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Shape patterning tasks: An exploration of how children build upon their observations when asked to construct general terms
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. Shape patterns provide a context within which children may identify structure, and construct general terms. Within my research I presented children with shape patterns and observed their interactions as they discussed the structure of the patterns and sought to construct general terms. In this paper, I discuss the elements of the patterns to which they attended, and how their focus supported some children in constructing general terms, while other children experienced more challenge in their engagement with the patterns. Specifically I focus on children who observed both numerical and figural aspects, and I examine the varying levels of success they experienced.

Introduction

 [START_REF] Kaput | What is algebra? What is algebraic reasoning[END_REF]defined generalising, representing generalisations, and syntactically guided reasoning on generalisations as core aspects of algebraic thinking. Providing a context for functional thinking, shape patterning tasks may facilitate children in engaging with these core aspects. [START_REF] Strømskag | A pattern-based approach to elementary algebra[END_REF] defines a shape pattern as a sequence of terms, composed of 'constituent parts', where some or all elements of such parts may be increasing, or decreasing, in quantity in systematic ways. While a limited number of terms of a shape pattern may be presented for consideration, the pattern is perceivable as extending until infinity. In order to construct a general term for a shape pattern, children must "grasp a regularity" in the structure of the terms presented, and generalize this regularity to terms beyond their perceptual field (Radford, 2010, p. 6). In seeking to construct general terms for shape patterns, children's opportunities for success improve when they attend to both the spatial and numerical aspects of the structure of the pattern [START_REF] Radford | The progressive development of early embodied algebraic thinking[END_REF]. In seeking to extend a pattern, children identify the position of pattern elements by attending to the spatial structure, and in order to quantify such elements they must attend to the relevant quantities within the pattern terms presented.

In the Irish context, the Primary School Mathematics Curriculum (hereafter PSMC) includes an 'algebra' strand, and there are content objectives prescribed for teachers to address in their teaching, from when children commence primary school at four or five years of age (Government of Ireland, 1999). The curriculum does not, however, include the construction of general terms in any context, and beyond the first two reception years the patterns prescribed are strictly numerical in nature. During task-based group interviews, I asked children to construct general terms for each of three shape patterns. In this paper I will explore the tendency of children participating in my research to attend to the spatial and numerical aspects of pattern structures, as they worked towards the construction of general terms. Of the children who attended to both numerical and spatial elements, some children experienced success in applying their observations in order to construct general terms, whereas some children seemed to experience a challenge in translating their observations into meaningful understanding of the structure of the pattern.

The construction of general terms

Building upon the core aspects of algebraic thinking outlined by [START_REF] Kaput | What is algebra? What is algebraic reasoning[END_REF] and mentioned above, [START_REF] Blanton | Elementary children's algebraic thinking[END_REF] identified four key practices of algebraic thinking as: a) generalising, b) representing, c) justifying, and d) reasoning with generalisations, emphasising that these practices must focus upon structures and relationships. [START_REF] Blanton | Elementary children's algebraic thinking[END_REF] also presented the following three content domains within which children may apply the key practices of algebraic thinking: a) generalised arithmetic, b) equations, and c) functional thinking.

In particular, [START_REF] Blanton | A learning trajectory in 6-year-olds' thinking about generalizing functional relationships[END_REF] highlighted the relevance of functional thinking to the algebraic thinking of young children, stressing the connection between functional thinking and the four key practices of algebraic thinking highlighted above. [START_REF] Blanton | A learning trajectory in 6-year-olds' thinking about generalizing functional relationships[END_REF] emphasised the role of functional thinking in young children's algebraic thinking by stating that functional thinking includes generalisations of co-varying quantities and their relationship; representations of these relationships, and reasoning with the relationships in order to predict functional behaviour. As functional thinking, and specifically shape patterning, is absent from the PSMC, it is therefore highly improbable that most children attending Irish primary schools will have engaged with activities designed to develop functional thinking. [START_REF] Rivera | Formation of pattern generalization involving linear figural patterns among middle school students: Results of a three-year study[END_REF] identified two approaches utilised by children in seeking to construct general terms for geometric patterns. Some children in Rivera and Becker's longitudinal study focused solely, or primarily, on numerical aspects of the terms provided, and sought to use the numerical patterns observed in order to identify a commonality, extend the pattern and construct a general term. Such children the authors described as adopting a 'numerical' mode of generalising. In comparison, Rivera and Becker considered a child to have adopted a 'figural' approach if he/she used figural aspects of the pattern such as the shape of terms, or the position of elements, both within the term and relative to each other. A figural approach may include attention to numerical elements, but not in a manner that supersedes the child's perception of the spatial aspects of the pattern structure.

Along with observations of the structure of terms, children may observe various relationships within patterns which support their understanding. A 'recursive' strategy involves an examination of the mathematical relationship between consecutive terms in a sequence, and if using an 'explicit' strategy, a child identifies a rule for the relationship between a term and its position in the pattern [START_REF] Lannin | Generalization and justification: The challenge of introducing algebraic reasoning through patterning activities[END_REF]. Such observations work in tandem with children's numerical or figural approaches, and in this paper I will refer to children's explicit, or recursive thinking when relevant.

Radford asserted that children's constructions of generalities may be factual, contextual or symbolic. Factual generalisations involve instantiating a general structure to specific terms, whereby children do not express a generalisation as applicable to all terms, but apply an "operational scheme" which allows them to calculate a value for particular terms (p. 82). Many of the children involved in this research project applied factual generalisations when they described the near and far terms for the patterns, as in the example of Emily for Pattern 3 when she said "You'd need a hundred and twelve horizontal and then fifty-seven vertical". Emily applied her understanding of the 2n horizontal poles, and n vertical poles in order to calculate the number of poles for this far term. Equally she could apply this thinking to any term of this pattern, and could therefore be said to have factually generalised, even though there is no abstraction evident in her expression, and she is describing a specific term.

Contextual generalisations, by comparison, involved the consideration of non-specific terms (ibid.). While contextual generalisations are not completely abstract, or general to all terms, they indicate a distancing from the specific, whereby children may make reference to "the next term" or to a generic term. As an example, Grace could be said to have constructed a contextual generalisation for Pattern 1 when she said "whichever number it is at the top it will just be one more than it, and at the bottom". Symbolic generalisations involve the abstract expression of disembodied mathematical objects, wherein children express the algebraic concepts with no reference to the method of their calculation, or to any specific term. Throughout this paper I make use of 'n' to refer to a general term number, but all such expressions were generated by me, as representations of children's verbal utterances, constructions and gestures. The children were not prompted to construct symbolic generalisations.

Methodology

In seeking to explore children's constructions, I facilitated their engagement with the patterns in groups of four in a 'task-based interview' setting. [START_REF] Goldin | A scientific perspective on structured, task-based interviews in mathematics education research[END_REF] emphasised that task-based interviews, involving individuals or groups, have become an essential tool within mathematics education research, as the goal of mathematics education has moved from the transmission of disconnected facts, to the development of children's rich understanding and "internal constructions of mathematical meaning" (p. 524). In order to explore children's complex understandings, and to observe their approaches to the solution of problems, it is necessary to adopt a research approach designed specifically for this purpose. In this way, it may be possible for educators and policy makers to assess whether the application of progressive approaches within classrooms are working to develop children's mathematical understanding and robust problem-solving skills.

Sixteen children (with a mean age of 9.6 years) participated in the task-based interviews, when they were presented with three patterns (see Figure 1). When presented with the patterns, the children were asked to describe what they observed, to extend the pattern to subsequent or previous terms, and to construct near and far terms, as factual generalisations. The children were provided with concrete materials, and asked to construct pattern terms during their discussions. Having considered far terms, I asked the children to describe "any term" in the pattern to facilitate their articulation of a contextual generalisation. At the commencement of each interview, and at regular intervals throughout, the children were encouraged to work collaboratively, by constructing terms together, by sharing their ideas, whether they agreed or disagreed, and by asking questions of each other. The children did not receive any instruction before participating in the interviews. Seeking to explore the reasons for children's strategy choice, as well as the strategy chosen, the research approach I considered most appropriate was phenomenological, as a phenomenological approach to research seeks to explore a phenomenon where it occurs, and acknowledges the many factors which influence how the phenomenon plays out within the given setting [START_REF] Creswell | Qualitative inquiry and research design: Choosing among five approaches[END_REF]. In exploring the children's thinking, I not only analysed the children's actions, but I also sought to analyse the contributing factors that impacted on the strategies children employed. [START_REF] Goldin | A scientific perspective on structured, task-based interviews in mathematics education research[END_REF] advises that "by analysing verbal and nonverbal behaviour or interactions, the researcher hopes to make inferences about the mathematical thinking, learning or problem-solving of the subjects" (p. 518, my emphasis). In seeking to explore children's mathematical constructions, I was conscious throughout that my inferences from children's comments were approximations of their true meaning. As Van [START_REF] Van Manen | Researching lived experience: Human science for an action sensitive pedagogy[END_REF] attests "a good phenomenological description is an adequate elucidation of some aspect of the lifeworld" (p. 27, my emphasis) and while I sought to unpick as best I could how and why children thought about the mathematical tasks, I posit that it is not possible to feel a sense of completion, or closure, in relation to the children's thinking, but rather that interpretation is ongoing [START_REF] Postelnicu | The figurative method: A bridge from numerical to quantitative reasoning[END_REF].

In exploring the children's verbal utterances, I coded comments as referring to figural or strictly numerical aspects of a pattern. [START_REF] Rivera | Formation of pattern generalization involving linear figural patterns among middle school students: Results of a three-year study[END_REF] state that adopting a figural approach is to "figurally apprehend and capture invariance in an algebraically useful manner (p. 356). When coding children's statements, I identified a statement as indicating a figural approach if it included reference to the position of an object within a term, by using words such as 'top', 'bottom' or the deictic 'there' along with an associated gesture [START_REF] Radford | Algebraic thinking and the generalization of patterns: A semiotic perspective[END_REF]. An object in this context referred to a square, a diamond, a tile, a line, or any item which formed a constituent part of a term. Comments were deemed to indicate a numerical approach if no reference was made to the position of objects within a term. The term 'growing' was used regularly by children, and required some thought with regards to whether it indicated a figural approach. Typically, when mentioning growth children were referring to a sense of the terms' shape growing in size, that is "selectively attend[ing] to aspects of sameness and difference among figural stages", but I could not assume that this was always the case (Rivera & Becker, 2011, p. 356). Rather, it was necessary to attend to some term, or deictic within a child's comment, and to seek to determine the referent, which would indicate whether the child was referring to the shape as growing, or the quantity of constituent elements.

Findings and Discussion

In seeking to explore the strategies used by children, and the reasons underpinning their strategy choice, I firstly considered an overview of each child's approach across all three patterns. As the length of this paper does not allow for a complete explication of the approach of each child, Figure 2 presents an overview of my interpretation of the children's thinking, as it pertained to the balance between numerical and figural observations. In collating and analysing this data, I referred to the comments children made in the context of the exchanges they participated in. I also referred to fieldnotes made during the interviews, photographs of the children's constructions, and the children's drawings and jottings which I had retained as artefacts of their thinking during the interviews. I had video recordings for three of the four interview groups, and audio recording for the fourth, as not all participants of this group had assented to video recording.

Wholly numerical: all comments referred to numerical aspects of patterns. Alex Largely numerical, some comments focused on figural aspects, or observed figural aspects but not in a manner which seemed to support an understanding of the structure of the pattern.

Daniel, Luigi

Largely figural, but experienced confusion, or remained quiet during large parts of the interview. In some cases confusion was due to 'loyalty' to numerical aspects.

Cherry, Orla, Danny, Fiona, Jay

Largely figural, and comments indicated the use of numerical aspects to gain a strong understanding of a pattern's structure.

Ciaran, Grace, Emily, Arina, Jane, Wyatt, Christopher

Lily Rose

Exclusively figural: all comments referred to figural aspects of patterns. As can be seen from Figure 2, rather than demonstrating a dichotomy between children who approached all patterns figurally and children who approached all patterns numerically, this small group of children (n=16) span a continuum from children who made comments focusing largely on numerical aspects, through children who commented on both numerical and figural aspects in meaningful ways, to children who referred largely to figural aspects. In considering the aspects children were attending to, I sought to distinguish between children's observations which supported their thinking, and observations which they made and didn't build upon or apply in order to construct a general term. Later in this paper I will further explore how two of the children applied their observations of figural aspects.

While attending to figural aspects may have supported some children in constructing general terms, figural observations did not lead inevitably to generalisation. In order to compare children's tendency to observe figural aspects with their success in constructing factual or contextual generalisations, I generated a scoring rubric for children's progress towards the construction of a general term. A score of 0 indicated no progress, a correct extension of the pattern scored 1, some description of general terms scored 2, factual generalisation scored 3 and a contextual generalisation scored 4. I generated a total score for each child and calculated the mean score for each cluster of children identified in Figure 2 above. I found that the cluster of children identified in Figure 2 as making "largely figural" observations while applying numerical observations succeeded well, achieving a mean score of 8.6, where a score of 9 would equate to, for example, factual generalisation of all three patterns. In contrast the group of children who also made many figural generalisations, but expressed some confusion fared considerably less well, achieving a mean score of 3.2, where a score of 3 would equate to extending each pattern correctly, but not making any progress in describing a general term.

To explore what other factors may have impacted on children's progress, I chose to contrast the thinking of two children, Cherry and Arina, who worked together, and who both articulated figural observations, but made strikingly dissimilar progress. Arina achieved a score of 9 overall, while Cherry achieved a total score of 2. In this section I will discuss the girls' observations of Pattern 3, a 'fences' pattern presented in Figure 1 above. Arina had demonstrated strong figural thinking on two previous patterns, and succeeded in describing factual generalisations for both. When the children began their deliberations about the pattern discussed here, Arina remained very quiet, making few comments, but succeeded in constructing the 56th term using an explicit approach. She didn't verbally articulate her thinking enough to confirm whether this factual generalisation was based upon a numerical or figural mode of generalising, but she could be seen on the video footage counting up in twos to quantify the horizontal posts, and adding on a number equivalent to one more than the term number. By comparison, Cherry's verbal articulations of her thinking indicated that she observed within each fence one panel containing 4 posts, and every other panel containing three posts. When finding the number of posts needed for the nine-panel fence, she used a recursive approach, counting on six posts from the seven-panel fence she had constructed with match-sticks. I interpreted Cherry's perception of this pattern as including figural aspects, as she referred regularly to 'posts' and grouped the posts into groups of three or four, as appropriate. However, Cherry's approach to this pattern was dominated by a counting strategy, an analysis of which is beyond the scope of this paper. This counting strategy did not support Cherry in constructing far generalisations, and in seeking to construct a far generalisation, Cherry drew 56 panels, and began to count the number of posts needed.

Conclusion

Rivera and Becker (2011) suggest that when children only attend to numerical aspects of a pattern, they are grasping the commonality within the structure of the pattern at a superficial level. In analysing the comments made by the children in this research study, it may be seen that one cluster of children attended to figural elements but did not succeed in generalising. I would suggest therefore that some children who attend to figural aspects of the pattern, may persist with a limited and superficial understanding of the structure of the pattern, and that a figural perspective may not lead inevitably to successful construction of a general, or generic term. Other perceptions of the pattern structure seemed to be required in tandem with observations of both figural and numerical aspects.

In the examples given here, Arina's explicit approach supported her thinking, and in marrying an explicit approach with observations of both numerical and figural aspects, Arina grasped the structure of the pattern and successfully constructed a factual generalisation. In contrast Cherry demonstrated a consistent tendency to use counting as a strategy in seeking to quantify the number of elements of components of far terms of this pattern. While she could describe the figural structure of the pattern, her thinking seems to have been hindered by difficulties she encountered in seeking to conceptualise an expression which would allow her to calculate the number of posts without counting them. Even though this was the third pattern, and other children in her group had described explicit approaches during the interview, Cherry might not have made sense of the explicit thinking articulated by others. Equally, limitations in her multiplicative thinking may have contributed to this, and restrained her from exploring the explicit relationship between each term and its position in the pattern. Further research is merited into the interplay between the many aspects of patterns to which children may attend in seeking to grasp the structure.
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 1 Figure 1: The three patterns presented to children.
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 2 Figure 2: An overview of my interpretation of the children's thinking, as it pertained to their focus on numerical and figural aspects of patterns

  Figure 3 presents an illustration of how Arina may have been quantifying the number of posts for terms in this pattern. 5th Term in the Pattern: n=5. 2n horizontal Posts and n+1 Vertical Posts Total number of posts: 2n + (n+1) = 3n+1

Figure 3 :

 3 Figure 3: A representation of Arina's perceived structure of the Fences pattern.
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