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Abstract—In this paper, we consider a simple downlink chan-
nel with a multi-antenna base station and two single-antenna
receivers. We assume that the channel is deterministic and known
to all the nodes. Our contribution is two-fold. First, we show that
linear precoding with private streams can have unbounded gap
to the capacity of the channel. Second, we show that using rate-
splitting with a simple power allocation one can achieve the sum
capacity to within a constant gap for any channel realization.

I. INTRODUCTION

The capacity region of a broadcast channel (BC, also known
as downlink channel) is still unknown in general [1]. In the
particular case of degraded BC, in which the channel can
be somehow ordered, the problem is solved and a simple
superposition coding is capacity achieving [2]. Although the
multi-antenna BC with Gaussian noise is not degraded, its
capacity region has also been found [3], [4] and can be achieved
with dirty paper coding (DPC) [5]. The implementation of
DPC is however not trivial, due to its non-linear nature and the
fact that it is sensitive to the channel state information at the
transmitter side (CSIT) [6]. As such, linear precoding is used
in most practical systems instead. Apart from the simplicity,
it can be shown that linear precoding schemes such as zero-
forcing achieve the maximum degrees of freedom (DoF) of
the system [7], [8].

In this paper, we first show that any linear precoding scheme
can be far from optimal, since the gap between the achievable
sum rate of the best linear scheme and the sum capacity can be
unbounded. Then, we show that by introducing rate-splitting
and a common stream, one can achieve the sum capacity to
within a constant number of bits for any channel realization.
The precoding of both the common and private streams is still
linear.

The idea of using rate-splitting to partially mitigate inter-
ference has been introduced in [9], [10] for the interference
channels. Essentially, each transmitter splits the individual
message into private and common parts, in which the common
parts are decodable by (though not intended to) all receivers.
Decodable interference can therefore be completely “removed”.
It has been shown in [11] that such a scheme achieves the
capacity region of the two-user interference channel to within
one bit. For broadcast channels, rate splitting has been exploited
in [12] in a broadcast channel with imperfect CSIT. Extensions
have been made in later works [13], [14], [15]. In the current

work, our main contribution is to establish the optimality of
linearly precoded rate splitting in the constant gap sense.

The rest of the paper is organized as follows. The problem is
described formally in Section II. The achievable rate of linear
precoding schemes is studied in Section III, whereas that of
rate splitting is derived in Section IV. Finally, we conclude the
paper with some remarks on possible extensions.

II. PROBLEM STATEMENT

Notation: 1In this paper, we use the following notational
conventions. For random quantities, we use upper case non-
italic letters, e.g., X, for scalars, upper case non-italic bold
letters, e.g., V, for vectors, and upper case letter with bold and
sans serif fonts, e.g., M, for matrices. Deterministic quantities
are denoted in a rather conventional way with italic letters,
e.g., a scalar z, a vector v, and a matrix M. Logarithms are
in base 2. The Euclidean norm of a vector and a matrix is
denoted by ||v|| and ||M||, respectively.

A. Channel model

We consider a two-user multiple-input single-output (MISO)
broadcast channel (BC). For simplicity, we assume that the
number of transmit antennas is n; = 2. We assume that the
channel matrix is drawn from the set of generic matrices and
is known globally. Let us fix the channel realization to H, and
the channel output at time ¢ is Y [t] = hpx[t]+Zi[t], k = 1,2,
or in a compact form

|:¥;E{| :H$[t]—|—Z[t]7 t=1,...,n,

where Z[t] ~ CN(0,13) is the temporally i.i.d. additive white
Gaussian noise (AWGN) in time. The input sequence is subject
to the power constraint + 7" | [z[¢]||*> < P.

B. Sum capacity

The capacity region of this channel is well known and can be
achieved with dirty paper coding. The capacity region can also
be characterized with the dual multiple access channel (MAC)
with sum power constraint. In particular, the sum capacity is

= 1 I+ H"AH 1
Csum trr(‘ﬁ?%cp og det( + )7 (1
where A is diagonal. Since we have

logdet(I+ PH"H) — 2 < Cynm < logdet(I+ PH"H),



for our purpose, it is without loss of optimality to consider the
quantity logdet(I + PH"H) as the capacity as we are only
interested in capacity to within a constant gap. Further,

logdet(I+ PH"H)
=log (1 + P|/h1[|*> + P|lho||* + P>det(HH")) ,

which is within log 3 bits/s/Hz to

max{log(1 + P[[ha][%), log(1 + P[[ha®),
log(1 + P2det(HH“))}. 2)

Note that the first two terms in (2) can be achieved with single-
user transmission, by choosing the stronger user. Therefore,
the only non-trivial case is when log(1 + P2det(HH")) is the
dominating term in (2).

III. LINEAR PRECODING

Now let us restrict ourselves to linear precoding schemes at
the transmitter and treating interference as noise at the receivers.
In particular, we let X = X; + X such that E [X;X!] = A and
E [X,X4] = B with the following eigenvalue decompositions

A=l a2

Ua Ua pal |vhy uhl’

p=li ol ik B e
UB URB pB| |(vp up]’

where |G4|? = [ual? =1—|0a> = 1—|val? and Ag > pa >
0 without loss of generality; same convention is applied for B.

While the general case shall be considered later, let us first
assume that the channel matrix has the following triangular

form
1 0
H = ,
[f 9]

where the normalization can be done by scaling the transmit
power; hence, hy = [1 0]" and hy = [f ¢|". In this case,
the sum rate (2) becomes

“4)

Clum ~ max{log(1 + P), log(1 + P|f[* + Plg]*).
log(1+ P2lgl") }, (5)

where we use “x” for constant-gap approximation.
Assuming Gaussian signaling for the linearly precoded
signals X; and X5, we have

h % > ( Ay >
Ry =log (14 —1"a ) o0 (14 ,
! g< L+ [[hl% & 1+ Bn

&:mo+|w@)
Rl )

where we use the notation [|hy||% = hjAh;, and |hy|% =
h;. Bh;,.. Note that we are only interested in the case with

A [ha |5 > 1 e
1+ By — L+ haf3 — 7

(6)

and

for otherwise it is equivalent to the single user case to within a
constant gap. In this case, the achievable sum rate with linear
precoding can be written as

Ry + Rs = log ( An ) + log <h‘2”123>
1+ By 1+ [lh2|l%

An [heo|lB )
=1 —_— I . (8
Og(1+h2||,24>+ Og(1+311 ®

We can now maximize over A and over B separately. In fact,
one can show the following lemma.

Lemma 1. For any A and B in (3), we can show that
A . { 2
———— <2min<{ — + 2
L+ [lh21% Lf1?
lh2| B
1+ By
Proof. Let us first consider the part with A.

Ay lual?Aa + [valpa
Lt [lholly — [fua + g0al?Aa + [ fva + gial?pa + 17
Since | fua+gval?+|fva+gaal® = |f)*>+|g]?, weuse a < b
to denote the ordered version of | fus+g4|? and |fva+giial?
and have a > (|fua| — |g9a|)? and 2b > |f|> + |g|. Using
the fact that A4 > pa, we have the following upper bound
An
1+ [[h2|%
< JualPAa + valpa
arg +buyg+1
[ual’Aa | |val’pa
Tada+1  busa+1
[ual*Aa pa
T (Ifual = lgoal)>Aa+1  MEFR, g
< max |uA‘~2>\A
wai|fualzlgval (|fual —[g0a])?Aa +1

2 2\ —1
+mm{(V';W'>,,M}

max min{ww, |UA|2)\A}
ua:|fual>lgoal ([fual = |gval)

|g|?

W)\A, )\A} )

< 2|f)* + 2|g)*\5.

©))

2 2\ —1
+min{<|f| —2|—|g| > , MA} (10)
1 2D\
<mi“{(m+'g> ik AA}
2 2\ —1
+min{<|f| ;“'gl ) ,MA} (11)
2 lg/?
§m1n{|f|2+2|f2)\A, )\A}
2 2\ 1
+mm{(UI;WI)7/M}
]2 lg/?
<2mln{|f|2+ W}\A, )\A}, (12)



where (9) is from the fact that the objective function is
increasing with |fual when |fua| < |g¥al; since in (10),
MW is decreasing with |u4| and |u4|*\ 4 is increas-
ing with |u 4], the max-min is attained when both terms are
equalized or when |u4| = 1; (11) is indeed an upper bound

of (10). The second part can be shown as follows.

[h2 |5
1+ Bi1
_ |fup + g0B|* A + | fup + gus|*up
lug|?Ag + |vB|?us +1
|f12(Jus*AB + [vB*uB) + |91* (108> A6 + lip*uB)
lug|?AB + |vB|?uE + 1

<2

lup|*A\g + [vg|*uB
lup|*AB + |v|2up + 1
AB
lup|*Ap + v |?up + 1
< 2[f[* +2|g|*A5.

<2|fP?

+2|g[?

13)

We are now ready to provide our first main result.

Proposition 1. The gap between the achievable rate by linear
precoding (LP) and the capacity is not bounded.

Proof. We prove the statement with a specific example. We
consider high SNR P and let the channel coefficients scale
with P as f = P%f and g = P%s for some ayf,a, € R. It
follows that the achievable sum rate also scales with P as
dip(ef, ag)log P+ O(1). Similarly, the sum capacity scales
as dppc(ayf, ag)log P+ O(1). In the literature, the pre-log
factor is known as the generalized degree of freedom (GDoF).
If we can show that dip(ay, o) < dppc(af,ay) for some
(af, ag), then the rate gap is necessarily unbounded when
P — .

To that end, we let ay > oy > oy — % > 0. With this
setting, (12) scales as P1T2% =227 and (13) scales as P'*2%,
It follows that dip < 2 + 4oy — 2. From (5), we verify that
dppc = max{l, 14+ 2ay, 1+2ay, 2+ 2a,} = 2 + 2q4.
Thus, we have shown that dppc > dip for such (ay, ). O

Remark III.1. When the channel matrix H is bounded, the
linear precoding schemes do achieve the optimal DoF as shown
in [7], [8]. However, DoF is a coarse measure that only
characterizes the prelog of the channel capacity when the
channel gains are bounded. If one allows the channel gains to
grow with the transmit power polynomially, then we obtain a
finer measure from the prelog of the channel capacity, which
is known as the generalized DoF (GDoF). The constant-gap
optimality is stronger than GDoF and DoF since we allow
arbitrary channel gains without any constraint. As revealed in
the above example, although even ZF precoding can achieve the
optimal DoF;, no linear precoding schemes can be constant-gap
optimal.

Now, let us consider the general case with non-triangular
channel matrix. We can transform the channel as follows.
Assuming hq # 0, we use the LQ decomposition

R N
H—LQ—bhm meQ

where Q is unitary and (|f|? + |g|?)||/h1 > = ||h2||*. Then, the
received signal becomes

e[ e e

where we define Z := ||hy ||@Qz. Note that the original channel
is equivalent to the new one from Z to y, since @ is unitary and
|lh1]] # 0 and both are known globally. The only difference is
now the sum power constraint becomes P = P||hy||2. Same
arguments apply if we swap the roles of user 1 and user 2. We
can obtain the following results.

(14)

15)

Proposition 2. The achievable rate of linear precoding is
upper bounded, to within a constant gap, by

max{log(1 + P[[ha][?), log(1 + P[[ha®),
log(1 + ﬁpPQdet(HH”))},

. 1—p2
where 3, := mm{ pf

, 1} with p :=

Proof. First, let us apply (14) and (15), and we obtain the
trangular form (4) with a new power constraint P = P||hq||%.
It can be verified that
||h2||
Ifl=
IIh 1"

h h2 |
th\l Azl

_ |lha]] JI 2
b
where p := ’ ||h1\| ”h 0 ‘ Let us define S as the set of A and B

such that (7) is satisfied, and S the complementary set. Then,
applying Lemma 1 on (8), we have

max Ri+ Rs
(A,B)eS

i P g? 2|9|4
§10g<4mln{2—|—2P qgl® + | +9op 7
. (1o + 5) + 27" s

Pf|2+152|g2}>
= i 2 L1
= log| 4minq 24+ 2P(1 — p*) | ||h2||* + 7
1— 2

raptt det(HHH),Pp2||h2||2+P2det(HH“)})

< 10g<4{2+2P(|h2||2 + [|h1]]?) + 2P?B,det(HH") })
(16)
wmw@%u+Pmm%A%u+PMﬂ%

log(1 + ﬁpPQdet(HHH))}, 17)

where in the first inequality we used Ag, Ap < P = Pllhy|)%
2

(16) can be verified by looking at both cases 1;5 2 1. For

the set of A and B that do not satisfy (7), we have, from (6)

max Ri+ Ry
(A,B)eS




< max {1 +log(1+ P\|h1||2), 1+log(l+ P||h2H2)}

~ max {log(1 + P|h:[?),log(1 + P|lho|?)}.  (18)

The proof is complete by combining both (17) and (18). [

IV. RATE SPLITTING

Instead of sending only private messages, the transmitter
can send both common and private messages and let the
users “share” the common message. In this way, the potential
interference in the previous case can be converted to common
message that is decoded by both users. Intuitively, we somehow
let each user decode the interference and remove it to improve
the achievable rate. In the following, we show that a simple
precoding scheme combined with rate splitting can achieve the
capacity to within a constant gap.

Specifically, we let X = X+X; +X such that E [X;X}]| =

Q. k=0,1,2, with
h3hs ) hih
s Q=P (I- -(19)
122 ? [ 12
In other words, the private streams X; and X5 are precoded
with zero-forcing. At the receiver side, each user decodes jointly
its private stream and the common stream as in a two-user MAC
channel. It readily follows that the rate triple (R, Rp1, Rp2)
is achievable if
Ry <log(1+h Q1h1)
Ry2 <log (14 h3Q,h3)
Re+ Ry <log (14 hi( Q1 +Qo)h})
R+ Ry <log (1+h3(Qy + Qo)h3)
R, < min {log (1 +hiQ.h7), log (1 +h3Q.h3)} .

Q1:P1 (I—

Let R. = Re1+Rep and Ry = Rp1+ Ry and Ry
We can use Fourier-Motzkin elimination [16] to obtain the
following region on (Ry, Rs2).
Ry < min{log (1+hiQ,h7) +log (1 +h3Q.h3) .
log (1 +hi(Q, + Qo)hl)} (20)
Ry < min{log (1 + hjQ,h3) +log (1 + h1QhT),
log (1 +h3(Q2 +Qo)h3) } 1)
Ri+ Ry < mln{log (1 +h Q2h2)
+log (1+h1(Q, +Qo)hi)
log (1+h1Q,h7) +log (1+h3(Qy + Qo)hz()z}z.)

From the above region, it is not hard to verify that (22) provides
the achievable sum rate RRS := R; + Ry since it dominates
the sum of (20) and (21). Let P, = P, = £ and Q, = £,

we have

RS
Rsum

= min {log (1+hiQh]) + log (1 + —||h2||2 + hiQs5h;

log (1 + h3Q,h3) + log (1 + thIHQ + hIthT) } (23)

= Rpg +Reo.

Finally, we can prove the second main result of our paper.

Proposition 3. The selection between single-user transmission
and the proposed rate splitting (RS) scheme achieves the sum-
capacity (1) to within a constant gap.

Proof. With single-user transmission, one can achieve the first
two terms in (2). It is enough to show that the proposed rate
splitting scheme achieves the third term in (2). Indeed, it is
easy to verify that

log (1 + h@1h;) +log (1 + 5 ol + B5Quh

log (1 e th*nhgnz)

log [ 1+ —det HH“)) (24)
log (1 + h3Q,h3) + log <1+||h12+h Q.h )
> 1o (1+ T nung )
= log ( + det(HH“)) (25)

where (24) and (25) are from the choices of @ and @, in
(19). Therefore, plugging the above individual terms back to
(23), we have

P2
RES. > log (1 + gdet(HH“))

> log (1 + P?det(HH")) — log9,

which completes the proof.

V. CONCLUSION

We have investigated the two-user multiple-input single-
output broadcast channel. We have shown that, using rate
splitting combined with linear precoding, the sum capacity can
be achieved to within a constant gap. Remarkably, using linear
precoding alone can be far from optimal, with an unbounded
gap to the capacity.

Although it is not considered in the current paper, we believe
that the constant gap result holds for the whole capacity region.
One should be able to prove the result using the dual MAC
region, instead of the dual MAC sum rate (1). Another possible
extension is for the case with multi-antenna receivers, for which
we believe that the constant gap result continues to hold. Finally,
it would be interesting to extend the result to the general multi-
user MIMO case, which seems to be highly non-trivial with
the increasing number of messages in the system.
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