N

N

LOCAL EXISTENCE AND GLOBAL
NONEXISTENCE OF SOLUTION FOR
LOVE-EQUATION WITH INFINITE MEMORY
Khaled Zennir

» To cite this version:

Khaled Zennir. LOCAL EXISTENCE AND GLOBAL NONEXISTENCE OF SOLUTION FOR
LOVE-EQUATION WITH INFINITE MEMORY. 2018. hal-01910485

HAL Id: hal-01910485
https://hal.science/hal-01910485

Preprint submitted on 1 Nov 2018

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01910485
https://hal.archives-ouvertes.fr

LOCAL EXISTENCE AND GLOBAL NONEXISTENCE OF
SOLUTION FOR LOVE-EQUATIONS WITH INFINITE MEMORY

KHALED ZENNIR

ABSTRACT. In this paper, we consider an IBVP for a nonlinear Love equation
with infinite memory. By combining the linearization method, the Faedo-
Galerkin method and the weak compactness method, we prove the local ex-
istence and uniqueness of weak solution. The finite time blow up of weak
solution is considered.

1. INTRODUCTION

Many interesting physical phenomena in which delay effects occur (e.g., popula-
tion dynamics) can be modeled by partial differential equations with finite or infinite
visco-elastic memory which provides a typical damping mechanism in nature. The
well-posedness and stability for elasticity and visco-elasticity systems attracted lots
of interests in recent years, where different types of dissipative mechanisms have
been introduced to obtain diverse results. In general, the stability properties of
visco-elastic system are in dependence on the form of the convolution kernel (see
in this direction results in [2], [3], [18], [19], [20], [21], [27], [33], [34], [35], ...). The
blow up is an essential and very important phenomena to be study in the evolution
PDEs, there is a different between global nonexistence which means that the local
solution can’t be continue to exist in time i.e. there exists a finite time blow up
which is our case in this paper and the blowing up V¢ > 0, that is the solution
goes to infinity for all ¢ > 0. Blow up an effect occurs, for example, when a sea
wave tumbles to the shore, when a computer breaks down as a result of electrical
breakdown, when a nuclear bomb explodes and in a number of other interesting
physical phenomena. (see [1], [4], [12], [18], [19], [24], [25], [26], [32], [33], ...)

1.1. Formulation of problem. Denote u = u(x,t), v = u; = lg—lt‘(a:,t),u” =
Uy = %(x,t),um = %(m,t),um = %(z,t). In this article, we consider the

Love-equation in the form

t
u’ = Aoy + Mul, +ul) + /\/ g(t — $)uzs(s)ds
—o0 (1.1)

:HM—@WD%j@ﬁ,mGQ:@Dﬂ<t<ﬂ

where
Flu] = F(:c,t,u,uz,u’,u;) et ([0, 1] x Rt x R4>, (1.2)

and A\, A\g, A1 > 0, are constants. The given functions g, f are specified later. With
F = F(z,t,y1,...,y1), we put D1F = 2L D,F = 28 D, o F = gTF with i =
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lli’qua?tl%)n satisfies the homogeneous Dirichlet boundary conditions:
u(0,t) = u(1,t) =0, t>0, (1.3)
and the following initial conditions
u(x, —t) = uo(z,t), u'(z,0) = ui(x). (1.4)

To deal with a wave equation with infinite history, we assume that the kernel
function g satisfies the following hypothesis:
(Hypl:) g : Rt — R* is a non-increasing C'! function such that

Ao — /\/0Oo g(s)ds=1>0, ¢(0)>0. (1.5)

We need the following assumptions on source forces:

(Hyp2:) uo(0),uy € H& N HZ

(Hyp3:) f € H*((0,1) x (0,T));

(Hyp4:) F € Cl([O, I]X[O,T]XW)’ such that F(0,¢,0,y2,0,ys) = F(1,t,0,y2,0,y1) =
0 for all t € [0, T, Y2,y4 € R.

1.2. Bibliographical notes. We start our literature review concerning visco-elastic
problems with the pioneer work of Dafermos [I0], where the author considered a
one-dimensional visco-elastic problem

¢
ou” = cugy — / g(t — s)ussds,
—o0

and established various existence results and then proved, for smooth monotone
decreasing relaxation functions, that the solutions go to zero as t goes to infinity.
In [13], Hrussa considered a one-dimensional nonlinear visco-elastic equation

W= - [ it — 8)(é(us))osds = f.

and proved several global existence results for large data. Here, the author also
obtained a decay rate of solution. Messaoudi in [I8] investigated the u=interaction
between the nonlinear damping and nonlinear source in the equation

¢
v’ = Au+ / g(t — 8)Auds + au'|u'|™ = bulu|”,
0

and showed, under suitable conditions on g, that solutions with negative energy
blow up in finite time if v > m, and continue to exist if m > 7.

Concerning problems with infinite history, we mention the work [I1] in which con-
sidered the following semi-linear hyperbolic equation, in a bounded domain of R3,

u — K(0)Au — /000 K'(s)Au(t — s)ds + g(u) = f,

with K (0), K(c0) > 0, K’ < 0 and gave the existence of global attractors for the
problem. Next in [33], proved that the solutions of a system of wave equations with
visco-elastic term, degenerate damping, and strong nonlinear sources acting in both
equations at the same time are globally non-existing provided that the initial data
are sufficiently large in a bounded domain; the initial energy is positive, and the
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strongly nonlinear functions f; and f> located in the sources satisfy an appropriate
conditions. The author concentrate his studies on the role of the nonlinearities
of sources. After that, in [31I], the authors considered a fourth-order suspension
bridge equation with nonlinear damping term and source term. The authors gave
necessary and sufficient condition for global existence and energy decay results
without considering the relation between m and p. Moreover, when p > m, they
gave sufficient condition for finite time blow-up of solutions. The lower bound of
the blow-up time is also established.

Recently, in [26], the authors studied a three-dimensional (3D) visco-elastic wave
equation with nonlinear weak damping, supercritical sources and prescribed past
history, t <0 in

u” — k(0)Au — / K (s)Au(t — s)ds + [u' "' = |ulP~u,
0

where the relaxation function k is monotone decreasing with k(+o00) = 1,m > 1,1 <
p < 6. When the source is stronger than dissipations, i.e. p > max{m, 1/k(0)}, they
obtained some finite time blow-up results with positive initial energy. In particular,
they obtained the existence of certain solutions which blow up in finite time for
initial data at arbitrary energy level. In [I7], the abstract thermo-elastic system is
considered,

u' 4+ Au+ Bu' — [ g(s)uge(t — s)ds — A%0 =0
0" + kAPOO + A =0, (1.6)
u(—t) = ug(t), '(0)=wuq,0(0) =0,

in which wu is the displacement vector, 6 is the temperature difference, and o €
[0,1),8 € (0,1] are constants. H is a real Hilbert space equipped with the in-
ner product (.,.) and the related norm ||.||. The operators A : D(A) — H and
B : D(B) — H are self-adjoint linear positive definite operators. Under suit-
able conditions on the order of the coupling, the memory kernel function and the
initial values, the well-posedness and the general decay rate of solution is given
by semigroup theory and perturbed energy functional technique to allow a wider
thermo-elastic systems.

Without infinite memory term, when A = 0 in , Triet and his collaborator in
[30] considered an IBVP for a nonlinear Kirchhoff-Love equation

7]
A (Bt u ull?, lua %, uel?, uael®) (ue + Atwoe + ware) | + Xue

et = ox
= F (@, t, 0, g, g, Uag, [[u(t)]?, (e ()12, lue (@)1, [lua()]]7) wn
8 .
~ %z (G (b, 1, g, g, g, [[w() )12, (g (012, [ (012, (et (8)]])]
+ f(z,t), z€Q=(0,1),0<t<T,
u(0,t) = u(1,t) =0, (1.8)
u(x,0) = uo(x), wu(x,0) =1 (z), (1.9)

where A\ > 0, \; > 0 are constants and g, %, € HiNH?; f, F and G are given func-
tions. By applying the Faedo-Galerkin, the authors proved existence and uniqueness
of a solution and by constructing Lyapunov functional, they proved a blow-up of
the solution with a negative initial energy, and established a sufficient condition
for the exponential decay of weak solutions. This last results extend their previous
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results in [29]

Remark 1.1. We should mention here that the presence of the term — (F[u]) can
ensure only the local existence (can’t be continue to be global in time), i. e., if we
take —(F[u}) = 0, under the same condition, (Hypl1)-(Hyp4), and (3.10),

we arrive to the blow up for all t > 0. That is the term Fu] is strong enough to
prevent the existence of solutions.

This paper is organized as follows: In the second section, because of the nonlin-
earities, we combine a three techniques to prove the local existence of unique weak
solution in Theorem In the third section, the blow up results with negative
initial energy is obtained in Theorem under certain conditions on the sources
and the function g. It is not surprising that this work is inspired from [22], [23],[30],
133].

2. EXISTENCE OF A WEAK SOLUTION

The weak formulation. We define in the following, the weak solution to of (|1.1))—

[T4).

Definition 2.1. A function u is said to be a weak solution of (1.1))—(1.4) on [0,T]
if
u, v/, u” € L0, T; Hy N H?),

such that u satisfies the variational equation

1 1
/ u'w dr + / (Notus + Auly, + vl )wydz

- )\/ / $)ug(t — s)dswydx (2.1)
_/o fwdac—i—/o Flu }wdaz—l—/OlF[u]wxdac,

for all test function w € HE, for almost all t € (0,T).

The following famous and widely used technical lemma will play an important
role in the sequel.

Lemma 2.2. For any v € C! (O,T, H&) we have

/ / 8)Vga (t — )’ (t)dsdx
_ th/ / lo(t — s) —v()|2dxds—%£/ ds/ o (t)[° dz
_5/0 gf(s)/o o(t — 5) — o(t)[2dads.

Proof. It’s not hard to see

/ / 8)Vge(t — 8)'(t)dsdx
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_/OOO g(s)/olv;(t)vw(t ~ s)duds
_ /OOO g(s)/olv;(t) [va(t — 8) — v, (1)) dads

~ /0 ~ g(s) /O o (£ () drds.

/o1 /OOO 9(8) vz (s)v' (t)dsdz
i % /000 g(s)% /01 [va(t = ) = va (1) dads

S RCIFH 1 (o) de ) ds,

Consequently,

which implies,

O

First main theorem. Various existence and uniqueness, as well as Faedo-Galerkin
method, have been obtained in the lase decades for nonlinear IBVPs in Sobolev
spaces (see [7], [12], [16], [I4], ...). Now, we consider the existence of a local

solution for (|1.1)—(1.4), with A € R, A\g, Ay > 0.

Theorem 2.3. Let ug(0),u; € Hi N H? be given. Assume that (Hypl)-(Hyp4)
hold. Then Problem (1.1))—(1.4) has a unique local solution u and

u,u',u’ € L0, Ty; Hy N H?), (2.2)
for some T, > 0 small enough.

Proof of Theorem[2.3 In the first step of this proof, using linearization method for
a nonlinear term to construct a linear recurrent sequence {u,,}. Then, the Faedo-
Galerkin method combined with the weak compactness method shows that {u,}
converges to u which is exactly a unique local solution of f.

Step 1. Let T' > 0 be fixed, let M > 0, we put

Ku(f) = \/||f||%2((0,1)x(o,T)) + Hf’||%2((o,1)x(o,T)) + Hsz%Z((o,UX(o,T)y (2.3)

I1F'llco (0,1 x [0, x [— M, M]%) = sup |F(x,t, 91,5 ya)l,
(@91,0eesya) €10,1] X [0,T7] X [— M, M]4
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Fyo = |Fllcro1x 0,17 - M, M)

= |IFllcoo,11x 0,11 [ M, M%)

6
+ ) IDiF |l coo,11x 071 % [~ M.a114) -

i=1

For some T, € (0,7] and M > 0, we put

WM T.) = {”’”/ € L®(0,T.; Hy N H?) : v € L™(0,T; Hy),
with [|v]| e 0,1, 1N H2)s
”U/”L("’(OvT*;HéﬂH?)’ HUU”L‘X’(O,T*;H&) < M},

Wi(M,T,) = {veW(M,T,):v" € L>(0,T,; Hy N H?)}.

We can now establish the linear recurrent sequence {u,,} and choosing ug(t) = 0,
suppose that

Um—1 € Wl(M, T*), (25)

and associate with problem (|1.1)—(1.4) the following problem.
Using Lemma [2.2] find u,, € W1(M,T.) (m > 1) which satisfies

1 1
/ ur w dr + / ()\ouzm + M, + ugm>w$dx
0 0

o) 1 oo 1
- )\/ g(s)ds/ Uy W AT — )\/ g(s) / (U (t — 8) — Ugm )Wy dzds
0 0 0 0

(2.6)
= /01 Swdz + /01 F,[u]wdz + /01 Frulwydz, Yw € Hp,
um(it) = UO(t)’ u;n(o) =u,t € [OaT]a
where
F[u] = Flum_1]
(2.7)

li /
= F(SU, t7um71auwm717um71a uajm71)7

Proposition 2.4. Let ug(0),u; € H} N H? be given, the first term of sequence
uo(t) = 0. Assume that (Hypl)—(Hyp4) hold. Then there exist positive constants
M, T, > 0 such that, there exists a recurrent sequence {u,,} C Wi(M,T,) defined

by 2.3)-@7).

Proof of Proposition[2.]] We use the standard Faedo-Galerkin method to prove
our result. Consider a special orthonormal basis {w;}52; on Hg, formed by the
eigenfunctions of the operator fg.

Let Vi, = span{wi,ws,...,w;} and the projections of the history and initial data
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on the finite-dimensional subspace V}, are given by
k
_ (k)
uog(t) = g ; (t)w;,
j=1

k

Uk = Z 5J(-k)wj7

j=1
where

1
agk)(t):/ uo (H)w;de,
0

1
B;k)(t):/ ww;de.
0

We seek k functions %) (t) € C?[0,T], 1 < j < k, such that the expression in form

mj
(k) _ Z Lp(k)wj, (2.9)

solves the problem

1, 1
/ B, da +/ ( D VYT ) (k))wjzda:
0

e’} e’} 1
A f g(s)d/ wbhwseds =X [ g(o) [ (@it~ 5) = ubh(s))uwyudads
0 0 0 0

(2.10)
/ fw;dx +/ mw]dx—i—/ Frwjzdz, 1<j<E,
ulf(0)(—t) = uor(t),  u(0) = uax,
in which . )
ugr — ug(t) strongly in Hy N H=,
Ok o(t) gly 0 (2.11)

u1r =— up strongly in H& NH?.

This leads to a system of ODEs for unknown functions go(k). Based on standard
existence theory for ODE System (|2 admits a unique solution <p7(n;, 1<j<k
on interval [0, 7], by (2.5) and the argument in [5], the proof is completed.

A priori estlmates The next estimates prove that there exist positive constants

M, T, > 0 such that uk) e W(M,T,), for all m and k. We partially estimate the

terms of the associated energy. Multiplying the equation in 1) by u;,(Lk) integrating
over [0, 1] to get

1 1
/ wy B ) g 4 / (Aoui’f% + M) 4 u;ﬁ,’f))u;(rﬁ)dm
0

+/\/ / ) (t — s)dsu, )

1 1
:/ F[u,(ff)]u;,(f)dx—k/ F[u&’j)]u;(,’f%)dx—k/ fu;,(f)da:
0 0

0
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Using results in Lemma 2.2] we obtain

Ld [ 1 (|u/(k)\2 + ()\0 —A Oog(s)ds) lulk) |2+ |ul(k)|2dx>dfc
2 dt 0 m 0 rm rm
[e%s} 1
o [ gle) [ e = ) —ulh) 0) s
0 0
) 1
+>\1/ |u <k>|2dx4/ g'(s)/ [uk) (t — s) — ulk) (t)|2deds  (2.12)
0

1
:/ Flu™u ;gk>dx+/ Flul* ('“)dx—i—/ Fmu, ) .

0 0

Let us denote the LHS of (2.12)) as

) (1) = / [P + (o —/\/ s ) [u) 1 + ) P da

Ry / [0 (¢ — 5) — ul) (8)2deds
0 0
t 1 , t 0 1
+ 2)\1/ / |u$(7lfl)|2dxds—)\/ / g’(s)/ |ug;)1(t—s) —ugj’;)l(t)|2dmdsd7',
o Jo 0o Jo 0
and
(N /
e tgm) = / [|u; (30— / 94 ) [uE) ? + 0.5 ]
0
top1 ¢
+ 2)‘1/ / |U$(§%1|2dl'd8 - )‘/ / / |u£:’§:)m - g?m( )|2d.’1?d87',
o Jo o Jo
and
" (u! = Uy TENZ (A — A $)ds ) |u ® 12 1+ ju 012 dz | da
m 0 g zm Tm
0
+ / / lu, ) (¢ — s) — u, ¥ () 2dads
t fe%e] 1 , ,
+ 2)\1/ / |u,, (k)|2dmds—)\/ / g'(s)/ lu, B (t — 5) — u, ) (t)|2dzdsdr.
o Jo 0
Put

EW (1) = e® (up,) + e® (ugm) + e® (u). (2.13)



LOVE-EQUATION WITH INFINITE MEMORY 9

= E® (0 +2//f ) ( dmds+2//fr k) (s)dxds
+2//f ) dxds—l—Q// u, ) (s)da ds

(2.14)
+2//Fm( ) ( dxds+2//F w,®) (s)dx ds
+2/ / F! (s)u, ™) ( )dxds—|—2/ / F! (s)u, ) (s)dx ds
+2// u ) (s)dads.

We need, now, to estimate

AR —/ lu, ) (0)] d:c+/ |u, ) (0))2dzx.

Let w; = u;;fk) in ) and integrate by parts, taking ¢ — 04 in the first term, to
obtain

1 1
[ Pt [ 0ok
0 0

1 e "

+/ ([)‘0 - )\/ g(s)ds} Uokz + )\1u1kz)um(q’f) (0)dx
0 0
o 1 "

+)\/ 9(8)/ (ke (0) — Uorz (—s))u, F (0)dads

0 0

1 1
/ FO)ul B (0)dz + / P (0)®) (0)dz: + / Fon (0)2 %) (0)da.
0

0
Then

1 oo
A < / ({)‘0 - )‘/ g(s)ds] Uoke + A Utks + Fm(O))u:,(,]f)(O)dx
0 0
e 1 1"
+ /\/ 9(5)/ (wokz(0) = uoke (—8))u,*) (0)dzds
0 0

1 1
4 / FO)u P (0)dz + / Fo (0)u® (0)dz,
0 0

< /1 HAO - )\/OOO g(s )dS} Uokz + MUikz + 2Fm(0) + £(0)
+ /\/ ) (uokz(0) — uOkw(_S)):| dx {Agﬂ v
<

[/0 HAO - /\/OOO (S)ds} Uoke + MUtkz + 2F (0) 4 £(0)
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2
+ )‘/ uOk;E 'U/Ok:x(_s)):| dxi|
< &, forallm, k, (2.15)

because, fol |Fr (0)|dz is a constant independent of m, where ¢ ib a conbtant de-
pendlng only on f, ug, u1, F', Ag, A\, A1 and fo s)ds. Equations (2.11)), (2.13)) and
5) imply that

BR(0) = / [luael? + /\o—)\/ 5)d5) ok ? + 1o ]
+ A/ 9(8)/ |uoka (—8) — ok (0)|*dads
0 0
1 o0
+ / [‘ulkx‘Q‘f’(/\O*)\/ g(s)ds)|uokm|2+|u1km|2dx]dgc
0 0

[ee] 1
+ )\/ g(s)/ ‘UOkww<_5) - Uokg;w(O)Ile'dS
0 0
1 oo
+ AP / ()‘0 _)\/ 9(3)d5)|ulkz|2d£ﬂ
0
)\/ / ‘ulkx - ulkx| d-TdS

&y, forallm, k eN, (2.16)

where & is also a constant depending only on f, ug, uy, ', Ag, A, A1 and fo (s)ds.
We then now estimate the other terms of - By the Cauchy Schwartz in-
equality, we obtain

t 1

+ 122 0,1y (0.7 +/O /o u, ) [2dsd;
t 1 ,

+ foH%2((O,1)><(O,T)) +/O /O |um(fl)\2dxds,

t 1
+Hf/H%2((O,1)><(O,T))+//0 |u, F) 2dzds;
2.17
+2//F w ) (5)da ds (2.17)

+2// (s)u,F) (s dxds+2// fmWL( Ydx ds
of /m s 1 [ /Ff o
+2// w, ) (s)dxds.
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By (Hypl), (2.13), we have

t
B (1) < 6o+ 1120 oy o + € / B (s)ds

+2 / / Fp(s)u, ) (s)da ds

+2// u, ) ( d:vds+2/ / Fom(s)u,¥) (s)da ds (2.18)
+2//F;,L( TR ( da:ds+2//F’ ($)u, ¥ (s)dx ds

+2/ / Fom(s (k) (s)dxds.

‘We have
t
B (1) < o+ 11201 o) o + € / E® (s)ds

t el t 1
+T*FJ%4—|—// |u;(,’fl)(s)|2dxd8+T*F1%/[+// |u;,(lk)|2dxds

(2.19)
+2/ / wm ( mm( Ydx ds + T FM+/ / |u s)[*dxds.
+2/ / F! (s)u, ®)( d:cds+2/ / F!(s)u, ) (s)dz ds
0o Jo
By (Hypl), (2.13) and remarking from (1.2)) that
Fx/m(t) = DlF[um 1] +D3F[um 1] Ugm—1 +D4F[um 1] Ugzm—1
+DsF [um 1] Upm—1 + Do F [um 1] Ugrm—1-
Then
EM(t) < & + 113 01y x 0.1y
_ t (2.20)
+ 2T, |1+ 2(1 + 4M)2]F§4 - c/ E®) (s)ds.
0
We choose M > 0 sufficiently large such that
Eo + 11 0,1yx 0,7y < M2 (2.21)
and then choose T, € (0, 7] small enough such that
1 _
<§M2 YT, [1 + o1+ 4M)2} Fﬂa) exp[2T.] < M2, (2.22)
and
kr, = 2/ F2,\/T, exp[Ts] < 1, (2.23)
Then

ul® € W(M,T,), for all m and k. (2.24)
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Pass to the limit.
By (2.22)), there exists a subsequence of {ufﬁ)}, such that

u%@) — Uy in LOO(O,T*;H(} N H2) weakly*,
u’/ﬂ(Lk) —l, in L0, T,; H} N H?) weakly*,

. (2.25)
w,®) = in L®(0,T,; H}) weakly*,
U, € W(M,T).
Passing to limit in , (2.11)), it is clear to see that u,, is satisfying (2.6 .

in L2(0,Ty). Furthermore 1 )1 and (2.25))4 imply that

(Notm + Aup, +ull, + )\/ g(8)um (t — s)ds)ax
0

=}, = Fluw) = (Flunl) —f
=V,, € L>(0,T,; Hi n H?).,

We deduce that, if u,, € L>(0,Ty; H} N H?), then u),,u!!, € L>(0, T*,H0 N H?).
So we obtain u,, € W1(M,T,). This completes the proof of Proposition O

Step 2. Let the Banach space
Wi(T,) = {v € L*>(0,T,; H}) : v' € L>(0,T,; H})}, (2.26)
with respect to the norm
vllwy () = llvllLoe 0,7 5m2) + HU/HLOC(O,T*;Hf})' (2.27)

We will show the convergence of {u,,} to the solution of our problem in the next
Lemma.

Lemma 2.5. Let (Hypl)—(Hyp4) hold. Then

(i) Problem (L.1)~(L.4) has a unique weak solution u € Wy (M, T.), where M >
0 and Ty > 0 are chosen constants as in Proposition .

(ii) The linear recurrent sequence {u,,} defined by 7 converges to the
solution u of (LI)~(L.4) strongly in the space W1 (T%)

Proof. We use the result obtained in Proposition [2.4] and the compact embedding
theorems.

Existence. We proved that {u,,} is a Cauchy sequence in W7 (7%). In order to do
this, let wy,, = Um+y1 — Uy Then w, satisfies

1 1
/ wlhw dr + / (NoWam + Awl,, +wl Yw,dx

_ )\/ / 8)Wam (t — 8)dsw,dx (2.28)

:/O (Fliwms] = Flw m])wdaz+/01 (Flwmia) = Fluwn] )w,dz,
win(0) = w), (0) = 0,
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Consider (2.28) with w = w],, and then integrating in ¢, we obtain by results in
Lemma 2.2]

/1 {|w;n‘2 + (/\0 - )\/oog(s)ds>|wxm|2 + |w;m‘2} di

0 0

+A /OOO 9(s) /01 (W (t = ) = W ()P dwds

t 1 t 0o 1
0 JO o Jo 0

_ 2/; /O1 (Funsr(5) = Funls) ) (s)dwds (2.29)
+2 /Ot Al (Fm+1(s) - Fm(s))w;m(s)dxds
By (Hyp2)-(Hyp4), (2.3), and we have

1 1
/ |Erg1(s) — Fm(5)|2dw < ZF‘M/ |wm,1|2dm,
0 0

then
1 t 1
Ent) < 2F’M/ \wm,1|2dx+// |w! |*dzds
0 o Jo
1 t 1
+ QFM/ \wm_1|2da:—|—// lw!,.|*dzds
0 o Jo
~ 1 ¢
< 4FM/ \wm,1|2de*+/ B, (s)ds, (2.30)
0 0
where

Bt = [ [l + (02 [ (6008l + Pt
+A /Ooog(s) /01 W (t — 8) — Wem (t)|*dxds

t 1 + 00 1
0 JoO o Jo 0

Thanks to Gronwall’s Lemma, ([2.30)), we get

1 1
/ |wpm|de < kT*/ |wWim—1|dx ¥Ym €N, (2.31)
0 0
S0
1
/ [Um — Umtplde < M(1—kr,) k7, Vm,p€N. (2.32)
0

It follows that {u,,} is a Cauchy sequence in W7 (7%), so there exists u € W1 (1)
such that

U, — u strongly in Wy (Ty). (2.33)
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Note that w,, € Wi(M,T.), so there exists a subsequence {u,, } of {u,, } such that
Um,; —> U in L>=(0,Ty; Hy N H?) weakly*,
Uy, —u'in L%(0,T.; Hy N H?) weakly*,

(2.34)
up, = u” i L(0,Ty; Hy) weakly*,
u € W(M,T,).
By , , and (2.34] m4, we obtain
/ Fon () — Flu](8)|de < 2(1 + 20) FM/ ey — uldz,  (2.35)
Then and ([2.35)) imply
Fo, — Flu] strongly in L>(0,T.; L?), (2.36)

Let us passing to limit in ([2.6]), (2.7) as m = m; — oo, by (2.33)), (2.34) and (2.36),

there exists u € W(M,T,) satisfying

1 1
/ v’ w dx + / Aotz + Aul, + vl )wydz

— )\/ / $)ug(t — s)dswydx (2.37)

:/0 fwd:c+/0 F[u}wdaﬂr/ol Flujwgdx,

for all test function w € H{, for almost all ¢ € (0,7) and satisfying the initial
conditions.
Uniqueness. Let u, us be two weak solutions of (1.1))—(1.4)), such that

Uy, Uz € Wl(M, T*) (238)

Then v = u; — ug satisfies

1 1
/ v"w dx + / (Aovz + A0l + v )wedz
— )\/ / $)vg (t — 8)dsw,dx (2.39)

:/O (Flw] - Flu ])wdx+/01 (Flu) = Fluz] )w.de,

for all test function w € H}, for almost all ¢ € [0, T]. Taking v' = w in (2.39); and
integrating with respect to t, for

e(t) = /01 (102 + (%0 - A/OOO 9()4ds) [ + (], ?] i
+A /000 g(s) /01 [w, (t — 5) — w, (t)Pdads

t rl t poo 1
+2)\; / / lw! |2dads — )\/ / g’(s)/ lwe (t — 8) — wy(t)|*drdsdr,
0 Jo 0 Jo 0
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we obtain
1 1
e(t) = / (F[ul] - F[UQ])v'dx +/ (F[ul] - F[UQ])v;dx. (2.40)
0 0
On the other hand, by (Hyp2)—(Hyp4), we deduce from ([2.3), that
1
/ |Flu — 1] — Flus]|dz < 2¢(1 + 2M) Fyet/?(s). (2.41)
0
Then
¢
E(t) < [4c(1 +2M)FM/ e(s)ds
0
Thanks again to Gronwall’s Lemma, we have E = 0, i.e., u; = us. (]
Theorem [2.3] is completely proved. O

3. BLow up

We further prove that if (3.10]) hold, then the blow up of any weak solution (3.1)
for a finite time occurs when the initial energy is negative.

Here, we consider (L.I)—(1.4) with f = 0,f; = F(t,z,u,u;) € C*(R*%R), fo =
F(t,z,u,u,) € C'(R*R) as follows

u’ = (Aoug + Mul, +ulf) + /\fiOO g(t — 8)uze(s)ds

3.1
= fi(u,ug) — (fz(uyux))m, z€(0,1), 0<t<T,, )
with the boundary conditions
u(0,t) = u(1,t) =0, t>0, (3.2)
and the following initial conditions:
u(z, —t) = up(z,t), u'(z,0) =ui(x), (3.3)

We have proved in the previous section, the existence of local weak solution of

(1.1)—(1.4) in the Theorem Furthermore, let us assume that there exist F €
C?(R%;R) and the constants p, ¢ > 2; dy, do > 0, such that

S = Alwe), S = fw)

wfi(u,v) + vfa(u,v) > diF(u,v), Y(u,v) € R?
Flu,v) > da(Jul? + |v|?), V(u,v) € R? (3.4)

We introduce the energy functional E(t) associated with system (3.1)-(3.3)

1 1 % 1
:1/ \u'|2d:v+1/ ()\0—)\/ g(s)ds)|um\2dx+l/ |ul |2dx
0 0 0
+ /\/ / S|y () — ug(t — 8)] dsdx—/ F(u, uy)dx.

It is note hard to see this Lemma (Using Lemma .

(3.5)
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Lemma 3.1. Suppose that (Hypl) holds. Let u be solution of system (3.1] (-)
Then the energy functional (3.9 (-) 18 a mon-increasing function, i.e., for all t

—E _ —/\1/ (. |2dz + /\/ / )ua(t) — un(t — )[2dsdz.  (3.6)
For reader, we state this Lemma with its proof.

Lemma 3.2. Let v > 0 be a real positive number and let L(t) be a solution of the
ordinary differential inequality

L 5 e, (37)

defined in [0,00). If L(0) > 0, then the solution does not exist fort > L(0)7V¢ V=1
Proof. The direct integration of (3.7]) gives
L7Y(0) = L7¥(t) > gvt

Thus, we get the following estimate:

L) > [L7(0) - en] (3.8)
It is clear that the right-hand side of is unbounded for
vt = L77(0).
Lemma is proved. (Il

Our goal is to prove that when the initial energy is negative, the solution of
system (3.1)) blows up in finite time under the (3.4)), (3.10). The regularity obtained
by (2.2) implies that problem (1.1)—(1.4) admits a unique strong solution

u e CH[0,T.]; Hy N H?), € L>(0,T.; Hy N H?). (3.9)
Second main theorem. Our result here reads as follows.

Theorem 3.3. Assume that hold. Assume further that E(0) < 0 for any
uo(0),uy € HYNH? hold. There exist a number r,2 < r < min{p, ¢}, < dida such

that
/OO o(s)ds < — 200 ET/D) (3.10)
0 )\(1/27‘+1+7’/2)

Then, the unique weak solution u of 1) blows up in finite time.
Proof. Let
H(t)=—E(t), vt € [0,T%). (3.11)

By multiplying the equation in (3.1)) by —u’, integrating over [0, 1] and using Lemma
we obtain

—%H() - )\1/ i, [2dz — )\// $)ta () = up(t — s)[2dsda
0, Vtel0,T.). (3.12)

IV
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Consequently, E(0) < 0, we have

1 ! , 1 ! o0 , 1t ,
H(O):—§/ || dx—§/0 ()\0—)\/0 g(s)ds)|u0$(0)\ d$—§/ |1z |“da

f)\/ / $) |10z (0) — upz(—s)] dsdach/ F(uo(zx,0), upz(z,0))dr,
(3.13)
inequality (3.12)) implies
0< H(0) < H(t), Vtelo,T.). (3.14)

1 1 1 1 e8]
—f/ |u'|2dx — 7/ </\0—)\/ g(s)ds)\um|2dx
0 0
1 1
- / / 8)|ug(t) — ug(t — 5)|*dsdx — 5/ lul |2dx
0

0, Vte[0,T.). (3.15)

Using (Hypl), to get

1
- / F(u,ug)dx
0

IN

One implies
0< H( / F(u,ug)d (3.16)

Then, we define a functionals

1 1
M) = 7/0 u?dz,

2
1t 1
N@) = )\17/ |u, |2dx +/ ugul dr, (3.17)
2 Jo 0
and introduce
L(t)=H"(t)+eM'(t) + eN(t), (3.18)
for € small enough and
0<o0<1,2/(1—-20) <min{p,q}. (3.19)

We now show that L(t) satisfies the differential inequality in Lemma By taking
the derivative of (3.18) and using (3.1) and Lemma we obtain

1 1
L'(t) = (1—0)H‘”(t)H’(t)+s/ \u’\2dx+e/ |ul, |>da
0 0

6(>\0 — )\/Ooo g(s)ds) /01 [, |2 da

+ eX /0Oo 9(s) /l[um(t = 8) = Ua(s)|ugduds

0

1 1
+ 5/0 fl(u,ux)udx+s/0 fa(u, ug)uyde. (3.20)

By the Cauchy-Schwarz and Young inequalities, we find

/Ooo 9(s) /Ol[uz(t — 8) — up(8)|ugdzds
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/ / |ug (t — 8) — ug(s |d:c/ lug |*dxds

S’Y/O 9(8)/0 [ug (t — 8) — uq(s)|?deds + fo

Therefore,

1
/ ug |*d, vy > 0.
0

L'(t)

v

(1—o)H (t)H'(t —1—5/ || dx—}—s/ |ul, |>da
d
- 5()\0—)\/ g(s)ds — s / U |2dx
0
oo 1
+ 5>\7/ 9(5)/ |ux(t_3)—ux(8)|2d$d8
0 0
1 1
+ 8/ fl(u7ufr)U‘dm+5/ f2(ua um)uxdx (321)
0 0
By , we obtain
1 1
/ 1 (s g Yudz + / o st Y

> d1/ Fu, ug)dx, (3.22)

/fuuxdx>d2 / g (¢ |qu—|—/ lu(t \pdx

Then, it follows since and due to the inequality
(1— a)H"’(t)H’(t) > 0,Vt €10,T%),

1 1
5/ \u’|2dz+s/ ul |2dx

/\0—)\/ ds—l-/\fo / u, [2dx

Tk / 9(s) / |uw<t—s>—uz<s>|2dxds

that

&
=
v

+

edyds ( /01 | (1) 2z + /01 |u(t)|pdm). (3.23)

Adding and substituting rE(t),2 < r < min{p, ¢}; by using the definition of H(t),
to get

L'(t)

v

1 1
c+5) [ wPde+e+) / u, [2dz + erH(?)

Jo_ 9(s)ds
- )\0—/\/ s)ds + \J0 T8 47 )

b b [ o)) [ ua
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+ E)\(g - /000 g(s)/o g (t — 8) — ug(s)|*deds

1 1
+ e(didy — T)(/ g (£)]9dz +/ |u(t)|pdx) (3.24)
0 0
for some ,
clei—'y>07 i.ey <r/2,
r 1 r1 [
0,2—)\0[*14’5}*)\[@*14’5}/0 ()dS>O

ag = didy —r > 0.
Then, estimate (3.24]) becomes

1 1
e > g(1+g)/ |u’|2dsc+5(1+g)/ (! [2dz + epH (1)
0 0
1 oo 1
+ sAag/ \um|2dx+5)\a1/ g(s)/ [tz (t) — ug(t — s)|*dxds
0 0 0

4 eag(/ol |u$(t)|qu+/01 u(t)[Pdz). (3.25)

At this point,we can find positive constants v > 0 such that

L'(t) > ev [H(t) + /01 [uz (t)]|9dz + /01 u(7f)|pal1’+/01 g |2 da

[e’e) 1 1 1
+/ g(s)/ |u$(t)—uw(t—s)|2dxds+/ |u;\2d:c+/ 2] (3:26)
0 0 0 0

Thus, we can choose € > 0 small enough such that
L(t) > L(0) >0, Vtel[0,Ty). (3.27)
Further, by (3.19), Holder and Young inequalities, we obtain

(/01 uu’dw) e < c((/o1 \u|”dm)7/p(1_a) + (/01 |u’|2dx)5/2(1_0)),

for £ + 1 =1. We take s = 2(1 — o) to get

T n 2
l—-0c 1-20°
By using the algebraic inequality
1
z”g(z+1)§<1+a)(z+a), V2>0, 0<v<1l,a>0, (3.28)
we find
2/p 1-20)
/ |u\de / u|Pdz + H(t )), vt € [0,T)). (3.29)
Then

1 1/(1-0o)
(/ uu'da: /|u|pdz+/ |u'|2dx + H( ))
0

Similarly, we obtain

1 1/(1— g)
(/ uzu;dac / |uz|qu+/ |ul |2dx + H( ))
0



20 KHALED ZENNIR 10-2018

Moreover, we note that

1 1/(1—0) 1 1/(1—0o) 1 1/(1-0)
LYY=y < c[(Hlf"(t)qL/ uu'dm) +‘/ qulzdx‘ +‘/ uzu;dw‘ }
0 0 0

1 1 1 1 1
< [H(t) + / |u|Pdx + / [/ |2dx + / |ug |2dz + / |uz|?dz + / |u;\2daj}
0 0 0 0 0

This yields

L'(t) > agLY=90® v > 0. (3.30)
Finally, as a result of simple integration of (3.30]), completes the proof of Theorem
3.9 U
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