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Abstract

We study the non-linear minimization problem on Hg(Q) C LY with ¢ = 712—” a>0andn>4:

R
inf /a(:z:,u)|Vu|2—)\/ |u)?.
u€H (2) JQ Q

lullpq=1

where a(z,s) presents a global minimum « at (zp,0) with 29 € Q. In order to describe the
concentration of u(z) around z, one needs to calibrate the behaviour of a(z, s) with respect to s.

The model case is
inf /(a + || ul*) | Vu|? - )\/ |ul|?.
weH(Q) J 0

llullLq=1

In a previous paper dedicated to the same problem with A = 0, we showed that minimizers exist
only in the range 8 < kn/q, which corresponds to a dominant non-linear term. On the contrary,
the linear influence for 8 > kn/q prevented their existence. The goal of this present paper is to
show that for 0 < A < aA1(Q), 0 <k <g¢g—2and 8 > kn/q + 2, minimizers do exist.

Keywords : Critical Sobolev exponent, Minimization problem, Non-linear effects.

AMS classification : 35A01, 35A15, 35J57, 35J62.

1 Introduction, notations and statement of the result

1.1 The classical non-linear problem

The domain € is a smooth, bounded subset of R™ with n > 4. Let us recall the traditional
minimization problem of [7]:

S = inf / |Vul|? (1)
weHL(Q) Jo
lull La=1
where ¢ = 2% is the critical exponent for the Sobolev embedding H(Q2) C L4(R2). For a smooth

positive cut-off function ¢ compactly supported and equal to 1 near the origin, a minimizing sequence
for S is given by w./|lw:||re as € — 0 with
n—2
ez ((z
we(r) = —————- (2)

(e + |27
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According to [7], S is never achieved but one has S = K /K, where the constants K; and K5 are the
limit of the H& and L? norm of w:

. 2 . 2
Ky = lim [ Veel2: and Ky = lim o], 3)
For example, the computation for the gradient goes as follows:

e T al(x) | T V()
(e+12P)%  (e+aP)F

Vwe(z) = —(n —2)

As V(¢ = 0 in a neighborhood of the origin, one gets

2 2 _n=2 |2 (2)
|VW€($)| ‘1‘,‘\;0 (’I’L—2) € (€+ ’I’P)n,

(4)

which integrates to a constant independent of . In a similar way, one can deduce precise asymptotics
for the various norms, that we will reuse later (see again [7]):

/Q V. (2)[2dz = Ky + O(e"5), (/Q w?(m)dm) L Kt O™, (5)

Ksell ) ifn=4
/“’g(ﬂﬁ)dw o s © L (6)
Q Kse+0(e2) ifn>5.

1.2 The general non-linear problem

We are interested in the following non-linear minimization problem:

Sy(a) = uegléf(m {/Qa(:c,u)|Vu|2 —)\/Q|u|2}. (7)

llull g=1

where a(z,s) = a(z,—s) is a smooth function, for example continuous on 2 x R, with a continuous
derivative with respect to s on  x R;.. We assume that a(x, s) presents a global minimum « at (zg, 0)
with g € . One expects that minimizing sequences u;(¢,z) will concentrate around zo. In order
to describe the concentration of u(x) around zp, one needs to calibrate the behaviour of a(z, s) with
respect to s.

The model case we are focusing on is
a(z,s) = bi(x) + ba(x)|s|* (8)

where by () > a = b1(zp) and be(x) > 0 with by(xg) = 0. Even in this simplified model, changes to
the value of k or of the behaviours of b; or by around x( can lead to radically different phenomena for
the minimization problem (7). The proper assumptions are the following:

1. The exponent k satisfies
0<k<qg. 9)

This range will be slightly reduced in the statement of Theorem 3 and we will explain why in
the next subsection.

2. by has a global minimum « = by (z) at some point zy € €2, of order v > 2, i.e.:

{bﬂw) =a+0(z—zl), 7>2 (10)

bi(z) >a if x#ux



3. by is positive and has a unique zero in €) at the same point zg, of order 8 > 0

{bg(x) = |z — z0|? + o(|z — z0]P)

ba(z) >0 if @ # xo. (11)

Further restrictions on the value of 8 will be explained in the next subsection.

For the sake of clarity, we are going to focus most of this paper on the reduced model where by is
a constant and by is a power law. Without restrictions, one can also assume that x( is the origin. One
is thus lead to the following reduced minimization problem:

S\(B,k)= inf F 12
A(B, k) o A(u) (12)
||U||Lq:1

where
Ex(u) 2/(a+lwlﬁIUIk)|VUI2—/\/ Jul?. (13)
Q Q

The case A = 0 has been extensively studied in our previous paper, [21]. The case k = 0 has already
been dealt with in [23].

The general model case (8) will be detailed in the last section, §4, of this paper. In its full generality,
the qualitative properties of minimizing sequences of (7) are too varied to be described easily.

1.2.1 Natural scaling(s) of the problem

For the sake of clarity, let us discuss the various natural possible scalings on the reduced prob-
lem (12). Depending on the ratio 8/k, different situations occur in the blow-up scale around the point
where the weight is singular. More precisely, let us define v, by v(z) = e /%, (z/c) and Q. = e~ 'Q.

o If 5 < %" the leading term of the blow-up around z = 0 is the non-linear one:

Bo) ) [ o)Vt Py,

e—0
€

We showed in [21] that Ey admits minimizers on S = {u € H}(Q)|||ul|Ls = 1} in this case.

o If 3 = 2 the first linear and non-linear terms have the same weight and the blow-up rescaling
leaves the value of Ey(v) unchanged. The corresponding infimum Sy(3, k) does not depend on 2
but Ey admits no smooth minimizer on S.

o If 3> %”, the blow-up around z = 0 gives
_kn
E\(v) = O‘/Q Vou(y)l2dy + >/Q 1y17 v () |*[ Ve (y) P dy —52A/Q y)dy.  (14)

When 5 > %" and A = 0, we have shown in [21] that the linear behavior is dominant and that
Ey admits no minimizer on S. Omne can even find a common minimizing sequences for both the
linear and the non-linear problem. A cheap way to justify this is as follows. The problem tends to
concentrate u as a radial decreasing function around the origin. Thus, when § > kn/q, one can expect
|u(x)|? < 1/|2|%%/* because the right-hand side would not be locally integrable while the left-hand
side is required to. In turn, this inequality reads |z|?|u(x)|¥ < 1, which eliminates the non-linear
contribution in the minimizing problem Ej.



When A # 0, the situation is quite different as both linear terms compete. We will show in this
paper that if 8 > %" + 2, the problem of minimizing E(u) admits solutions. This result has the same
flavor as [7] but even if the non-linear term is not expected to be dominant, one has to deal with it
rigorously.

The gap between our existence result in [21] (namely 8 < kn/q) and Theorem 3 below (i.e.
B > kn/q + 2) cannot be bridged easily. For § < %", we have shown in [21] that Ey(u) admits

minimizers. It is natural to expect that E)(u) would too, as a perturbation problem. For 5 > kn 4 o
Ep(u) does not admit minimizers, but according to Theorem 3 below, E)(u) does for A > 0 small
enough. What happens in the case of %" <p< %" + 2 is not known. Let us however point out that,

inthecase of 6 =2and 0 < k < 4_ which is a particular instance of %" <p< %" + 2, the Pohozaev

n—2

identity (see e.g. [28] or [21, eq. 18])

1 kn 1
= ﬁ——)/xﬁukVUQ—i——/
5 (6= [aratoae 3 [

This ineqality can be restrictive for A. For instance, if {2 is star-shaped with respect to the origin,
then = -n > 0. Combined with a Hardy type inequality (see for example [9] or [23]), it then gives us:

n2< kn)(k >_2/ & 1 kn k -2 k
—(2-=)(=+1 u +2§—<2——> <—+1> /:U-Vu5+1 2§A/u2. 16
3 . 5 Q|| 5 . 5 Q| ( )l ; (16)

If, for example, k = 0, the solution u does not exist if A < %2-

ou

2
5 (:c-n):)\/gu2 (15)

Actually, the blow-up picture (14) is slightly more complicated than just saying that the non-linear
term disappears because it is associated to a high power of ... As we know, the Sobolev embedding
grants Hol C L1N L?. But because of the identity

k -2
Llallatiwa? = (5+1) [ el 0aE2
Q Q

the uniform boundedness of the non-linear term (as one can expect along a minimizing sequence
of (12)) implies an additional restriction on u, namely roughly witl € L9ie wu € L7 with g =
q/(k/2+1). On a bounded domain €2, this information does not seem relevant because it was already
granted by the Holder inequality v € L(Q2) C L7(f2). But in the blow-up process, the domain
Q. = e~ is ultimately rescaled to R” and the non-linear restriction then takes on its full significance.
For example, it could happen in (14) that v. blows up to a function that does not belong to LI(R"™).
In that case, the non-linear term

kn

5(5%>/ﬂ \ylﬁ\va(y)\k\wa(y)\zdy:Cka@7>/Q )7 |9 (- ()5 ) dy

might not be of a lower order anymore and the nature of the problem would then change completely.
To avoid this potentially disastrous effect, one needs to ensure that LI(R™) N L?(R"™) is embedded in
LI(R™). This restriction reads simply ¢ > 2 and boils down to

kE<q-—2. (17)

This will be part of the assumptions in Theorem 3. When on the contrary k > g — 2, it is not clear
that the non-linear term is a lower-order term in the blow-up scaling (14).



1.2.2 Admissible values for \

In the minimization problem (12)-(13), the critical value for A is the first Dirichlet eigenvalue:
M(Q) = inf / Vul?. (18)
uEH1

l[ull 2=1

Let us recall that o > 0 is the minimum value of the weight in our energy functional (13).
Proposition 1 For 0 < A < aA;(Q2) and k > 0, one has

Sx(B,k) > 0. (19)
When A < a1 (Q2), one even has Sy(,k) > 0.

Proof. Let us define: - )
\Y%
N R T
ueHY(©) Jou
u#0
First, let us check that )\f’k(Q) = a1 (). Indeed, let ¢ € H}(Q) such that —Ap = \1(Q)p with
© # 0. Then, if one uses %gp(m) as a test function with N € N, one gets, for k£ > 0:

1 fo l=Plel* Vel

B,k
0 < a) (Q) < )\1 (Q) < Oé)\l(Q) + NF fQ 902 Nt a\ (Q)
and thus )\f’k(Q) = a1 (Q). For u #0and A < )\f’k(Q), one has therefore:
Ba(u) > (\F(9) - A) /Q W >0, (20)

which in turn ensures that Sy (5, k) > 0. For now, in what follows, we will not use more than this large
inequality. However, once Theorem 3 is established below, it will be asserted that S)(5,k) = E\(u)
for some non-trivial v and (20) will then ensure that S\(8,k) > 0 if A < a1 (). .

For the sake of completeness, let us briefly investigate the larger values of A.
Proposition 2 For A > a1 () and k > 0, one has
Sx(B,k) = —(A — ari(Q)) - Q' /. (21)

Proof. By definition of A\(2), one has:

/ 2l lulF|Vul? — (A — o (2 / 2.

If |lull, = 1 then, according to the Holder inequality, one has ||jul|3 < |Q|'72/7 and (21) follows
immediately because A — aA1(2) > 0. .

Jo 21|l |Vl . il . A
Remark If A > a)(Q) + TEEHEE where ¢ is a non-trivial eigenfunction of —Ap = A\(Q)e
q 2

then, using u = ¢/||¢||, as a test function, one gets E)(u) < 0 and thus S\(8,k) <0



1.3 Statement of the main result

In this paper, our main result is the following.

Theorem 3 Let us assume that n > 4. One sets ¢ = % > 2 and assumes that
kn
0<A<al(Q), 0<k<gqg-2 and B>—+2 (22)
q

Then there exists u € H}(Q) with ||ul|Le = 1 such that Ey(u) = Sx(3, k).

In section §4, one will prove a similar result about the general model (8), which will be stated as
Theorem 9.

Over the course of the proof, one also reaps the following convergence result.

Proposition 4 Under the same assumptions, for any minimizing sequence u; € H}(Q) i.e. such that
Huj‘HLq =1 and E)\(uj‘) = S)\(,B,k) + 0(1)

that converges weakly to some u € HE(Q), then ||ulp« = 1 and the convergence also holds in the
strong topology of H'(S). Moreover, u is a minimizer and solves the Euler-Lagrange equation:
{— div ((ov + [z|P|ulF) Vu) + P lulF~2u|Vul? = Au + Ou|T%u (23)

u‘aQ =0
for some © > 0.

Let us point out that the uniqueness of the limit is not known and constitutes a wide-open problem.
For example, one knows at least that uniqueness does not hold in some cases involving weights that
concentrate on multiple origins [22].

Let us also note that if u; is a minimizing sequence, then it is standard to check that |u;| is also
a minimizing sequence. Thanks to Proposition 4 its limit |u| is a positive nontrivial solution of (23)
with an L9-norm equal to 1.

Let us now comment briefly upon the assumptions of the main Theorem.

e The restriction 0 < A < aA1(Q) is natural in regard to Proposition 1 and ensures Sy(8,k) > 0.
For partial results in the case A > aA1(£2), see the concluding remark of sections §1.2.2 and §3.4.

e The restriction 5 > %” + 2 comes from the competition between the different scalings of the
terms that appear in the expression of F)(u). In particular, the 42 offset reflects the scaling of
fQ u?, as pointed out in the discussion of the previous section, §1.2.1 about (14). It is a crucial
assumption that provides S)(8, k) < a.S, which will be shown in Lemma 5 below.

e The restriction kK < g — 2 has also been discussed in section §1.2.1. It is necessary to ensure
that the non-linear term stays of lower order throughout the minimization process, especially at
the finest scales around the singularity x = 0. Let us also observe that for the critical exponent
k = q — 2, both terms — div(|z|®|u*Vu) and |u|?"%u of the Euler-Lagrange equation have the
same weight for the amplitude scaling transform u +— Au with A > 0.

e The case A = 0 has been extensively studied in [21] and the behavior for 5 > %" is then quite

different from that in Theorem 3 because the non-existence of minimizers was established.



e It is also natural to exclude the case of A < 0. Indeed, let us consider the classical Pohozaev
identity (15) when 2 is star-shaped. For g > %", the left-hand side of (15) is positive but the
right-hand side is negative if A\ < 0. There are therefore no minimizers when A < 0, at least for
star-shape domains.

e When k£ = 0, the non-linear nature of the problem changes. The critical value is then g = 2 and
is excluded. In that case, Theorem 3 contains the results obtained in [23].

Our proof of Theorem 3 follows the general principles of the method of concentration [7]. The core
of our argument is a standard calculus of variation around the weak limit u of a minimizing sequence,
either in the direction of w itself or in the direction of w;.

Thirty years later, this method can be seen as the “pedestrian way” that goes along the “highway”
of the more general method of concentration-compactness using a profile decomposition [31], [27]. Let
us give a rough sketch of this last method and point out the specificity of our problem that led us to
choosing this rather “historical” approach.

Given a minimizing sequence uy € H}(Q)N{v | ||v||ze = 1} of some functional F' (in our case F(u) =
[a(z,u)|[Vul* =X [u?), the boundness of the sequence in H}(£2) allows us to assume that, up to some
sub-sequence, the sequence uy converges weakly to some limit function u € H(Q) N {v||jv|z« < 1}.
The question of showing that w is a minimizer is roughly equivalent to showing that the convergence
of this sequence holds in the strong topology of L(€2) and this last statement is, at least, clearly
sufficient. In case ug 4 w in L9(Q), the concentration-compactness principle [29], [19], [24], [2], [30]
provides orthogonal profiles

Up = U+ ZRj(wj) + with C LN 0,

where R; are translation-scaling operators at either different scales and/or locations and w; are cali-
brated profiles. Applying an appropriate generalized Brezis-Lieb lemma [8], [3], [30], [17] would then
provide

Fuy) = F(u) + ) F(R;j(w))) + o(1).
In most semilinear problems, the functional F' is invariant by translation and scaling, so the action of
R; would commute easily with the one of ' and one would then get

F(Rj(w;)) = So

where Sy is the similar minimization problem on the whole space R™. From the a-priori comparison
0 < inf FF < Sy one could then deduce that the profiles just don’t exist i.e. that u;p — wu strongly
in L9. This comparison between inf F' and the corresponding whole space problem is specific to each
functional at hand and will be done here in Lemma 5.

The specificity of our problem is that the weight a(z,u) depends on the space variable in a non-
trivial way. The whole point of our paper is to show a specific behaviour around a global minimum of a,
under some structure assumptions. We are not convinced that one of the aforementioned generalized
Brezis-Lieb lemma would indeed simplify the problem to the point of triviality.

On the contrary, a precise computation of the concentration of w; around the minimum of the
weight a(x,u) in the spirit of [7] might, at first sight, appear outdated. But, in our present case, it is
more enlightening and it will thus be our course of action.

1.4 Motivations and related questions

The study of the general problem (7) is related to the associated Euler-Lagrange PDE which reads
formally:

{— div (a(z, u)Vu) + 10sa(z,w)|Vul? = A + Olu|i2u (24)

u‘aQ =0.



As the weight a(x, s) depends in a non-trivial way in z and w, this equation is of quasi-linear type. It
only boils down to a semi-linear problem when dsa = 0 (i.e. when k£ = 0 in the reduced model (13)),
which is only one very particular case among the general assumptions of Theorem 3.

The most recents developments on quasi-linear elliptic equations seem to be focused on p-laplace
operators i.e. a leading operator of the form — div(|Vu|P~2Vu). Recent papers that include a critical
non-linearity (see [16], [15], [18], [13]) seem to either focus on singular weights that can be controlled

by a Hardy-type inequality [9]:
/ Ju(z)|?
o |z

or focus on a term |u[P" ~2u where p* = pn/(n—p) is the critical exponent associated to the p-Laplacian.
In the case of [13], the framework is that of the Heisenberg group.

*

dr < CSHuH'}{é(Q)

The quasilinear operator — div(a(z,u)Vu) has been studied in various papers, however not in the
critical case. The paper [1] deals with a general quasilinear elliptic equation of the form

—div(a(z,u)Vu) + g(z,u, Vu) = A(z)u + f

with a quadratic growth of g(x,u,Vu) with respect to Vu, and very general weights a, g and h.
However, this equation does not contain a critical non-linearity like (24). In [5], the form of the
quasi-linear operator gets closer to ours, but corresponds only to the case 8 = 0:

—div((a(x) + |u|)Vu) + b(z)ululP~ | Vul* = f € L™
This problem is truly non-linear because p > 2 but it remains sub-critical because m < 2%. In [6],

n+2°
the critical points of the functional

1 1
I(u):i/ﬂa(x,u)|Vu|2—]—j/Qui

are studied for p < 2n/(n — 2) and a general function a. Again, it is a sub-critical non-linearity.

The study of the minimization problem (7) in general and of the particular form of the energy
functionnal (13) is motivated by deeper questions in geometry. In [14], the minimization problem in
the case A = 0 is studied on compact manifolds, along with various variants.

More generally, the Dirichlet energy associated to a map w : (M, g) — (N, h) between Riemanian
manifolds takes the form

E(u) = / gij(CU)hkl(U)aiukajul(det |g|)n/2d:c1 cooda™.
M

Our scalar problem with £(u) = / a(z,|u])|Vul? and a(z, s) = a+|z|?s* can be seen as an entry-level
R

model for the more general case, but with a singular metric A and a non-linear term

[t = (541) " [ pequtey

We refer to [25] for a general survey of those questions.

Other geometric motivations, in particular in relation to the Yamabe problem, can be found for
example in [4], [10] [26], [27]. Note that the shape of the domain can have a strong influence on the
type of results one can expect. See for example the seminal work of J.M. Coron [11], or [20].

Let us finally point out that the dimension n = 3 could also be interesting for this problem, but is
not yet fully understood. See [7], [12].



1.5 Structure of the paper

The paper is structured as follows. The next section, §2, proves the a-priori estimate Sy (5, k) < a.S.
Theorem 3, which is the main result of this paper, is proved by a contradiction argument that spans
the whole of section §3. In section §3.1 one shows that the weak limit u of a minimizing sequence is
not zero. In sections §3.2 and §3.3, we carry out a calculus of variation around u, respectively in the
direction of w. defined by (2) and then along w itself. The sections §3.4 and §3.5 then put the proof
together.

In the final section §4, one explains how our proof could be adapted to deal with a more general
minimization problem, which is stated in Theorem 9.

2 A priori estimate on S)(3, k)
Taking [|we|| 4w as a test function in F)(u) provides a natural upper bound for S (8, k):
S\(B: k) < Bx (lwellpaw:)
We will show the following;:
Lemma 5 Forn >4, A >0, k>Oandﬁ> % 4 2, one has:
S)\(ﬁ, k) <as (25)
where « is the minimum value of the weight in the energy functional (13).

This lemma is responsible for the main limitation on £ in Theorem 3.

Proof. One needs to compute precisely the asymptotic expansion with respect to ¢ of:

EA<L>:EO<Q)€>— A /(AJQ
lwellq lwellg /) Nwellg Jo =

Each term in the expression Ejy <”U:"ﬁ) has been studied in our previous paper, [21]:

We o 2 1 3 k 9
B (1) = o L el e [l v
oty ) = Tl Jo |V g Jo I e Ve

with, according to (5):

n—z

!%\\2/\V o= BIHOCT) g o)

Ky +o0(e*T)
and (see [21, Proposition 5]):
o (5 e 2)) if B < B < (k+1)(n—2)
(k+2)(n 2) .
T el 9t = § 0 (4 ogel) it = (k1) —2)
We (k42)(n—2) ]
0<7) if B> (k+1)(n—2).

Note that (k4 1)(n —2) = kq—” + @. Thanks to (6), the additional term satisfies:

A / ), MK {aylogaHO(s) if n =4

- [ wi= e
[well2 Jo ° Ko €+O(€TQ) if n > 5.

9



This term is clearly the dominant remainder and dictates the sign if £ > 0 and 8 > %" + 2. Indeed,
one has for n > 4:

— - - kn o if kn | (k+2)n
min{% k:in 2).(k+2{4(n 2)}>1 . {ﬁ>q+ if g < k24 BF

’ —2(n—4 . kn k+2)n
k> =20d f g > kn g (2

(26)

q

and thus

. . 28—k(n—2)  (k+2)(n—2) A\K 1 10 fn—4
Ey e ) = aS—i—O(ETQ)—i—O amm{ o }llogs\ _ Mg Jefloge] jl__Q (&) ifn
[wellq Ky |e4+0(e7) if n > 5.

If £ = 0, one needs to distinguish between dimensions. If n > 5, the —A term is dominant because

721571;4) < 0. If n =4, and 8 > 2, the equivalence (26) cannot help anymore but the previous estimates

directly give:

MK
By (“—) = a8 +0(e) + 0(6) ~ T 2e] log |
2

[lwellq

so —A, again, dictates the sign. "

Remark If § = %" + 2, the non-linear term has exactly the same weight as the —\ term so the
results holds if X is large enough, namely

K K
c 2By . YK

A
K, Ks

Sadly, the comparison between this critical value and aA;(Q2) is not known. Note that the previous
result would hold for a nontrivial range of A if « is large enough.

3 Existence of minimizers

Let us take a minimizing sequence (u;);en for Sx(B,k). It is a bounded sequence in H}(2) and
one can therefore consider u € H}(£2) a weak limit of a suitable subsequence with

t = llullze € [0,1] (27)

and u; — u strongly in LP(Q2) for any p € [2,q). Let us assume, by contradiction, that ¢ < 1.

3.1 The weak limit is not identically zero

By definition (1) of S, one has
asS < a/ |V, |> = S\(B, k) + )\/ u? —/ |2 |P i |[F V) 4 o(1).
Q Q Q
Discarding the negative term and using u; — u strongly in L? gives
S < Sy\(B, k) + A/ u? + o(1)

Q

and thus, according to Lemma 5:

A/ u? > aS — Sy\(8,k) >0,
Q
which ensures that v is not identically zero, and in particular that ¢ # 0 (with ¢ defined by (27)).

10



3.2 First calculus of variations around the weak limit

In this section, let us explore H¢ () around the weak limit u using u + fw, as a test function and
with 6 chosen to satisfy the L%-norm constraint.

Lemma 6 For any v € H}(Q) such that |[v|, <1 and [, |z|°|v|*|Vv|? < oo, one has:
SA(B, k) < Ex(v) +aS{1 — [[vl|2}*/. (28)
For the weak limit u of the above minimizing sequence (u;);jen, one gets an equality in (28):
SA(B. k) = Ex(u) + aS(1 — t9)*/1 (29)
with t = |lul|, defined by (27).

Proof of (28). If |[v||; = 1, then v is an admissible test function and (28) holds by definition. Let
us now assume that ||v||; < 1. For each ¢ > 0, the intermediary values theorem ensures the existence
of ¢c > 0 such that ||v 4+ ccwe||; = 1. One has therefore:

Sx(B, k) < Ex(v+ cewe).
The Brezis-Lieb lemma [8] allows one to compute c:
1= [Jvflg + edllwellg + o(1)

thus 2/
1 q
@ = SA =)™ g (30)
K,

Next, one computes E) (v + cowe) :

S\(B. k) < / (o + J2lPlo + cowe F) [V (0 + cowe)? — A / o + cowel?.
Q Q

Thus one has
S\(Bk) < Bao) +ac? [ [V + R.
Q

with R, = RS + R and

RSUb = 2ac€/Vv Vwe —205)\/ JR Ve / 2

Retit — /\x!ﬁ\v—i-cawa! V(v + cow:)|? /!w\ﬁlv! |Vo|?

and the whole point is to show that R. = o(1) as € — 0.

For the first term of RS", one uses simply that we — 0 weakly in H}(Q) and strongly in L?(9).
For the next two terms of RS, one combines (6) and (30) to get O(]|w:|2) + O(||we||3) thus indeed
R converge to zero with e.

All that remains is to study:
Rt = [ faf? (fo+ el o) (7P
Q

C?/Q|$|ﬁ|v—{—cew€|k|Vw€|2+26€/§2|$|B|U—|—c€w€|kV2}-sz.

11



The key is the following identity on R?:

k .

ifo<k<1,

ol | < oy OEhs (31)
ol + Cilla ol + Jally1) £k > 1

which follows respectively from |[14¢/* —1| < |t|F if k € [0,1] and

for t = y/x € R. Let us compute those two limits first: e
[ talP k90 = o), (32)
[ el (el + e 9t = o), (33)
Subsequently, one will also check that:
/Q 1z|°|v + cowe|* Vv - Vw, = o(1), (34)
/Q|x|5w§1|v||vv|2 =o(1) ifk>1, (35)
/Q\x]ﬁvk‘lwngp =o(1) it k>1. (36)

Once this verification is complete, one can ascertain that R converges to zero with ¢ and the proof
of (28) will therefore be complete.

Proof of (32). One uses an L™ x L! estimate:

i rﬁgk(n4 2)
I |Vv|2<c< / |Vv|2> sup— = =
r<o (e +12) 2

with 6 = sup,eq |z|. The right-hand side is maximal around r ~ /e and its maximal value is of

B__k(n—2) . .
order €2 4, which tends to zero provided

k
q

Proof of (33). One uses Holder’s L9/* x L9/(4=F) inequality with |v + ccw.|F € LY/*:

1-k/q
[ 11+ ccwnFI9l? < (folen + e o) (/ |w|w|wwdx) .

The first factor is bounded. The precise computation of the gradient (4) provides the necessary decay:

1—k/q
N (B4+2)q
8q 2\ 17H/a nez [ _an-2) (€ g 6y gk el

|z| a=F |Vw|=F dx <Cez [eg a* ra=k dr + 7qndr
Q 0 € (€—|—T )

The first term (small scale) is due to the cut-off function but is harmless because it ultimately boils

kn 1
down to &~ +n<1 ) The second one is dealt with using a blow-up rescaling (r = \/ep):
1-k/q
Bq. 2g 1—]{,‘/(1 n+2+6—— 1(6 kn) 6/\/7 (B+2)q+n 1
/ |z|a=F |Vw|=F dx <C<e 7 +¢ SN / 7qnd,o
Q 0 (14 p?)a—+*

There are three cases:
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o If %" <pB< %" +n — 2, the last integral can be extended over R and gives a harmless constant
factor.

o If 5= kq—” + n — 2, the last integral is of order log(d/+/€) but as n > 3, it does not prevent the
whole term from tending to zero with e.

o If 3> %” + n — 2, the last integral boils down to

—dp <P 2 O(e™).

oV et \ T
/o (1+ p2)as

In all cases, assertion (33) holds true.

Proof of (34), assuming 0 < k£ < 1. Thanks to (31), it is sufficient to control the following

integrals:
1/2 1/2
[ aPlobvolvid < ([ 1levee) ([ a?lobved)
Q Q Q

whose factors are respectively bounded by assumption and controlled by (33), and

1/2 1/2
/ lz|PwEVy - Vw, < (/ |x|ﬁw§|Vv|2> X </ |x|ﬁwf|Vw€|2>
Q Q Q

whose factors are respectively controlled by (32) and (33). This proves (34) when £ € [0, 1].

Proof of (35), assuming k£ > 1. Let us set ¥ = 1/k €]0,1[. One uses Holder’s L* x LF/(k=1)
inequality with (|z|%|Vv|?)?|v| € L* and (|z|?|Vv|?)~Ywk~1 € Tk/k=1.

1/k 1-1/k
ek oot < ([ aoliwol) ([ elutioor)
Q Q Q

The first integral is bounded by assumption and the second one is controlled by (32).

Proof of (36), assuming k& > 1. Again, one uses Hélder’s LF x LF/(5=1) inequality but this time
with (|z|?|Vv|?)?w. € L* and (|z|?|Vv|?)=Yvk—1 € LF/F-1,

1/k 1-1/k
/|x|%k1w€|vv|2 < (/ |x|5w§|vv|2> X (/ |x|5vk|Vv|2> .
Q Q Q

The first integral is controlled by (32) and the second one is bounded by assumption.
Proof of (34), assuming k£ > 1. Again, one uses (31) to split the integral:

[l o+ e 190Vl < [ ol ol 190l Ve + ¢ [ falwk 90l P
+ Che {/ |2 |P o] Lwe | Vol | V| +/ ]m\ﬁvwfl\VvHng\}.
Q Q
Each integral can now be controlled using Cauchy-Schwarz and the previous inequalities, namely:

1/2
/ym\ﬁywcgwg\k\wuv%\ < (/ m%’f\w?) X (33)/7 4 (32)/% x (33)1/?
0 Q

+ Che {(36)1/2 x (33)/2 + (35)/2 x (33)1/2} .

13



Proof of (29). Let us now prove the second statement of Lemma 6. One denotes by u € H}
a weak limit of a minimizing sequence (u;)jen for Sx(53,k). According to Fatou’s lemma, one has
Jo |12/P|ul¥|Vu|? < oo so one can apply the first part of our Lemma 6, and thus one only needs to
prove the upper bound on Ej(u). As u; is a minimizing sequence and u; — u in L?

SxBk) + A [0 = [ (ot [Pl P)Tus P + o) (37)
Q Q
On the other hand, the classical Brezis-Lieb Lemma |jul|¢ + ||u; — ul|¢ = 1+ o(1) can be rewritten
g = wl} = (1= 921 + o)

and therefore, by definition (1) of S:
19— 0 = Sl — ull = S(1 - 2114 o(0).
Q

As u; — u weakly in H'(2), the left-hand side expands to
[V =P = [ 1VaP = [ Va0
Q Q Q

/\vujﬁ 25(1—tq)2/q+/ IVul? 4 o(1). (38)
Q Q

Combining (37) and (38) gives:

and thus one gets

Sx(ﬂ,k:)Jr)\/ u? 2/ yx\ﬂyuj\k\vujﬁmsu_tq)2/q+a/ Vul? + o(1).
Q Q Q
Fatou’s lemma provides a lower bound:

[ tal? v < tmint [ (o {0,

Q Q
SO one gets:

SA(ﬁ,k)Jr)\/uz 2/ \xyﬁyu\kyw?msa_tq)2/q+a/ Vul?
Q Q Q

i.e. Sx(B,k) > Ex(u) + aS(1 —t9)%/9. This concludes the proof of Lemma 6. .

3.3 Second calculus of variations around the weak limit

In this section, let us now explore H{ () around the weak limit u using v = (1 + 6)u within the
lemma proved in the previous section.

Lemma 7 Ift = ||lul|, < 1, the weak limit u of the minimizing sequence (u;);cn satisfies:
k
E\(u) + 5 / 2|8 |ul¥|Vu|? = aS(1 — t9)¥a71 . ¢4, (39)
Q

This lemma is the Euler-Lagrange substitute within our reductio ad absurdum from the (not yet
proven to be bogus) assumption that ¢t < 1.

Proof. The key point is that, if t < 1, then for § small enough one has (1+6)t < 1 and thus according
to Lemma 6:

Sx(B,k) < Ex((1+60)u) + aS {1 — (14 )79}/
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with equality when 6 = 0. One can thus claim that:

iEA((l +0)u)+aS{l—-(1+ Q)th}2/q —0
do o

and a straightforward computation of the Taylor expansion of this expression with respect to 6 gives:
k
By@)+75 [ JollulfVal? = as(1 - /oo,
Q
which is exactly (39). .

3.4 Proof of Theorem 3

We are now ready to conclude the reduction ad-absurdum in which one assumed that ¢t = |lul|, < 1.
The previous lemmas 5, 6 and 7 ensure respectively that:

Sx(B,k) < aS (40)
Sx(B,k) — aS(1 —19)*9 = Ey(u) (41)
Ej(u) + g /Q 12| [ulF|Vul? = aS(1 — t9)%/914, (42)

By definition (18) of A;(€), one has [, |[Vul? > A\1(€) [, u* and thus

[ el vl < By + 0= ax(@) [ Ju (43
Q Q

Let us recall that one assumes A < aA;(Q2) so (43) guaranties that E)(u) > 0. One can also discard
the last negative term in (43). Combined with (41), it leads us to Sx(8, k) > 0 as long as one assumes
that ¢ < 1.

Let us now combine (40)-(43) in one inequality with Sx(3, k) on both sides. More precisely, let us
start by combining (42) and (43), which gives:

(1 + g) Ex(u) > aS(1 —t7)2/1714a,
Next, one substitutes the exact value for F)(u) given by (41):
(1 + g) (SA(ﬂ, k) — aS(1 — tQ)Q/q) > aS(1 — $9)2/1- 14,
Then one uses (40) on both sides and 0 < t < 1:

(1 + g) (SA(ﬂ, k) — Sx(8,k)(1 — tQ)Q/q) > Sy (B, k) - (1 — t9)¥/a-14,

As S)\(B,k) > 0, one can simplify by Sy(8, k) and get an equivalent statement:

k(1 —t9)¥a1ga
45> ——r
27 1—(1—ta)?/a

We now claim that the right-hand side is an increasing function of ¢ on (0,1) which is bounded from
below by ¢/2 which is the limit at the origin. Therefore, one gets a contradiction as soon as:

0<k<gqg—2. (44)
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To back-up our claim, let us compute the derivative:

d (=t e ) (1 - (1)) - 20
dt \ 11— (1 — ta)2/a - (1 — (1 —t9)2/a)2

The function ¢(1 — (1 —#9)%/%) — 2t9 itself is an increasing function of ¢ on (0, 1) that vanishes at t = 0.
(1—t9)2/9- 144

EEGETL is increasing too. The limit

It is therefore positive which in turn implies that

(1 —t9)2/a—1¢a ) x q
im ————— = lim ————— ==
t—0t 1 — (1 —t)2/1 50t 1—(1—x)2/1 2

is therefore a lower bound for the function on (0,1), which settles the claim.

The general conclusion of this reduction ad-absurdum that we started p.10, is that ¢ = |Jull, =1
and therefore u itself is a minimizer. This concludes the proof of Theorem 3.

Remarks on the case A > A\;(Q2). Let us briefly discuss what results survive when A\ exceeds its
critical value. One can still use (43) and the previous inequality :

Vi e (0,1),  (1—t9)2/1 140> g <1 (1 tq)Q/Q> .

Assuming that Sy(f, k) > 0 the previous computation boils down to:

¢=2 N\ 1 S8k _ A
k |Q1=2/a X —aX () 1 —(1—t9)2/a

But as the right-hand side is a decreasing bijective map from (0,1) to (1,40c), one gets a restriction
on t of the form ¢t < T'(2, A), as long as the left-hand side exceeds 1. In other words, one gets the
following partial result that could at least be interesting for the numerical analysis of this problem.

Proposition 8 Let us assume that n > 4, g = %, 0<k<qg-—2,06> %” + 2 and that

S)\(ﬁ’ k)
o/t

aM(Q) < A < aA(Q) + (q - 2_ 1> with  Sy(8,k) > 0. (45)

Then for any minimizing sequence u; € H}(Q) i.e. such that
llujl|lre =1 and E\(uj) = SA(B, k) +0(1)

that converges weakly to some u € HZ(Q), then either |lu||L« = 1 and u is a minimizer, or one has the
alternative ||ul|ze € (0,7(S2, X)) where T'(2, \) is the unique solution in (0,1) of

q—2 . 1 S\(B,k) T(Q,\)?
(T a > Q=274 X —aX(Q) 11— (1= T(Q,N)9)2/4

3.5 Proof of Proposition 4

The previous proof holds for any minimizing sequence u; € H&(Q) that converges weakly to some
function u € H{ (). From what precedes, one can claim that |lu||, = 1 and that u is a minimizer.
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3.5.1 Strong convergence in H!()

To prove Proposition 4, one first needs to show that the convergence happens in the strong topology
of H'(£2). As u is a minimizer, one has:

@+ 1Pl vap = [ (@-+ el Tus + o) (40
Q Q

/]Vu\zg lim /]Vuj\z.
Q J—=Foo Jo

If this inequality were strict, then one should also have
el 19 >t [ ol v
Q J=+0 /g

in order for the sum of the left-hand sides to equal the sum of the right-hand sides. However, this last
one violates Fatou’s lemma. One must thus have, as a > O:

[iwup =t [ (9w (47)

and the strong convergence follows from the following classical trick in Hilbert spaces:

and according to Fatou’s lemma

; a2 — 2 ; 2. ; ) —
iy =l =l + lim gl =2 lim () =0

3.5.2 Euler-Lagrange equation
The last point of Proposition 4 is that u is a non-trivial solution of the Euler-Lagrange equation.
{— div ((a + |2°|u*) Va) + 2|8 [ulF~2u|Vu|? = Au + Ou|?2u (48)

ujgn =0
for some © > 0. The non-trivial part is simply that |lul|; = 1.

For any ¢ € H& and 0 € R, the function is an acceptable test function so

u+0¢
lut0ellq
u+ 0
Sx(B,k) < En <m> .
q

Formally, the right-hand side can be developed as a power series in ¢, which takes the form:

) = () o L
By — ) = +0 u)g + of
» (uu o0, Tl )

If u is a minimizer constructed in Theorem 3, then ||ul|, = 1 and E) <”u” > S\(B, k). To satisty the

variational inequality for any small § € R, one must then have F)\(u) = 0, which is the Euler-Lagrange
equation. However, as E\(v) = +oo for some v € H}(Q2), one must be careful and check that the
left-hand side is indeed a C! function of § near the origin.

Let us restrict ourselves to smooth, compactly supported test functions, i.e. ¢ € C°(£2) ; u is the
minimizer constructed in Theorem 3. In this case, as H}(Q) € L9(Q) C L¥(Q) for k < ¢, one has:

[ talPlu+ 0190+ 0967 < G [ fal?(fult + C)(Val +0)
Q

<C / 2P |ul*|Vul? + ChllullZ + O fullin + CI.
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llu+0ellq
equation, the computation goes as follows:

This ensures that F) (ML) < oo and gives meaning to the previous formal argument. To get the

a/q 0
lu+Opllg = (/ lul? + 0/ \u!q_2u4p + 0(9)> =14+ U—/ \u!q_2u4p +0(0)
Q Q q Ja

and

u+0p —2 ‘x’B’U‘i‘e(ﬂlk 2 2
E>\<7>: u—+0 {/ <a+7 Vu+ 0V —)\/u+9
Tt oel,) = 10l U\ T raglE )| N ACR LS

= <1 — 2—9/ \u!q2u4p> {/ a|Vul? — \u? +26 - <a/ VuVe — )\/ u<p>
q Jo Q Q Q
k6
" (1 - ?/ \u!q_2u4p> - </ 2P (Jul* + k6Jul*2up) (Tl + 29VuV<p)>}
) )
+ 0(0).

The term of order one in 8 is:

2<a/QVuV<p—)\/Qu<p>

+2/ ]w\ﬁ\ulkVthp—i-k/ \x!ﬁlu\k_ZuWu\Z(p
Q Q

- [z {2 ([ arwa <) + (S22 [l utiwal | = [ e

with 2 F)\(u) = —aAu — A — div(|z|?|ul*Vu) + &|z|?|ul~2u|Vu|? — ©|u|9"2u and

-2 (/ o Vul? — )\u2> + (ﬂ) / ILIL e
qa \Jo q Q

thus © > 0 for A < a1 () and u # 0. .

4 Generalisations and open problems
Theorem 3 remains valid for the following minimisation problem, which is more general.

Theorem 9 Let us consider:

Sx(a) = inf {/Qa(x,u(x))\Vu(m)]de—)\/QuQ} (49)

ueHL(Q)
llullLg=1

where a(z, s) = by(z) + ba(z)|s|F. The functions by, by satisfy the following assumptions:

1. by has a global minimum « = by(xg) at some point g € ), of order v > 2, i.e.:

bi(z) =a+O0(z—zl"), v>2 (50)
bi(z) > a if x#ux
2. by is positive and has a unique zero in ) at the same point xg, of order 3
ba(z) = | — @o|” + o(|z — xo|”) (51)
ba(z) >0 if x# xo.
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One assumes restrictions on the parameters that are similar to the ones in Theorem 3:

k
O<A<aM(Q), 0<k<qg-2 and ﬁ>?”+2. (52)

Then there exists u € HE(Q) with |lu||z« = 1 such that

Sx(a) :/Qa(m,u(x))]Vu(x)\de—)\/Quz (53)

Remark. Actually, the result (and our proof) would remain valid for a general function a(z, s) such
that:
by () + b3 (2)]s]" < a(z,s) < bf (2) + bf ()[s]* (54)

with bljE and b2jE that satisfy similar assumptions.

Sketch of proof. Let us focus briefly on how one would adapt the previous proof to deal with this
case. The first crucial step is the comparison between Sy(a) and S (Lemma 5). The remainder of b;
produces an additional term
/ |z — 0|7
Q
We

2
which is negligible in comparison to —\ [, <—> ~ —C'\e provided v > 2. The second crucial step

lleellq
is to prove (29). Provided bi(x) > bi(z9) = «, i.e. that the minimum at z( is a global one, one still

gets :

() -0

el

/ by ()| V|2 > aS(1 — 19)2/9 + / by (z)|Vul? 4 o(1)
Q Q

instead of (38) and the rest of the proof remains unchanged. ]

Further generalisations beyond Theorem 9, or at best (54), seem for now out of reach.

e If by admits a minimum of order v < 2 at x, the comparison between Sy (a) and «.S is not clear
anymore.

e If b admits only a local minimum at zy which is not global, most of the comparisons that we
used cease to be true.

e If the zero of by occurs at a point z; distinct of the point zg where by reaches its minimum,
then minimizing sequences can either concentrate around xg and one expect a behaviour similar
to the model case with 5 = 0 (i.e. the solution is in the linear regime studied in [21] and a
minimizer should exist), or the the minimizing sequence can concentrate around z; and in that
case again, it is not clear how to compare Sy(a) and (mina) - S anymore.
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