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Abstract

In this article, we prove integration by parts formulae (IbPFs) for the laws of
Bessel bridges from 0 to 0 over the interval [0, 1] of dimension smaller than 3. As
an application, we construct a weak version of an SPDE having the law of a one-
dimensional Bessel bridge (i.e. the law of a reflected Brownian bridge) as reversible
measure, the dimension 1 being particularly relevant in view of applications to scal-
ing limits of dynamical critical pinning models. We also exploit the IbPFs to con-
jecture the structure of the SPDEs associated with Bessel bridges of all dimensions
smaller than 3.

1 Introduction

1.1 From Bessel SDEs to Bessel SPDEs

A Bessel process of dimension § > 0 is defined as the unique continuous non-negative
process (X;);>o such that Y; := X7 is the solution to the SDE

t
}Q:Yo+/2\/YSdBS+5t, t>0, (6§>0) (1.1)
0

where (B¢)¢>0 is a standard Brownian motion. These processes play an important
role in the study of the fine properties of Brownian motion, see ]. Moreover
their fascinating behavior at the boundary point 0 can be studied in great detail,
see e.g. ﬂm] for a recent account.

While well-posedness of the SDE satisfied by (Y;)¢>o0 follows from the clas-
sical Yamada-Watanabe theorem Nﬁé’heorem IX.3.5], the situation for (X;):>o0
is more involved. For § > 1, X is solution to

5—1 [t 1
Xt:XO—i——/ —ds+ By, t>0, (6>1) (1.2)
2 Jo X,

and this equation satisfies pathwise uniqueness and existence of strong solutions
since the drift is monotone decreasing. For § = 1, X is the solution to

X; = Xo+ L, + By, t>0, (§=1)



where (L¢)¢>0 is continuous and monotone non-decreasing, with Ly = 0 and
o0
X >0, / XsdLs =0. (1.3)
0
In other words X is a reflecting Brownian motion, and the above equation has a
unique solution by the Skorokhod Lemma m, Lemma VI.2.1].
For § € (0, 1), the situation is substantially more difficult. One can show, see e.g.

, Proposition 3.12], that X admits diffusion local times, namely continuous
processes (£§);>0,a>0 such that

t [e'e]
/ o(Xs)ds = / o(a) by a’da,
0 0

for all Borel ¢ : Ry — Ry, and that X satisfies

S—1 [0 -0 5 |
Xi=Xo+— —ta’dat By, t20,  (0<8<1).  (14)
0

The latter formula is not really an SDE, and to our knowledge one cannot (so far)
characterize X as the unique process satisfying this property, unless one manages
to prove that X? is a solution to (LIJ).

In a series of papers ﬂZ_am_Q]J, [Zam03, [Zam03, lZ_am_OA]] the second author of this
article studied a class of stochastic partial differential equations (SPDEs) with anal-
ogous properties. For a parameter § > 3 the equation, that we call Bessel SPDE,
is

@—1@4_@4_5
ot 20x2  2u3

w(t,0)=u(t,1)=0, t>0 (0>3) (1.5)

u(0,2) = up(x), x€10,1]

where u > 0 is continuous and ¢ is a space-time white noise on Ry x [0, 1], and we
o (6-3)(5—1)
§) = P\
(9) :
As § | 3, the solution to (L) converges to the solution of the Nualart-Pardoux
equation |

(1.6)

@ — l@ + +§

ot 2002

w(0,-) = o, u(t,0) = u(t,1) = 0 (6=3) (17)
u>0, dnp>0, fR+X[0,1] wdn =0,

where 7 is a reflection measure on ]0, 00[ X ]0,1[. The unique invariant measure of

(T3 for § > 3, respectively (L), is the Bessel bridge of dimension ¢, resp. 3.

Equation %0 describes the fluctuations of an effective (1 + 1) interface model
1

near a wal , [Funos).



While (IH]) for § > 3 is the analog of ([L2]) for 6 > 1, (7)) is the analog of (L3]).
The analogy can be justified in terms of scaling invariance: the equations (L2 and
([C3) are invariant (in law) under the rescaling X; — A =1 X2, for A > 0, while (LF)
and (7)) are invariant under u(t, z) — A~ 1u(\*¢, \2z) (apart from the fact that the
space interval changes from [0, 1] to [0, A\72]).

It has been an open problem for over 15 years to understand the analog of (L4
in this context. In other words, the question is: what is a SPDE whose invariant
measure is the Bessel bridge of dimension § < 37

This problem is particularly interesting for § = 1, which corresponds to the
reflecting Brownian bridge as an invariant measure. Indeed, the reflecting Brownian
bridge arises as the scaling limit of critical pinning models, see ﬂm% In turn,
pinning models can be seen as the reversible measure of some finite-dimensional
diffusions: such a construction was adressed in Chapter 15.2 of M], while in
ﬂELM_d] and ﬂfﬂﬂﬁ], the authors constructed and analyzed these diffusions using
mainly Dirichlet form techniques. Moreover, recently @] proposed an easy
construction of strong solutions in the case of pinning models with a shrinking strip.
These dynamical pinning models are believed to have a scaling limit, which would
be an infinite-dimensional diffusion having the law of a reflecting Brownian motion
as reversible measure. What kind of SPDE that limit should satisfy has however
remained a very open question so far: we refer to Section 5 in ﬂm] for some
conjectures based on formulae obtained in [Zam05] and [GV16].

In this paper we provide an answer to these questions through integration by
parts formulae on the law of Bessel bridges of dimension § < 3. These formulae
involve the laws of pinned Bessel bridges (or, more precisely, the laws Eg:g(~|b),
b>0,r e (0,1), defined below) which should correspond to the local times of the
solution u to our would-be SPDEs. Thus, the drift term in these SPDEs should
involve the process (¢f ,)q>0 defined by

tus:z: s:ooa“a‘s_la .
| etutsanas= [~ ota . aa (1.8)

for all Borel ¢ : Ry — Ry. Some explicit computations on the measures Eg:g(~|b)
suggest that this process should moreover have a vanishing first-order derivative at
0, that is
ﬁzfgm =0, t>0, ze€(0,1). (1.9)
b " o
Finally, the integration by parts formulae that we find imply that the Bessel SPDE
for 1 < 0 < 3 should have the following form

o _10u w0 1
ot 20x? 2 0t ),
Then (CI0) is the SPDE analog of (L4]). For 6 = 1 we have

= (¢, =€) )atda+¢,  (1<6<3). (1.10)

ou 180°u 10 9* ,
Ju 10w 10 07 §=1 1.11
o~ 202 sorow o), TH =D (1.11)
and for 0 <6 <1

0 102

—uz——u+§ (0<d<1)

ot 2 0z (1.12)

k() 0 [ 1 [, 0 a® 0 5—1 .
+ 5 at/o e <£t,m — b — 7 D02 g - a’" " da.




In [CIO), as in ([L4), we have a Taylor expansion at order 0 of the local times

functions a +— ¢*. By contrast, equations (LII)) and (ILI2]) have no analog in the

context of one-dimensional Bessel processes. In ([LI2)) the Taylor expansion is at

order 2, while (LTI is a limit case, like (7)), which can be explained as follows.
We introduce for o € R the following distributions on [0, c0):

o if « = —k with k € N, then
(s 9) = (=1)FM(0), V€ C5°([0,00))
e clse,

a—1

Foo al a
o) = [ et = 3 Se00) | Frsda, Ve O (0.50),

0<j<—a

Then we have that a — (U, ¢) is continuous for all ¢ € C5°(]0, 0)). Moreover, for
0 > 3 the non-linearity in (L) can be expressed as

Kk( t 1 k(6 < 1 . w(VT(5 — 3 .
gﬁéwwmﬂsyl R TR LR )

which, by ([6]), we can in turn rewrite as

NG

S - )

Note that, at least formally, the latter expression makes sense for any ¢ > 0 (at the
expense of taking a limit in the case 6 = 2, and taking into account the cancellation
(CQ)). Moreover, this expression precisely gives the non-linearity of (L1)-(LI0)-
(CID)-(TI). In particular, for § = 3, it equals $¢7 ., which is coherent with the
results about the structure of the reflection measure n in (7)) proved in M]
and showing that a.s. :

1
n([0,t] x dz) = 1 E?,m dx.

While the formulae (ILI0), (TII) and (LI2) remain conjectural, for the case
0 = 1, we do construct, by Dirichlet Forms methods, a Markov process (u:)i>0
with the reflected Brownian bridge as reversible measure, and satisfying a modified
version of equation (LTI above. More precisely, we show that

ou 10%u 1

- = ——— — -] ! =1 1.1

o ~ 202 gimpcw) g (0=1) (1.13)
where pc(z) = 1p(%) is a smooth approximation of the Dirac measure at 0, see
Theorem for the precise statements. Similar arguments could allow us to treat
the case 6 = 2 similarly: this will be done in a forthcoming article.

1.2 Integration by parts formulae for the laws of Bessel bridges

Integration by parts plays a fundamental role in analysis, and most notably in
stochastic analysis. For instance, it lies at the core of Malliavin Calculus and the

theory of Dirichlet forms, see e.g. [Nua0Qd, FOT10, MR92].




While it is relatively easy in finite dimension, where the standard rules of calculus
apply, obtaining integration by parts formulae (IbPFs for short) for measures on
infinite-dimensional spaces can be a difficult task, one of the main reasons being the
absence of Lebesgue measure in that context. The most celebrated example is the
IbPF associated with Brownian motion, or its corresponding bridge, on the interval
[0, 1], which reads

E [0,0(B)] = —E [(h", B) ®(B)],

for all Fréchet differentiable ® : L2(0,1) — R and all h € C2%(0, 1), where (-,-) de-
notes the canonical scalar product in L?(0, 1). This formula follows for instance from
the quasi-invariance property of the Wiener measure on [0, 1] along the Cameron-
Martin space.

In M], the second author exploited the relation between the law of the
Brownian bridge and the law of a Brownian excursion (also known as 3-dimensional
Bessel bridge) on [0, 1] to deduce an IbPF for the latter measure; other proofs were
given later, see e.g. ﬂElO_ﬂ, lZaml_ﬂ] In ﬂZamDﬂ], exploiting an absolute continuity
relation with respect to the 3-dimensional Bessel bridge, the second author obtained
IbPFs for the Bessel bridges of dimension larger than 3. Put in a nutshell, these
formulae read as follows:

B, [0n®(X)] = —Ej , [(h", X) ®(X)] = w(0) EJ, [(h, X %) &(X)] (1.14)
for all § > 3, and

E} [00®(X)] = —E] , [(h", X) ®(X)] (1.15)
— /01 dr h,y(r,a) E(‘;a [®(X)| X, =0],

where ® and h are as above, and, for all » € (0, 1), v(r,a) is some explicit positive
number. Here, for all § > 0 and a > 0, Egﬁa denotes expectation with respect
to the law P;a, on the space of continuous real-valued functions on [0, 1], of the
d-dimensional Bessel bridge from a to a over the interval [0, 1], and () is defined
in (L6). Note that x(d) > 0 for 6 > 3, and k vanishes at 6 = 3, the dimension
corresponding to the Brownian excursion. At the same time, the quantity

(|, X %)

is integrable with respect to Pga for 6 > 3, but is non-integrable with respect
to P}, for h that is not identically 0. Hence, formula (LIF) can be seen as the
limit, as 0 N\ 3, of the formula (CI4), with the last term in the right-hand side
corresponding to an indeterminate form 0 x oo, converging here to an integral over
a measure involving the laws of pinned Bessel bridges E? , [dX | X, = 0], € (0,1).
Actually, formula ([CTH]) possesses a geometric-measure theory interpretation as a
Gauss-Green formula in an infinite-dimensional space, the second term in the rigt-
hand side corresponding to a boundary term (see Chapter 6.1.2 in [Zam117)).

What can we say for Bessel bridges of dimension § < 3 7 In such a regime,
the techniques used in M], based on absolute continuity relations with the
Brownian excursion as well as monotonicity arguments, fall apart. Indeed, when
0 € (1,3), k(0) < 0, so the required monotonicity properties do not hold anymore,
while for § < 2 the absolute continuity relations fail to exist. Hence, the problem
of finding IbPFs for the measures P° ., when 6 < 3, has remained open until now,

a,a’



excepted for the value § = 1, corresponding to the reflected Brownian bridge, for
which some IbPFs have been obtained, see M] for the case of the reflected
Brownian motion, M] for the case of a genuine bridge, and Remark [£.T1] below
for a discussion.

1.3 Outline of the results

Here and below, let C([0,1]) := C([0,1],R) be the space of continuous real-valued
functions on [0, 1]. In this article, we obtain IbPF's for the laws g, of Bessel bridges
of dimension ¢ € (0,3) from 0 to 0 over [0,1]. Our formulae hold for a large class
of functionals ® : C(]0, 1]) — R. More precisely, we consider linear combinations of
functionals of the form

O(¢) = exp(—(m, (%)), ¢ € C([0.1]),

with m a finite Borel measure on [0, 1], and where (m, ¢?) := fol ¢?m(dt). We prove
that these functionals satisfy IbPFs for the laws P&O, for all 6 > 0. Our method is
based on deriving semi-explicit expressions for quantities of the form

Ego[@(X)]  and B, [®(X)| X, =b], b>0,7€(0,1),

using solutions to some second-order differential equations, and exploiting the nice
computations done in Chapter XI of M] The fundamental property enabling
these computation is the additivity property of the squared Bessel processes, which
in particular implies that, when a = o’ = 0, both of the quantities above factorize in a
very specific way, see the expression ([B.IT) below. As a consequence, for functionals
as above, all the IbPFs for P(i 0, 0 > 3 are just multiples of a single differential
relation which does not depend on § (see Lemma below), the dependence in §
entering only through the multiplying constant which involves some I'" values. When
6 > 3, expressing these I' values as integrals, and performing a change of variable,
we retrieve the formulae already obtained in [Zam02] and [Zam03]. On the other
hand, when § < 3, one of the I" values appearing is negative, so we cannot express
it using the usual integral formula, but must rather use renormalized integrals.

As a result, when § € (1, 3), the IbPFs contain Taylor remainders at order 0, of
the form

200 (2(X) [b) = g (B(X)[0),  b=>0,7 € (0,1),

where Zg:g (dX |b) is a measure on C([0,1]) proportional to the law of the Bessel
bridge conditioned to hit b at 7. When § € (0, 1), this renormalization phenomenon
becomes even more acute, with the presence in the IbPFs of Taylor remainders at
order 2, with expressions of the form

b? a2
5,7 4,7 S,r
S35 ((X) [8) - 55 (2(X) [0) = T SoSi (@) ()|, b2 0,7 € (0,1)
a=0
noting that the term of order 1 vanishes:
d o,r
520’70 (P(X)]a) =0, re(0,1). (1.16)

a=0

These formulae are stated in Theorem 1] below. One important, expected feature
is the transition that occurs at the values § = 3 and § = 1. In the latter case, which



corresponds to the reflected Brownian bridge, the IbPF degenerates in an expression
similar to (LI3), but with the boundary term replaced with its double derivatives
at b=0

© @) b 0,1
W 0,0(( )|)b:0, TG(?))
see formula ({4]) below. Another important but less expected feature is the absence
of transition at 6 = 2, as well as the related remarkable fact that the functions
b Eg:g (®(X) |b), are, for all r € (0,1), smooth functions in b?, so that all their
odd-order derivatives vanish at 0. This is the reason why there only ever appear
derivatives of even order in our formulae. An objection to this observation might be
that the class of functionals we consider is too restrictive. However, in a forthcoming
article, we will show that the IbPFs obtained in the present article still hold for a
class of very general functionals. In particular, vanishing of first-order derivatives
at b = 0 can be established for b — Eg:g (®(X)|b) for any ® € C}(L*(0,1)), which
confirms the absence of transition at 6 = 2 observed in this article.

The IbPF above should help us with our original SPDE problem. Indeed, assum-
ing that we could construct Markov processes on L?(0, 1) having P(i o for 6 € (0,3)
as their invariant measure, we should be able to prove that these satisfy the Bessel
SPDEs presented above, at least in a weak form, using for example Dirichlet Form
techniques. Note that, in the case 6 > 3, the SPDEs had been solved by the second
author in M] and m using pathwise techniques, and many fine properties
of the solution had been studied, such as their hitting properties (see ﬂﬁﬂ%]), or
the existence of occupation densities (see [Zam04]). By contrast, in the case § < 3,
the SPDEs (LI0), (CZII) and (TI2)) do not seem to possess any strong notion of so-
lution, and essentially seem to lie outside the scope of any existing theory of SPDEs.
However, in this article, for 6 = 1, using Dirichlet form techniques, and thanks to
the IbPF for the reflecting Brownian bridge, we are able to construct a weak version
of the associated SPDE in the stationnary regime. Thus, the dynamics for § = 1 can
be described formally by (ILI3]). A similar construction can be implemented in the
case § = 2, which will be the subject of a forthcoming article. The approach using
Dirichlet forms has already been used in m, where the author constructed the
Markov process for 6 = 1, but not the SPDE.

The cases corresponding to 6 € (0,3) \ {1} do not seem to have been provided
any partial answer yet. However, the IbPFs we obtain below justify our conjecture
for the structure of the corresponding would-be SPDEs (LI0), (III) and (TCI2),
containing Taylor remainders of local times, in a way reminiscent of the principal
values of local times appearing in (L4).

The article is organized as follows: in SectionPlwe address a toy-model consisiting
of a family of measures on R, hence much simpler than the laws of Bessel bridges,
but displaying a similar renormalization phenomena at the level of the IbPFs. In
Section [3] we recall and prove some useful facts on the laws of squared Bessel pro-
cesses, Bessel processes, and their bridges. In Section Ml we state and prove the
IbPFs for the laws of Bessel bridges. The formula for Polﬁ0 is used in Section [A to
construct a weak form of the corresponding SPDE, using Dirichlet form techniques.
We also show that the absolute value of the solution to the stochastic heat equation
does not coincide with the Markov process solution of (LI3]) (see Thm below
for the precise statement). Finally, in Section [6] based on the IbPFs we obtained,
we justify more in detail our conjectures on the structure of the Bessel SPDEs for
0 < 3.
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2 A prelude

In this section we introduce a toy model consisting of a family of measures on R, for
which we derive integration by parts formulae. We will obtain a unified formulation
for these upon extending the initial family of measures to a family of distributions,
and this will be achieved by renormalization. The content of this section is well-
known and classical, but it will serve as a useful finite-dimensional example for the
theory to come.

We consider the following Borel measures on Ry. For a > 0, we set

to(da) = dx, a>0, 1o = o,

where dg denotes the Dirac measure at 0. Anticipating on Section[8]below, we readily
mention that, for each a > 0, i, is a reversible measure for the a-dimensional Bessel
process.

Remark 2.1. For the sequel it will be useful to compute the Laplace transform of
the measures (o, @ > 0. A simple change of variable shows that

/eXp(—)\x) fo(dz) = A7, A>0, a>0. (2.1)

Proposition 2.2 (Integration by parts formulae). Let ¢ : Ry — R be a C* function
with compact support in [0,00). Then, for all a > 1:

/ &' (2) o (dar) = — / 6(2) pror (d2). (2.2)

Proof. For a > 1, integrating by parts, we obtain

/0°° #() r?a; dr = {Sﬁ(z) %E@ - /OOO p(x) (arzigw da. (2.3)

Since ¢ has compact support in R, and since o > 1, the bracket term vanishes. On
the other hand, recalling that I'(«) = (a—1)I'(e— 1), we can rewrite the right-hand
integral as

8

/ " o) o (d),



and the claim follows. Turning to o = 1, we have pu; = 1,>0dz. Hence, recalling
that ¢ has compact support in R, we have

/ " /() () = —p(0) = — / " (@) polda),
0 0

and the claim follows as well. O

We are going to prove that the family of measures (1q)a>0 can be extended to
a family of distributions (f1a)aecr Which satisfies equation ([22)) for all & € R. To do
so, we first define the appropriate space of test functions on [0, c0).

Definition 2.3. Let S([0,00)) be the space of C'*° functions ¢ : [0,00) — R such
that, for all k,1 > 0, there exists Cj ¢ > 0 such that
Ve >0, [o®(x)] 2" < Chy. (2.4)

Now, for each o > 0, the measure p, defines a Schwartz distribution (which we
still denote by 14) as follows: for all test function ¢ € S([0, c0)),

(ashi= [ () o) (2.
0
Remark 2.4. The quantity in (23] is equal to I'(a)Me(a), where Mp(a) is the
Mellin transform of the function ¢ computed at a > 0.

For o < 0, we will define p,, as a distribution, using a renormalization procedure
based on Taylor polynomials. To do so, for any smooth function ¢ : Ry — R, for
all n € Z, and all x > 0, we set

J .
T o= p(@)— > %W(o» (2.6)
0<j<n v°

In words, if n > 0 then 7,"¢ is the Taylor remainder based at 0, of order n + 1, of
the function ¢, evaluated at z; if n < 0 then 7. "¢ is simply the value of ¢ at z.

Definition 2.5. For a < 0, we define the distribution p, as follows:
o if @« = —k with k € N, then
(pay0) = (1) (0), Ve S([0,00)) (2.7)

o if -k — 1< a< —k with k € N, then

+o0 1.(171

= k X x)). .
(Has ) = | Ewr(a)d7 Vi € S5([0,00)) (2.8)

Remark 2.6. Note that formula (Z8]) defines a bona fide distribution on S(]0, o0)).
Indeed, by Taylor’s theorem, the integrand is of order z**® near 0, therefore inte-
grable there, while it is dominated by zF+~1 near 400, so is integrable at infinity
as well.



Remark 2.7. Definition thus provides an extension of the Mellin transform
of a function ¢ € §([0,00)) to the whole real line. In particular, equality (27 is
natural in view of Ramanujan’s Master Theorem, which allows to see the successive
derivatives at 0 of an analytic function as the values, for non-positive integers, of the
analytic extension of its Mellin transform. We refer to ﬂ@] for more details on
this theorem. We also stress that the renormalization procedure used in equation
23) to define o for a < 0 is very natural, and can also be used to extend the
domain of validity of Ramanujan’s Master Theorem, see Theorem 8.1 in M]

Note that, for £ € N and « such that —k — 1 < a < —k, by performing k + 1
succesive integration by parts, we can rewrite equality (28] as

B ﬂ + . xa—i—k
<,Uou ‘P) = F(Oz) /O (p(k—i_ )(x) a(a + 1) . (a + k) e

Hence, recalling that I'(a)a(a +1)...(a+ k) =T'(a+ k + 1), we deduce that

+oo
(,ua,go) = (_1)k+1/0 (p(k+1)($) Moz-l—k-‘rl(dx)a (29)

which can be interpreted as a variant of the Caputo differential, at order —a, of ¢
(see e.g. (1.17) in M]) Note that we supposed that k& > 0 so that a < 0, but
equality (Z9) clearly also holds for k = —1 and « € (0, 1).

Proposition 2.8 (Integration by parts formulae). For all « € R and ¢ € §([0,0)):

(o, @) = =(pa—1,©)-

Proof. The case o > 1 was treated in Proposition 2.2l The case o = —k with k € N
follows from the definition ([2.7). Finally, the case when « € (—k — 1, —k) for some
integer k > —1 follows at once from the representation (29). O

Remark 2.9. As a consequence of Proposition 2.8, we deduce that the expression
) for the Laplace tranform of u, remains true also for negative . Indeed, for
such «, picking k& € N such that o + k£ > 0, we have, for all A > 0

Y dv Y
(parse™™) = (=1 (tiask, P M = A (o )

= Ak = e

3 Squared Bessel processes, Bessel processes, and
associated bridges

In this section we recall and prove some useful facts about squared Bessel processes,
Bessel processes, and their corresponding bridges.
We recall that, for all «,6 > 0, I'(«, 8) denotes the probability law on R4

[e3

I(a)

a—1 6791 1

I(«, 0)(dx) =

>0 dz.

For ao = 0, we set I'(0, 0) := do.

10



3.1 Squared Bessel processes and Bessel processes

For all ,6 > 0, denote by Q° the law, on C(R,R.), of the §-dimensional squared
Bessel process started at z, namely the unique solution to the SDE

t
Yt:z+2/ VY.dBs +6t,  t>0, (3.1)
0

where B is a standard Brownian motion, see Chapter XI of M] We denote by
(Xt)¢>0 the canonical process

X::C([0,1]) = R, Xi(w) :==w, we C([0,1]).

Definition 3.1. For any interval I C Ry, and any two probability laws p, v on
C(I,R4), let v denote the convolution of 4 and v, i.e. the image of u ® v under
the addition map:

0(17R+)XC(17R+)4)C(17R+)5 (x,y)r—>:c+y

The family of probability measures (Qg) 50> Satisties the following well-known
additivity property, first observed by Shiga and Watanabe in M]
Proposition 3.2. For all x,2’,6,, we have the following equality of probability
laws on C(Ry,Ry)

Q Qo = Qa5 (3:2)

We recall that squared Bessel processes are homogeneous Markov processes on
R, . Exploiting the additivity property [B2]), Revuz and Yor provided, in section
XI of ], explicit expressions for their transition densities (¢f (z,y))
When 6 > 0, these are given by

a) (z,y) l(g)y/QeXp<x+y>Lj<@>, £>0,2>0  (3.3)

t>0,z,y>0"

AN 2t t
and S ) y
A (0.y) = )70 (/2 e (5 ), t>0. (3.4)
In particular, for z = 0, we have
o 1
)

=T(=,= .

q; (0,y) dy <2, Qt) (dy)

If (Yi)i>0 is a d-dimensional squared Bessel process started at x, then the process

(VY) 120

is called a d-dimensional Bessel process started at a, where a = /z. We shall
denote by (pf (a, b)) 1>0.a.p>0 the corresponding transition densities. These are given
in terms of the densities of the squared Bessel process by the relation

Yt >0, Ya,b>0, pd(a,b)=2bq’(a? b?). (3.5)

In section XI of M], Revuz and Yor provided semi-explicit expressions for the
Laplace transforms of squared Bessel processes (and also the corresponding bridges).
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Their proof is based on the fact that, for all §, 2 > 0, and all finite Borel measure m
on [0, 1], the measure exp (—(m, X)) Q% possesses a nice probabilistic interpretation,
where we use the notation:

(m, f) = / £(r)ym(dr)

for any Borel function f : [0,1] — R;. This remarkable fact is used implicitly in
] (see e.g. the proof of Theorem (3.2) of Chap XI.3), where the authors com-
pute the one-dimensional marginal distributions of this measure. By contrast, in the
proof of Lemma 3.8 below, we will need to compute higher-dimensional marginals.
We thus need a way to interpret the measure exp (—(m, X)) QZ probabilistically. To
do so, we first introduce some notations.
Let m be a finite, Borel measure on [0,1]. As in Chap. XI of [RY13], we consider
the unique solution ¢ = (¢,, > 0) on Ry of the following problem

@"(dr) = 21(9,1)(r) ¢ m(dr)
Po =1, (3.6)
¢>0,8/ <0onRy,

where the first equality is an equality in distribution (see Appendix 8 of M] for
existence and uniqueness of solutions to this problem). Note that the above function
¢ coincides with the function ¢, of Chap XI.1 of ], with p := 219 1y m.

Lemma 3.3. Let m be a finite, Borel measure on [0,1], and let ¢ be the unique
solution of @BL). Then, for all x,6 > 0, the measure Ri defined on F; :=
o({Xs,s <1}) by

x 5
R = exp (=5 6h) 017 ) @ (3.7)

s a probability measure, equal to the law of the process
2
(¢t Yé’t)te[o,u ’

d
where Y @ QS and o is the deterministic time change

t
0t :/ ¢y % du, t>0. (3.8)
0

Proof. We proceed as in the proofs of Theorem (1.7) and (3.2) in Chapter XI of
]. Let 2,6 > 0. Under Q), M; := X; — §t is a local martingale, so we can
define an exponential local martingale by setting

1 [ ¢ >
Zy =8| = S dMg ) .
! (2 0 ¢s t

As established in the proof of Theorem (1.7) of M], we have

Z; = exp (% <%Xt — dpx — 5ln¢t) - /t X, dm(s)>
0

5 / t
= exp (_g%) ¢, ? exp (%%Xt - /0 X, dm(s)) ,

12



recalling that the measure p considered in M] is given in our case by 21} 1;m
In particular, we deduce that the measure R’ defined by (B7) coincides with Z; Q2
(note that ¢} = 0 as a consequence of ([B.6])). Moreover, by the above expression,

_s
(Zt)te[o,1] is uniformly bounded by exp (—3¢() ¢; 2, so it is a martingale on [0, 1].
Hence, R defines a probability measure on .%;.
There remains to give a description of RS. By Girsanov’s theorem, under R},
(Xt)te(o,1) solves the following SDE on [0, 1]
/
Xt=$+2/ v XsdBg + 2 (;X ds +t. (3.9)

But a weak solution to this SDE is provided by (H, )te[o 1), where

t
Hyi:= ¢4 (-T+/ ¢s_1dWs)a
0

where W is a standard Brownian motion. By strong and therefore weak uniqueness
of solutions to equation (), see [RY13, Theorem IX.3.5], we deduce that X is
equal in law to the process (H? )tejo,1- On the other hand, by Lévy’s theorem, we
have

(d)
(Ht>t€[0,1] = (d)t 79t>t€[011]5

where v is a standard Brownian motion started at . Hence we deduce that

(Ht2)te[01 : (¢t Qt)teol]’

where YV @ QL. Therefore, under R!, we have

(d)
(¢t ot ) t€[0 1]

The claim is thus proven for § = 1 and for any x > 0. Now, by the additivity
property ([B.2) satisfied by (Q‘;)J +>0 there exist A, B > 0 such that, for all z,0 > 0,
and all finite Borel measure v on [0, 1], we have

1
Qg {exp </0 o7 X,, dl/(t)]) = A"BY,

which can be proved exactly as Corollary 1.3 in Chapter XI of M] Note now

that the family of probability laws (Ri) 5.0 Satisties the same additivity property

V6,8, x>0, RS *R6, = Rot+¢

r+x’"

Hence, there also exist A, B > 0 such that, for all 2,8 > 0, and w1 as above:

R [exp < / X, dy(t))] AR

By the previous point, evaluating at § = 1, we obtain

Ve >0, A°B=A"B

13



Hence A = A and B = B, whence we deduce that, for all §,z > 0

Q {exp ( /0 1 2 X, dy(t))} =R [exp ( /O 1 X, dy(t>>] :

Since this holds for any finite measure p on [0,1], by injectivity of the Laplace
transform, we deduce that the claim equality in law holds for all values of §,x >
0. O

3.2 Squared Bessel bridges and Bessel bridges

For all §,z,y > 0, we denote by gyy the law, on C([0,1]), of the d-dimensional

squared Bessel bridge from x to y over the interval [0,1]. In other words, gyy is

the law of of a d-dimensional squared Bessel bridge started at x, and conditioned to
hitting y at time 1. A rigourous construction of these probability laws is provided

in Chap. XL3 of [RY13] (see also [PY82] for a discussion on the particular case

0 =y = 0). Note that, if y > 0, and 0 < r < 1, then, for X @ gyy, the random
variable X, admits the density qg:g on R, , where
s s
qi’;(z) — qT(ZL',Z) Q17T(Z)y), p Z 0 (31())

@ (z,y)

see Chap. XIL.3 of [RY13]. In the case z = y = 0, X, = I'(Z %T)), so the

associated density ¢° is given by

s »0/2—1 5
= - >0 3.11
ar(2) (2r(1 — r)p/20(6/2) P ( 2r(1 — 7’)) R (3.11)
In the same way as one constructs the laws of squared Bessel bridges Qg,y,

d,z,y > 0, one can also construct the laws of Bessel bridges. In the following, for
any d,a,b > 0, we shall denote by Pf,b the law, on C([0, 1]), of the §-dimensional

Bessel bridge from a to b over the time interval [0,1]. In other words, Pf,b is the
law of a J-dimensional Bessel process started at a and conditioned to hit b at time
1. We shall denote by Eg,b the associated expectation operator. Note that Pfﬁb is

the image of QgQ b2 under the map:
C([0,1]) 2 w > 1,50 Vw € C([0,1)). (3.12)

In particular, under PO‘S, o, for r € (0,1) the canonical process X, admits the density

pS on Ry, where

bzifl

S(pY — 512y — ex ,L
pr(b)*%qr(b)*ngl—\(%)(r(l_r»ém p( 2r(1 —r)

> . b>0. (3.13)

We finally introduce the last family of measures that we shall consider, which
are further conditioned versions of the Bessel brdiges.
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3.3 Pinned bridges

For all 0,z,y,z > 0 and r € (0,1), we shall denote by Q‘;y[ - | X, = 2] the law, on
C(]0,1]), of a d-dimensional squared Bessel bridge between x and y, pinned at z at
time r. Intuitively, it corresponds to the law of a Qg,y bridge conditioned to hitting
z at time r. Such a probability law can be constructed using the same procedure as
for the construction of squared Bessel bridges.

Similarly, one can define, for all §,a,b,c > 0 and r € (0, 1), the law P;b[ X =
c] of a d-dimensional Bessel bridge between a and b, pinned at ¢ at time r. Note
that this probability measure is then the image of QgQ,bZ[ - | X, = ?] under the
map ([E12)

With these notations at hand, we now define a family of measures which will
play an important role in the IbPF for Bessel bridges. Heuristically, they should be
related to the local times of the solution (u(t,)):>0,ze[0,1] to an SPDE having the
law of a Bessel bridge as reversible measure.

Definition 3.4. For all b > 0 and r € (0,1), we set

5,r pi(b) 5
Zoﬁo(dX [b) := -1 FyoldX | X, = 0], (3.14)

where p? is the probability density function of X, under P&O, see (BI3).

The measure Eg’,g( -|b) is meant to be the Revuz measure of the diffusion local
time of (u(t,7))¢>0 at level b > 0.

Remark 3.5. Note that, for all r € (0, 1), by (313), we have

P _ ! exp (2
28D () (r(1 - 1)) p( 27"(17"))’ e

and the right-hand side is well-defined also for b = 0. It is this quantity that we
consider in equality (314 above.

In the sequel we will have to compute quantities of the form
S,r
Z0,0 [exp(—(m, X2>) |b}

for m a finite Borel measure on [0, 1]. In that perspective, we introduce some further
notations. Given such a m, following the notation used in M] (see also Exercise
(1.34), Chap. XI, of [RY13]), we denote by ¢ the function on [0, 1] given by

Wy 1= (br/rgb;Qdu:(ngr, r € [0,1], (3.15)
0

where ¢ is as in ([B8)). Note that 1 is the unique solution on [0, 1] of the Cauchy
problem

Q/JOZO’ 1/16:1

Moreover, we denote by 1& the function on [0, 1] given by

{Wmm=2mmmm

Yr = ¢10r(01 — 0r) = V1¢r — Yrd1, 7 €[0,1]. (3.16)
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Note that ¢ satisfies the following problem on [0, 1]

P"(dr) = 29, m(dr)
1/;1 == Oa Q/Aji = -

With these notations at hand, we obtain the following result.

Lemma 3.6. For allr € (0,1), 6 >0 and b > 0, the following holds:
/exp(7<m X?)) 20T (AX |b) = __ exp fﬁcr DY/? (3.17)
9 0,0 2%71 F(%) 2 ro

where

7/)1A 7 D, = 1A .
w"‘w’l‘ w’l‘w’l‘
Remark 3.7. Note that the functions ¢, 1) and ’L/AJ take positive values on ]0, 1[, so
that the above quantities are well-defined for all r €]0, 1].

C, =

Proof. First note that by the relation (B3], and by the expression ([BI4]), we have

S (12
[ ev=m.x2) $5ax 1) = 2280 glesp(~m, X)) | X, =) (319)

To obtain the claim, it therefore suffices to compute
Qb olexp(—(m, X)) | X, = b7].

To do so, consider two Borel functions f,g: R — Ry. We have
/ / Q3 lexp(—(m, X)) | X, = 2, X1 = 4] (@ )}, (2 9)  (2)g(y) dz dy =
= Q} [exp(—( F(X)g(X0)] = 612 Q0 [ (62 X,,) 9 (63 X,)]

222 / / qgr( )qm . (E%) F(2)g(y) da dy.

Here, we used Lemma [3.3] to obtain the third line. Since the functions f and g are

arbitrary we deduce that:
( ¢—) Qo1 o, (¢— i)

S B B o saa, o1 ’
Qo[exp( <m,X>)|eriE,X1*y] 7¢ d) 76«(0 )ql r( y)

dx dy a.e. on RiQ. Since the family of measures ( 0 ) is continuous in (z,y) €

Y ) x,y>0
R? for the weak topology on probability measures (see M], Section XI.3), we

deduce that, for all z > 0
0 (0.3) o, (32 %)

a2(0,2) ¢, (2, y)

Q0 olexp(—(m, X)) | X, = o] = T )2 20,2

y>0
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But, by 33) and 34), we have

qgr( ,fg)

5/2
_(r 2 e L1
¢3(0,) <g) o eXP( 2(@%@ >)
and

5 T
i Jomer (;%) ( 1—r )‘5/2 o s ( x( 1 1 ))
1m = exp (| ——= — .
v=0 ) (x,y) 01— or ! 2\¢2(01—0r) 1-—7

y>0

‘We thus obtain
Qb olexp(—(m, X)) | X, = a] =

= oo (ﬁ)é/ oo (-5 (g —ay 7)) @

(55 =)

where the second equality follows from the relations &I8)-(@I6) defining ¢ and ).
Applying this equality to x = b2, and replacing in [3.I8), we obtain the claim. O

Remark 3.8. Along the proof of the above Proposition, for 6 > 0,b >0, r € (0,1)
and m as above, we also obtained the following, useful expression

Q0 o [exp(—(m, X)) | X, = 0] = E} oexp(—(m, X?)) | X, = 0]

S

which follows at once from equality (Z19).

4 Integration by parts formulae

Here and in the sequel, we denote by S the linear span of all functionals on C([0, 1])
of the form
C([0,1]) > X — exp (—(m, X?)) €R (4.1)

where m is a finite Borel measure on [0,1]. The elements of S are the functionals
for which we will derive our IbPFs wrt the laws of Bessel bridges.

4.1 The statement

To keep the formulae synthetic, for all § > 0, r € (0,1), b > 0, and & € S, we shall
write with a slight abuse of language

S0 0(®(X)|b) = /(I)(X) S0 0(dX [ D).

After recalling the definition (L) of x(d) = W, 0 € R, we can state one of
the main results of this article.
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Theorem 4.1. Let § € (0,00) \ {1,3}, and k := [35%] < 1. Then, for all ® € S
E§ o(0n®(X)) + Eg o((h", X) ®(X)) =
o) [ 0 [ R st )] avar

where T is the Taylor remainder defined in [26). On the other hand, when § €
{1, 3}, the following formulae hold for all ® € S

(4.2)

B o(0n8(X)) + o0, X) 2() = =5 [ heSi@0an @)

Eha(0n(X)) + Bho((#, X) #(X)) = § [ h g Si@c 1| ar (@)

Remark 4.2. Note that the last integral in (£3) is indeed convergent. Indeed, recall
that 7,2k Eg:g(@(X) | -) is the Taylor remainder of order 2k at 0 of a smooth, even,
function. Hence, near 0, the integrand is of order O(b°T2%=2). Since, 6+2k—2 > —1,
the integral is convergent at 0. On the other hand, near oo, the integrand is of order
O(b2+2k=4). Since 6 + 2k — 4 < —1, integrability also holds at +oo.

Remark 4.3. For all 6 € (1,3) the right-hand side in the IbPF (£I3) takes the
form

—n(0) [ e [0 @010 - i@ 0] avar

Note the absence of transition at the threshold 6 = 2. This might seem surprising
given the transition that the Bessel bridges undergo at § = 2, which is the smallest
value of § satisfying

Po[3relo1]: X, =0]=0.

This lack of transition is related to the fact that, as a consequence of Lemma [3.6]

we have for all ® € £ q
Soo(®(X)|b)| =0
dp ~00 b=0

Remark 4.4. In the IbPF ([@2]), the last term may equivalently be written as

o) [ e [0 [ @) 1) matan ar (15)
where mg is the measure on R defined by :
ms(db) = 1y=0 b1 db.

Note that ms is a reversible measure for the d-dimensional Bessel process. Actually,
if (X¢)i>0 is a 6 dimensional Bessel process, we can construct a bicontinuous family

of diffusion local times (Ef)b +>0 Satistying the occupation times formula

/f ds—/ " Fb) £ ms(ab),

for all f : Ry — R4 bounded and Borel. We hope that such a property should
hold also for (u(t,z)):>0, for all z € (0,1) where u is the hypothetical solution of
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the dynamics corresponding to PO‘S, o- In that case the term (@3] should correspond,
in the dynamics, to a drift in «=2 integrated against renormalized local times. We
shall develop this idea more in detail in Section [ below.

As a consequence of the above theorem, we retrieve the following known results,
see Chapter 6 of [Zam17).

Proposition 4.5. Let ® € S and h € C?(0,1). Then, for all § > 3, the following
IbPF holds

B} o(01®(X)) + Ef o((h", X) D(X)) = —r(8) Eg o ((h, X %) (X)) (4.6)
Moreover, for 6 = 3, the following IbPF holds

Eg o (0n®(X)) + Ej (1", X) @(X)) =

h, 4.7
—/ dr ————E} ([®(X) | X, = 0] .7
0 V2mr3(1—r)3
Proof. For 6 > 3 we have k := [352] <0, and by @I3)
E} o(01®(X)) + B o((h", X) ®(X)) =
/ / WS 6 (®(X) | b) dbdr
= —x( / / b3 EOO[ (X)| X, =b]dbdr
= —r(8) Eg o((h (X))
For ¢ = 3, it suffices to note that, for all » € (0,1)
1 3 1
— lim pT(;) = ,
2 elo € 273 (1 —r)3
so that . .
Z33(P(X)]0) = ————F3 [®(X) | X, = 0],
5 S @0010) = s B[00 X, =)
and the proof is complete. |

4.2 Proof of Theorem 4.1

We first state a differential relation satisfied by the product of the functions ¢ and
¢ associated as above with a finite Borel measure m on [0,1]. This relation is the
skeleton of all the IbPFs for P(‘i 0, 6 > 0 : the latter will all be deduced from the
former with a simple multiplication by a constant (depending on the parameter §).

Lemma 4.6. Let m be a finite Borel measure on [0, 1], and consider the functions
Y and ¥ as in BGI5) and BI6). Then, for all h € C?(0,1) and 6 > 0, the following
equality holds

1 - 1 ! S s
/ \ Vb (B dr — 2h, m(dr)) = 711/)%/ hy ()2 dr. (4.8)
0 0
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Proof. Performing an integration by parts, we can rewrite the left-hand side as

/ o (35 - 2mian)) (w6

Note that here we are integrating wrt the signed measure
a2 AN ey 3
— —2 (7‘7‘) :_(7‘7‘) _2(7"7‘) .
(s — 2m(an)) ()" = 0 (o) =2 (i) ol

Now, we have

d? ( ’ ¢) oLt g g 1 () + )2
2 (Pi)L/2 4 (g2
Recalling that ¥” = 2¢)m and U = 20 m, we obtain
e N ) — () + )
(@ - 2m(d7’)> (vd)" = (@)3/2
1 (¢ — i)
4 g3z

Using the expressions (3.15) and (BI6) for ¢ and ¥, we easily see that

Ylaby — Pl = b1, € (0,1). (4.9)

Hence, we obtain the following equality of signed measures:

a2 N1 g
(32 -2m) (+9) = iy

Consequently, the left-hand side in (X)) is equal to

1 1 .\ —3/2
30t [ arn (wd)
4 0
The claim follows. O

As a consequence, we obtain the following preliminary result.

Lemma 4.7. Let m be a finite measure on [0,1], and let ® : C([0,1]) — R be the
functional thereto associated as in [&I). Then, for all § > 0 and h € C2(0,1),

E§ o(0n®(X)) + Eg o((h", X) ®(X)) =

INCE S L\ (4.10)
“ErE /Ohr(wr) dr,

where v and ¢ are associated with m as in BI5) and EI0).
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Proof. By the expression @) for ®, we have
Op®(X) = —2(Xh, m) (X).
Therefore
130(0h2(X) + Bl (1", X) 2(X)) =
Qo [(0". V) = 20X, m) ) exp(—(m, X)| =
[ o [0 (355 ) @) V6 @fgfern( (X)X =

By (B:20)) we obtain:

E{ o(0n®(X)) + Ef o (B, X) 9(X)) =
_ Lo F(%) C: T oo o+1 C,
_/O (R dr — 2h, m(dr)) (1) (wa) /0 F(T,T) (db)
=2 (%) ;(HTl /1 dr (h’T'dr—QhTm(dr))\/z/Jﬂﬁr.

b} 0

Finally, by (&), the latter expression is equal to

6+1) 5-3 1 R _%
;(F(%)wl - /Ohr (vriby) * ar

and the proof is complete. |

Apart from the above lemma, the proof of the IbPF for P(‘i 0, 0 > 0, will require
integral expressions for negative Gamma values. For all z € R we set |2 := sup{k €
Z: k <x}. We also use the notation Z~ :={n € Z :n < 0}.

Lemma 4.8. For allz € R\ Z~
D(z) = /OOO gty el o=y gy,
Proof. By Remark we have
[T e e = 1) o) = (@) 17 = T,

and the claim follows. O

From Lemma [I.8 we obtain for all C' > 0, x € R\ Z~
T o~ = 2171 e b2171 70% (7C)jb2j db 4.11
e =2 | D Dl (4.11)
0<j<[—=]

by a simple change of variable ¢t = Cb?/2. Then (@I can be rewritten as follows

+o00 N2
I(z)C~" = 2171/ pre-t 2l (ec(ﬁ) db, z€R\Z . (4.12)

0
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Theorem 4.9. Let § >0, 6 ¢ {1,3}, and k := |32 ] < 1. Then

Eg,o(ahq’(X)) + E{{O((h”,

X) (X)) =
1 © e alro - (4.13)
5)/0 hr/o B [7;, il (@(X)] )| dbar.

Proof of Theorem[{.9. Let § > 0 and § ¢ {1,3}. Then by (£I0)
Ef o (0n (X

_ e

T 93/2

G

23/2
5-68

( 2 272 u/ﬂ 5 s _Cr(2
= hTD,/Q/ VA T2k~ O dpdr
2T T (%50 Jo 0 '
where we used [@II2) with C = C, and = =

- to obtain the last line. Recalling
the expression ([3.17) for Eg:r(@(X) | b), we thus obtain

)+ By o((R", X) ®(X)) =

1 52 N2
@ [ (www) (vrihe) " ar
1

)
Y)
%
)
%
)

*1 w

+

*1 o

1 3-5
/hTCﬂ DY/%dr
(%)
1

+

E o (0n®(X)

) + Ego((h", X) ®(X)) =
/ / B TR S0 (2(X) | b) dbdr.

(o) = SSI(35L) = 5L 283 (923 = k(5) I(%52)

= )

5+1

\./

v

Now, since ¢ {1, 3},

S41
Therefore ;E é; =

k(6) and we obtain the claim O
There remains to treat the critical cases 6 € {1, 3}
Theorem 4.10. Let ® € S and h € C?(0,1). The following IbPFs holds
1/t i,
B o(0n®(X)) + Ej (1", X) @(X)) = *5/0 dr by S5(2(X) ] 0),

e d?

Xpex) =7 [ drh g E@0 10| . (@1)
A an? o

Proof. By linearity, we may assume that ® is of the form (@I]). For § = 3 we have

by EI0)

E&,O(ah‘b(X)) + E6,0(<h”a

Eg o (002 (X)) + B o ((h",

1 ! ~\—%
X)000) = =i | e (i)
By (BI7) this equals

1 1
5 arhSii@eE00)
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and the proof is complete. For ¢ = 1, by (£I0), we have

ERo(@n(X) + (0", X) #(0X)) =~ [ () ar

But by I7) we have, for all r € (0,1)

d? CDl/2 _3
Tz Soo@X)[0)| = wl (vei) 7

b=0 C2miT(d)
The claimed IbPF follows. |

Remark 4.11. In [Zam03] for the reflecting Brownian motion, and then in [GV16]
for the Reflecting Brownian bridge, a different formula was proved in the case § = 1.
In our present notations, for (8,),c[o,1] @ Brownian bridge and X := |3|, the formula
reads

E(0,®(X)) +E((h", X) ®(X)) = lim 2 ((I)(X) /01 he [(5’;)2 - c:] dLS) . (4.15)

where ® : H — R is any Lipschitz function, h € C2(0,1), L° is the standard local
time of 8 at 0 and for some even smooth mollifier p. we set

||PH%2(0,1)
—

B = pe * B3, =

The reason why ([@IH) is strictly weaker than (AI4), is that the former depends
explicitly on 3, while the latter is written only in terms of X. This will become
crucial when we compute the SPDE satisfied by u for 6 = 1 in Theorem (.8 below.

5 The dynamics via Dirichlet forms

In this section we exploit the IbPF obtained above to construct a weak version of
the gradient dynamics associated with Pol,o, using the theory of Dirichlet forms. The
reason for considering the particular value § = 1 is that we can exploit a representa-
tion of the Bessel bridge in terms of a Brownian bridge, for which the corresponding
gradient dynamics is well-known and corresponds to a linear stochastic heat equa-
tion. Morover the value § = 1 is of particular interest with regard to scaling limits
of dynamical critical pinning models (see e.g. [VoB16] and [DO1]).

For the sake of our analysis, instead of working on the Banach space C([0,1]),
it shall actually be more convenient to work on the Hilbert space H := 2( 1)
endowed with the L? inner product:

1
g>:/ ftgtdtv fagGH
0

We shall denote by || - || the corresponding norm on H. Moreover we denote by u
the law of 8 on H, where 8 is a Brownian bridge from 0 to 0 over the interval [0, 1].
We shall use the shorthand notation L?(u) for the space L?(H, u). We also consider
the closed subset K C H of nonnegative functions:

K:={z€H, z>0ae.}.
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Note that K is a Polish space. We further denote by v the law, on K, of the 1-Bessel
bridge from 0 to 0 on [0, 1] (so that Py is then the restriction of v to C([0, 1])). We
shall use the shorthand L?(v) to denote the space L?(K,v). Denoting by j : H — K
the absolute value map:

Jj(z):=|z|, ze€H, (5.1)

we remark that the map:
L2(v) — L*(n)
p oy

is an isometry.

5.1 The one-dimensional random string

Consider the Ornstein-Uhlenbeck semigroup (Q¢):>0 on H defined, for all F' € L?(p)
and z € H, by
Qi F(2) :=E[F(vi(2))], =0,

where (v4(z)):>0 is the solution to the stochastic heat equation on [0, 1] with initial
condition z, and with homogeneous Dirichlet boundary conditions

v(0,2) = z(x), x €[0,1] (5.2)
v(t,0) =v(t,1) =0, t>0

with ¢ a space-time white noise on Ry x [0,1]. Recall that v can be written ex-

plicitly in terms of the fundamental solution (g:(z,2"))¢>0, 2,2c(0,1) of the stochastic

heat equation with homogeneous Dirichlet boundary conditions on [0, 1], which by
definition is the unique solution to

Recall further that g can be represented as follows:

vVt >0, Vo2’ >0, gi(z,2')= Ze_%ktek(x)ek(x’), (5.3)
k=1

where (e)r>1 is the complete orthornormal system of H given by
er(r) == V2sin(krz), x<€[0,1], k>1

and A, := k%272, k > 1. We can then represent u as follows:
t o1
v(t,x) = 2(t, x) —|—/ / gi—s(z,2") €(ds, da'),
0 Jo

where z2(t,x) := fol git(z, 2" )z(2") d2’, and the double integral is a stochastic convo-
lution. In particular, it follows from this fomula that v is a Gaussian process. An

24



important role will be played by its covariance function. Namely, for all ¢ > 0 and
x,x’ € (0,1), we set

t
qi(z,2") := Cov(v(t, x),v(t,z")) :/ gor(z,2')dr.
0
We also set
Qoo (T, 2') = / gor(x,2")dT = E[B,Bw] = x N2’ — 22,
0

For all t > 0, we set moreover
o0
¢'(2,2)) == qoo (2, 2") — q(2,2") = / gor(x, 2") dr.
t

When z = 2/, we will use the shorthand notations ¢;(), g (z) and ¢'(z) instead
of ¢(z,2),¢oo(x, ) and ¢'(z,z) respectively. Finally, we denote by (A, D(A)) the
Dirichlet form associated with (Q;)¢>o in L*(H, p1), and which is given by

AF,G) = %/H(VF, VG)du, F,G € D(A)=W"2(u).

Here, for all F € W2(p), VF : H — H is the gradient of F, see [DPZ0J]. The
corresponding family of resolvents (Ry)x>o is then given by:

R\F(z2) = / e MQuF(2)dt, ze€ H, \>0,
0
for all F' € L?(u).
5.2 Gradient Dirichlet form associated with the reflected Brow-

nian bridge

In this section we construct the Dirichlet form associated with our equation ((LIT]),
and the associated Markov process (ut)¢>o.
Let FCy°(H) denote the space of all functionals F': H — R of the form

Fiz)=v({(lh,2),...,{lm,2)), z€H,

with m € N, ¢ € C°(R™), and l4,...,l, € Span{er,k > 1}. Recalling that
K :={z € H,z > 0}, we also define:

FCX(K):=A{F|,, FeFCr(H)}

Moreover, for f € FCp°(K) of the form f = F‘K, with F' € FC;°(H), we define
Vf:K — H by
Vf(z)=VF(z), z€K,

where this definition does not depend on the choice of F. We denote by & the
bilinear form defined on FC;°(K) by
1
§(f.9) =5 [(VF Vg v, fge FOR(K),
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Proposition 5.1. The form (€, FCp°(K)) is closable. Its closure (€, D (5)) is a
local, quasi-reqular Dirichlet form on L*(v). Moreover, for all f € D(E), foj €
D(A), and we have:

Vf,ge D), &E(f,9)=A(foj,g07) (5.4)

Proof. We follow arguments communicated to us by Rongchan Zhu and Xiangchan
Zhu. Since D(A) contains all globally Lipschitz functions on H, for all f € FC;°(K)
we have foj € D(A). Moreover, writing f as

f(z):w(<llvz>7a<lﬂ%z>)7 ZEKa

with m € N, ¢ € Cp°(R™), and ly,...,l, € Span{ey, k > 1}, we have, for p a.e.
zeH

z) = Zaﬂ/)(ﬂl,j(@% -y (lm) §(2))) li sgn(2),

that is
V(7 0 )(2) = V() sen2). (5:5)
Hence, for all f,g € FC°(K), we have
£(8.9) = 5 (V4@ Vg(a) dvia) = 5 [ (VA Vali(:)) duz)
1

3 [ IV 00, V(g0 @) du(e) = A(F o590,

where the third equality follows from (5.H). This shows that the bilinear symmetric
form (&€, FC°(K)) admits as an extension the image of the Dirichlet form (A, D(A))
under the map j. Since FCi°(K) is dense in L?*(v), this extension is a Dirichlet
form. In particular, (£, FCg°(K)) is closable, its closure (£,D(£)) is a Dirichlet
form, and we have the isometry property (5.4)).

There remains to prove that the Dirichlet form (€, D(£)) is quasi-regular. Since
it is the closure of (&£, FC°(K)), it suffices to show that the associated capacity is
tight. Since K is separable, we can find a countable dense subset {y, k € N} C K
such that yi # 0 for all k£ € N.

Let now ¢ € Cp°(R) be an increasing function such that ¢(t) =t forall ¢ € [—1, 1]
and ||¢']|c < 1. For all m € N, we define the function v, : K — R by

vm(2) = o(llz = ymll), z€K.
Moreover, we set, for all n € N

wp(2) = inf v, (2), z€K.

m<n

We claim that w,, € D(€), n € N, and that w, 2 0, £ quasi-uniformly in K.

Assuming this claim for the moment, for all k& > 1 we can find a closed subset F},
of K such that Cap(K \ Fy) < 1/k, and w, — 0 uniformly on Fj. Hence, for all

n—oo
€ > 0, we can find n € N such that w,, < € on F}. Therefore:
Fk C U yma
m<n
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where, for all y € K and r > 0

B(yar) = {yleK’ ||y/_y|| <T}.

This shows that F} is totally bounded. Since it is, moreover, complete as a closed
subspace of a complete metric space, it is compact, and the tightness of Cap follows.

We now justify our claim. For all i such that y; # 0, we set I; = ||y;|| ' y;. Then
foralli>1,1; € K, ||l;|| =1 and, for all z € K:

[I2]l = sup {l;, ).
i>1
Let m € N be fixed. For all i > 1, let:
ui(z) == S‘lip o({j,z—=Ym)), z€K.
ISt

We have u; € D(€), and, for v - a.e. z € K

8uz 2 2
Z aek ? <sup (Z@ iz = Ym))* (I, ex) ) <1

7<i

2
E(uiyuy) / (8u1> dv <1.
K- Oey,

By the definition of v,,, as i — oo, u; T v, on K, hence in L?(K,v). By ﬂm
1.2.12], we deduce that v, € D(E), and that

whence

E(Vm,vm) < 1.
Therefore, for all n € N, w,, € D(£), and
E(wp,wy) < 1.

But, since {yx, k € N} is dense in K, as n — 0o, w, | 0 on K. Hence w, — 0 in
n—oo

L?(K,v). This and the previous bound imply, by ﬂm 12 12], that the Cesaro
means of some subsequence of (wy,),>0 converge to 0 in D(E By [MR9Z, 111.3.5],
some subsequence thereof converges £ quasi-uniformly to 0 But since (wy)n>0 is
non-increasing, we deduce that it converges £ quasi-uniformly to 0. The claimed
quasi-regularity follows. There finally remains to check that (€, D(£)) is local in the
sense of Definition [MR92, V.1.1]. Let u,v € D(€) satisfying supp(u) Nsupp(v) = 0.
Then, uo j and v o j are two elements of D(A) = W12(u) with disjoint supports,
and, recalling (B.4]), we have :

E(u,v) =Auojvoj)= /VUOJ V(voj)du =0.
The claim follows. O

Let (Q+t)t>0 be the contraction semigroup on L?(K, v) associated with the Dirich-
let form (€, D(£)), and let (Ryx)x>0 be the associated family of resolvents. Let also
By(K) denote the set of Borel and bounded functions on K. As a consequence

of Prop. Bl in virtue of Thm IV.3.5 and Thm V.1.5 in [MR92], we obtain the
following:

27



Corollary 5.2. There exists a Markov diffusion process M = {82, F, (ut)t>0, (Py)zex }
properly associated to (€, D(E)), i.e. for all p € L*(v) N By(K), and for all t > 0,
E.(p(ur)), z € K, defines an £ quasi-continuous version of Qip. Moreover, the
process M admits the following continuity property:

P.[t — w is continuous on Ry =1, for Eqg.e.x € K.

The rest of this section will be devoted to show that for £ q.e. x € K, under P,
(u¢)e>0 solves (LI, or rather its weaker form (LI3).

In the sequel, we set Ay := A+(-,-)r2(,) and & := €+ (-, ) 2(,), which are inner
products for the Hilbert spaces D(A) and D(E) respectively. We shall also write in
an abusive way, for any ® € C'(H):

E1(D, D) := /K(<I)(x))2 dv(z) + %/K |V®(x)||% dv(z) € [0, +00].

Since the Dirichlet form (£, D(£)) is quasi-regular, by the transfer method stated
in VI.2 of M], we can apply several results of in our setting.

An important technical point is the density of the space S introduced in Section
@ above in the Dirichlet space D(E). To state this precisely, we consider . to be
the vector space generated by functionals F': H — R of the form:

F(§> = eXp(*<9,<2>), g € Hv

for some 0 : [0, 1] — R Borel and bounded. Note that . may be seen as a subspace
of the space S of Section [l in the following sense: for any F' € ., F|c(o,1)) € S.
We also set:

yK::{F’K’ Fejﬁ}

Lemma 5.3. Yk is dense in D(E).

Proof. Recall that D(E) is the closure under the bilinear form & of the space
FC°(K) of functionals of the form F = <I)|K, where ® € FC;°(H). Therefore,
to prove the claim, it suffices to show that for any functional ® € FCy°(H) and all
€ > 0, there exists U € . such that £, (P — ¥, P — V) < e.

We proceed in two steps. In a first step, we prove that a functional ® as before can
be approximated in & norm by a sequence (®¢).~q 4> of functionals ®¢ : H — R
of the form:

4(¢) = £ ((Ca1, ¢,y (Caar C%)) s CE€H, (5.6)

where (Cq)i=1,..a is a family of elements of K, and f¢ € C} (Ri). Then, in a
second step, invoking a differentiable type of Stone-Weierstrass argument, we will
show that the functions fZ can be approximated on Ri by linear combinations of
functions of the form e=*, X € Ri. This will yield the claim.

We proceed to the first step. Given ® € FC°(H), we set, for all € > 0:

D(¢) = @(V(*+e), (eH.

Then @, —O> ® pointwise, and ||®||oo < [|®| 0. Furthermore @, is C* and :
€E—>

Ve (¢) = Vo (vt e) 775 —.
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so that V&, = V& pointwise with the domination [|[V®,||e < [|[V®|oo. Hence, by
€E—r
dominated convergence, & (. — ¢, . — P) —0> 0. Then, introducing for all d > 1
e—

(¢)1<i<a the orthonormal family in L%(0,1) given by:

gﬁ::x/m[ i=1,....d, (5.7)

AL

and setting

d 1/2 d 1/2
4(¢) == D <Z<cd,i,<2>> =& <Z<<d,i,c2>+e> , CEH,

i=1 i=1

it follows that ®? is indeed of the form (5.6]), with:

4 1/2
fl(z) = (in—i—e) , zeRL
i=1

Note that we indeed have f? € C}(R%) due to the regularity of ®, and to the fact
that the function  — /x + € is in C}(R). Moreover, the convergence & (®¢ —
o, 0l d,) d—> 0 holds, again by dominated convergence. This concludes the first
—00
step.
In the second step, there remains to show that any fixed functional of the form :

Q) = £ ((¢a1, ¢, -0 (Caar ), CeH

withd > 1, f € C,} (R‘i), and (§f)i:17,,,7d as above can be approximated by elements

of .. To do so, let x : R = R be a smooth function with values in [0, 1], such that
X =1on (—oo,—1] and x =0 on [0, +00). Set xn(-) := x(- —n) and let :

d

fu(@) == f(@) [[xn(@:), = eRE.

i=1
Note that f, is in C}(R%) and is moreover compactly supported in [0,n]¢. Then,
setting:
@n(g):fn (<Cd,1;<2>a-"5<<d,d7€2>)a CGH,
we have £(® — @, & — &,,) — 0 by dominated convergence. Therefore, there
n—oo

remains to show that, for any n fixed, ®,, can be approximated by elements of .7.
First consider g, € C}([0,1]¢), the map defined by:

gn(y) = fn(i ln(yl)a Ty T ln(yd))a Yy e [07 1]d'

By convention, if there is some i such that y; = 0, we set g,(y) = 0. Note that,
since f,, has compact support in [0,7]¢, g, has compact support in [1/n,1]¢, and
is C!. By a differentiable version of the Weierstrass Approximation Theorem (see
Theorem 1.1.2 in HM])7 there exists a sequence (pp k)r>1 of polynomial functions
converging to g, for the C'! topology on [0,1]?. Defining for all k£ > 1 the function
ok Ri — R by:

ok(@) =pur(e™, - e7%), xe Ri,
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we define @, , € % by:
(I)’mk(g) :fn,k ((gd,lac2>a---7<§d,da§2>) ) Ce H.

Since pp i o 9n for the C! topology on [0,1]%, f, x " frn uniformly on R‘i
— 00 — 00
together with its first order derivatives. Hence, it follows that ®,, x k—) ®,, point-
— 00

wise on K together with its gradient. It also follows that there is some C,, > 0 (that
may depend on n) such that for all k& > 1:

VCEK, [Pui(QF +VPni(Ol* < Cu(l+ [IC]1*)-

Since the quantity in the right-hand side is v integrable in (, it follows by dominated
convergence that & (®p  — Pp, Pp . — Pyy) k—) 0. This yields the claim. O
— 00

5.3 Convergence of one-potentials
Let p be a smooth function supported on [—1, 1] such that

1
p >0, /p:L p(y) =p(~y), yeR
1

For all € > 0, let:
Ly
pely) = —p (;) , yeER (5.8)

Then, for all ® € S and h € C2(0, 1), the right-hand side of the IbPF ({@I4) can be
rewritten as follows:

Lt a? L,
—/0 hy < ShT(@(X) | b)

1 1
s e S LU AVCAE Y T

b=0
Indeed, starting from the right-hand side, by conditioning on the value of |5,.|, and

recalling that |f| @ v, the equality follows at once.
Henceforth, we fix a function h € C2(0,1). Then there exists § € (0, 1) such that
h is supported in [§,1 — 6]. For all € > 0, let G. denote the functional defined on H
by
1
Ge(z) == 5/ hy pl(z.)dr, =z € H. (5.10)
0
For all t > 0 and z € H, we have:

(b— z(t,r))Q) dbdr,

QtGC(Z)/OlQ\/;#W/Rpg(b)eXP < 244 ()

where, for all € (0,1), z(¢,z) := fol gi(x,2")z(2") da’. For all € > 0, we define the
functional U, : H — R by

Ucz) = /OOO e 'QiG(2)dt, z¢€ H.

Note that U, is the one-potential of the additive functional
t
| Gewtsnas, ez
0
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associated with the Markov process (v(t,-))i>0 in H defined in (52) (see Section 5
of [FQT1d] for this terminology). In particular, U, € D(A). We will show that U,
converges in D(A) as € — 0.

Proposition 5.4. Ase |0, U—U in D(A), where for all z € H

Ulz) = /OOO dte_t/oldr2 27]::1,5(7")3 [Z((;(SQ - 1] exp (—’22(;;5))2). (5.11)

Proof. First note that U is well-defined. Indeed, the function ¢ : R — R defined by

o) =2 —1)ev/? yeR

is globally bounded on R. Note also that, by the bound (22) in [Zam04], there exists
¢s > 0 such that :

VE>0, Vrels,1-906],  qr)>csVt (5.12)

Hence, the integrand in (BIT) is bounded by

—t |h | —ty;—3/4 |hr|
2+/2mq (r)3 lellee=( 2v/2med lolzee e

which is integrable on R, x [0, 1]. Note now that U € L?(x). Indeed, if z is an H val-
ued random variable with law u, then, for all » € (0,1), z(¢,r) = fol gi(r,x)z(x) do is

a centered Gaussian random variable with variance |, 01 fol gt (r, ) g (1, y) oo (2, y) dz dy =
q'(r). Therefore:

o0 1 1/2
he|
U §/ dte_t/ dr|7T(/ T d:z:)
1Vlrn < | @ = ([ # (o vat) 1) NO.4(r))(da)
1
T he| q:(r)
< dte t/ ar — A1 < )
</ [ el A (rgiy ) el
h 2 o0 1 h’!‘ oo
<[ [ arg tlledom [~y [ Rl
2(2m)3/4q (r)5/4q (r) )y 0 2./2mqi(r)3
By ([BI2), the first integral in the last line is convergent, and so is the second one,

whence U € L?(u) as claimed. Now, differentiating under the integrals in (E.I1]), we
see that U is differentiable on H, and that for all z € H

VU (2) = /OOO dtet /01 dr %w (z(t,r)/\/m) , (5.13)

where )
V(@) =Bz —2%)e /2 zeR.

Note that ¢ is globally bounded and square integrable on R. In particular, the
right-hand side of (BI3) is well-defined. Indeed, by (22) in m, there exists
¢ > 0 such that, for all ¢ > 0 and r € (0,1)

(5.14)



Since, moreover, for all r,s € (0,1)

o0 o 1
ge(rys)dt < — < o0,
| ats >

the integrand in (B3] is indeed integrable on Ry x (0,1). We now show that
VU € L*(H,u; H). Noting that, by (27) in ML

1
”gt(T7 )” < ma t> 07

we have
) 1 |h | t71/4 1/2
(IVU]| 2 < / dt eit/ dr —— </ (.T/\/ q(r ) (dx)) ,
0 0 24/27mqe(r)*
where we use the shorthand notation || - || 72 for || - ||z2(#, ;1. Hence

00 1 —1/4 1/4
- he|t / 1 (r)
< t | T -
VU2 _/ dte /0 dr WG {||¢|L ®) N (Qth(T) 191 L2 w)

h, oy £ /4 oo 1 h, -
/ dt/ |hr] (|91 2 (]R)4 +/ dte’t/ dTI 1Yl ®
202m)3/4 (g  (r)) VA qe (r)T/A 4 0 2¢/2mqy (1)

Since, for all t > 0 and r € (0,1)

4—1/4 c 7/4 1/a
< t
qe(r)7/* (T(l - 7’)) ’

and since h is compactly supported in (0, 1), the first integral in the last line above
is convergent. Since the second integral is also convergent, we deduce that VU €
L?(H, jui; H) as claimed. We have thus proved that U € W12(H, u) = D(A).

We show now that U, converges in D(A) as ¢ — 0. To do so, remark that, for
all z € H, we have

Ue(z):/Omdte_t/oldrN;T;W/Rpg(b)eXp (—%) db,

which, upon integrating by parts twice in the last integral, we can rewrite

e

where we have introduced the compact notation

eft

dt,dr) ;= ————=dtdr.
o ) 2/27mq:(r)3

For all z € H, we have

U.( / /h(dtdr/dzp( l <(t\/”)_ >¢<Z(;’(?)>].
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Hence

[e%s} 1
U=Vl < [ [ Wholotatdr) [ dop(o):
0 0 R
1/2

y—G.’L' . y tT
/(so( W)> w( W)» NO ¢ )|

whence, reasoning as in the previous computations

U~ Ul < [ nctat,an) [ arpt)
{ Bt (LY o (- o) - o

2mq

L%R)} '

By the Dominated Convergence Theorem, for all ¢t > 0, r € (0,1) and z € R
o (- = eo/ V) - ¢

Hence, again by the Dominated Convergence Theorem, we deduce that

— 0.
L2(R) €—0

HU€ — U”Lz(#) ejg) 0.

Looking now at the level of the gradients, we have:

[e'e) 1 —1/4
) y Bl
VU, — VU] 2 S/o dte /0 dr P T TN
A otoee A (22N o = eof v - 0l
L~ (R) 2mqt (r) qt L2(R) ( »

so we obtain, with similar arguments, the convergence

IVU. — VU2 — 0.
e—0

We have thus shown that U, = U in D(A). O
e—

5.4 A projection principle

An important tool will be the following projection principle, which was first used in
[Zam04] for the case of a 3-Bessel bridge (see Lemma 2.2 therein).

Lemma 5.5. There exists a unique bounded linear operator I1 : D(A) — D(&) such
that, for all F,G € D(A) and f € D(E)

Al(vaoj) = Sl(Hva)a
where j is as in [@1). Moreover, we have:

& (IIF,IIF) < Ay(F, F).
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Proof. We use the same arguments as in the proof of Lemma 2 in m] Let
D :={poj, ¢ D()}. By Proposition[i.I] D is a linear subspace of D(A) which
is isometric to D(&). In particular, it is a closed subspace of the Hilbert space D(A).
Hence, we may consider the orthogonal projection operator II onto D. Then, for all
F € D(A), let IIF be the unique elment of D(E) such that [IF = (ILF) o j. It then
follows that II possesses the required properties. O

As a consequence, we obtain the following formula, which may be seen as a
refiniement of the IbPF ([{4) for = Pol,o-

Corollary 5.6. For all f € D(E) and h € C?(0,1), we have

e (50, 1) = [ o - Qw619
where U is as in (BII).

Proof. First note that, for all f € Sk, we have, by (£9):

1t d? 1 !
1 @m0 | =5t |08 [ aestien) ar

b=0
= hm/(foj)GEdu =lim Ay(foj, Ue)
e—0 e—0
= Al(foja U) = gl(fa HU)
Therefore, for all f € .7k, the IbPF (£I4) can be rewritten:

26 (), f) = / W.C) F(Q) dv(Q) + & (f, TID),

K

that is
e (- gm0 ) = =5 [ (.0 = 100 1) vt

We have thus shown that the statement holds for all f € .“k. Since the latter is
dense in D(E), the claim follows. O

Recall that M = {Q, F, (ut)t>0, (Pz)zex } denotes the Markov process properly
associated with the Dirichlet form (£, D(£)) constructed above. In the sequel we
shall consider the process (u;)¢>o at equilibrium, i.e. seen under the measure P, =
| dv(z)P,. Note that, by Theorem 5.2.2 in [FOT1d], for all F € D(E), we can write
in a unique way

F(ug) — F(ug) = MF + N1t >0, (5.16)
P, a.s., where M is a martingale additive functional, and NI! is an additive
functional of zero energy. Using this fact we can thus write u as the weak solution
to some SPDE, but with coefficients that are not explicit. However the formula
(ET3) above will allow us to identify these coefficients. We shall need the following
technical lemma.

Lemma 5.7. Let (F,)nen C D(E), and F € D(E) be quasi-continuous functions
such that F,, — F in D(E). Then it holds that
n—00

MLy pFL o NI NIFL

n— oo n— o0
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under P, , in probability, for the topology of uniform convergence on finite intervals
Of t e ]R+ .

Proof. Since F, — F in D(E), for all T > 0 and a > 0, by (5.1.1) in [EQT1(],

n— o0
we have

P, < sup |F,(us) — F(us)| > a> — 0,
0<s<T n—roo

Moreover, by (5.2.22) and (5.2.25) in [FOT1d], we have
]P’,,( sup |M£F"]M£F]|>a) — 0.
0<s<T n—o00

Hence, we have the convergence of processes
Fu(ur) = Fa(uo) — Flug) = Flug), — M{"™ — a"™,

in P,-probability, for the topology of uniform convergence on finite intervals of ¢ €
R, . Hence, we also have the convergence

Lo v

n— o0

for the same topology, and the claim follows. |
Theorem 5.8. For all h € C2(0,1), we have

(ug, by — (ug, h)y = My + Ny, P,, —a.s., g.e uo€ K.
Here (N¢)i>0 is a continuous additive functional of zero energy satisfying

1! e ¢ L
Nt_§/0 <h//aus>dS:llj;%Nta Nt = _Z/O <pg(u8)’h>d8’

in Py -probability, uniformly int on finite intervals. Moreover, (My)i>o is a martin-
gale additive functional whose sharp bracket has the Revuz measure ||h||% v. Finally
we also have

1 t
N; — —/ (W' usyds = lim N;*
2 0 k—o0

along a subsequence e, — 0 in Py, -probability, for q.e. ug € K.

Proof. On the one hand, by (&.13), we can write
1 1
(u, h) = STIU (ur) - <<u0,h> - 511U(u0)> =N+ MY, (5.17)

where N(M) is the continuous additive functional of zero energy given by

1

N
t 2

/t (", ug) — TIU (ug)) ds, ¢ >0

and M) is defined by (EI7). On the other hand, for all € > 0, by definition of U,
we have for G, as in (G.10)

Al(UE,tl)):/ G ®dp, @ e D(A).
H

35



Hence, remarking that G. = g, o j, where g, : K — R is the functional defined by

1
() = 5 [ hepler)dr = 5000 ),
by Lemma 5.5l we obtain
wm@ﬁzﬂﬂdwd®@,f€M&, (5.18)

that is
ﬂm@ﬁ:fﬂfwﬁm@*&@WM@,fGM&-

As a consequence, we have the decomposition
1 1 (200 (2,)
§HU5(’U¢) — §HU6(Uo) = Nt + Mt 5 (519)
where N(29) is the continuous additive functional of zero energy given by
t
(20 _ 1
N7 = 5/ (TIU(us) — ge(us)) ds, ¢t >0
0

and M) is defined by (I9). Since U, S U in D(A) by Proposition 54 by the
€E—>
continuity of IT : D(A) — D(E), we have the convergence IIU, S IU in D(E).
e—

Therefore, setting:
Mt(2) _ Mt[HU], Nt(2) — Nt[HU]7

then, by Lemma 5.7, we have :

I (ur)~ U (o) — TIU () ~11U (o), M*) s pP, N NP
€E—r €

—0 €e—00

in P,-probability, for the topology of uniform convergence on finite intervals of ¢ €
Ry . Adding equality (519) to (5I7) yields

(ug, h) — (uo, h) = My + Ny,

with M; = Mt1 + Mf and

Ny = N} + N}
1 [t 1/t
_ _/ (1 ) =TIV (uy)) ds + lim = [ (T, (us) — ge(us)) ds
2 0 e—0 0
1 [t 1/t
_ " I H -
= 2/0 (h'" ug)ds 21_%2 ; ge(us) ds,

Moreover, note that M = Ml where Fj, € D() is given by

Fn(z):=(z,h), z€eK.
Hence, by Theorem 5.2.3 in [FOT10], p< s> is given by 170172(0,1 + v- For the last
statement, we apply ﬂm, Corollary 5.2.1]. The Theorem is proved. O
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5.5 A distinction result

As a consequence of our IbPFs and the above constructions, we can now state a
result which shows that the Markov process considered above is not equivalent (in
a sense precised below) to the process corresponding to the modulus of the solution
to the stochastic heat equation.

Let K®+ denote the space of functions from R to K, endowed with the product
o-algebra. For all x € K, let P, be the law, on K+, of the Markox process (u¢)¢>0
associated with &£, started from x, that is P, is the image of P,, under the measurable
map:

{Q — KR+
w = (U (w))e>o0-

Similarly, for all z € H, let P, be the law, on K&+ of (Jvs])¢>0, where (v;)¢>0 is the
solution of the stochastic heat equation (5.2), with vy = z.

Theorem 5.9.
p({z€eH: P, #P.})>0.

Proof. Assume by contradiction that P, = P, for y a.e. z € H. Then, recalling
that (Q¢)¢>0 denotes the semigroup associated with A, and (Q¢);>0 the semigroup
associated with £, we would have:

Qi(fo))=(Qtf) o), nae,

for all t > 0 and f € L?(v). Therefore, the corresponding families of resolvents
(Ra)xs0 and (Ry)a>o would satisfy, for all f € L?(v) :

Ri(foj) = (Bif) o,

where the equality holds in L?(u). In particular, this shows that (Ryf)oj € D(A)
for any f as above. We then claim that, for all F' € D(A), ILF = E[F(8) | |8]] 1 a-e.
Indeed, by the previous observations, for all f € L?(v), it holds:

/H (f 0 ))(2)F (=) du(z) = M (Ra(f 0 ), F)

= A1 ((Rif) o, F)
= & (R f,1IF)

/f YITF) (2) dv(x).
We thus have :
Vfe L*(v) / f(z)F / f(z)(TIF)(z) dv(z), (5.20)

ie. IF = E[F(B8)||8]] p a.e., as claimed. By (5.20) and the first equality in Lemma
B3 we deduce that, for all f € D(E) and F € D(A):

A(F, f oj) = E(TIF, f).

Consider now the process (v¢)>0 associated with A and started from vy = 3, where
§ is a Brownian bridge on [0, 1]. Consider also the process (u;)¢>o associated with
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& under the law P, (so that, in particular, ug @ |8]). Thus the processes v and u

d
are stationary, and |v| @ u by our assumption. Let us set:

1 t
A= (ol ) = (ol ) = 5 [ (ol b7 ds,
0

2

Let further k € C?([0,1]) with k(0) = k(1) = 0, and consider the functionals
Uy, H— R and ¥y : K — R given by:

Ui(2) = exp((k,2),  Uly) =E[W(B) |18l =y], yeK

Note that W € D(A), and recall that, by the above remarks, ), = W, p a.e., so
in particular ¥;, € D(€). We then have:

t
Cy = (ug, h) — (ug, hy — 1/ (ug, h") ds.
0

~ B [ D] =~ [(Cur ) = (o, 1) B + 5 B[ (0 o) s i (5)
= £((,h), ) + SELH, [B)T(H)]
= A1 By, W) + GBI 18)W(5)]
= SE[(VW(B),simn(B) ) + (", |31 We(5)
— ' . A2 0
E{\pk(ﬂ)/o B .dL}
by (3.10) in [Zam05], or rather its analogue for the Brownian bridge as stated in

Remark 1.3 of |. But, by ﬂm, Corollary 3.4] and m, Theorem 3.2],
the last quantity equals:

Mie%(quk) /1L6Xp <_K73> MK, —K,,r)dr
2w 0 A /7"(1 — r) 2T(1 — T) " " ’
where K = Qk, with @ the covariance operator of 3,

1
(Qk), :/ (r Ao —ro)kydo, r € [0,1],
0

and X : R? x [0,1] — R is defined by:

1—2r (1—2r)? 1
Mawyr)i=a® 4oy g s w0 g — s~ a =y DY ER rEl0l
Hence,
L [ ()] = ﬁe%@’“’” /1 (B N kK ar
dt R & o r(l—r) 2r(1—r) R :

(5.21)
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On the other hand

d

~ ZE[Co¥i(fuol)]

= E(I1Wy, (- ) + SR, 5] T2 (5]

t=0

1
€U, T1T,)

1 1
Z%E[/ Tp€<|m|>drnwk<|ﬂ|>]

where we used (BI0]) to obtain the second equality, and the fact that U = 111% U,
€E—>

in D(E), combined with (2.I8), to obtain the third one. Therefore, recalling that
H\I/k = E(\Pk | |ﬂ|) M a.e.:

- SE[Cotiuol)

= 1imE ] [ e ar o).

1
1lirnIE[/ Tpﬁ(ﬂr)drekm].
4 0

e—0

t=0

By the Cameron-Martin formula, for all € > 0:

1 1
E [ /O hy p;’(ﬂr)dre“’ﬂ =
11 ! h (b—K,)?
— Ze2(QkK) I (b <7T) dbd
e ex r
4 / \/27‘(7" (1—r) /pE( ) exp 2r(1—r)
L1y K2 —r(1—7) K2
Z ez (QkR) 2 )g
01" / 1/27-‘-7«1_r [ r2(1—r)2 ]eXp( 2T(1T)> "

Hence we obtain :

_ E1E {ct By (Joo)) }

t=0

e [ W{KLTO_T)}“"( i ) o

Since |v| and u have the same law, the left-hand sides (B2I)) and (B22)) above
coincide, so the right-hand sides as well. This being true for any h € C2(0,1), we
deduce that

(5.22)

K2 —7r(1—r7)
4r2(1 —r)?

for a.e. r € (0,1), hence for all r by continuity. We thus deduce that for all r € (0, 1):

= A(Kalﬂa 7KT7T)7

1—2r . 1

T

KZ=0.

Since we can choose k € C?(0,1) such that K = Qk does not satisfy the above
equation, we obtain a contradiction. O
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6 Conjectures and open problems

Theorems (4.9 and [ above enable us to conjecture the structure of the Bessel
SPDEs for 5 < 3. The idea is that the right-hand side of the IbPFs (£2)) (respectively
(@) corresponds to the logarithmic derivative of the measure Pg for 6 € (0,3)\{1}
(resp. 0 = 1), which should yield the drift in the SPDEs we are looking for. More
precisely, considering for instance the case § ¢ {1, 3}, for all ® € S, we may rewrite
the last term in the IbPF ([£2) as follows:

1 00
) [ he [ abtT (255 (@00 18) - 255 (8(X)[0)) dr
0 0
1 5-3
o 1x,>c €7 pp(Xy)
K(9) lll}(l)}]g%E{q)(X)/o h < X 23—(5 o1 dr|,
where the mollifying functions p,,n > 0 are as in (5.8). To prove this equality,

first note that, for all » € (0, 1), the innermost integral in the left-hand side can be
written as the limit:

(6.1)

tim [ abb (S5 (9(X)[8) - £55 (9(X) |0)

e—0

Now, for all € > 0, recalling the definition (BI4) of Eg:g (+1b), b > 0, we have:

[ anw (s @00 10 - 255 @00 0) =

B 66—3 ,
B [0 1,2 X,7%] = o355 (2(X) |0)
B 6 3 (Xr)
%E;%EOO |:(I)(X) (1X >€X 375 Aan’S,fl ):| )

and the equality (G]) follows. As a consequence of that equality, we may write
formally the gradient dynamics corresponding to P&O, d € (0,3), as follows:

-3
Dyu = %a§u+§+ “(25) Jim lim <1“>f ot p"(“)> ,

e—0n—0 u3 3—§ ud-1

where £ denotes space-time white noise on Ry x (0,1). Assuming now the existence
of a local time process (fgx)ze(og),t,bzo satisfying the occupation times formula:

t —+o0
ViR — Ry, / f(u(s,x))ds = / f(b) £2(z) >~ L db. (6.2)
0 0
and possessing sufficient regularity at b = 0, we could in turn write:

Tuse 03 e
lim lim ( ze _9f p”(“)) :/ WAL — ) ,) db,
0

e—=0n—0 u3 3 — 5 u‘5_1

so the SPDE could be written:

§) o [T
Oy = —82 +E+ %ﬁ/ by, — €2 ,) db.
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The same reasoning can be done for 6 € (0,1), yielding for that case:

1 k(6) O [T o .
Byu = §a§u+g+%&/o BT 00) db.

As for the critical case 6 = 1, similar arguments would allow to write the SPDE as

follows: P2
1., 1 ,

(6.3)
b=0
In all the SPDEs above, the unknown would be the couple (u,f), where u is a
continuous nonnegative function on Ry x (0,1), and, for all x € (0,1), (¢2(z))p.1>0
is a family of occupation times satisfying (6.2]).

These conjectures raise several problems. Indeed, assuming that the process u
could be constructed (as was actually done above for the case § = 1), it is at present
unknown whether a family of occupation times ¢ satisfying ([@2]) should exist; if it
does, it is not clear whether this process should have any reasonable differentiability
property. Finally, well-posedness of such SPDEs containing renormalized local times
seems to be out of the reach of existing techniques. For instance, due to the lack of
monotonicity, the techniques used in M] to define a solution to the stochastic
heat equation with reflection would not be of any help. Finally, we stress that the
analogous SDE case of Bessel processes of dimension § € (0, 1) is also a problem of
interest in itself; these processes are not semi-martingales, but nonetheless satisfy
the stochastic equation:

-1 e 6—2/(pa 0
pt:I+T A a (gt*€t>da+Bt,
where (£7), ;> is the diffusion local times process of the Bessel process (pt):>o (see
], Chapter XI, ex. 1.26). Even in this one-dimensional context, such an equa-

tion does not seem to fall under the scope of any existing method for solving SDEs.
A better understanding of such an equation would be a first step in understanding
the more complicated SPDE case.

The Dirichlet form techniques used in Section B above to construct u in the case
6 = 1 can also be applied successfully to treat the case 6 = 2, see the forthcoming
paper [EA]. However, for § €]0,3[\{1,2}, it is not even known whether the form
which naturally generalizes (€, FCp°(K)) in Proposition [E.Ilis closable and whether
its closure is a quasi-regular Dirichlet form .

We recall the main result of HM] for all § > 3, we set

C0):=sup{k>N:FHt>0,0<z <...<ap<lyult,z;)=0 i=1,...,k},

where u is the solution to the 6-Bessel SPDE (LH)-(L1). Then we have

P (g((s) > %) 0. (6.4)

In other words, a.s. u hits the obstacle 0 in at most (2’%5] space points simultane-
ously in time. It is very tempting to conjecture that (G.4]) holds for all § > 2: in
other words, the §-Bessel SPDE would hit 0 at finitely many space points simulta-
neously in time for any § > 2, but the number of such hitting points would tend to
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400 as § | 2. The fact that 6 = 2 is the critical value for this behaviour is clearly
related to the fact that 6 = 2 is also the critical dimension for the probability that
the §-Bessel process or bridge hit 0.

The transition between § > 3 and § < 3 is visible at the level of the invariant
measure, namely the d-Bessel bridge, since in the former case the measure is log-
concave, while this property is lost in the latter case. Therefore the techniques
of M] based on optimal transport and gradient flows in metric spaces fail for
0 < 3. In the same vein, the Strong Feller property holds easily for § > 3, while
it is an open problem for § < 3, again because the drift of the SPDE becomes
highly non-dissipative. Still, the recent paper M] of the first author shows that
Bessel processes of dimension § < 1 are Strong Feller even if their drift contains a
renormalized local time. Moreover Tsatsoulis and Weber M] have proved that
the 2-dimensional stochastic quantization equation satisfies a Strong Feller property,
although it is an equation which needs renormalisation. All this suggests that there
may be hope that this technically very useful property holds also for §-SPDEs with
0 < 3.
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