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ASYMPTOTIC ANALYSIS OF A QUANTITATIVE GENETICS MODEL WITH
NONLINEAR INTEGRAL OPERATOR

VINCENT CALVEZ, JIMMY GARNIER, AND FLORIAN PATOUT

ABSTRACT. We study the asymptotic behavior of stationary solutions to a quantitative genetics
model with trait-dependent mortality and a nonlinear integral reproduction operator. Our as-
ymptotic analysis encompasses the case when the deviation between the offspring and the mean
parental trait is typically small. Under suitable regularity and growth conditions on the mortality
rate, we prove existence and local uniqueness of a stationary profile that get concentrated around
a critical point of the mortality rate, with a nearly Gaussian distribution having small variance.
Our approach is based on perturbative analysis techniques that require to describe accurately the
correction to the Gaussian leading order profile. Our contribution extends previous results obtained
with linear reproduction operator, but using an alternative methodology.

1. INTRODUCTION
We investigate solutions ()¢, F.) € R x L'(R%) of the following stationary problem:
(PF.) AEL(2) +m(2)F(2) = Bo(F.)(2), z€Re,

where B; is the following non linear, homogeneous integral operator associated to the infinitesimal
model ( ); )E

, (2017):
! oo | L, Atz ? B f(22) o ds
ay  BE =[] p[ 7 (- 23 )]f( D

In the context of quantitative genetics, the variable z denotes a multi-dimensional phenotypic
trait, F.(z) is the phenotypic distribution of the population and m(z) is the (trait-dependent)
mortality rate which results in the selection of the fittest individuals.

The mixing operator B. acts as a simple model for the inheritance of quantitative traits in a
population with a sexual mode of reproduction. As formulated in (1.1), it is assumed that offspring
traits are distributed normally around the mean of the parental traits (z; + 22)/2, with a variance
which remains constant accross generations, here 2 /2.

We are interested in the asymptotic behaviour of the trait distribution F. as ¢ vanishes.

This asymptotic regime was investigated thoroughly for various linear operators B, associated
with asexual reproduction such as for instance the diffusion operator F.(z)+e?AF.(z), or the convo-
lution operator %K (£)*F:(z) where K is a probability kernel with unit variance, see
(2005); (2007); (2007); (2009); (2011) for
the earliest investigations, see further ( ); ( );

( ) for the case of a fractional diffusion operator (or similarly a fat-tailed kernel K'), and see fur-

ther ( ); ( ); ( );
(2017); (2017); (2017); (2018);

( ) for the interplay between evolutionary dynamics and a spatial structure. In the linear case,
the asymptotic analysis usually leads to a Hamilton-Jacobi equation for the Hopf-Cole transform
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U. = —¢log F.. This yields an original problem with non-negativity constraint that requires a

careful well-posedness analysis ( ); ( ).
Much less is known about the non linear equation (PF;), although this model is widely used in
theoretical evolutionary biology to describe sexual reproduction, see e.g. ( );

(1972); (1976); (1930); (1994); (2000);
(2011); (2012); (2014); (2017); (2017).
From a mathematical viewpoint, the model (1.1) received recent attention in the field of prob-
ability theory ( ) and integro-differential equations ( );
( ). In the latter couple of articles, a scaling different from (1.1) is studied: the variance
is of order one, but there is a large reproduction rate that enforces the relaxation of the phenotypic
distribution towards a Gaussian local equilibrium. Macroscopic equations are rigorously derived in
( ), in the case of an additional spatial structure, in the spirit of hydrodynamic limits
for kinetic equations.
In a different context, a similar collisional operator as B. (1.1) was introduced in the mod-
elling of self-propelled particles with alignment interactions, see for instance ( );
( ). When two particles interact they tend to align with the mean velocity, with
some possible noise. However, there are some discrepancies with our case study, since the operator
is not conservative in our case, by definition of a reproduction operator. Moreover, it is normalized
by the total mass of the phenotypic distribution: [ f(z})dz5. The rationale behind this choice
is that during the mating process, the first parent chooses the trait of its partner depending on
its frequency in the population. This is the neutral case without any assumption about assorta-
tive mating. Moreover, this dependency upon the frequency rather than the density discards any
small population effects that could arise from a quadratic collisional operator. Such homogeneity
of degree one is a key ingredient in our analysis.
The problem (PF.) is equivalent to the existence of special solutions of the form exp(A.t)F.(z),
for the following non-linear but one-homogeneous equation which will be the subject of future work:

(1.2) Aif(t,z) +m(2)f(t,2) = B(f)(t,2), t>0, z€RY

Alternatively speaking, the problem (P F.) expresses the balance between selection via trait-dependent
mortality m(z), and the generation of diversity through reproduction B.. The scalar \. is analo-
gous to the principal eigenvalue of the operator B. — m. However, it might not be unique, as in
the Krein-Rutman theory, see Corollary 1.5. It measures the global fitness of the population: the
population grows exponentially fast A; > 0 when the reproduction term B. dominates, while it
declines exponentially fast A, < 0 when the mortality m out-competes the reproduction.

This preliminary analysis on the stationary profile paves the way for a systematic analysis of
various quantitative genetics models, including time marching problems and the combination of
multiple effects (spatial structure, aging of the population etc).

Our work is inspired by similar asymptotics in the case of linear operator B, see the seminal
work by ( ) and references cited above. Accordingly, our goal is to analyze
problem (PF.) in the limit of vanishing variance 2 — 0. Since there is few diversity generated in
this asymptotic regime, we expect that the variance of the distribution solution F. vanishes as well.
Actually, there is strong evidence that the leading order profile of F is a Gaussian distribution

with variance €2. As a matter of fact, any Gaussian distribution with variance €? is invariant by
the infinitesimal operator B, in the absence of selection (m =0, A\, = 1) ( )
( ). This motivates the following decomposition of the solution:
1 (z = 20)?
(1.3) F.(2) = ——F—exp <—7 —-U:(2) ).
‘ (27)2ed 2e2 :

2



The latter (1.3) is similar to the Hopf-Cole transform used in the asymptotic analysis of adaptative
evolutionary dynamics in asexual populations. In our case U, is a corrector term that measures the
deviation from the leading Gaussian distribution of variance £2. Our analysis reveals that selection
determines the center of the distribution zg, as expected, and also reshapes the distribution F; via
the corrector U,.

The operator B, is invariant by translation. Up to a translation of m, we may assume that the
leading order Gaussian distribution is centered at the origin, i.e. zp = 0. Next, up to a change of
Ae < Ae + m(0), we may assume that m(0) = 0. Note that we may also assume U,(0) = 0 without
loss of generality, as the original problem is homogeneous.

Plugging the transformation of (1.3) into (PF.) yields the following equivalent problem for UL :

(PU,) Ae + m(z) = I (U:)(z) exp (Ue(z) —2U; (%) + U€(0)> , zeR%L

The residual term from the integral contribution is the following non-local term I.(U.), see Section
2.1 for the details of the derivation:

(14) I(U:)(2)

//de exp [—%yl Sy — 2 (!y1\2 + \y2!2> +2U. (%) ~U. <§ + €y1> ~U. <§ + Ey2>] dyydys

1
w2 [ exp |3l + U.00) - Uulen)]
R4

This decomposition appears to be relevant because a formal computation shows that I.(U:) — 1 as
¢ — 0. Establishing uniform convergence is actually a cornerstone of our analysis. Thus for small
g, the problem (PU.) is presumably close to the following corrector equation, obtained formally at
e=0:

(PUy) Ao + m(z) = exp <U0(z) — 20y <§) + UO(O)) , zeR4
Interestingly, this finite difference equation admits explicit solutions by means of an infinite series:

Uo(z) =72z + Z 2k log </\0 + m(2_kz)) ,
k>0

However, two difficulty remains: identify (i) the linear part vo € R? and (i) the unknown \g € R.
On the one hand, the linear part 7y cannot be recovered from (PUj) because linear contributions
cancel in the right-hand-side of (PUp). Thus, identifying the coefficient 7y will be a milestone of
our analysis. On the other hand, two important conditions must be fulfilled to guarantee that the
series above converges, namely:

X+ m(0)=1, and 09,m(0)=0.

The latter is a constraint on the possible translations that can be operated: the origin must be
located at a critical point of m. The former prescribes the value of \g accordingly. These two
conditions are necessary conditions for the resolvability of problem (PUp). Indeed, evaluating
(PUp) at z = 0, we get the first identity. Next, differentiating and evaluating again at z = 0, we
get the second identity.

In the sequel we make this formal discussion rigourous, following a perturbative approach for
¢ small enough. Before stating our main result, we need to prescribe the appropriate functional
space for the corrector U,.



Definition 1.1 (Functional space for U;).
For any positive parameter o < 2/5, we define the functional space

| Du(z)|
£ =S ueC®RY : u(0)=0, and | (1+ |2))*|D%*u(2) e L®(RY) 3,
(L+[2)* [DPu(z)
equipped with the norm
(1.5) ||lu||, = max <sup |Du(z)|, sup (1+ |z))® {‘D2u(z)‘ , ‘D%(z)‘}) .
z€R4 z€Rd

For any bounded set K of £, we use the notation || K|, = sup,cx ||t/ o. Occasionally we use the
notation ¢, for the weight function ¢, (z) = (1+|z|)®. Although 2/5 is not the critical threshold, it
happens that the exponent o cannot be taken too large in our approach. We set implicitly o = 2/5
in the following results, however we leave it as a parameter to emphasize its role in the analysis,
and to pinpoint the apparition of the threshold. Note that o > 0 is required in our approach, as
one constant collapses in the limit o — 0 (see estimate (5.7) below).

Then, we detail the assumptions on the selection function m.

Definition 1.2 (Assumptions on m).

The function m is a C3(R?) function, bounded below, that admits a local non-degenerate minimum,
at 0 such that m(0) = 0, and there exists g > 0 such that D*m(0) > po Id in the sense of symmetric
matrices. Furthermore we suppose that (Vz) 1 +m(z) > 0 and

o DFm(z)
14+ m(2)

Remark 1.3. Our result is insensitive to the sign of the local extremum. Indeed, one can replace
the hypothesis that m admits a ”local non degenerate minimum” at 0 with a ”local non degenerate
maximum” at 0, and that there exists jio < 0 such that D*m(0) < pold. However, we leave our
main assumption as in Definition 1.2 as it is the most natural one from the point of view of stability
analysis for the time-marching problem (1.2).

(1.6) (14 |2]) e L®RY), for k=1,2,3.

The condition (1.6) is clearly verified if m is a polynomial function. It would be tempting to
write, in short, that log(1 + m) € £%, which is indeed a consequence of (1.6). However, the latter
condition also contains the decay of the first order derivative Dlog(1 4+ m) with rate |z|~¢, which
is not contained in the definition of £* (1.5) for good reasons.

We also introduce the subset £ :

(1.7) £y ={ve & : Dv(0) =0, D*(0) > D*m(0) > po1d},
Then, our assumption on m in fact guarantees that
(1.8) log(1+m) € &.

The main result of this article is the following theorem :

Theorem 1.4 (Existence and convergence).

(i) There exist Ky a ball of E%, and £ a positive constant, such that for any e < &g, the problem
(PU.) admits a unique solution (A\.,U;) € R x K.
(ii) The family (A\z,Ue)e converges to (Ao, Up) as € — 0, with

(1.9) Ao =1,
(1.10) Uo(2) =0 - z + Vo(2),
4



Phenotypic trait z Phenotypic trait z

F1GURE 1. Numerical simulations of the stationary problem (PF;) with ¢ = 0.1 in
an asymmetric double-well mortality rate (grey line). The numerical equilibrium is
in yellow plain line. The only difference between the two simulations is the initial
data (red dashed line). The simulations illustrate the lack of uniqueness for problem

(PE).
where
23m(0 ,
—z N/ , Zf d=1
(A1) 0= iagm(()) and Vo= 2"log <1 + m(2—kz)> :
5 (D*m(0)) ' D@Am)0), if d>1 =

Moreover, the convergence Uz — Uy is locally uniform up to the second derivative.

An immediate remark is that the regularity required by (1.6), and particularly the C3 regularity
of m, is consistent with formula (1.10) which involves the pointwise value of third derivatives of m.
Alternatively speaking we think that our result is close to optimal in terms of regularity.

It is important to notice that our result holds true for any local mimimum zg such that

(1.12) m(zp) < 1+ infm.
One should define the functional spaces £* and £ accordingly (and particularly replace the con-

ditions u(0) = 0 and Du(0) = 0 by the conditions u(zp) = 0 and Du(zy) = 0), and then adapt
(1.9)—(1.10) as follows, for the one-dimensional case:

)\0 =1- m(ZQ),

(1.13) Up(zo+h) =70 -h+ Y 2" log (1 Fm(27 % (2 + b)) — m(20)> ,

k>0
where g is defined by the same formula as in (1.11) but evaluated at zo. Immediately, one sees
that the compatibility condition (1.12) is necessary to have the positivity of the term inside the log
in (1.13). As a consequence, we have:

Corollary 1.5 (Lack of uniqueness).

If the selection function m has at least two different local non-degenerate minima that verify the
compatibility condition (1.12), there exists at least two pairs (\e, F:) solutions of problem (PF.) for
€ small enough.

We performed numerical simulations to illustrate this phenomenon (see Figure 1). The function
m is an asymmetric double well function. We solved the time marching problem (1.2) but on
5



the renormalized density F./ [ F. in order to catch a stationary profile. We clearly observed the
co-existence of two equilibria for the same set of parameters, that were obtained for two different
initializations of the scheme. However, let us mention that the question of uniqueness in the case
of a convex selection function m is an open question, to the extent of your knowledge.

This result is in contrast with analogous eigenvalue problems where B; is replaced with a lin-
ear operator, say F. 4+ ¢2AF. as in various quantitative genetics models with asexual mode of
reproduction, see e.g. ( ) and references mentioned above, or in the semi-classical
analysis of the Schrodinger equation, see e.g. ( ). In the linear case, A\. € R
and F. > 0, F. # 0 are uniquely determined (up to a multiplicative constant for F.) under mild
assumptions on the potential m. This is the signature that B, (1.1) is genuinely non-linear and
non-monotone, so that possible extensions of the Krein-Rutman theorem for one-homogeneous
operators, as in ( ), are not applicable.

The existence part (i) was already investigated in ( ) using the Schauder
fixed point theorem and loose variance estimates. But the approach was not designed to catch the
asymptotic regime ¢ — 0. The current methodology gives much more precise information on the
behavior of the solutions of the problem (PF.) in the regime of vanishing variance.

Theorem 1 provides a rigorous background for the connection between problem (PU.) and prob-
lem (PUy) in a perturbative setting. It justifies that the problem (PF.) is well approximated by
the solution (Ao, Uy) of the problem (PUp). Quite surprisingly, the value g of the linear part of
the corrector function Uy is resolved during the asymptotic analysis although it cannot be obtained
readily from problem (PUp) as mentioned above. It coincides with the heuristics of
( ) where the same coefficient was obtained by studying the formal expansion up to the next
order in €2: U. = Uy + €Uy + o(¢?), and by identifying the equation on U; in which the value
of 7o appears as another compatibility condition. Here the value of 7q is obtained directly as a
by-product of the perturbative analysis.

As mentioned above, our approach is very much inspired, yet different to most of the current
literature about asymptotic analysis of asexual models, where the limiting problem is a Hamilton-
Jacobi equation, see ( ) for a comprehensive introduction, and references above. To
draw a parallel with our problem, let us consider the case where B.(f) is replaced with the (linear)
convolution operator K. x f, where the kernel has the scaling property K. = %K (2)7 and K is
a probability distribution kernel. There, the small parameter ¢ measures the typical size of the
deviation between the offspring trait and the sole parental trait. In this context, it is natural
to introduce the Hopf-Cole transform U. = —clog F.. Then, the problem is equivalent to the
asymptotic analysis of the following equation as ¢ — O:

U, —U:(z —
(1.14) Netmz) = [ K(@esw ( L Ey)) dy.
Rd
For this model, it is known that U, converges towards the viscosity solution of a Hamilton-Jacobi
equation ( )E

(1.15) Ao +m(z) = H(DUy(2)) = » K (y) exp (DUo(2) - y) dy.
Note that the limiting equation on Uy (1.15) can be derived formally from (1.14) by a first order
Taylor expansion on Uk.

There are two noticeable discrepancies between the asexual case (1.14)—(1.15) and our problem
involving the infintesimal model with small variance. Firstly, ¢ plays a similar role in both cases,
i.e. measuring typical deviations between offspring and parental traits. However, the appropriate
normalization differs by a factor e: it is —elog F. in the asexual case, whereas it is —¢2log F. in
our context, see (1.3). This scaling difference is the signature of major differences between the
two problems (asexual vs. sexual). Secondly, the two limiting problems (1.15) and (PUy) have

6



Problem (PFL)

Hopf-Cole transform - N
ixed point arguyment
Problem (PU.) Solution (Ac, U:)
fore >0
A}
1
. . '
Formal approximation Convergence [|as e — 0
for small € '
'l
Problem (PUy) Solution (Ao, Uo)
( ) Present article

FIGURE 2. Scope of our paper compared to precedent work

completely different natures: a Hamilton-Jacobi PDE in the asexual case, vs. a finite difference
equation in the sexual case. Moreover, due to the lack of a comparison principle in the original
problem (PF.), we could not envision a similar notion of viscosity solutions for (PUy). Instead, we
use rigid contraction properties and a suitable perturbative analysis to construct a unique strong
solution near the limiting problem, as depicted in Figure 2.

( ) observed that the infinitesimal operator B; alone enjoys a uniform
contraction property with respect to the quadratic Wasserstein distance, with a factor of contraction
1/2. Recently, this was used by ( ) to perform a hydrodynamic limit in
a different regime than the one under consideration here, see also ( ). However, the
combination of B. with a zeroth-order heterogeneous mortality m(z) seems to destroy this nice
structure (details not shown).

The next section is devoted to the reformulation of problem (PU.) into a fixed point problem,
introducing a set of notation and the strategy to prove Theorem 1.4. The organization of the paper
is postponed to the end of the next Section.

Up until the last part of the article we implicitly work in dimension d = 1, for the readers’
convenience. In section 7 we pinpoint the few elements of the proof that are specific to the one-
dimensional case and give an extension to the higher-dimensional case in order to complete the
proof of Theorem 1.4.
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2. REFORMULATION OF THE PROBLEM AS A FIXED POINT

2.1. Looking for problem (PU.). The equivalence between problem (FPF.) and problem (PU.)
through the transform (1.3) is not immediate. It is detailed in ( ), but we recall
here the key steps for the sake of completeness. Plugging (1.3) into problem (PF.) yields, with the

notation ¢(z) = 22—2:

Ae +m(z)
//R exp [—6% <2q <z _at z2> +q(=1) + qlz2) q<z)> S Ul(z1) - Us(20) + Ue(z)} d21dz |

N /R exp <—q<z/) - Ug(z’)> dz

e2

When ¢ — 0, we expect the numerator integral to concentrate around the minimum of the
principal term that is :

zZ1 + 29

argmin [2{] <z - > +q(z1) + qz) — q(z)} - (% g) .

(21,22)

We introduce the notation

I

z==.

\)

Using the change of variable (21, 22) = (Z 4+ €y1,Z + €y2), we obtain the following equation :

J L exp (-QUun.12) = Val+ ) = Uz +-92) + Ual) dice

NG /R exp (—42/2 — U.(ey) dy

(2.1) Ae +m(z) =

)

where

6% [2q (z A —; Z2> +q(z1) + q(22) — Q(Z)] = %ylw + %(y% +y3) = Qy1,y2).

Definition 2.1.
We denote by Q the following quadratic form :
1

3
Qy1,y2) = JY1Y2 + Z(y% +y3).

It is the residual quadratic form after our change of variable. We notice that ﬁ exp(—Q) is the
density of a bivariate normal random variable with covariance matrix

173 -1
o s 15 3).
At the denominator of (2.1) naturally arises N the density function of a N'(0,1) random variable.
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Finally, (2.1) is equivalent to problem (PU.):
Ae +m(z2) = L(Ue)(2) exp (Us(2) — 2Ue (Z) + U:(0)) ,

simply by conjuring 2U.(z/2) at the numerator and U.(0) at the denominator, resulting into the
defintion of the remainder I.(U;) (1.4) that will be controlled uniformly close to 1 in all our analysis.

In the next section we explain how we reformulate the problem (PU.) into a fixed point argument
in order to use a Banach-Picard fixed point theorem which prove our results rigorously.

2.2. Some auxiliary functionals and the fixed point mapping. This section is devoted to the
derivation of an alternative formulation for problem (PU.). Let (A-, U:) be a solution of problem
(PU.) in R x £°.

The first step is to dissociate the study of A\. and U.. We first evaluate the problem (PU.) at
z = 0. It yields the following condition on \., since m(0) = 0:

(2'3) Ae = Ia(Ua)(O)'

Considering the terms I, as a perturbation, we divide problem (PF.) by I.(U.)(z) which is positive,
and we take the logarithm on each side. Then we obtain the following equation, considering (2.3) :

- 1. (U:)(0) +m(2)
2.4 Ud(z) — 2U.(z) + U-(0) = log | =
2.4 (2) — 20.2)+ U(0) = log (2P
It would be tempting to transform (2.4) into a fixed point problem by inverting the linear operator
in the left-hand-side. However, the latter is not invertible as it contains linear functions in its
kernel. Therefore we are led to consider linear contributions separately.
Our main strategy is to decompose the unknown U, under the form

(2'5) ‘ Ua(z) = VY2 + VE(Z),

with V, € &§'. This is consistent with the analytic shape of our statement in (1.10), where 7y and
Vo have quite different features with respect to the function m.

Next, it is natural to differentiate (2.4). One ends up with the following recursive equation for
every z € R

_ [ I.(U:)(0) + m>—

2.6 0,U.(2) — 0,U.(Z) = 0, |log | 02— z).
(26) (2) = 0.0.2) = 0. frog (D) (o
One simply deduces that, if U, exists and is regular, then we must have:

(LU (0) +m AT ok
2.7 0,U:(2) = 0,U-(0) + 0, |lo <L 27%2).
( ) 6( ) 6( ) g;) I g Ie(Ug)(z) | ( )
One can formally integrate back the previous equation to obtain

I
(2.8) U(z) = U(0) + 0,U-(0)z + Z 2 log <w> (27F2).
2 LU)()

At this stage we formally identify :
> U:(0) = 0, since U, € £%. This is not a loss of generality by homogeneity since F. is itself
defined up to a multiplicative constant in problem (PF.).
> Y. = 0,U-(0). In fact this is part of the decomposition (2.5) since V. € &§.
The real number -, is unknown at this stage, but it needs to verify some compatibility condition

to make the series converging in (2.6)—(2.8). In particular, if we evaluate (2.6) at z = 0 we obtain
that . must satisfy

(2.9) 0= 0.I(7 - +Ve)(0).
9



We will solve (2.9) using an implicit function theorem in order to recover the value 7 associated
with a given V. Beforehand, we introduce the following notation:

Definition 2.2 (Finite differences operator D,).
We define the finite differences functional D as
z

1 1
DE(V)(y17y27Z) = V(E) - §V(E+ ‘Syl) - §V(E+ 53/2) , 2= 5 .

We introduce the following auxiliary functional which makes the link between . and V.

Definition 2.3 (Auxiliary function J;).
We define the functional J. : R x £§ — R as follows
(2.10)

1
T9.V) = 55 [ [ exp - Qunue) — gl + )+ 2D-(V) (01,52, 0) Do(@.V) (1, 2 0) i
e2v/2n J Jr2
The implicit relationship (2.9) is equivalent to Jz (7., Ve) = 0. From this perspective, the following

result is an important preliminary step.

Proposition 2.4 (Existence and uniqueness of 7.).
For any ball K C £, there exists ex, such that for all € < ex and for any V € K, there exists a
unique solution v-(V') to the equation :

Find v € (—Rk, Rk) such that:  J(v,V) =0,
where the bound |v-(V)| < Rk is defined as
1K1 [ exp(-QUun,) (57 + 18) dinde -+
202m(0)

(2.11) Ry = max I,

Next we define the main quantity we will work with: the double integral I. which is the rescaled
infinitesimal operator. For convenience we define it as a mapping on £§'. It is compatible with (1.4)
because of the decomposition (2.5).

Definition 2.5 (Auxiliary functional Z).
We define the functional I. : E; — C3(R) as follows

//R2 exp (— Qy1,y2) —ev(V)(y1 + y2) + 2D=(V) (y1, y2, 2)) dy1dys
Z.(V)(z) = .

(2.12)
VA [ exp (<2 2:V)y + V(0) = View) dy

Finally, in view of (2.8) and (2.5), we see that V. must be a solution of this implicit equation :

)N kg (B0 +m
(2.13) Ve( )—gf 1 g< Z(Ve)(2)

This justifies the introduction of our central mapping, upon which our fixed point argument will
be based.

) (27%2), for every z € R.

Definition 2.6 (Fixed point mapping).
We define the mapping H. : £ — £ as follows

Z.(V)(0) + m(27*h)
(2.14) H.(V)Rh) = 2F1o — .
,%% g< Z.(V)2Fh) )

10



2.3. Reformulation of the problem. We are now in position to write our main result for this
Section:

Theorem 2.7 (Existence and uniqueness of the fixed point).
There is a ball Ky C & and a positive constant ey such that for every € < g, the mapping H.
admits a unique fized point in K.

To conclude, it is sufficient to check that solving problem (PU.), on the ball Kj, and seeking a
fixed point for H. in K are equivalent problems for £ < g¢ small enough.

Proposition 2.8 (Reformulation of the problem (PU.)).
There is a ball K, of £%, and a positive constant ¢, such that for every ¢ < &, the following
statements are equivalent:

> (A, Ue) is a solution of the problem (PU.) in R x K.

> Us =7:(Vz) - +Vz, with Ve € E¢ N K|, H(VZ) = Ve, and e = Z.(VZ)(0).
Moreover, the statement of Theorem 2.7 holds true in the set E§ N K.

The main mathematical difficulties are stacked into Theorem 2.7. The rest of the article is
organized as follows :

> In section 3, we justify why the function ~. is well defined in Proposition 2.4.

> Then in section 4, we provide the main properties and the key estimates of the nonlocal
operator Z.. We point out why this term plays the role of a perturbation between problem
(PU.) and problem (PUy). In section 4.2 we prove crucial contraction estimates.

> Those estimates are the main ingredients of the proof of properties of H. in section 5: most
notably the finiteness of H.(V'), and the fact that H. is a contraction mapping.

> This allows us to establish the proof of Theorem 2.7 and Proposition 2.8, and finally to
come back to the proof of our main result Theorem 1.4 in the sections 6.1 and 6.2.

> Section 7 is devoted to those specific arguments that require an extension to the higher
dimensional case d > 1.

3. WELL-POSEDNESS OF THE IMPLICIT FUNCTION 7,

3.1. Heuristics on finding .. We consider V' € £§, and we look for solutions ~. of J-(7., V) =0,
or equivalently :
(3.1)
1
0=
e2y/2m

in accordance with (2.10). We will see here how a Taylor expansion of the right-hand-side around
€ = 0 helps to understand why it defines a unique 7. in a given interval for small e. We will show
formally why J.(-, V) can be uniformly approximated by a non-degenerate linear function for small
E.

J L ex0 =@ 52) = 2201 +12) + 2DV 1,2 00) (D(0.V) 52,0 ) i

11



We expand the right-hand-side with respect to e:

62\1/§7T //R2 exp [~ Q(y1,y2)] exp [—e%e(y1 + y2) + 2D (V) (y1, Y2, 0)] (Da((‘)zV)(yl,yQ,o))dyldyQ

- _ﬁ //R oxp [=Q(y1,92)] [1 = e7e(y1 + 2) + 0 (¢)]

2
X <g (y1 +y2) 02V (0) + % (y% + y%) A2V (0) + 0(62)> dy1dys

o 1 52 2 238§V(0) 2
=2 (5%82‘/(0) —€ — 5 +o(e )> .

Then solving

303V (0) 1

_ - 2
0= —2= 4 S0.02V(0) +o(1),

we get the expression :

393V (0)
T S0102v(0)
These heuristics are consistent with the statement in Theorem 1.4, up to the relation between V;
and m that can be easily read out from (1.11). Note that the denominator involves 92V (0), so that
the local convexity of V should be controlled uniformly during our construction. This is the purpose

of the restriction in £§ (1.7). In the following, we provide estimates that turn these heuristics into
a rigorous proof.

(3.2)

3.2. Proof of Proposition 2.4. The aim of this section is to prove the existence and uniqueness
of v-(V) stated in Proposition 2.4. We first start with a Lemma providing some useful estimates
on the function J.. Combining these estimates with a continuity and monotonicity arguments, we
will be able to prove the Proposition 2.4.

Lemma 3.1 (Estimates of J.).
For any ball K C &, there exists ex > 0, such that for all e < ex and V € K, the following
estimate holds true for all g in the interval (—Rg, Rk):

(3.3) J:=(0,V) 4\/_77 // exp(—Q(y1,y2)) [TV (eg1) + y505V (e42))] dyrdyz + O(e),
Q2V(0)
2

(34)  0yT:(9,V) =

where, in the former expansion, the variable y; is a by-product of Taylor expansions and is such
that [yi| < yil +1.

+ O(e),

Remark 3.2.

We prove the uniqueness of v. on a uniformly bounded interval. One may think it is a strong
restriction not to look at large v.. It is in fact a natural restriction as we have by definition
Ye = 0.U:(0), and 9,U. € L™ in our perturbative setting.

We postpone the proof of the technical Lemma 3.1 at the end of this section and we first use it
to prove the Proposition 2.4:

Proof of Proposition 2./. Let K be a ball of £ and V € K. We deduce from Lemma 3.1 that
|J:(0,V)] < Gk + 1, where

NN o
ex , +42) dyrdys
NG - p(—Q(y1,92)) (yi +y3) dyrdys

12



for e small enough. Integrating (3.4) with respect to g, we obtain

92V (0)
2

Je(9,V) = J=(0,V) + 9+0(),

where it is important to notice that the perturbation O(e) is uniform with respect to € for g €
(-Rk,Rk) and V € K. Since V € £, we know that 92V (0) > 8?m(0) > 0. Therefore, J. is
uniformly increasing with respect to g on (—Rg, Rk ). Moreover, the choice of Ry is such that

82()

je(RK7V) —-1-Gg+ RK+O()_1+O(€)>07

for e small enough, and similarly, J.(—Rg,V) < 0. Finally, there exists a unique ~. (V) satisfying
J(7:(V), V) = 0 because J; is continuous with repect to g for V' € &£§. O

Proof of Lemma 3.1. Let K be a ball of £ of radius ||K||,. In section 3.1, we have used formal
Taylor expansions to get a formula for v.(V'), morally valid when e = 0. The idea here is to write
exact rests to broaden the formula for small but positive e.

> Proof of expansion (3.3). Let us pick V € K and £ > 0. Recall the expression of J.(0,V) :

F:0.V) = 5o [ exp(-QMwn.12) + 25:(V) (31,12, 0] (De(0.)1.2:0) )

We perform two Taylor expansions, namely:

2
2D (V)(y1.92.0) = =5 (O2V (e) + 302V (c3i)

e(y1 + g2 _ _
D.(0.V) (1, 2,0) = ~ T g2y (0) - TR0V () + 1302V (eii)),

where g; denote some generic number such that |y;| < |y;| for i = 1,2. Moreover, we can write
(3.6)

exp(—£2P) = 1—£2 P exp(—02P), P:l(yfag V(egi) + 20V (eR) . |P| <

(3.5)

(y% + y%) HVHa )

N =

for some 6 = 0(y1,y2) € (0,1). Combining the expansions, we find:

J=(0,V) 62\/771' // exp [—Q(y1,y2)] (1 —€2Pexp(—952P))
- 2 _ _
(-T2 (0) - SOV (eA) + 0V (4T ) e

The crucial point is the cancellation of the O(¢~!) contribution due to the symmetry of Q:

(3.7 J L exp (=)o + )y = 0.

So, it remains

J=(0,V) 4\[7T //R2 exp(—Q(y1,2)) [Y102V (ey1) + ¥305V (e2)) ] dyrdys
t m / /R _exp(=Qy1,42)) P exp(—0"P) (y1 + y2) 02V (0)dyrdys

175 [ o=@ Pexp(—0:2P) (502V (i) + 1302V (1)) e
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Clearly the last two contributions are uniform O(e) for V € K and € < i small enough. Indeed,
the term P is at most quadratic with respect to y; (3.6), so Q + 0% P is uniformly bounded below
by a positive quadratic form for ¢ small enough.

> Proof of expansion (3.4). The first step is to compute the derivative of J with respect to g:

0gJ=(9,V

6\/_71' //R2 exp [—Q(y1,y2) — eg(y1 + y2) + 2D (V) (y1, Y2, 0)]
X (y1+y2) [D:(0:V) (y1, y2, 0)] dy1 dyo.

Similar Taylor expansions as above yields:

0yJ=(9,V) = E\/—W //RZ exp [—Q(y1,y2)] (1 — eP exp(—0cP'))

+ § _ _
-+ ) (<2020 (0) - 008V (e7) + 4302V (o) ) e

where P' = g(y1 + y2) + 110.V (ey1) + y20.V (ey2). Interestingly, the leading order term does not
cancel anymore, and it remains:

0,7:0.V) = = ( [ exp - QUunoun)) (s + 10 dndi ) 0270+ O0e).

The justification that the remainder is a uniform O(g) is similar as above, except that now P’ has
a linear part depending on g, but the latter is assumed to be bounded a priory by Rg. O

4. ANALYSIS OF THE PERTURBATIVE TERM Z.

4.1. Lispchitz continuity of some auxiliary functionals. The function Z. is crucially involved
in the definition of the mapping H.. Thus to prove any contraction property on this mapping we
will need Lipschitz estimates about Z. and the three first derivatives of its logarithm. But first
we show that Z. really plays the role of a perturbative term between problem (PU.) and problem
(PUy) that converges to 1 uniformly as e — 0.

Proposition 4.1 (Estimation of Z;).
For every K ball of £, for every d > 0, there exists a constant s that depends only on K and 9,
such that for every e < g5 and for every V € K :

(Vz2eR) 1-0<T(V)(z) <1+56.

Proof. Let V in K. For € < ek, one can apply Proposition 2.4 which gives |v.(V)| < Rg. Next it
is enough to write that :

/ / exp [~ Q(y1,42) — 2R (ly1] + )] dyadly
C. == < Z(V)(2), and

\/571/ exp (—y?/2 — 2eRk |y|) d
R

//R2 exp ( — Q(y1,y2) + 2e Rk (Jy1| + |y2|))dy1dy2
< .

\/577/ exp (—y®/2 — 2eRk |y|) dy
R

We deduce from this lower and upper estimates that the whole Z.(V') converges uniformly to 1 as
e —0. O

=C..

Next, we show Lipschitz continuity of various quantities of interest.
14



Proposition 4.2 (Lipschitz continuity of 7.).
For every ball K C £, there exist constants L (), and ek, depending only on K, such that for
alle <eg, Vi,Vo € K

[7e(V1) =7 (V2)| < L (v) V1 = Vall,

Proof. Let K be a ball of £, and let V4, V5 € K. Let denote I'l = ~.(V;) for i = 1,2. We argue by
means of Fréchet derivatives: let s € (0,1), v = sy1+ (1 — s)72, Vs = sV1 + (1 — s)V%, and consider
the following computation:

d
ds
where the Fréchet derivative of 7. with respect to V is:

(4.1) Te(Vs, Vi) = 05T (s, Vs ) (71 — 72) + Dy Te(vs, Vi) - (Vi = Va)

DVa7€(/77 V) -H =

J L exp =52 = 1001 + 1) + 20V (01,20, 0)
X (2DE(H)(y17 Y2, 0)) (Da(azv)(yl, Y2, 0))dy1dy2

s [ e Q) — 10 )+ 2DV 1. 92.0) (D20 o, 12.0) v

1
e2y/2m

We perform similar Taylor expansions as in (3.5),

—e(y1 4+ 42)O ([|9:W |0
—e(y1 +12)0:W(0) — (2/2) (y1 + 93) O (192W ||

either for W =V, H € £, or W = 0,V,0,H. We deduce that

2D (W)(y1,2,0) = {

(42) DyJ(7.V)-H= - S5 [ e Q) = e+ ) = s + 120 (10:V )
<[ (-5 68490 (102011 ) (el + w0 (102V))

2
(= st + 0 - 5 (7 +) 0 (102811) ) e

We proceed as in the previous section for the exponential term: there exists 6 = 6(y1,y2) € (0,1)
such that

exp(—eP’) =1 —¢eP exp(—0eP’), where P =~(y1 +y2)+ (11 +y2)0 (||0:V]00)

Again, the crucial point is the cancellation of the O(e~!) contribution in (4.2), as in (3.7). What
remains is of order one or below, and one can easily show that there exists Cx such that

1Dy T=(7,V) - H| < Ck (|07H [lo + [0ZH (0)] (|7 + [10:V [|oo )
+ el 02H |0 |02V [0 + €]l 02 H oo (|7 + 10:V [[oo]))
< Ok | Hlla

provided € < €k is small enough.
On the other hand, we have already established that 9, 7.(y,V) = 82V (0)/2 + O(e) in Lemma
3.1. Consequently, integrating (4.1) from s = 0 to 1, we find:

0="T:(71, V1) = Te(72, V2) = (% +O0(e )) (m — </ Dy J(vs,Vs) - (Vi — V2)d3> :

15



We deduce from the previous estimates and the local convexity condition in (1.7) that

2
— < C —— C V - V o
71— 72| < Ck <6§m(0) + K€> Vi — Val
for some C'x and ¢ < ex small enough. O

In turn, Proposition 4.2 implies the Lipschitz continuity of Z. as a function of V.

Proposition 4.3 (Lipschitz continuity of Z).
For every ball K of £, there exist constants e, Ci depending only on K, such that for all ¢ < ek,
Vi, Vo € K,

(4.3) sup 1Z:(V1)(2) = Z:(V2)(2)| < eCk [V = Vall,, -

Proof. The Lipschitz continuity of Z. with respect to V' can be proven by composition of Lipschitz
functions. With the same notations as in the proof of Proposition 4.2, and with the shortcut
notation Z. = A./B: to separate the numerator from the denominator in (2.12) we have,

%Aa(%)(z) = — //R2 GY (y1, 92, 2) (6%%(%)@1 + y2)

Z+ey1 Z+ey2
+/ 0,(Vi — Va)(2')d2' — / 9,(V1 — V2)(Z/)dzl> dy1dys ,

where we have simply written V(Z +¢ey;) — V(Z) = f; T 9,V (') d7', and where GY denotes the
exponential weight:

GY (y1,y2,2) = \/1% exp [~ Q(y1,v2) —Y(V)(y1 +y2) + 2D (V) (y1, 42, 2)] -

We deduce that A, is such that:

LA v)

(V2) o

< E//]RQ GY (y1,y2,2) (Lk(M|[Vi = Valla + V2 — Valla) (y1| + |y2l) dyrdys .

As the weight GV is uniformly close to a positive quadratic form for small ¢, we find that the
numerator has a Lipschitz constant of order £ uniformly with respect to z:

Sup [A:(V1)(2) — A:(V2)(2)] < eCk [[Vi = Vo, -
zE

The same holds true for the denominator B.. In addition, a direct by-product of the proof of
Proposition 4.1 is that A, and B, are uniformly bounded above and below by positive constants
for € small enough. Consequently, the quotient Z. = A./B. is Lipschitz continuous. O

It is useful to introduce the probability measure dGY induced by the exponential weight GY :

G;/(yby% Z)

JI RO
exp [~Q(y1,y2) — €7 (V)(y1 + y2) + 2D(V)(y1, y2, 2)]

[ e @) ~ V) )+ 2DV 1) dind:

dGZ(yl,yQ, Z) =

As a consequence of the previous estimates, we obtain the following one:
16



Lemma 4.4 (Lipschitz continuity of dGY).
For every ball K of £, there exist constants e, Ck depending only on K, such that for all ¢ < e,
Vi,Vo € K,

(4.4) su£ ‘dGZl (y1,y2,2) — dGY? (yl,y2,2)|
ze

< 0 Vi = Vally (1+ o] + lyzl) exp (= QUi ) + 22 Rac (] + Iy )

Furthermore, under the same conditions, we have the following bound, uniform with respect to
z e R:

1
(4.5) dG (11,92, %) < 7 exp [-Qun, ) + 2 Ric |y + [wa])]
Proof. We first prove (4.5): the function GY is such that

1
GY (y1,y2,2) = o exp [—Q(y1,y2) F 2e R ([y1] + |y2l)] -

Therefore, its integral over (y,y2) € R? converges to 1 as ¢ — 0, and there exists x depending on
K such that [[ GY (y1,y2,2) dyrdys > 4/v/27 for € < ex. This leads to (4.5).

In order to obtain (4.4), we proceed as in the proof of Proposition 4.3, as the denominator of
dGY is the numerator A, of Z.. For the Lipschitz continuity of the numerator of dGY, we find:

d
—GL (g1, 92, 2)| <G (y1,y2,2) (L (N)IVi = Valla + 1V = Valla) (1] + lya) -

ds

We deduce that the quotient dGY = GY /A.(V) is also Lipschitz continuous:

G -G A(Va) — A(Vh)
AE(Vl) Aa(vl)Aa(V2)

< <CelIV = Valla (1] + lyal) ex0 ( = Qun ) + 26 Rac(n] + )

+2Cx Vi = Vallaexp (= Q(un,u2) + 22 Ric(n] + luel))
This concludes the proof of (4.4). O

(V)

GV — dGY2| < G

To conclude, we have established in this section that Z. is a perturbative term, both in the
uniform sense Z. (V') — 1, and in the Lipschitz sense: LipyZ. = O(¢). In addition, we have proven
a similar Lipschitz smallness property for a probabilty distribution dGZ that will appear frequently
in our contraction estimates.

4.2. Contraction properties (first part). On the way to estimating the fixed point mapping
He (2.14), we need good estimates on the logarithmic derivatives of
I.. For that purpose, we introduce the following quantities for : = 1, 2, 3:

_ OL(V)(2)
Z.(V)(z)
For the sake of conciseness, we omit sometimes the dependency with respect to yi,y2 in the

notations, as for instance: dGY (y1,y2,2) = dGY (2). The following notation with a duality bracket
is useful:

(4.6) wH(V)(z)

(GY (). f) = [ dGY (o) o) e
Indeed, for any V € £, we have:

(4.7) WI(V)(z) = (dGY (2), De(8:V)(2)) -
17



Similarly:
1
WEV)(:) = (dGY (2). 5DEVI() + (D0V)()? ).
And finally :
1 1
(48) WOW)() = (dGY (). DBV + (DY) +3D.0.1)(:) (5P:02V)(2) ) ).
In order to obtain estimates on W) it seems natural from the previous pattern of differentiation
to begin with estimates on the symmetric difference of the derivatives of V.

Lemma 4.5. For any V € £, and (y1,y2) € R?, we have:
(4.9)  sup (1+ |2 D(8:V)(y1, 2, 2)| < €2V [la [Junl + 2l + a7 + %[yl 0],
z

1 -
(4.10)  sup (1+[2])* §Da(3§V)(y1,yz,2) <2Vl [lyal + lyal + e fya |7 + ey T0T
z

1
(411)  sup (14 [z))" ZDs(a,‘z’V)(ybymZ)

. e*
<2V (14 5 Tl + lel®]).

It is important to notice that the first two right-hand-sides (resp. first and second derivatives)
are of order . The third one is larger but controlled by 2®~! < 1. This is the first occurrence of
the contraction property we are seeking. This is the main reason why we make the analysis up to
the third derivatives.

Proof. We introduce the additional notation ¢, (z) = (1 + |2])*. First, since Z = z/2, we have
Pa(z) < 2%pa(2).
> Proof of (4.9). By Taylor expansions, we have:

5 . € _
0a(2) [D=(0:V) (1. 2. 2)| < 2%0a(2) | 502V (2 +€) + 02V (2 + <),
where |y;| < |y;|. Using the definition of || - ||, (1.5), we obtain

ely1lea(z) ely (L + letn| + 2 + egn)®
Pa(Z +cy1) (1+[z+ep))*

Since we chose a < 1, | - |* is sub-additive. Thus, we get

Pa(Z) |e1 2V (Z + en)| < Vi,

” Ha ~

_ o leya|® >
o e d*V(Z+¢ <e 1+ T Vv
¢al®) |m 2V G+ )| < el (14 o) IV,

<elyl @+ ey ) V1o < eyl + [y ).
By symmetry of the role played by y; and y2, we have proven equation (4.9).

> Proof of (4.10). The second estimate is a consequence of the first one, applied to the derivative
of V. Notice that it is allowed as £§ enables control of derivatives up to the third order.

> Proof of (4.11). We must be a little more careful in the estimations of the third estimate (4.11),
because we cannot go up to the fourth derivative in the Taylor expansions. This is why we do not
have an O(e) bound, but we gain a contraction factor instead. We have

< 2%4(2)

1 1 1 1
Pa(2) ZDa(ag’V)(yhym z) Zc‘)ﬁ’V(E) - gang +ey1) — gang +ey2)

20 1 1
<7 IV, + 2%¢a(Z) ga;”V(z +ey1) + 58;31/(2 + eyp)
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We bound separately each term using again the sub-additivity of |-|*. For e < 1 :

Ya(Z)
<———— |Vl
8va(Z +cy1)

V] ( (leya )™ > V]|
< a1+ < (1+ ay o,
8 (14 |2 + eya]) ( le9al®) 8

1
va(Z) gag’v(f +ey1)

Summing it all up, one ends up with:

1
SDa(Z) Zpe(agv)(ylv Y2, Z)

_ 1
<2, (14 32 Dl + el
This is precisely equation (4.11). O

The following proposition is a first step towards contraction properties that will be established
in section 5. For convenience, we introduce the following notation:

(412) AWl = Wi W) — Wl (v3)
' AV =V =V,
Proposition 4.6 (Lipschitz continuity of W, with respect to V).

Let K a ball of £, and V1,Va € K. There exists constants e, Cx depending only on K such that
for all e < e, we have:

(4.13) sup (1 + [2))* AW (2)] < eCk[|AV |
(4.14) sup (1 + |2))* AW (2)] < eCk[|AV]|a,
(4.15) sup (142 AWS) (2)] < (27 +e°Cr) | AV, -

It is also possible to get estimates on We(i)(V) itself, with the same hypotheses. This is useful to
prove the invariance of certain subsets of £§'.

Proposition 4.7.
With the same setting as in Proposition 4.0, we also have:

sup (1+ D)W V)(2)] < eCk 1V ],
sup (1+ )W (V)(2)] < eCk |V ],
sup (1+ )W V)()] < (207 +e7Cx) [V o -

We do not give the details of the proof of the latter Proposition, since it is a straightforward
adaptation of Proposition 4.6. Actually, we cannot readily apply Proposition 4.6 to (Vi,Vs) =
(V,0) as 0 ¢ EF, because of the additional condition on 92V (0) (1.7) which is required to prove
boundedness and Lipschitz continuity of ..

Proof of Proposition 4.6. The proof of theses inequalities is quite tedious because of the numer-
ous non-linear calculations. However, the technique is similar for each inequality, and consists
in separating the fully non linear behavior from the quasi-linear parts of the left-hand-sides of
equations (4.13) to (4.15).

> Proof of (4.13). This is the easiest part, because it is quasi-linear with respect to V. Indeed,
we have
AWD(2) = (dGY (2), D=(9.V1)(2)) — (dGL2(2), D-(9:V2)(2)) -
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We reformulate it in two parts, one involving Vi — V5, and the other involving dGY — dGY? :
(4.16) AW () = (dGY: (2), D.(0.0V)(2)) + (dGY (2) — dG¥2 (2), Do(DVA)(2))
For the first contribution in (4.16), we apply directly Lemma 4.5 to V; — Va:

(1412 [{(dGY2(2), D= (0. AV)(2))| < €2 [|AV |, (dGE (), (lya] + lyal + e¥|yr [T + e |y2l'T))
<elg HAVHQ.

For the last inequality we used equation (4.5), which enables to bound uniformly the measure dG;/
with respect to z. From Lemmas 4.4 and 4.5, there exists ex and Ck such that for ¢ < ek, the
second contribution in the right-hand-side (4.16) satisfies

(417) (1 + [2)*[(dGY () — dG2 (=), D=(9:V1)(2))|
<20k AV, \|V1\|a<(1 + [y1] + [y2]) exp(=Q(y1, 42) + 2 Ri ([y1] + [v2),

(Iyal + Iyl + Iy |+ + £y +) ).

The last integral is uniformly bounded for € small enough, involving moments of a Gaussian dis-
tribution. Therefore, the whole quantity is bounded by e2Cf || AV, uniformly with respect to z.
This concludes the proof of equation (4.13).

> Proof of (4.14). To begin with, we have
AWE() = (dGH (2), 5D + (D))

1
- (dGE ), DBV + (D0.V)) )
We split the difference into two, as in the previous part,

BWE() = (dGY(2) 3DAENE) + (D)) - 5P () — (P.(0.12)2) )

+ (4GH(:) — d6Y(2) 3DAO)(E) + (DL(0.11)(2)* )
_A+B

The first contribution can be rearranged as follows, by factorizing the difference of squares:
1
A= (4GE(2), 3D2BY)() + DAOLV) D00+ Va))E) ).

The term involving V; + V5 is bounded uniformly in a crude way: ||Dz(0, (V1 +V2))|lco < 2[|V1 + V2l
(in fact it is bounded by a O(e) uniformly with respect to z, but this detail is omitted here). Then,
we apply Lemma 4.5 twice with V; — V5 to obtain:

(L4 [21)* |A] < Cx | AV [la (dGL2(2), (lys| + lyal + ¥y [T + e yal 7+9) )
To estimate B, the term involving the difference of measures dGY , we apply (4.4) and Lemma 4.5:
(4.18)
(1+[2)*B] < (|dGY (2) = dGL2 ()] ,eC (VA2 + Vel ) (Il + ] + 2|+ + el 7))
We find, exactly as above, that the quantity (1 + |2])*|B| is bounded by £2Ck [|AV|,. Combining

both estimates on A, B, we deduce equation (4.14).
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> Proof of (4.15). The full expression for AW is as follows:
AW = (468 (2), TG + (P01 +30.01)(3) 3DV () ) )
- (d6Y (), 7PN + (P(012)(2) +3D.(0.15)(:) (DLW ) ).

We split again in two pieces, one involving V; — V4, and the other involving dGY* — dGY2:
AWPN(V)(2) = (dGL2(2), A1 + Az + As) + (dGY (2) — dGY(2), B) ,
with

D.(D3AV)(2)

Ap = (D(9:V1)(2))® — (D=(0.V2)(2))"
_ (D.(0.0V)(2)) {(u(azvl)(z))? T (D(0.V2)(2))? + (De(0:VA)(2)) (Do(0:V2)( >>]
As = 3D.(2V)(2) <%> D.(8.V1)(2) — 3D.(0.V3)(2) < D.(92V3) (2

—_

— 3D.(0.14)(2) (—m(azwxz)) D04V () ( (azvaxz))

\)

B = {Do(0¥V)(2) + (D-(0.V1)(2)* + 3D-(0:VA) 2) <§Da<83v1><2>> -

We shall estimate all the contributions separately. Firstly, A; yields the contraction factor:
— €a (0% e} o— (0%
(LH)® (@G (2. | Arl) < 227 1AV, (a6 (01 + 5 lnl” + lel”]) < (24 220 V1,

The latter is the main contribution in (4.15). The remaining terms are lower-order contributions
with respect to €. For Ay, we have

(1+ [2) (4G22 (2), | 4s]) < 2 | AV, (aGE2(2), (IVAI2 + VIR + Vil V2l
X[yl + Iyl + &g + eyl ] )
<eCk 1AV,
For A3, we have similarly
(1+|21)* (dGL2(2), | As]) < eCk AV,
It remains to control the term involving B. We argue as in (4.17) and (4.18):

(|dGY (2) = dGE2 (=), (1 + |2))* | B)

<Cx AV, <<1 Tl + v exp(= Q1 ya) + 2 Rac (ol + lya),

_ e
227 Wi, (1 + Sl + |y2|a])+ce (IVAIE -+ 1VAIZ) (gl + by + a7 + g ) >

The latter is controlled by eCk ||AV]|,, for the same reasons as usual.
Combining all the pieces together, we obtain finally (4.15). d
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5. ANALYSIS OF THE FIXED POINT MAPPING H,.

In this section we focus on the fixed point mapping H, (2.14), which is defined through an infinite
series. We are first concerned with the convergence of the series for V' € £§.

5.1. Well-posedness of H. on balls. Consider the following decomposition of each term of the
series (2.14) in two parts, with the corresponding notations:

B T.(V)(0) + m(z) Z.(V)(2)\ _ rm
I'.(z) = log < Z.07)0) > — log <17€(V)(0)> =TI7(2) —TL(2).

They have the following properties :

Lemma 5.1.
For every ball K C &£, there exists ex such that for any € < ex, and V € K, we have I'T" € £f.
Moreover, we have (1 + |z])*0,I'l" € L*°.

The proof of Lemma 5.1 is a straightforward consequence of Proposition 4.1 and the assumptions
on m made in definition 1.2, particularly (1.6).

Lemma 5.2.
For every ball K C £, there exists ex such that for any € < e, and V € K, we have Fg e &,
and 0,T'L(0) = 0. Moreover, we have (1 + |z])*0.T'L € L°*°.

Proof. We begin by verifying the condition 8,T'/(0) = 0. This is in fact equivalent to the choice of
7-(V'), as can be seen on the following computation:

9:Z:(V)(0)
0.11(0) = == = W (V)(0).
Now, comparing (3.1) with (4.7), we see that 9,T'1(0) = 0 is equivalent to J(y-(V), V) = 0, provided
¢ is small enough (for the quantities to be well defined).
Secondly, we need to get uniform bounds on the derivatives of '/ to prove that it belongs to

E*. The following formulas relate the successive logarithmic derivatives of Z.(V') to the ng)(V)
introduced in equation (4.6):

(5.1) 0:-Il(z) = WI(V)(2)
(52) o2l (2) = WA V)(z) — [WOV)e)]
(53) P (2) = W (V)(2) + 3WD W) W (V)(2) +2 WO (V)(2)]

We can use directly the weighted estimates in Proposition 4.7, which include the algebraic decay
of the first order derivative. Algebraic combinations are compatible with those estimates because
WE(Z)(V) € L>®(R). A fortiori those terms are all uniformly bounded and so we obtain that I'l €
& 0

The main result of this section is the following one:

Proposition 5.3 (Convergence of the series Ho(V)).
For every ball K C £F, there exists e such that for any € < ex, and V € K, the sum H (V) is
finite.

Before proving this statement, we first establish an auxiliary technical lemma about the following
summation operator S:

S:A— [ h Y 2"AQ27D)
k=0
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Lemma 5.4 (Existence of the sum).
Take any function A € £“ such that 9,A(0) = 0. Then S(A)(h) is well-defined for every h € R .

Proof. We perform a Taylor expansion: there exists Ay, such that A(27%h) = %(2"“11)2821&(2_’“71;).
Therefore, we have immediately

D o2PA@ R < (B2 27F | [j02A]] < .
k=0 k>0

One can now proceed to the proof of the finiteness of the sum of H. in definition 2.6.

Proof of Proposition 5.5. Let K be the ball of £ of radius ||K||, and take V € K, z € R. To use
the previous lemma, we first notice the identity by definition:

(5.4) Heo(V) = S(Le).
There are two conditions to verify in order to apply Lemma 5.4:
0.I':(0) =0, and T'. € £°.

Those properties are verified thanks to Lemmas 5.1 and 5.2. The Proposition 5.3 immediately
follows. O

So far, we have not used the algebraic decay condition which is part of the definition of £¢. In
the following lemma, we refine the estimate on S(A) € £%. This foreshadows the same result for
the function H.(V), as stated in the next section.

Lemma 5.5 (Better control of the series).
Assume that A € £, that 0,A(0) = 0, and that (1 + |2])*0.A € L>®. Then, S(A) belongs to £,
with a uniform estimate:

(5.5) IS(A)][, < C'max (HAHa,ilelﬂrg (1+ \Z!)”‘@M@\)

There is some subtlety hidden here. In fact, we were not able to propagate the algebraic decay
at first order from A to S(A). What saves the day is that we gain some algebraic decay of the first
order derivatives somewhere in our procedure (see e.g. Proposition 4.7).

Proof. Recall the notation ¢, (h) = (1 + |h])*. We begin with the uniform bound on the first
derivative, which is the main reason why we have to impose algebraic decay in our functional
spaces.

> Step 1: 0,S(A) is uniformly bounded. We split the sum in two parts. Let h € R, and let
Ny, € N be the lowest integer such that |h| < 2¥». We consider the two regimes: k& > N, and
k < Np. In the former regime, a simple Taylor expansion yields

(5.6) S AR <) 2Rl ||o2A]| < [|02A
k>Np, k>Np
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by definition of Np. In the regime k < Np, we use the algebraic decay which is encoded in the
space E%. If |h| > 1, we have N}, > 1, and

—k |00 A oo
2 0ACT < D R

k<N, k<N,

okor 1 2Vp+la _ 1

< T 1~ « zA oo — o ZA 00 -
Zlhlo‘ lead:-Al <|h|a T >H¢0 [

E<N),

By definition of Nj,, we have 2V¥»~! < |h|, so that the right-hand-side above is bounded by a
constant that get arbitrarily large as & — 0 (hence, the restriction on o > 0):

[

20 —1

5.7 5 00| < (5 ) leadeAl
k<N,

The case |h| < 1 is trivial as the sum is reduced to a single term 9,A(h) since Nj, = 0.

> Step 2: ¢, ‘838 (A)‘ is uniformly bounded. This bound and the next one are easier. For any
h € R, we have

_ _ & Palh
eall) | 202N ) < (o2 S ) 02
k>0 0 Pe

Since 1 > 2_k, one obtains

palh) [ 2 0202 )| < [ 32D ||soa62A||oo=(

) 10ad2A oo
k>0 k>0

2—2¢

The latter sum is finite since o < 1.

> Step 3: p, !8;’5 (A)! is uniformly bounded. The proof is similar to the previous argument. [J

5.2. Contraction properties (second part). In this section we prove that H. stabilizes some
subset of £F. We first show that H. maps balls into balls with incremental radius that do not
depends on the initial ball (Proposition 5.8). This property immediately implies the existence of
an invariant subset for H. (corollary 5.9). Finally, we prove that the mapping H. is a contraction
mapping for e small enough (Theorem 5.10). To completely justify the definition of H., it remains
to show that H.(V) € £F. We begin with the lower bound on the second derivative, which is for
free.

Lemma 5.6 (Lower bound on 0?H.(V)(0)).
For every ball K C &, there exists e such that for any e < ek, and V € K, we have:

O-H(V)(0) =0, 92H(V)(0) = 92m(0).

Proof. The identity 9,H.(V)(0) = 0, and more particularly 9,T'/(0) = 0 is a consequence of the
choice of 7.(V') in Proposition 2.4. Indeed, we have, by (5.4),

0:H=(V)(0) = Y 8:T=(V)(0) = 0.
k=0
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For the second estimate, a simple computation yields, using m(0) = 9,m(0) = 0:

2m
OHV)(0) = 32 | s~ W))WV )(0)°
k=0 ©

But since V' € £, one can use again the uniform estimates of Proposition 4.7 to write that for
€ < €k, that depends only on the ball K :
9?m(0)
5.8 PH(V) = 22—+ 0(e),
where O(e) that depends only on the ball K. Then, we use Proposition 4.1 with § = 1/3 to deduce
that for € small enough, we have Z.(V') < 4/3. Then (5.8) can be simplified into

- 30%m/(0)

OH(V)(0) > —5-—+ 0(e).

Recall that 9?m(0) > 0 by assumption. Therefore, for £ small enough, we get as claimed
M (V)(0) = 92m(0).
O

Remark 5.7. Considering the proof, another way to interpret the result is that automatically for
any function V € £ such that 0,V (0) = 0, the function H. prescribes a lower bound on 92V (0).
Since we are seeking a fized point H.(V) =V, we may as well put this condition in the subspace
&Y without loss of generality.

Finally, we can establish a first useful estimate on ||H.(V')||,,, showing more than just its finite-
ness:

Proposition 5.8 (Contraction in the large).
For every ball K € £, there exists an explicit constant k(a) < 1, as well as Cy,, Cx and ek that
depend only on K such that, for oll ¢ < e, and for every V € K,

(5.9) [He(V)lla < Cm + (k@) +Cr) IV, -

Proof. Let K be the ball of £, and take V' € K. For clarity we write respectively Z.(h) and
Wg(i)(h) instead of Z.(V')(h) and Wg(i)(V)(h). Combining various estimates derived in Section 5.1,
and particularly Lemma 5.5 together with Lemmas 5.1 and 5.2, we find that H.(V) = S(I';) =
S(I'™) — S(T'L) belongs to £*. However, the associated estimate (5.5) is not satisfactory, at least
for the S(I'l) and we need to re-examine the dependency of the constants upon ¢ and a.

The first and second derivatives of '/ involve W and W which are both of order eClx V1,
thanks to Proposition 4.7. Back to the proof of Lemma 5.5, the quantities [¢a0,T'||s and
|0a0?TL||« are in fact of order ¢||A|,, and so are ||0,S(I')|lco and ||¢ad2S(TL)||so-

This cannot be extended readily to the third derivative as we lose the order € at this stage.
However, Proposition 4.7 provides an explicit constant that is going to be used. From (5.3), we
have:

038 (L) () => 47* [W€(3)(2‘kh) + 3w Fnyw (2 Fn) + 2W€(1)(2‘kh)3] .
k>0

The contributions involving We(l) and W5(2) are of order €, and can be handled exactly as above.

However, the linear term involving We(g) requires a careful attention. We obtain from Proposition 4.7
25



that %We(‘"” is bounded uniformly by (2%~ + &*Ck) ||V||,,. Therefore,

h)
: a(h) D a4t < (2071 42 gk Pallt) soa(
(5.10)  pal 2 PRy < (27t +e9Ck k§>0 270 IV,

a a 2a+1
<t et (20 | IVl = (Fg 40 VI
k>0

In view of the latter estimate, we define the explicit constant k() as
21+a
4 — 20"
A simple calculation shows that x(a) < 1 if and only if @ < 2 — log,(3) &~ 0.415. The choice of
a < 2/5 gives some room below this threshold. We conclude that HS(Fg)Ha < (k(a)+e“Ck) V],

The other contribution to H.(V'), namely S(I'7*) can be bounded in an easier way. Indeed, we

have
(5.12)

=log(1 + m) + log <1+I;O)> —log(1 +m) = log(1 4+ m) + log <1+1+Lm <IiO) —1>> :

We define accordingly

com s (25

(5.11) K(a) =

k 123

Moreover, Proposition 4.1 can be easily refined into \Ia( ) — 1| < eCy,||V]|a, using the definition
of Ri in (2.11). Straightforward computations show that the last contribution in (5.12) can be
estimated by £Cy, [|[V]| -

Combining the estimates obtained for S(I'™) and S(I'!), we come to the conclusion:

[He(V)llo < Cm + (k) +7Cr) [V

Proposition 5.8 calls an immediate corollary.

Corollary 5.9 (Invariant subset).
There exist Ko a ball of £, and €9 a positive constant such that for all e < eo the set Ko is
invariant by H.:

Hs(KO) C KO-

Proof. Let K\ be the ball of radius Ry = 2C,, /(1 — k(a)). We deduce from Proposition 5.8 that,
for all V € Ky,

V)1 < G+ (5(0) + %o o = O (1 Tl ) +2°Cry o

2 o
=Cn <71 —H(Oé) — 1> +ée CKORO
QEQCKO >

:R0+Cm<_1+1—/£(oz)
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1 —k(a)
20k,

We are now in position to state the more important result of this section:

Therefore, the choice g = < ) guarantees that Ky is left invariant by H.. O

Theorem 5.10 (Contraction mapping). There exists a constant Cg, such that for any € < &g,
and every function Vi, Vo € Ky, the following estimate holds true

(5.14) [Ho(4) = H(Wo)ll, < (5(0) +°Cic) [Va - Vall,

Proof. We denote by AV the difference V; — Vs, again. The proof is analogous to Proposition 5.8.

For clarity we write respectively Z:(h) instead of Z.(V;)(h) and AW;i)(h) instead of ng)(Vl)(h) -
) (V3)(h). We decompose AH. (V) as above:

(5.15) AH. = A (S(TT) - S(TL)) = AH? — AHL

We deal with AH" in the following lemma :

Lemma 5.11. There exists a constant Cy such that for any € < e, and every function Vi, Vo € K,
we have

IAHZ | < eCo [AV ]|
Proof. Recall the following definition:

710
310 AP g (50)-+ ) — 1og (220) ) — 1o (B2 )
€
The first derivative has the following expression,
0.
(5.17) 8,AT"™ = — m AT.(0).

(Z2(0) +m)(Z2(0) + m)
Clearly, Z2(0) 4+ m is bounded below, uniformly for & small enough. Therefore, we can repeat the
arguments of Lemma 5.5, with A = log(Z}(0) + m) in order to get
(5.18) [0:S(AT)[|oo < Cm|AZ:(0)].
However, Proposition 4.3 yields that |AZ.(0)| < eCy [|AV ]|,

The next order derivatives can be handled similarly. Indeed, the following quantities must be
bounded uniformly by eCy |AV]]:

eall) |2 2" [zg(ao%ﬁ(i;(];h—)kh) - Ig(aog)ni(:;(];h—)kh): S <G lAV ]
e ;)Qk G0 e~ @ ]| < oI,
kz>04 k[l'l(?)?; +(m(kh)kh) 12(%?; +(m(kh)kh)_ <eGol|AV],
W G0 T T | <ol

o | (e~ | <147
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The first and the third items are handled similarly as for the first derivative. The three other items
are handled analogously. For the sake of concision, we focus on the second line: We have,

9.m(z)? B 9.m(z)?
(Z2(0) +m(2))*  (Z2(0) + m(2))?
B 9.m(z) 9,m(z) —9,m(z)AZ.(0)
B [151(0) Tm(z) | Z20) T m(z)} [(151(0) +m(2))(Z2(0) + m(2))

The first factor is uniformly bounded by assumption (1.6), for £ small enough. The second factor
is the same as above, so we can conclude directly. ([l

It remains to handle AHZ. We have the following formulas for the two first derivatives (5.1)—(5.3):

O.0MI(h) =) AWM (2
k>0
oI =Y 27" [AW 9kh) — A (W§1>(2—kh)2)]
k>0
Finally the formula for the third derivative is:
(5.19)  BAHI() =Y 47* [ AW (27Fh) + 34 (W<2>W<”( ‘kh)> + 20 (W€<1>(2—kh)3)} .
k>0

The combination of Proposition 4.6 and Lemma 5.5 yields

(5.20) 10: 0% oo < £Co | AV,
In the same way, we get the bound for the second derivative, using the factorization
(5.21) A (WE?) = (WM ) + W) ) o (WD) |

together with the uniform bound in Proposition 4.7.

As in the proof of Proposition 5.8, the third order derivative must be handled with care, as it
does not yield a O(g) bound.

Exactly as above, the contribution involving AWE(?’) in (5.19) is the one that yields the contraction
factor, the remaining part being of order O(e) [|AV]|,. Actually, we have precisely:

) |2 47FAaW @7 )| < (k@) +£°Co) AV,
k>0
as in (5.10). This concludes the proof of the main contraction estimate. O

6. EXISTENCE OF A (LOCALLY) UNIQUE U, AND CONVERGENCE AS ¢ — 0.

6.1. Solving problem (PU.) — Theorem 1.4(i). First of all, Theorem 5.10 immediately implies
Theorem 2.7, that is the existence of a unique fixed point H.(V;) = V in the invariant subset Ky,
for € < 9. Note that gy could possibly be reduced to meet the requirement of the last estimate in
(5.14).

However, due to the peculiar role played by the linear part ~.(Vz), it is convenient to enlarge
slightly the set K. More precisely, after corollary 5.9 we define K, the ball of radius

(6.1) Ry= R+ sup he(V)].
VeKy

It is clear that, up to reducing further £y to £( in order to control the new constant C’Ké, the

set K|) is also invariant for ¢ < . The same contraction estimate as in Theorem 5.10 holds,
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obviously. Furthermore, the fixed point on K, coincides with the fixed point on the smaller ball
Ky, by uniqueness.

Next, we show that finding this fixed point is equivalent to solving problem (PU.), as claimed
in Proposition 2.8. We prove in fact the two sides of the equivalence.

> The easy part consists in saying that, being given V. the unique fixed point in Ky, the func-
tion U. = 7:(Vz) - +Vz belongs to K|, by definition of K{, (6.1), and it solves problem (PU.) by
construction.

> On the other side, suppose that (A:,U.) € R x K], is a solution of the problem (PU.). As in
section 2, evaluating (PU.) at z = 0 yields the following necessary condition on A., since m(0) = 0:

e = I.(U.)(0).!

Then, we focus on U.. We decompose it as U, = vy - +Vy, with vy = 9,U-(0), and 9,V(0) = 0.
Our purpose is threefold: (i) first, we show that vy = v-(Viy), then (i7) we prove that Viy € &£F,
and finally (iii), we prove that H.(Vy) = V.

We can reformulate problem (PU.) as follows:

(6.2) L (v - +Vu)(0) +m(2) = L(yw - +Vu) exp (Vu(2) — 2V (2) + Vi (0)) -

Since we assume U, € £%, we can differentiate the previous equation, and evaluate it at z = 0 to
get :

8ZI€(/7U : +VU)(0) =0.
As in Section 2, a direct computation shows that ~¢ and Vi are linked by the following relation:
(6.3) 0= Je(vw, Vu),

In order to invert this relationship, and deduce that vy = ~.(Vy), it is important to prove that
V. € &, which amounts to showing that §2V.(0) > 9?m(0), the other conditions being clearly
verified.
Differentiating the problem (PU.) twice, and evaluating at z = 0, we get:
02U.(0
02m(0) = 921.(02)(0) + L2 (0) =2

B RLWU)(0) | B2U.(0)
_1€<U5><o>(I€(UE)(0) T >

Then, using straightforward adaptations of Propositions 4.1 and 4.7, where V' should be replaced
with Viy € £ and (V') should be replaced by 7y, we find that

2 3 5§Ua(0)
82771(0) < 5 ECK(/) + T .

for ¢ sufficiently small. We deduce that the missing condition is in fact a consequence of the
formulation (PU.):

D2U.(0) > 9>m/(0).

By definition, 02U, (0) = 92V.(0), so we have established that V. € £.

Hence, we can legitimately invert (6.3), so as to find vy = ~v.(Vyy), where the function ~. is
defined in Proposition 2.4. Since U, € K| by assumption, we have in particular ||Vy||, < Rf. Of
course, Vi is the candidate of being the unique fixed point of H. in K|, (but also in Kj). The proof
of this claim follows the lines of section 2.2, checking that all manipulations are justified.

1 We use the notation I.(U.) introduced in equation (1.4), that should not be confused with Z.(VZ). It is the
purpose of the present argument to show that the two quantities do coincide.
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First, we divide (6.2) by Iy = L(yw - +W) = L(v(Vu) - +Vu) = Z.(Viy). According to
Proposition 4.1, this quantity is uniformly close to 1 for ¢ small, so it does not vanish. Taking the
logarithm on both sides, we get for all z € R :

Vir(2) — 2Vis(2) + Vir(0) = log <M> .

Iy (2)
We differentiate the last equation to end up with the following recursive equation for every z € R
Iy (0
0.V (2) — 0.Viy(z) = . log <M> (2).
Iy (z)
One simply deduces, that for all z € R, we necessarily have:

<1U(0) + m(2)_kz)> .

0.Vy(z) = 9:Viy(0) + > _log Tl

k>0

Note that the C! continuity at z = 0 is used here. Moreover, 9,V;;(0) = 0 by definition of Vi;. The
analysis performed in Proposition 5.3 guarantees that this sum is indeed finite. Finally, integrating
back the previous identity yields

- St () - St (F )

k>0 k>0

The last expression is nothing but H.(Vy), by definition (2.14). Therefore, Vi = H.(Vyy) is the
unique fixed point of H. in K.

6.2. Convergence of (\;,U.) towards (\g,Up) — Theorem 1.4(ii). As previously, we decom-
pose Uz = e - +V., where 7. stands for 7.(V;). Firstly, we have A\, = Z.(V-)(0) — 1, using
Proposition 4.1. Secondly, using an argument of diagonal extraction, there exists a subsequence
€n, and a limit function V{ such that

(6.4) lim 0,Ve =0,Vy, in Ly,
(6.5) lim a2v =9%Vy, in LS.
e—0

We have used the Arzela-Ascoli theorem and the uniform C? bound in order to get the convergence
up to the second derivative. However, there is no reason why the convergence should hold for the
third derivative, due to the lack of compactness.

Looking at (PU.), we see that Z.(U.) converges uniformly to 1, and, for every given z € R, (6.4)
implies that

(6.6) Ue(z) = 2U:(2) + Ue(0) = Va(2) = 2V(2) + Ve(0) —» Vo(2) = 2V0(2) + Vo(0).
Passing to the pointwise limit in problem (PU.), we get that V{ solves the following problem:
14+ m(z) =exp (Vo(z) — 2Vu(Z) + V5(0)) .
Then, we have necessarily:
(6.7) Vo(z) = 3 2¥log (1 + m(2_kz)> .
k>0

This completes the proof of Theorem 1.4(ii), up to the identification of the limit of 7., if it exists.

In our approach, this goes through the characterization of the functional 7. (2.10). This was indeed

the purpose of Lemma 3.1. Here comes an important difficulty, as compactness estimates are not

sufficient to pass to the limit in J.(0,V;) as € — 0 (3.3), as it would formally involve the pointwise
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value 93V, (0) which is beyond what our compactness estimates can provide. Note that passing to
the limit in 0,7:(g, Vz) as € — 0 is not an issue, as it can be encompassed by (6.5), see (3.4).
It remains to prove that the following limit holds true

: 1 293 ~ 203 ~ 1 3
68 e ] e(-Quum) B0V ER) + 1302V e dindye = 50Em(0).
Indeed, this would directly imply that
1
(6.9) lim J.(g, Vz) = —502m(0) + gd2m(0),
e—0 2

as 02V(0) = 20?m(0) as a consequence of (6.7). We could deduce immediately that the root . (V%)
converges to the expected value (1.11).

In the absence of compactness, we call the contraction argument, in order to prove the following
key result:

Lemma 6.1. For every 6 > 0, there exists R1(d) > 0, such that, for every R > R1(0), there exists
€1(0, R) such that for all e < £1(0, R), we have:

(6.10) sup |93V.(z) — g@g’m(z) <9

|z|<eR
Proof. To begin with, we differentiate the problem (PU.) three times:
1
O2Ve(2) = 702Ve(3) = 0. log (A + m(2)) — 02 log (Z(U)(2)) -
We expand the right hand side as usual:

1 . Om(z) 30%2m(2)0,m(z) 20.m(z)3
OVee) — 0V = T T e s m) T et m)p

— WP (2) = 3WP ()W (2) — 2wV (2)*.

We subtract 02m(z) on each side, and we reorganize the terms in order to conjure the difference
O3V.(2) — (4/3)93m(z) we are interested in:

3 4.3 Llge, =y 43 1.3 3
(6.11) 9.V.(z) — gazm(z) 1 RV(Z) — gazm(z) + 3 (8Zm(z) — E?Zm(z)) =

2 3

Pm(2) < 1 B 1> 38zm(z)8zm(2z) 20,m(z)

Ae +m(2) (Ae +m(2)) (Ae + m(2))3

— W () = WD (WD (=) — 2w D (27,

We estimate below each term of (6.11). First, the terms involving m and its derivatives on the
right hand side of (6.11) converge to zero, uniformly for |z| < eR, as ¢ — 0, simply because
m(0) = 9,m(0) = 0, and \. — 1. Actually, the same holds true for the difference of 92m(z)—02m(z)
by continuity of 92m at the origin.

Second, from Proposition 4.7, we know that

(6.12) max (HW‘;‘(I)HOO’

we| )=o)

The remaining term, W€(3)(z) is more delicate to handle. In fact, it will result in a contraction
estimate, exactly as in section 5. We recall the expression of Wg(g) (4.8):

W) = (dGY- (2, {DAOVI(E) + (PAOVL) () + FD.QOVIADEVE) ).
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As in the proof of equations (4.13) to (4.15), we get that the last two contributions involving the
non-linear and lower order terms (D (8, V.))* and D.(8,V.)D.(82V.) are O(e). It remains the term
<dG¥5, (1/ 4)D€(62’V5)>, which is a double integral in variables (y1,y2) that we split in two regions
of integration: Q = {|y1| < R/2, and |yo| < R/2} and Q¢ = {|y1| > R/2, or |y2| > R/2}.

Let § > 0. We can choose R;(0) large enough so that, for all R > R;(d), we have

1 1 )
(6.13) 1 [(dGY= (2)1qe (1, y2), D(92V2)(2))] < 3 (dGY*(2)1ac(y1,2), 1) | Koll,, < 10"
In the region where y; and %, are both below R/2, we introduce the difference with 92m, as in
(6.10):
1 1 1
(d6Y ()10 JO2VL(3) - IRV +2) — JOVila o) ) = A+ B,

where
V. Lilosi oy 49
A= dGaf(z)lg,Z ane(z)—gazm(z)

—% (33‘/}(5+ Y1) — gc‘)g’m(er €y1)> - % (3,‘3‘/}(5+ £Y2) — gc‘)g’m(er €y2)>>

and
b= % (dGY(2)1g, (2m(z) — Bm(z +eyr)) + (2m(z) — Bm(z + ey2))) -

By construction, we have [z + ey;| < eR/2 4+ eR/2 < eR. Therefore, we have

2
+ = sup

PV.(z) — 208m(z) PV.(2) — 20bm(z)
3 8 |2/<eR 3

1
4] < <dG¥E(2)1Q, 4 Sup
|z|<eR

;

1 4
<z sup |O2Ve(z) — gafm(Z)

|z|<eR

As for B we find:

|B| < % <dG¥5(z)lg, osc (8§m)> < E osc (82m) — 0.

|z|<eR 3z|<eR e—0

Going back to (6.11), we have shown that for R > Rj, there exists 1 > 0 small enough such that
for all € < 1 we have:

4 1 4 1 4
sup |92Vi(z) — =92m(2)| < 0 + - sup |03V(Z) — 23m(Z)| + = sup |92Vi(z) — -02m(2)
|z|<eR 3 4 4 |z|<eR 3 2 |z|<eR 3
o 3 4
<=+ 2 sup |92Vi(z) — -92m(z)].
£ s [00Va(e) — gomee

As a consequence, we find that

sup <6

|z|<eR

OBV.(2) — 0Pm(2)

This completes the proof of Lemma 6.1. O

Back to (6.8), we recall that |y;| < |y;| + 1, as a by-product of Taylor expansions. Let § > 0, and
take R sufficiently large such that

)
61 1o [ ent-@unm) (1Kol + 502m0)) [ + 18] dunde < 5.
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where Q = {|y1] < R—1, and |y2| < R — 1}. The other part of the double integral is:
1 ~ .
(6.15) T [ expl-QUun, ) [0V (ei) + 302V (<) dine.
4\/§7T Q

Using Lemma 6.1 and the continuity of d2m at z = 0, we can find £; > 0 such that for all £ < &1,

'ﬁ //Q exp(—Q(y1,y2)) [y% <8§V(sy~1) - %82771(0)) + 42 <82V(5y~2) _ %agm(o)ﬂ dyy duys

< (4\/1§7r //Q exp(—Q(y1,y2)) [yi + v3] dy1dy2> 1%

Putting all the pieces together, and using that ﬁ [fgz exp(—Q(y1,v2)) [¥3 + y3] dyrdys = % (2.2),
we deduce that:

—4\/1% / /R L exP(=Q(y1,12)) [y102V (eq1) + y302V (c92))] dyrdys — %8§m(0)

Hence, the limit announced in (6.8) holds true. This completes the proof of the asymptotic behavior
(Ae, Us) — (N0, Up) as described in Theorem 1.4(ii).

(6.16)

N

J.

7. EXTENSION TO HIGHER DIMENSIONS

Our methodology can be extended to higher dimension, without too much effort. This section
is devoted to the generalization of the elements of proof that were specific to the one-dimensional
case.

All the estimates on the operator H. and its constitutive pieces are still operational in higher
dimension. The only part of our proof that requires some specific attention is the construction of
the linear part ~.(Vz) which was performed in Section 3. Indeed, we used a monotonicity argument
to show that ~.(V.) can be defined in a unique way.

We proceed as in Section 3. First we show formally how to obtain the expression of the vector
vo (1.11) via suitable Taylor expansions. Then, we justify these Taylor expansions, and we exhibit
a monotonic function that enables to conclude, exactly as in dimension 1.

7.1. The formal expression of the linear part 7. Following the very same heuristics as in
section 3.1, but being careful during the Taylor expansions, we formally end up with the following
matrix valued identity:

1 _
(7.1) D*V(0) <W //2d e W) (yy @y + 1 ® y2)dy1dy2> Yo
R

1 1
= §D3V(0) <W //R2d ey, yldyldy2> :

The quadratic form @ yields the multivariate centered gaussian distribution associated with the
following covariance matrix X € Myy(R):

v 1/31d —1Id
T4 \-1d 31d)°
The Kronecker product y; ® y; yields a matrix of moments, and so the relation (7.1) can be
simplified, similarly to the one dimensional case, so as to obtain:

31 1 3
D? —_— = -D3V(0)=1
< V(0)<4 4> d> %0 =5 D°V(0)7 1d,
%D2V(0)70 = SD?’V(O) Id.
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The righ hand side is a tensor applied to a matrix yields a vector that can be simplified even further
using tensorial properties: D3V (0)Id = D(AV)(0). Then, provided that D2V (0) is non degenerate,
we obtain the limited expected value of 7 in dimension higher than 1, that is a generalization of
(3.2):

3 —1
(V) = 5 (D*V(0)) " D(AV)(0),
In the case where Vj is given by (1.11) through the fixed point procedure, we obtain
1 -1
(7.2) 20(Vo) = 5 (D*m(0)) ™" D(Am)(©).

7.2. Extension of the proof of Proposition 2.4 (section 3.2). We now fix V € K, where
K is a ball of £F. The purpose is to prove that there is a unique solution in R? of the following
problem:

(7.3) J(v,V)=0.

We insist upon the fact that the variable v belongs to R? and the function J.(-, V) is now defined
as a vector field on R?, 7. : RY x £ — R9.
As in section 3.2, we can obtain the following estimate

() To9.V) = 0.V) + 5DV (0)g + O(c)

by means of refined Taylor expansions, where J.(0,V') is bounded a priori, independently upon
e > 0 for V € K. To prove the existence of a root ., we used the mean value theorem in the
proof of Proposition 2.4. The analogous statement in higher dimension is the Brouwer fixed point
theorem. Indeed, (7.3) can be recast as follows:

-1
o= (143DV0) (5= 2.0)+06) =T

Thus, we are led to finding a fixed point of a continuous function. As in the one-dimensional case,
thanks to the lower bounded D2V (0) > poId encoded in the definition of £§ (1.7), we can show
easily that there exists Rx such that the ball of radius Rx in RY is left invariant by 7. Brouwer’s
fixed point theorem guarantees that there exists a fixed point 7. to 7, which is also a root of (7.3).

For the uniqueness part, we can use strict monotonicity, similarly as in the one dimensional case.
This is possible, thanks to (3.4) :

(7.5) D,J-(g,V) = %DQV(O) +0(e).

We deduce from this strong estimate that the vector field J.(-, V') is locally uniformly monotonic,
in the sense that there exists pg such that the following inequality holds true for all e sufficient
small, and every g1, g2 € B(0, R ):

(76) (T:(91, V)~ Tel92,V)) - (01— 90) = gpuc ln — gl

This monotonicity condition is clearly satisfied, as it is equivalent to the following first order
condition,

1
(7.7) 5 (Do(9.V) + Dy T, V)T) > pcld,

It is immediate that any strictly monotonic vector field admits at most one root. This completes
the proof of uniqueness of (V).
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