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In this paper, the effect of angular misalignment on the transient dynamics of a rotor-Active Magnetic Bearings (AMBs) system was examined with 
numerical analysis. A spatial model of a misaligned rotor mounted in two identical AMBs is setup to account angular misalignment with a flexible 
coupling having torsional and lateral flexibility. The driving rotor was powered by an electric motor in transient regime. Three models of AMBs were used 
with four; six and eight magnets. They were powered by bias and con-trol current. The AMBs dynamics support parameters were modeled by stiffness and 
damping matrices. These were computed through an electromagnetic theory and derivation of the magnetic forces. The gen-eral equations of motion of 
the driven rotor were derived and solved using the Newmark time integration method. Simulation results were carried out to determine the frequency 
and transient responses in term of misalignment magnitude. Dynamic responses come to confirm a significant influence of the transient regime on the 
dynamic behavior of misaligned rotor. Simulated results also reveal that vibrations induced by angular misalignment were more important in the case of 
AMBs with four magnets. Spectral compo-nents of the system response were investigated, in sort to present diagnostic information about the sig-nature 
of this kind of fault in transient regime.

1. Introduction

During the past two decades a diversity of AMBs studies have
been done. The part of AMBs technology has been recently inten-
sively developed because the non-contact support, absence of
lubrication system, friction free rotation and potential aptitude at
high temperature and higher rotating speed. In rotating machines,
misalignment is one of the mainly common observed faults. How-
ever, there have been some researches to know its effect on overall
dynamics of the rotor system. For understanding the dynamics of
misaligned rotors and reducing the ambiguity so as to improve
the reliability of the misalignment fault diagnosis, Patel and Darpe
[1] presented an experimental investigation of the vibration re-
sponse of misaligned coupled rotors supported on rolling element
bearings to evaluate the influence of misalignment and its type on
the forcing characteristics of a flexible coupling. The means of
reacting to applied loads, such as inertia, maneuver or unbalance,
have been compared with rolling element, hydrodynamics and
elasto-hydrodynamic bearings by Bouaziz et al. [2] and Attia Hili
et al. [3]. Bouaziz et al. [4] investigated the dynamic response of
a rigid misaligned rotor mounted in two identical AMBs. Three

simplified models of radial AMBs are presented, where four, six
and eight magnets are powered by a bias current. It is shown that
angular misalignment is such that the 2� and 4� running speed
components are predominant. Their magnitudes differ with the
number of magnets in the bearing. Belhadj Messaoud et al. [5]
are studied dynamic behavior of AMBs in presence of angular mis-
alignment defect. A variable and adaptable stiffness dynamic ab-
sorber is used by Wang and Lai [6] to control the vibration of
parametrically excited beam. Mohamed and Emad [7] investigated
effects of the gyroscopic motion on nonlinear oscillations of the
magnetic bearing system and establish that the hopf bifurcation
occur approximately certain critical speeds. Attia Hili et al. [8]
investigated the response of a flexible rotor-bearing system with
unbalanced disk. Lees [9] studied the effect of misalignment in rig-
idly coupled rotors. For the case of parallel misalignment, the kine-
matics of the relating bolts was proposed. Expressions for phase
and amplitude of the vibration response were presented, which
shows excitation to expand at double the rotor speed owing to
misalignment. Dewell and Mitchell [10] gave a discussion of the
harmonics arising in flexible couplings. Gibbons [11] was the pri-
mary deriving the misalignment reaction forces generated in dif-
ferent types of couplings. The effect of coupling misalignment on
vibration response of the rotor was numerically evaluated by
Sekhar and Prabhu [12]. They recommended 2� vibration response
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as characteristic signature of misaligned shafts. A model for the
flexible coupling-rotor-ball bearing system was derived by Lee
and Lee [13]. From orbital analysis, anisotropy of bearing stiffness
was recommended as the misalignment indicator. The other ap-
proach habitually used to simulate misalignment effect in rotor
system was from kinematics of the couplings. In a pair of papers,
Xu and Marangoni [14,15] gave an analysis of a system counting
a flexible coupling and backed up their predictions with laboratory
experiments. It concluded that the source of the great harmonic
components in the vibration signal caused by the nonlinear behav-
ior of the flexible coupling, a systematic attempt to model the mis-
alignment effect analytically by the universal joint kinematics was
made. Al-Hussain and Redmond [16] modeled a flexible coupling
in the form of a radial rigid, pinned joint with rotational stiffness.
Bahaloo et al. [17] studied velocity transients of a misaligned rotor
with a simplified model. On the contrary, the model presented
henceforth by the authors was appropriated to investigate the
behavior of existent rotating machinery, in view of all the possible
features. The results obtained by Zhang and Zu [18] indicate that
the rotor-AMBs system with eight magnets and time-varying stiff-
ness was able of auto-controlling transient condition chaos to stea-
dy state periodic and quasi periodic motions.

The present study outlines a method of determination of the
misalignment excitation, wherein a coupled rotor bearing system
with ball and socket flexible coupling is investigated on transient
regime. The influence of the angle of misalignment and the number
of magnets by bearings on the rotor dynamic behavior is pre-
sented. The work starts by developing the equation of motions of
two rotors whose axis of rotation is offset due to pure angular mis-
alignment. The equations of motions are solved numerically to
study the general effect of misalignment on the time and frequen-
cies responses. This paper is an extension of the research works
published by Bouaziz et al. [4] on 2011. The technical contribution
of the present investigation is to study the dynamic behavior of
misaligned rotors in non-stationary conditions and taking into

account the torsional rigidity of the shafts, the damping of coupling
and the dynamics of AMBs.

2. Model of a misaligned rotor

We consider, in Figs. 1 and 2, a theoretical model that describes
the spatial angular misalignment defect. The model assumptions
are the following: It is divided into two main blocks.

Block 1 includes the driving motor and the first disk of flexible
coupling connected by shaft 1. Block 2 includes the second disk of
flexible coupling and the load connected by shaft 2; it is supported
by two AMBs (4) and (5). The different parameters of the studied
model are shown in Fig. 2. A driving torque Cm is applied on the
coupling loaded by a torque Cr. hij and Jij are respectively the angular
displacement and the moment of inertia of the component j in the
block i (i, j = 1,2). We consider that block 1 and block 2 have the
sameweightm. The damping coefficients in the coupling are shown
in Fig. 3. The two shafts have a fault alignment of an angle ai + a(t)
in (x,y) plane and b(t) in (x,z) plane, as shown in Fig. 4, ai is an im-
posed angle.

3. Formulation of the governing equations

3.1. Modeling of AMBs

The typical geometric parameters of magnets used in AMBs are
presented in Fig. 5. It is assumed that every magnet have identical
structure. For simplicity, the fringe magnetic flux, the eddy current
loss, the saturation and hysteresis of the magnetic core material,
the magnetic flux leakage and the coupling effects between mag-
nets are ignored. Three simplified models of current AMB are con-
sidered in the present study, where four, six and eight magnets are
symmetrically located and powered by the bias current I0 and con-
trol current ±Ii (i = 1, 2, 3, 4). The electromagnetic forces produced
by every opposed pair of magnet can be expressed as [4]:

Motor

Ball and socket joint 

AMBs

Load 
Block 1 

Block 2 

Fig. 1. Model describing the misalignment.

Fig. 2. Model of angular misalignment with coordinates systems.

(b) Driven disk

Ct2

+

Ct1

+

(a) Driving disk

Fig. 3. Damping modeling of a pair of disk coupling.
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F iðIi; diÞ ¼ �Al0N
2

4
I0 þ Ii
C0 þ di

� �2

� I0 � Ii
C0 � di

� �2
" #

cosh; i

¼ 1;2;3;4 ð1Þ

where l0 is the permeability of a vacuum, A is the cross-section area
of one electromagnet, N is the number of windings in each magnet
coil, C0 is the air gap between the stator and shaft, I0 represents the
bias current which plays a role of producing electromagnetic field, Ii
(i = 2,3,4) is the control current in the i direction, I1 = i1, Ii = i0 + ii, i0
is the static component of the control current relative to the weight
of the rotor, ii (i = 1, 2, 3, 4) is the feedback part of the control cur-
rent and di(i = 1, 2, 3, 4) represents the displacements of the rotor in
the ith direction.

Taking into consideration the current Proportional-Derivative
(PD) controller in the rotor-AMBs system, the feedback compo-
nents of the control current (ii) can be written [4]:

ii ¼ kpdi þ kd _di ð2Þ

where kp and kd respectively represent the proportional and the
derivative gains and _di is the velocity in the ith direction and ui is
the angle between the first and the ith magnet (i = 1, 2, 3, 4). The
displacements of the rotor in the ith direction di can be expressed
as [4]:

di ¼ y cosui þ z sinuiði ¼ 1;2;3;4Þ ð3Þ

We can deduct the expression of the resultants electromagnetic
forces Fy and Fz in, respectively, the horizontal and vertical direc-
tions. It has the following form:

Fy ¼
P4

i¼1F i cosui

Fz ¼
P4

i¼1F i sinui

(

ð4Þ

The electromagnetic forces of AMBwith four, six and eight mag-
nets are presented in the Appendix.

The classic linearized model with eight stiffness and damping
coefficients is employed for the bearing modeling in the present
work. In this model, the forces at each bearing are assumed to obey
the governing equations of the following form [2,5]:

½K ij�
y

z

� �

þ ½Cij�
_y

_z

� �

¼ Fy

Fz

� �

ð5Þ

where y and z are the AMB degrees of freedom, [Kij] and [Cij] are
respectively the bearing stiffness and damping matrices. They are
expressed by:

½K ij� ¼
Kyy Kyz

Kzy Kzz

� �

½Cij� ¼
Cyy Cyz

Czy Czz

� �

8

>

>

>

<

>

>

>

:

ð6Þ

3.2. Modeling of electric motor

Using the kinetic energy theorem and neglecting the power
losses, the rotational velocity of an electric motor can be related
to the driven torque and to the receiver torque by [19]:

J
dX

dt
¼ Cm � Cr ð7Þ

where J is the correspondent moment of inertia of the rotating
parts.

The relation between speed of the motor and driving torque is
expressed by [19]:

Cm ¼ Tb

ð1þ ðsb � sÞ2ðða=sÞ � bs
2ÞÞ

ð8Þ

where sb and Tb are the slip and torque at breakdown, respectively, a
and b are all constant properties of the motor, presented in Table 2,
and s is the proportional drop in speed given by [20]:

s ¼ 1� N

Ns

ð9Þ

N is the definite rotational speed of the motor and Ns is the synchro-
nous speed. Load torque (Cr) characteristic is chosen proportional to
the square of the rotational speed. This is the case for some number
of receivers such as pumps [19]:

Cr ¼ hX2 ð10Þ

where h is a coefficient depending on the driven system
characteristics.

Eq. (7) is transformed into the subsequent differential equation:

dX

dt
¼ 1

J
ðCmðX; tÞ � CrðX; tÞÞ ð11Þ

3.3. Energy equations of the receptor shaft

The equations of motion for a studying model can be derived
using the ten generalized coordinate vector of the degrees of free-
dom h11, h12, y4, z4, y5, z5, h21, h22, a and b.

fqg ¼ ½h11 h12 y4 z4 y5 z5 h21 h22 ab�T ð12Þ

The potential energy of the system can be written as:

Ep ¼
1
2

ky4 y
2
4þkz4 z

2
4þk5 y

2
5þkz5 z

2
5þkh1 ðh11�h12Þ2þkh2 ðh21�h22Þ2

h i

ð13Þ

Rayleigh’s dissipation function due to the bearings and coupling
damping is given by:

Fig. 4. The angular misalignment of coupled rotors.
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Ed¼
1
2

Cy4
_y24þCz4

_z24þCy5
_y25þCz5

_z25þCt1 ð _h11� _h12Þ
2þCt2 ð _h21� _h22Þ

2
h i

ð14Þ

The kinetic energy can be expressed as:

Ec ¼
1
2

J11
_h211 þ J12

_h212 þ J21
_h221 þ J22

_h222 þm V2
G2

�

�

�

�

�

�þ fXgT I fXg
h i

ð15Þ

where fXg ¼
x
_b
_a

8

<

:

9

=

;

is the rotational speed of the receptor shaft.

I ¼
Ix 0 0
0 Iy 0
0 0 Iz

2

4

3

5 is the inertia matrix.

and V2
G2

�

�

�

�

�

� is the square module speed center of gravity of the

receptor shaft.
The differential equation of motion of the adopted system is

obtained by applying Lagrange’s equations [2]:

½MðtÞ�f€qg þ ½CðtÞ�f _qg þ ½KðtÞ�fqg ¼ fFextðtÞg ð16Þ

where
{Fext(t)} is the external applied torques vector. It can be written

as:

FextðtÞf g ¼ fCm;0; 0;0; 0;0; 0;�Cr ;0; 0gT ð17Þ

M represents the mass matrix given by:

MðtÞ ¼

J11

J12

0 0

0

0

0

J21

0 J22
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m33 m44
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ð18Þ

m11 ¼ mðE2 þ R2 cos2ðXtÞÞ þ I ð19Þ
m22 ¼ m33 ¼ mR2cosðXtÞsinðXtÞ ð20Þ
m44 ¼ mðE2 þ R2 sin2ðXtÞÞ þ I ð21Þ

K(t) includes the bearings stiffness ki4 j4 (i = y,z), the shafts torsional
stiffness khj (j = 1, 2) and four stiffness coefficients kii(i = 1, 2, 3, 4)
relative to the misalignment. K(t) is expressed by:

KðtÞ¼

kh1 �kh1
�kh1 kh1

ky4y4 ky4z4 0

kz4y4 kz4z4
ky5y5 ky5z5
kz5y5 kz5z5

kh2 �kh2
0 �kh2 kh2

k11 k22

k33 k44
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ð22Þ

where

k11 ¼ mREX2 cosðXtÞ sinai �mR2X2 cos2ðXtÞ cosai

þ Kyy½AðBþ DÞðsinai � 4 cosai sinaiÞ þ ðB2 þ D2Þ
� ðcos2 ai � sin2 aEÞ þ 2A2ðcosai þ sin2 ai � cos2 aiÞ�
þ CyyRX sinðXtÞ½ðcosai � 1ÞðB sinai þ D sinai þ 2A

� cosaiÞ þ sinaiðB cosai þ D cosai � 2A sinaiÞ� ð23Þ

k22 ¼ �2mR2X2 sinðXtÞ cosðXtÞ cosai þ
1
2
ðKyz þ KzyÞ½ðB2

� cosai � AB sinaiÞ þ ðD2 cosai � AD sinaiÞ� ð24Þ

k33 ¼ 2mR2X2 sinðXtÞ cosðXtÞ sinai þ
1
2
ðKyz þ KzyÞ½ðB2 cosai

� AB sinaiÞ þ ðD2 cosai � AD sinaiÞ� þ CyzðBRX sinðXtÞ
� sinaiÞ þ CyzðDRX sinðXtÞ sinaiÞ ð25Þ

k44 ¼ mREX2 cosðXtÞ sinai �mR2X2 sin2ðXtÞ

� 2Cyz½ARX sinðXtÞð1� cosaiÞ� þ
1
2
ðKyz þ KzyÞ½2A2ð1

� cosaiÞ � AB sinai � AD sinai� þ KzzðB2 þ D2Þ ð26Þ

C(t) includes the bearings damping Ci4 j4 (i, j = y, z), the shafts tor-
sional damping Ctj (j = 1, 2) and four coefficients of damping Cii(i = 1,
2, 3, 4) relative misalignment. C(t) is expressed by:

CðtÞ¼

Ct1 �Ct1

�Ct1 Ct1

Cy4y4 Cy4z4 0

Cz4y4 Cz4z4

Cy5y5 Cy5z5

Cz5y5 Cz5z5

Ct2 �Ct2

0 �Ct2 Ct2

C11 C22

C33 C44
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ð27Þ

Fig. 5. Modeling of a one magnet of AMBs.
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where

C11 ¼ �2mR2X cosðXtÞ sinðXtÞ þ Cyy½ðB2 þ D2Þ cos2 ai þ 2A2

� sin2 ai � 2A cosai sinaiðBþ DÞ� ð28Þ

C22 ¼ 2mR2X½sin2ðXtÞcosai þ cos2ðXtÞ� þ 1
2
BðCyz þ CzyÞ

� ðBcosai � AsinaiÞ þ
1
2
DðCyz þ CzyÞðDcosai � AsinaiÞ ð29Þ

C33 ¼ �2mR2X sin2ðXtÞ þ BðCyz þ CzyÞðB cosai � A sinaiÞ
þ DðCyz þ CzyÞðD cosai � A sinaiÞ ð30Þ

C44 ¼ mR2X sinðXtÞ cosðXtÞ þ CzzðB2 þ D2Þ ð31Þ

Table 1

System parameters.

Parameter Symbol Value Unit

Permeability of a vacuum l0 4p�10�7 Wb/Am
Air gap between the stator and the shaft C0 1.5 mm
Effective cross-sectional area A 200 mm2

Number of windings around the core N 300 –
half angle of the redial electromagnetic h 22.5 degree
Bias current I0 3 A
Static component of the control current i0 0.5 A
Rotor length L 550 mm
Height of bearings motor shaft L1 25 mm
Distances between the motor shaft and

bearing (4)
L2 80 mm

Distance between bearings (4) and (5) L3 400 mm
Stiffness coefficients Kij(i, j = x,

y)
– N/m

Damping coefficients Cij(i, j = x,
y)

– N s/m

Disk radius R 80 mm
Moment of inertia I 0.136 kg m2

Coupling radius Ra 2 mm
Rotor mass m 1.34 kg
Angle of misalignment ai – –

Table 2

Motor characteristics.

Motor type ABB-MT 90L

Electrical specifications 4 poles, 50 Hz 3 phases, 415 V
Yield power (kW) 1.5
Full load speed (rpm) 1420
Slip sb 0.315
Motor constant a 1.711
Motor constant b 1.316
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Fig. 6. Angular misalignment of the misaligned rotor, ai=0�.
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Fig. 7. Frequency spectrum of the misaligned rotor, ai=0�.
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Fig. 8. Angular misalignment of the misaligned rotor, ai=0�.
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with,

A ¼ L1 þ R cosðXtÞ; B ¼ L2 � Ra;D ¼ L2 � Ra þ L3 and

E ¼ L

2
þ Ra ð32Þ

4. Analysis of the dynamic responses

Transient response is computed by solving iteratively the equa-
tions of motion (Eq. (16)) using the Newmark methods with small
time increments to assure all transient dynamic changes. The steady
state vibration response will be studied with and without misalign-
ment defect. Themean of the AMB and the parameter values used in
the study are listed in Table 1. The electrical andmechanical param-
eters values of the used electric motor in the investigatedmodel are
listed in Table 2. Fig. 6 shows time variations of the rotor angular
misalignment a(t) and b(t) in respectively, (x,y) and (x,z) planes. In
the initials conditions, ai;aðtÞ; bðtÞ; _aðtÞ and _bðtÞ are set to zero due
to the basic assumptions in the equations of motion. It is clear that
the angular time responses of a(t) and b(t) takes opposite position
from each others. The amplitude of the transient state motion is
hasty increased as the time increases. The amplitude of oscillations
reaches the steady state as time equal to 0.5 s. Fig. 7 shows the fre-
quency response in (x,y) and (x,z) planes until 70 Hz. The horizontal
axis is the frequency domain and the vertical axis is the logarithmic
scale of misalignment. Curves present one dominant characteristic
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peak frequency at 44 Hz indicating the natural frequency excited at
transient regime due to the presence of pure angular misalignment.
Other frequencies are less important, they reflect vibrations of the
transient regime. With the same starting conditions parameters, a
parametric study was made to reveal the dynamic response of the
investigated system with four, six and eight magnets. Figs. 8 and 9
show, respectively, temporal signal and frequencies responses, in
both (x,y) and (x,z) planes, without misalignment defect. It is con-
cluded that the decrease in the number of magnets let to intensify
vibrations.

The following results are treated with the same initial condi-
tions parameters (bðtÞ ¼ _aðtÞ ¼ _bðtÞ ¼ 0Þ but in presence of angular
misalignment defect (ai = 0.1�). Fig. 10 depicts the frequency com-
ponent of the misaligned rotor in (x,y) plane. Numerical results
show the presence of both lateral and torsinal natural frequency
excited at transient regime due the presence of pure angular mis-
alignment. For the chosen parameters, the torsional frequency is
approximately two times the excited lateral natural frequency.
The second natural frequency is not excited when the imposed an-
gle ai is set to zero (Fig. 7). Orbits of the driven rotor in the center of
both bearings 4 and 5 are shown respectively in Figs. 11 and 12. For
the chosen parameters, it can be seen that orbits have two outer
loops. They are typical of those observed in the field of rotating
machinery and published experimental works presented by Patel
and Darpe [1,22] (Fig. 13) and Redmond [21]. These authors have
concluded that, for angularly misalignment, rotors might exhibit
outer looped orbits. Our results are in good agreement with exper-

imental data presented in these papers. In fact, orbits described by
the centers of bearings 4 and 5 of the theoretical model developed
in the present work have also two outer loops. They are due to the
excitation of the lateral and torsional natural frequencies at tran-
sient regime. Fig. 14 presents the influence of the magnet’s number
in each bearing on the driven rotor displacement trajectories. It is
assumed that orbits have less oscillations amplitudes in the case of
bearing with eight pole legs. However their orientations and form
still remain unchanged.

5. Conclusions

Amodel of rotor AMBs systemwas selected to exhibit one of the
important defects in the field of rotating machinery. The investi-
gated system, modeled with ten degree of freedom, was presented
to allow evaluation of the correlation between shaft vibration and
misalignment defect. The driving and the driven rotor were con-
nected by a flexible coupling. The first rotor was motorized by an
electric motor with a torque was expressed as a function of the
shaft’s angular position. The AMBs’ dynamics support parameters
were modeled by eight linearized stiffness and damping coeffi-
cients. Three models of AMBs were used with four, six and eight
magnets were powered by bias and control currents. The global
equations of motion of the driven rotor were derived and solved
using the Newmark method. A numerical analysis of the spatial
angular misalignment effects on the transient dynamics of the dri-
ven rotor is realized. Results have show that the lateral and tor-
sional natural frequencies were excited at transient regime due
to the presence of pure angular misalignment. Orbits of the driven
rotor center had two inner loops. These were due to the excitation
of the lateral and torsional natural frequencies at transient regime.
This work can be extended to include parallel and combined mis-
alignment by using co-ordinate transformation, which will be pre-
sented in future work.
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Appendix A

The electromagnetic forces of AMB with four, six and eight pole
legs resulting in the vertical and horizontal directions can be writ-
ten, respectively, as [4]:

Fig. 13. Experimental orbit plot of angular misaligned rotor according to Patel and Darpe [1,22].
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Fig. 14. Orbit plot of vibration response of the misaligned rotor in bearing 4, ai=0.1�.
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where _y and _z respectively correspond to the velocities of the rotor
in the y and i directions and a is the coefficient of the electromag-
netic forces, it can be expressed by [4]:

a ¼ l0AN
2I20

4C2
0

cosh:
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