a,i = 1,...,n) be observations from model (1) under (A1)-(A4),
with basis satisfying (B1). Assume that En® < +o0o. Then there exists kg such that vy (t)
satisfies

log?(nA)

E nA

<C

( swp 22— plm,i) 1z,5m0,
teBE, . (0,1) +
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where

\ v
p(m’ m/) — I€05202 (m m )H

1
2 Y bl 2 i3 )

For k' > 16k, 16p(m,m’) < pen(m) + pen(m’) . Therefore, plugging the result of Lemma
6.6 and (47) in (46) and taking expectation yield that

log?(nA)
_plI? /
_4Hb bll;, + pen(m) + C A +C'A

+E(pen(m)1z,anq,a) + El(pen() — pen(ii)) 1=, 4n0,4)-

Lemma 6.7. Under the assumptions of Theorem 3.1, there exist constants c1,ca > 0 such
that for m € Mua and m € Mpua,

1. .
ZE(Hb _b”zl“ AﬂQnA)

(48) E(pen(m)1z, ,na,a) < cipen(m) + n%
(49) E[(pen(1i) — Ben(i))+ 1z,500,2) < —x

Lemma 6.7 concludes the study of the expectation of the empirical risk on Z,A N Q,A.
The proof of (18) is now complete. For the step from the empirical norm to the L2(7)-
norm, we proceed as in the proof of Proposition 3.1 and get (19). O

6.9. Proof of Lemma 6.5. We start as in (38) and equations following, for m replaced
by . We have ||by, — Iyball2 = (1/n2)E'®; W 1<I>’ E< 0= Hop || %, E /)12 ;.- Now we
have ||\Ilm llop S VRA as 1 € Mo, and m — H<I>;nE/nH§m is increasing, so

100 = Tinbally < VA @A E /03 5.
Thus, using the bound proved in Lemma 6.3, we get E(||bs, — Izballl) < ¢(nA)2. O
6.10. Proof of Lemma 6.6. To apply the Talagrand Inequality, we make the following
decompositions. Let u; = Wi 1)a — Wia,

_ M (2 (1) _
wp =g b uy =y R E[“ilmi\gkn\/ﬁ]’

set 7(x) = UA(w)lafq(:r)sén\/Z and o4 (z) = 7(x)+0(x). We have vy, (t) = vy 1(t) +1v,2(t) +
vn,3(t), where

1 ¢ WV _ 1y M
Un, 1 7A z_: zA ) Vn,Q(t) = niA ;t(XZA)e(XZA)uz , and
" 2
Un3(t) = —AZt( iA )
i=1

Then we write

( sup Vfl(t) — p(m,m)) < < sup 31/271(75) — p(m,ﬁm))
teBy . (0,1) +

(50) +3  sup  vao(t)+3  sup  vls(b),
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and we bound the three terms.
e First, we study the second term in (50). Recall that M, < 40nA/log?(nA) is the
dimension of the largest space of the collection M:A. Then we have

Mf -1
EK sup V2 t) 1=, ] < vt |, E[v2,(o;
teBT  (0,1) 2®) A I M;AH p JZ:% [V 2(5)]

M1 " AUt |
— |t S~ Var(— Do X,A) 01 (Xin)) < 20 Mas P pr Dy ip2
= 1 llop ; ar(— ;u (Xia)pj(Xia)) < 3 [(ui ") "E[0A (Xo)]

Now we use that E[(ugl))ﬂ < E[uf] = A and that M, isin M7, ie.

2 v i+ g1 _ 2 + + -1 nA

and we get

B[(sw a0) ] <A ElAKOL,

| <e Ejoa(X0) 1]
teBr,.(0,1) +1 7 ¥log?(nA)

<C
(Xo)>€n\/5] = log?(nA) (4 A)a/2

log?—2(nA) log?(nA)
_ 2+q _ 6
= CE[|oa(X1)7*] (AT CE[|oa(X1)|°] N
by taking ¢ = 4, and
vVnA
(51) VA = — =
log“(nA)
e Let us now study the third term in (50). We have, relying on similar arguments,
Mt -1
E sup V5 5(t)1z, ) | < N5 llop E[v;3(#5)]
KteBﬁ{,m(O,l) )J Mna Jgo
M1 n EMAAY |
1 e nA Mt oP
TR | (2) n 2 (2)y2
= 103 ey ZO V(g D oaXia)ey (X)) < Bl B[ o

EEAK 0 EEACORM] _ lo(nd)
Alog?(nA) Lo [>kn VA = Alog?(nA)(k,vA)4 YN

where the last line follows from the Markov inequality, ug = 15 = E[u$/A3] (sixth moment
of the standard gaussian) and the choices p =4 and
A)1/4
(52) P
log(nA)
e To bound the first term, we use the Talagrand inequality applied to the process v 1.
As the variables are not independent we must split again this term into several parts.
We proceed by the coupling strategy used in the proof of Proposition 6.1, applied to
v; = (i, X;a) which is also a f-mixing sequence with mixing coefficient such that g =
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Bx (kA) < ce™A asin Baraud et al. (2001a). We denote by Q* = {v; = v¥, i = 1,...,n}.
We still have P((2%)¢) < pnBx(g,A) < ¢/(nA)* for g, A = 5log(nA) /6.

On O, we replace the v; by the v} and split the term between odd and even blocks.
We have to bound, say

E( sw  (pD(0) — pm, i)
teBy .(0,1) +

by using Talagrand inequality applied to mean of p,, independent random variables

1 pn—1 1 qn
*,1 1
Vnit (t) Z < A Z ugfg;JrrT(XZ(Qan—&-r)A)t(X(,(Qan—&-T)A)) :

Pn 2qn —

Note that the random variables inside the sum in large brackets are not independent but
uncorrelated.

Set Y, = (ué,ll)*’ le) € R xR%, where u&)* = (ugz;ﬁ—r)lﬁeﬁt]n and le = (XFZan-i—r)A)lSeS‘M'

Then we have vy (t) = -2 S22t [0 (V) —EfO(Y)], f©:R™ x R% — R with

1 an
f(t)(zvx) = m erl‘zrlgkn\/gt(.’ﬂr)T(l'r), z = (Zl, e ,an),.’E = (1‘1, . ,an),
==l

and F = {f(t), te B;;/’m(o, 1)}. Using analogous tools as above, we get

* _ 1
B[ s @0P] <10l 3 V(a0

teBT::/’m(Ovl) F<mvm/

IA

_ 1 2
19 mllor > —5E (uﬁ”T(Xowj(Xo))

i<mvm/

%E[uﬂ\l%lvmluop > E[7%(X0)¢}(X0)] < Elo}(Xo)lc

j<mvm/

(m v )91 llop
nA

IN

= H?

Next, we have

1 &
sup  Var (X)) oa( X
o) (an Zﬁ (Xra)oa( A))

tEB:;L,m' ’ r=1
1 G E(W%) 2 2
—  sup  Var mt(Xa)oa(Xia) | = sup  E(2(Xo)o®(Xo))
tEB;’m,(O,l) (%A ; A A QnA2 tEB;,m/(Ovl) (
E(ﬁ?%) 1/27 4 1/27,2
< sup  EY2 [0 (X)) EY2[E2(X0)] |1t oo
BT B, B ACE
< L B2 (04 (X0)]y (m v ) [ o = v
- an mvVm P
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1 &
Lastly sup sup —_— |z |1 lo(x,)1 [t(x,)|
teB, (0,1) ZeRan geRan \ dnld ; T o |<kn VAITATT) 02 () | <l VAT
kn v/ knv/tn

(m Vv m!)|¥ ! Nlop = M.

mvVm

< ¢ sup  sup [t(z)] < co—7~
A1/4 tEByz/m(O’l) x v A1/4

Therefore, by applying Talagrand Inequality:

E( sup (VZ%)Q(t) - 2H2)+ <C; (U exp(—Cs

an2 M? an>
teBT (0,1) Pn v

)+ p—; exp(—Cjs

n
m/

we obtain, recalling that 2p,q, = n and ¢, = (5/0)(log(nA)/A), and m* =m VvV m/,

E( sup (u;’})Q(t)—2H2>
teBT ,(0,1) +

vt P
< o Y—— r exp(—Ch\/m* [T, L lop) + VAL P exp <—C§ Pn ) ,

Pngn p2VA VnAk, /0y,

Now we use that, for the first right-hand-side term, y/ze~¢2vV® < e~ (C2/2VZ and C?Dm* 1L lop <
4onA/log?(nA). For the second right-hand-side term, we use the definition (51) and (52)

of £,, and k,, the value of ¢, and cim*H\IJ;ﬁk lop < 40nA/log?(nA). This implies

" ! * - 1"
B o, VAP~ ) < (TR VS i)

teBr ,(0,1) nA log*(nA)

where p(m,m’) = 12H?. Next note that || ¥, |op > 1/||¥snlop = 1/||7||s, and choose ¢, ¢/
in the definition of &, and ¢, so that C% = 2. This yields

1"

1 1
E 120y Zp(m,m’ <1< —C\/*+>.
(,p2up,  PAn(®) = gotmom)) < DX (exp(=Cavimd) + g

m’,m

By summing up all terms over m’ € MZA, we deduce

* 1 7 *,112 1
E sup yn,l 2(t) — =p(m, < E sup VOYR(t) — Zp(m,m!
<t€Bh,m7T(0,1)[ ’1] © 6 ( )>+ ' (teBﬂj,qm((n)[ ’1] ®) 6 ( )>
C
< —.
3) - nA

It remains to bound E[(sup;epr (0,1 (Un,1)?(t) —p(m, 112) )1 ()l We use the infinite norm
computed to evaluate M; and the bound on P[(Q*)¢]. O

6.11. Proof of Lemma 6.7. First write that

282mH‘I’;~bl — U Hlop

_ K
pen(m) < ke, A + ?pen(m)
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Moreover, for m € Mya and on Epa (thus m € Mya), 2m|| W, lop < (0/4)nA/log?(nA)
and cimH(I\/;anop < onA/log?(nA). Thus,

2 -1 -1 2 -1 -1
C(pm”\llm — ¥ loplz,an020a CgpmH\Ijm -V, ||0plEnAﬂQnAI{H@,;L\p,;l||Ong\1/;1||op}

2 g—1 —1
FEMUW = Wi lop12nan@ns L5 07 op> 197 o}
5 A

2 —1
< Gl lloplz,antns Llog2(nA) T =05t op> 105 lop}
We obtain:
E(pe(m) 1=, yr0,4) < 25 pen(m) + 00 ([}~ 05 op > [ 25 o)
SnA nA/) — K,/ 410g2(7’LA) m m 110p m |10p

Now by Proposition 2.4 in Comte and Genon-Catalot (2018),
~ _ _ R 1
P (H‘Ilml - ‘I’mlHOp > H‘IlmlHOD) <P (H\Ilml/Q\I/m\Ilml/2 - IdeOP > 2) < C/(TLA)E)

for m € Mya, by Lemma 6.1. This completes the proof of (48).

Now we turn to the proof of (49). Writing that H(I\/;Ll lop > H\I!;L1 lop — H(I\/:nl - \I/;nl lop, We
get
TR | -1 2.2 ~ (-1
SN s o o[ Ws — Wy lop / s~ com|[ Wy, [lop

pen () — pen(m) < kc,s n Y n + (k' — H)#

Next we decompose similarly to previously, with a change in the cutoff,
2~ nE—1 -1 2.~ 13—1 -1

c@mH\Pm -V, loplz,anua = CcpmH‘I’m -V, H0p15nAﬂQnA1{\|@;n1_\1/;11||0p§%“\1/;h1||Op}

RG] N

1, . _
§cim|] \Ilml

1= 1, _ _
lopL2an2na L (G101 0p> 102 op]}

onA
|op]-E N _’_5”71 T-1_g-1 11 .
nAEA 02 (nA) - UG =5 lop> 31175 lop)

IN

Now, 1 € M,, C M implies that C?DT?LH\I/;LI

lop < 40nlog?(nA). We get

mA

L - S _ 2.2 Mmoo =N _
(pen(rh) = penit))+1z,antns S ARG g S 10 w7 fon> 4195 fon} 1EnaN 00

oy —1
K SQCimH‘I’m lop
2 n '

We choose k' — g < 0 that is kK > 2K/, so that the last term vanishes and then obtain:.

+(x —

E [(pen(ri) — pen(im)) 1=z, sn0,.a]

A ~
2o )IP’<{H\I/7;1—\11511

< Akds
- ?" log?(nA

1,
lop > §||\Ijm1

|Op} NZ,a N QnA) .
Now

(18, - v,

1, _ ~_ _ I, _
oo > 518 e} 0Za 1 0a ) < X P (1T = 05 > 5105 o)

mGMIA
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Then we use Proposition 2.4 (ii) in Comte and Genon-Catalot (2018), to get

~ _ 1, —_ /0 _ 1
P (U5 = ¥l > 5195 ep} 12080190 ) < P (9522000507 = g > 1 )

The choice of ? implies that this probability is less than K/(nA)®. This leads to
E[(pen(ri) — pen(ri))+ 1z, sn0,a] < ¢/ (nA).
This ends the proof of (49) and we can set k' = /2 and take kK > 2 x 12 x 16. [J

6.12. Appendix. We recall the following result of Tropp (2015) and the Talagrand con-
centration inequality given in Klein and Rio (2005).

Theorem 6.1 (Bernstein Matrix inequality). Consider a finite sequence {Si} of inde-
pendent, random matrices with common dimension di X dy. Assume that ES;, = 0 and
ISkllop < L for all k. Introduce the random matriz Z = )", Sy. Let v(Z) be the variance
statistic of the sum: v(Z) = max{Amax (E[Z'Z]), Amax (E[ZZ'])}. Then for all t >0

t2/2
P[l|Z]lop = ] < (d1 + d2) exp (V(Z)+Lt/3> .
Theorem 6.2. Considern € N*, F a class at most countable of measurable functions, and
(Xi)ieq1,...n} @ family of real independent random variables. Define, for f € F, vy(f) =
(1/n) >0 (f(Xs) —E[f(X;)]), and assume that there are three positive constants M, H
and v such that sup|| fllec < M, E[sup|vn(f)|]] < H, and sup(1/n) >, Var(f(X;)) < v.
feF feFr feF

Then for all « > 0, with C(a) = (V1+a—1)A1, and b= %,

E nH? 4902 <_¢%cun¢anH>

4
n 2_21 2 H2 < - 7—baﬂ o
(2w szame) | <G (ot e

By density arguments, this result can be extended to the case where F is a unit ball of a
linear normed space.
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