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In this paper, we consider an IBVP for a nonlinear Love equation with infinite memory. By combining the linearization method, the Faedo-Galerkin method and the weak compactness method, we prove the local existence and uniqueness of weak solution. The finite time blow up of weak solution is considered.

Introduction

Many interesting physical phenomena in which delay effects occur (e.g., population dynamics) can be modeled by partial differential equations with finite or infinite visco-elastic memory which provides a typical damping mechanism in nature. The well-posedness and stability for elasticity and visco-elasticity systems attracted lots of interests in recent years, where different types of dissipative mechanisms have been introduced to obtain diverse results. In general, the stability properties of visco-elastic system are in dependence on the form of the convolution kernel (see in this direction results in [START_REF] Beniani | Zennir Polynomial Decay of Solutions to the Cauchy Problem for a Petrovsky-Petrovsky System in R n[END_REF], [START_REF] Braik | Zennir Polynomial stability for system of 3 wave equations with infinite memories[END_REF], [START_REF] Messaoudi | Blow up and global existence in nonlinear visco-elastic wave equations[END_REF], [START_REF] Messaoudi | Blow up of solutions with positive initial energy in a nonlinear visco-elastic wave equations[END_REF], [START_REF] Messaoudi | General decay of solutions of a visco-elastic equation[END_REF], [START_REF] Messaoudi | A general stability result for a nonlinear wave equation with infinite memory[END_REF], [START_REF] Park | Stability of a von karman equation with infinite memory[END_REF], [START_REF] Kh | Global nonexistence of Solutions for a system of nonlinear visco-elastic wave equations with degenerate damping and source terms[END_REF], [START_REF] Kh | General decay of solutions for damped wave equation of Kirchhoff type with density in R n[END_REF], [START_REF] Zitouni | On the existence and decay of solution for visco-elastic wave equation with nonlinear source in weighted spaces[END_REF], . . . ). The blow up is an essential and very important phenomena to be study in the evolution PDEs, there is a different between global nonexistence which means that the local solution can't be continue to exist in time i.e. there exists a finite time blow up which is our case in this paper and the blowing up ∀t > 0, that is the solution goes to infinity for all t > 0. Blow up an effect occurs, for example, when a sea wave tumbles to the shore, when a computer breaks down as a result of electrical breakdown, when a nuclear bomb explodes and in a number of other interesting physical phenomena. (see [START_REF] Ball | Remarks on blow up and nonexistence theorems for nonlinear evolutions equations[END_REF], [START_REF] Braik | Zennir A finite-time blow-up result for a class of solutions with positive initial energy for coupled system of heat equations with memories[END_REF], [START_REF] Han | Global existence and blow-up of solutions for a system of nonlinear visco-elastic wave equations with damping and source[END_REF], [START_REF] Messaoudi | Blow up and global existence in nonlinear visco-elastic wave equations[END_REF], [START_REF] Messaoudi | Blow up of solutions with positive initial energy in a nonlinear visco-elastic wave equations[END_REF], [START_REF] Ngoc | Existence, blow-up and exponential decay for a nonlinear Love equation associated with Dirichlet conditions[END_REF], [START_REF] Ono | On global solutions and blow-up solutions of nonlinear Kirchhoff strings with nonlinear dissipation[END_REF], [START_REF] Sun | Blow-up of solutions for a nonlinear viscoelastic wave equation with initial data at arbitrary energy level[END_REF], [START_REF] Yang | Blow-up of solutions for visco-elastic equations of Kirchhoff type with arbitrary positive initial energy[END_REF], [START_REF] Kh | Global nonexistence of Solutions for a system of nonlinear visco-elastic wave equations with degenerate damping and source terms[END_REF], . . . ) 1.1. Formulation of problem. Denote u = u(x, t), u = u t = ∂u ∂t (x, t), u = u tt = ∂ 2 u ∂t 2 (x, t), u x = ∂u ∂x (x, t), u xx = ∂ 2 u ∂x 2 (x, t). In this article, we consider the Love-equation in the form

u -λ 0 u x + λ 1 u x + u x x + λ t -∞ g(t -s)u xx (s)ds = F [u] -F [u]
x + f (x, t), x ∈ Ω = (0, 1), 0 < t < T, (1.1) where

F [u] = F x, t, u, u x , u , u x ∈ C 1 [0, 1] × R + × R 4 , (1.2) 
and λ, λ 0 , λ 1 > 0, are constants. The given functions g, f are specified later. With F = F (x, t, y 1 , . . . , y 4 ), we put D 1 F = ∂F ∂x , D 2 F = ∂F ∂t , D i+2 F = ∂F ∂yi , with i = 10-2018 1, . . . , 4. Equation (1.1) satisfies the homogeneous Dirichlet boundary conditions: u(0, t) = u(1, t) = 0, t > 0, (1.3) and the following initial conditions u(x, -t) = u 0 (x, t), u (x, 0) = u 1 (x).

(1.4)

To deal with a wave equation with infinite history, we assume that the kernel function g satisfies the following hypothesis: (Hyp1:) g : R + → R + is a non-increasing C 1 function such that λ 0 -λ ∞ 0 g(s)ds = l > 0, g(0) > 0.

(1.5)

We need the following assumptions on source forces:

(Hyp2:) u 0 (0), u 1 ∈ H 1 0 ∩ H 2 ; (Hyp3:) f ∈ H 1 ((0, 1) × (0, T ));

(Hyp4:) F ∈ C 1 [0, 1]×[0, T ]×R 4 , such that F (0, t, 0, y 2 , 0, y 4 ) = F (1, t, 0, y 2 , 0, y 4 ) = 0 for all t ∈ [0, T ], y 2 , y 4 ∈ R.
1.2. Bibliographical notes. We start our literature review concerning visco-elastic problems with the pioneer work of Dafermos [START_REF] Dafermos | Asymptotic stability in visco-elasticity[END_REF], where the author considered a one-dimensional visco-elastic problem

ρu = cu xx - t -∞
g(t -s)u ss ds, and established various existence results and then proved, for smooth monotone decreasing relaxation functions, that the solutions go to zero as t goes to infinity.

In [START_REF] Hrusa | Global existence and asymptotic stability for a semi-linear Volterra equation with large initial data[END_REF], Hrussa considered a one-dimensional nonlinear visco-elastic equation

u = cu xx - t 0 m(t -s)(φ(u x )) x sds = f,
and proved several global existence results for large data. Here, the author also obtained a decay rate of solution. Messaoudi in [START_REF] Messaoudi | Blow up and global existence in nonlinear visco-elastic wave equations[END_REF] investigated the u=interaction between the nonlinear damping and nonlinear source in the equation

u = ∆u + t 0 g(t -s)∆uds + au |u | m = bu|u| γ ,
and showed, under suitable conditions on g, that solutions with negative energy blow up in finite time if γ > m, and continue to exist if m > γ.

Concerning problems with infinite history, we mention the work [START_REF] Giorgi | Global Attractors for a Semilinear Hyperbolic Equation in visco-elasticity[END_REF] in which considered the following semi-linear hyperbolic equation, in a bounded domain of R 3 ,

u -K(0)∆u - ∞ 0 K (s)∆u(t -s)ds + g(u) = f,
with K(0), K(∞) > 0, K ≤ 0 and gave the existence of global attractors for the problem. Next in [START_REF] Kh | Global nonexistence of Solutions for a system of nonlinear visco-elastic wave equations with degenerate damping and source terms[END_REF], proved that the solutions of a system of wave equations with visco-elastic term, degenerate damping, and strong nonlinear sources acting in both equations at the same time are globally non-existing provided that the initial data are sufficiently large in a bounded domain; the initial energy is positive, and the strongly nonlinear functions f 1 and f 2 located in the sources satisfy an appropriate conditions. The author concentrate his studies on the role of the nonlinearities of sources. After that, in [START_REF] Liu | Global existence, asymptotic behavior and blow-up of solutions for a suspension bridge equation with nonlinear damping and source terms[END_REF], the authors considered a fourth-order suspension bridge equation with nonlinear damping term and source term. The authors gave necessary and sufficient condition for global existence and energy decay results without considering the relation between m and p. Moreover, when p > m, they gave sufficient condition for finite time blow-up of solutions. The lower bound of the blow-up time is also established. Recently, in [START_REF] Sun | Blow-up of solutions for a nonlinear viscoelastic wave equation with initial data at arbitrary energy level[END_REF], the authors studied a three-dimensional (3D) visco-elastic wave equation with nonlinear weak damping, supercritical sources and prescribed past history, t ≤ 0 in

u -k(0)∆u - ∞ 0 k (s)∆u(t -s)ds + |u | m-1 u = |u| p-1 u,
where the relaxation function k is monotone decreasing with k(+∞) = 1, m ≥ 1, 1 ≤ p < 6. When the source is stronger than dissipations, i.e. p > max{m, k(0)}, they obtained some finite time blow-up results with positive initial energy. In particular, they obtained the existence of certain solutions which blow up in finite time for initial data at arbitrary energy level. In [START_REF] Hao | General Stability Result of Abstract Thermoelastic System with Infinite Memory[END_REF], the abstract thermo-elastic system is considered,

   u + Au + Bu - ∞ 0 g(s)u xx (t -s)ds -A α θ = 0 θ + kA β θθ + A α u = 0, u(-t) = u 0 (t), u (0) = u 1 , θ(0) = θ 0 , (1.6)
in which u is the displacement vector, θ is the temperature difference, and α ∈ [0, 1), β ∈ (0, 1] are constants. H is a real Hilbert space equipped with the inner product ., . and the related norm . . The operators A : D(A) → H and B : D(B) → H are self-adjoint linear positive definite operators. Under suitable conditions on the order of the coupling, the memory kernel function and the initial values, the well-posedness and the general decay rate of solution is given by semigroup theory and perturbed energy functional technique to allow a wider thermo-elastic systems. Without infinite memory term, when λ = 0 in (1.1), Triet and his collaborator in [START_REF] Triet | Existence, blow-up and exponential decay for Kirchhoff-love equations with Dirichlet conditions[END_REF] considered an IBVP for a nonlinear Kirchhoff-Love equation

u tt - ∂ ∂x B x, t, u, u 2 , u x 2 , u t 2 , u xt 2 u x + λ 1 u xt + u xtt + λu t = F x, t, u, u x , u t , u xt , u(t) 2 , u x (t) 2 , u t (t) 2 , u xt (t) 2 - ∂ ∂x G x, t, u, u x , u t , u xt , u(t) 2 , u x (t) 2 , u t (t) 2 , u xt (t) 2 + f (x, t), x ∈ Ω = (0, 1), 0 < t < T, (1.7) 
u(0, t) = u(1, t) = 0, (1.8) u(x, 0) = ũ0 (x), u t (x, 0) = ũ1 (x), (1.9) 
where λ > 0, λ 1 > 0 are constants and ũ0 , ũ1 ∈ H 1 0 ∩H 2 ; f , F and G are given functions. By applying the Faedo-Galerkin, the authors proved existence and uniqueness of a solution and by constructing Lyapunov functional, they proved a blow-up of the solution with a negative initial energy, and established a sufficient condition for the exponential decay of weak solutions. This last results extend their previous results in [START_REF] Triet | A Dirichlet problem for a nonlinear wave equation of Kirchhoff -Love type[END_REF] Remark 1.1. We should mention here that the presence of the term -F [u]

x can ensure only the local existence (can't be continue to be global in time), i. e., if we take -F [u]

x ≡ 0, under the same condition, (Hyp1)-(Hyp4), (3.4) and (3.10), we arrive to the blow up for all t > 0. That is the term F [u] is strong enough to prevent the existence of solutions.

This paper is organized as follows: In the second section, because of the nonlinearities, we combine a three techniques to prove the local existence of unique weak solution in Theorem 2.3. In the third section, the blow up results with negative initial energy is obtained in Theorem 3.3, under certain conditions on the sources and the function g. It is not surprising that this work is inspired from [START_REF] Ngoc | A linear recursive scheme associated with the Love's equation[END_REF], [START_REF] Ngoc | On a high-order iterative scheme for a nonlinear Love equation[END_REF], [START_REF] Triet | Existence, blow-up and exponential decay for Kirchhoff-love equations with Dirichlet conditions[END_REF], [START_REF] Kh | Global nonexistence of Solutions for a system of nonlinear visco-elastic wave equations with degenerate damping and source terms[END_REF].

Existence of a weak solution

The weak formulation. We define in the following, the weak solution to of (1.1)-

(1.4). Definition 2.1. A function u is said to be a weak solution of (1.1)-(1.4) on [0, T ] if u, u , u ∈ L ∞ (0, T ; H 1 0 ∩ H 2 )
, such that u satisfies the variational equation

1 0 u w dx + 1 0 (λ 0 u x + λ 1 u x + u x )w x dx -λ 1 0 ∞ 0 g(s)u x (t -s)dsw x dx = 1 0 f wdx + 1 0 F [u]wdx + 1 0 F [u]w x dx, (2.1)
for all test function w ∈ H 1 0 , for almost all t ∈ (0, T ). The following famous and widely used technical lemma will play an important role in the sequel.

Lemma 2.2. For any v ∈ C 1 0, T, H 1 0 we have 1 0 ∞ 0 g(s)v xx (t -s)v (t)dsdx = 1 2 d dt ∞ 0 g(s) 1 0 |v(t -s) -v(t)| 2 dxds - 1 2 d dt ∞ 0 g(s)ds 1 0 |v x (t)| 2 dx - 1 2 ∞ 0 g (s) 1 0 |v(t -s) -v(t)| 2 dxds.
Proof. It's not hard to see

1 0 ∞ 0 g(s)v xx (t -s)v (t)dsdx = - ∞ 0 g(s) 1 0 v x (t)v x (t -s)dxds = - ∞ 0 g(s) 1 0 v x (t) [v x (t -s) -v x (t)] dxds - ∞ 0 g(s) 1 0 v x (t)v x (t)dxds.
Consequently,

1 0 ∞ 0 g(s)v xx (s)v (t)dsdx = 1 2 ∞ 0 g(s) d dt 1 0 |v x (t -s) -v x (t)| 2 dxds - ∞ 0 g(s) d dt 1 2 1 0 |v x (t)| 2 dx ds, which implies, 1 0 ∞ 0 g(s)v xx (s)v (t)dsdx = 1 2 d dt ∞ 0 g(s) 1 0 |v x (t -s) -v x (t)| 2 dxds - 1 2 d dt ∞ 0 g(s)ds 1 0 |v x (t)| 2 dx - 1 2 ∞ 0 g (s) 1 0 |v x (t -s) -v x (t)| 2 dxds,
First main theorem. Various existence and uniqueness, as well as Faedo-Galerkin method, have been obtained in the lase decades for nonlinear IBVPs in Sobolev spaces (see [START_REF] Cavalcanti | Well-posedness and optimal decay rates for the wave equation with nonlinear boundary damping-source interaction[END_REF], [START_REF] Han | Global existence and blow-up of solutions for a system of nonlinear visco-elastic wave equations with damping and source[END_REF], [START_REF] Mustafa | Well posedness and asymptotic behavior of a coupled system of nolinear viscoelastic equations[END_REF], [START_REF] Lasiecka | Uniform boundary stabilization of semi-linear wave equations with nonlinear boundary damping[END_REF], . . . ). Now, we consider the existence of a local solution for (1.1)-(1.4), with λ ∈ R, λ 0 , λ 1 > 0.

Theorem 2.3. Let u 0 (0), u 1 ∈ H 1 0 ∩ H 2 be given. Assume that (Hyp1)-(Hyp4) hold. Then Problem (1.1)-(1.4) has a unique local solution u and u, u , u ∈ L ∞ (0, T * ; H 1 0 ∩ H 2 ), (2.2) 
for some T * > 0 small enough.

Proof of Theorem 2.3. In the first step of this proof, using linearization method for a nonlinear term to construct a linear recurrent sequence {u m }. Then, the Faedo-Galerkin method combined with the weak compactness method shows that {u m } converges to u which is exactly a unique local solution of (1.1)-(1.4).

Step 1. Let T > 0 be fixed, let M > 0, we put

K M (f ) = f 2 L 2 ((0,1)×(0,T )) + f 2 L 2 ((0,1)×(0,T )) + f x 2 L 2 ((0,1)×(0,T )) , (2.3) 
F C 0 ([0,1]×[0,T ]×[-M,M ] 4 ) = sup (x,t,y1,...,y4)∈[0,1]×[0,T ]×[-M,M ] 4 |F (x, t, y 1 , . . . , y 4 )|, FM = F C 1 ([0,1]×[0,T ]×[-M,M ] 4 ) = F C 0 ([0,1]×[0,T ]×[-M,M ] 4 ) + 6 i=1 D i F C 0 ([0,1]×[0,T ]×[-M,M ] 4 ) .
For some T * ∈ (0, T ] and M > 0, we put

W (M, T * ) = v, v ∈ L ∞ (0, T * ; H 1 0 ∩ H 2 ) : v ∈ L ∞ (0, T * ; H 1 0 ), with v L ∞ (0,T * ;H 1 0 ∩H 2 ) , v L ∞ (0,T * ;H 1 0 ∩H 2 ) , v L ∞ (0,T * ;H 1 0 ) ≤ M , W 1 (M, T * ) = {v ∈ W (M, T * ) : v ∈ L ∞ (0, T * ; H 1 0 ∩ H 2 )}.
(2.4)

We can now establish the linear recurrent sequence {u m } and choosing u 0 (t) ≡ 0, suppose that

u m-1 ∈ W 1 (M, T * ), (2.5) 
and associate with problem (1.1)-(1.4) the following problem.

Using Lemma 2.2, find u m ∈ W 1 (M, T * ) (m ≥ 1) which satisfies 1 0 u m w dx + 1 0 λ 0 u xm + λ 1 u xm + u xm w x dx -λ ∞ 0 g(s)ds 1 0 u xm w x dx -λ ∞ 0 g(s) 1 0 (u xm (t -s) -u xm )w x dxds = 1 0 f wdx + 1 0 F m [u]wdx + 1 0 F m [u]w x dx, ∀w ∈ H 1 0 , u m (-t) = u 0 (t), u m (0) = u 1 , t ∈ [0, T ], (2.6) 
where

F m [u] = F [u m-1 ] = F x, t, u m-1 , u xm-1 , u m-1 , u xm-1 , (2.7) 
Proposition 2.4. Let u 0 (0), u 1 ∈ H 1 0 ∩ H 2 be given, the first term of sequence u 0 (t) ≡ 0. Assume that (Hyp1)-(Hyp4) hold. Then there exist positive constants M , T * > 0 such that, there exists a recurrent sequence {u m } ⊂ W 1 (M, T * ) defined by (2.5)-(2.7).

Proof of Proposition 2.4. We use the standard Faedo-Galerkin method to prove our result. Consider a special orthonormal basis {w j } ∞ j=1 on H 1 0 , formed by the eigenfunctions of the operator -∂ 2 ∂x 2 . Let V k = span{w 1 , w 2 , . . . , w k } and the projections of the history and initial data on the finite-dimensional subspace V k are given by

u 0k (t) = k j=1 α (k) j (t)w j , u 1k = k j=1 β (k) j w j , (2.8)
where

α (k) j (t) = 1 0 u 0 (t)w j dx, β (k) j (t) = 1 0 u 1 w j dx. We seek k functions ϕ (k) mj (t) ∈ C 2 [0, T ], 1 ≤ j ≤ k, such that the expression in form u (k) m = k j=1 ϕ (k) mj w j , (2.9) 
solves the problem

1 0 u (k) m w j dx + 1 0 u (k) xm + λ 1 u (k) xm + u (k) xm w jx dx -λ ∞ 0 g(s)ds 1 0 u (k) xm w jx dx -λ ∞ 0 g(s) 1 0 (u (k) xm (t -s) -u (k) xm (s))w jx dxds (2.10) = 1 0 f w j dx + 1 0 F m w j dx + 1 0 F m w jx dx, 1 ≤ j ≤ k, u (k) m (0)(-t) = u 0k (t), u (k) m (0) = u 1k , in which u 0k → u 0 (t) strongly in H 1 0 ∩ H 2 , u 1k =→ u 1 strongly in H 1 0 ∩ H 2 .
(2.11)

This leads to a system of ODEs for unknown functions ϕ 

u (k) m u (k) m dx + 1 0 λ 0 u (k) xm + λ 1 u (k) xm + u (k) xm u (k) xm dx +λ 1 0 ∞ 0 g(s)u (k) xm (t -s)dsu (k) xm dx = 1 0 F [u (k) m ]u (k) m dx + 1 0 F [u (k) m ]u (k) xm dx + 1 0 f u (k) m dx. 10-2018
Using results in Lemma 2.2, we obtain

1 2 d dt 1 0 |u (k) m | 2 + λ 0 -λ ∞ 0 g(s)ds |u (k) xm | 2 + |u (k) xm | 2 dx dx +λ ∞ 0 g(s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxds +λ 1 1 0 |u (k) xm | 2 dx -λ ∞ 0 g (s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxds (2.12) = 1 0 F [u (k) m ]u (k) m dx + 1 0 F [u (k) m ]u (k) xm dx + 1 0 f m u (k) m dx.
Let us denote the LHS of (2.12) as

e (k) (u m ) = 1 0 |u (k) m | 2 + λ 0 -λ ∞ 0 g(s)ds |u (k) xm | 2 + |u (k) xm | 2 dx dx + λ ∞ 0 g(s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxds + 2λ 1 t 0 1 0 |u (k) xm | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxdsdτ, and 
e (k) (u xm ) = 1 0 |u (k) xm | 2 + λ 0 -λ ∞ 0 g(s)ds |u (k) xxm | 2 + |u (k) xxm | 2 dx dx + λ ∞ 0 g(s) 1 0 |u (k) xxm (t -s) -u (k) xxm (t)| 2 dxds + 2λ 1 t 0 1 0 |u (k) xxm | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |u (k) xxm (t -s) -u (k) xxm (t)| 2 dxdsτ, and 
e (k) (u m ) = 1 0 |u (k) m | 2 + λ 0 -λ ∞ 0 g(s)ds |u (k) xm | 2 + |u (k) xm | 2 dx dx + λ ∞ 0 g(s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxds + 2λ 1 t 0 1 0 |u (k) xm | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |u (k) xm (t -s) -u (k) xm (t)| 2 dxdsdτ.
Put

E (k) m (t) = e (k) (u m ) + e (k) (u xm ) + e (k) (u m ). (2.13) 
Then

E (k) m (t) = E (k) m (0) + 2 t 0 1 0 f (s)u (k) m (s)dxds + 2 t 0 1 0 f x (s)u (k) xm (s)dxds + 2 t 0 1 0 f (s)u (k) m (s)dx ds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xxm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dxds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xm (s)dxds.
(2.14)

We need, now, to estimate

A (k) m = 1 0 |u (k) m (0)| 2 dx + 1 0 |u (k) xm (0)| 2 dx. Let w j = u (k) m
in (2.10) and integrate by parts, taking t → 0 + in the first term, to obtain

1 0 |u (k) m (0)| 2 dx + 1 0 |u (k) xm (0)| 2 dx + 1 0 λ 0 -λ ∞ 0 g(s)ds u 0kx + λ 1 u 1kx u (k) xm (0)dx +λ ∞ 0 g(s) 1 0 (u 0kx (0) -u 0kx (-s))u (k) m (0)dxds = 1 0 f (0)u (k) m (0)dx + 1 0 F m (0)u (k) m (0)dx + 1 0 F m (0)u (k) xm (0)dx.
Then

A (k) m ≤ 1 0 λ 0 -λ ∞ 0 g(s)ds u 0kx + λ 1 u 1kx + F m (0) u (k) xm (0)dx + λ ∞ 0 g(s) 1 0 (u 0kx (0) -u 0kx (-s))u (k) m (0)dxds + 1 0 f (0)u (k) m (0)dx + 1 0 F m (0)u (k) m (0)dx, ≤ 1 0 λ 0 -λ ∞ 0 g(s)ds u 0kx + λ 1 u 1kx + 2F m (0) + f (0) + λ ∞ 0 g(s)(u 0kx (0) -u 0kx (-s)) dx A (k) m 1/2 ≤ 1 0 λ 0 -λ ∞ 0 g(s)ds u 0kx + λ 1 u 1kx + 2F m (0) + f (0) 10-2018 + λ ∞ 0 g(s)(u 0kx (0) -u 0kx (-s)) dx 2 ≤ ξ, for all m, k, (2.15) 
because, 1 0 |F m (0)|dx is a constant independent of m, where ξ is a constant depending only on f , u 0 , u 1 , F , λ 0 , λ, λ 1 and ∞ 0 g(s)ds. Equations (2.11), (2.13) and (2.15) imply that

E (k) m (0) = 1 0 |u 1k | 2 + λ 0 -λ ∞ 0 g(s)ds |u 0kx | 2 + |u 1kx | 2 dx dx + λ ∞ 0 g(s) 1 0 |u 0kx (-s) -u 0kx (0)| 2 dxds + 1 0 |u 1kx | 2 + λ 0 -λ ∞ 0 g(s)ds |u 0kxx | 2 + |u 1kxx | 2 dx dx + λ ∞ 0 g(s) 1 0 |u 0kxx (-s) -u 0kxx (0)| 2 dxds + A (k) m + 1 0 λ 0 -λ ∞ 0 g(s)ds |u 1kx | 2 dx + λ ∞ 0 g(s) 1 0 |u 1kx -u 1kx | 2 dxds, ≤ ξ 0 , for all m, k ∈ N, (2.16) 
where ξ 0 is also a constant depending only on f , u 0 , u 1 , F , λ 0 , λ, λ 1 and ∞ 0 g(s)ds. We then now estimate the other terms of (2.14). By the Cauchy -Schwartz inequality, we obtain

E (k) m (t) ≤ ξ 0 + f 2 L 2 ((0,1)×(0,T )) + t 0 1 0 |u (k) m | 2 dsdx; + f x 2 L 2 ((0,1)×(0,T )) + t 0 1 0 |u (k) xm | 2 dxds; + f 2 L 2 ((0,1)×(0,T )) + t 0 1 0 |u (k) m | 2 dxds; + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xxm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dxds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xm (s)dxds.
(2.17) By (Hyp1), (2.13), we have

E (k) m (t) ≤ ξ 0 + f 2 H 1 ((0,1)×(0,T )) + c t 0 E (k) m (s)ds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xxm (s)dx ds + 2 t 0 1 0 F m (s)u (k) m (s)dxds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds + 2 t 0 1 0 F xm (s)u (k) xm (s)dxds.
(2.18)

We have

E (k) m (t) ≤ ξ 0 + f 2 H 1 ((0,1)×(0,T )) + c t 0 E (k) m (s)ds + T * F 2 M + t 0 1 0 |u (k) xm (s)| 2 dxds + T * F 2 M + t 0 1 0 |u (k) m | 2 dxds + 2 t 0 1 0 F xm (s)u (k) xxm (s)dx ds + T * F 2 M + t 0 1 0 |u (k) xm (s)| 2 dxds. + 2 t 0 1 0 F m (s)u (k) m (s)dxds + 2 t 0 1 0 F m (s)u (k) xm (s)dx ds (2.19)
By (Hyp1), (2.13) and remarking from (1.2) that

F xm (t) = D 1 F [u m-1 ] + D 3 F [u m-1 ]u xm-1 + D 4 F [u m-1 ]u xxm-1 +D 5 F [u m-1 ]u xm-1 + D 6 F [u m-1 ]u xxm-1 . Then E (k) m (t) ≤ ξ 0 + f 2 H 1 ((0,1)×(0,T )) + 2T * 1 + 2(1 + 4M ) 2 F 2 M + c t 0 E (k) m (s)ds.
(2.20)

We choose M > 0 sufficiently large such that

E 0 + f 2 H 1 ((0,1)×(0,T )) ≤ 1 2 M 2 , (2.21)
and then choose T * ∈ (0, T ] small enough such that

1 2 M 2 + T * 1 + 2(1 + 4M ) 2 F 2 M exp[2T * ] ≤ M 2 , (2.22)
and

k T * = 2 F 2 M T * exp[T * ] < 1, (2.23) 
Then 

u (k) m ∈ W (M, T * ),
|w m | 2 + λ 0 -λ ∞ 0 g(s)ds |w xm | 2 + |w xm | 2 dx +λ ∞ 0 g(s) 1 0 |w xm (t -s) -w xm (t)| 2 dxds +2λ 1 t 0 1 0 |w xm | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |w xm (t -s) -w xm (t)| 2 dxdsdτ = 2 t 0 1 0 F m+1 (s) -F m (s) w m (s)dxds (2.29) +2 t 0 1 0 F m+1 (s) -F m (s) w xm (s)dxds.
By (Hyp2)-( Hyp4), (2.3), (2.5) and (2.25) we have

1 0 |F m+1 (s) -F m (s)| 2 dx ≤ 2 FM 1 0 |w m-1 | 2 dx, then E m (t) ≤ 2 FM 1 0 |w m-1 | 2 dx + t 0 1 0 |w m | 2 dxds + 2 FM 1 0 |w m-1 | 2 dx + t 0 1 0 |w xm | 2 dxds ≤ 4 FM 1 0 |w m-1 | 2 dxT * + t 0 E m (s)ds, (2.30) 
where

E m (t) = 1 0 |w m | 2 + λ 0 -λ ∞ 0 g(s)ds |w xm | 2 + |w xm | 2 dx +λ ∞ 0 g(s) 1 0 |w xm (t -s) -w xm (t)| 2 dxds +2λ 1 t 0 1 0 |w xm | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |w xm (t -s) -w xm (t)| 2 dxdsdτ.
Thanks to Gronwall's Lemma, (2.30), we get

1 0 |w m |dx ≤ k T * 1 0 |w m-1 |dx ∀m ∈ N, (2.31) 
so 1 0 |u m -u m+p |dx ≤ M (1 -k T * ) -1 k m T * , ∀m, p ∈ N. (2.32) 
It follows that {u m } is a Cauchy sequence in W 1 (T * ), so there exists u ∈ W 1 (T * ) such that

u m → u strongly in W 1 (T * ). ( 2 
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Note that u m ∈ W 1 (M, T * ), so there exists a subsequence {u mj } of {u m } such that

u mj → u in L ∞ (0, T * ; H 1 0 ∩ H 2 ) weakly*, u mj → u in L ∞ (0, T * ; H 1 0 ∩ H 2 ) weakly*, u mj → u in L ∞ (0, T * ; H 1 0 ) weakly*, u ∈ W (M, T * ).
(2.34) By (2.3), (2.5), (2.7) and (2.34) 4 , we obtain

1 0 |F m (t) -F [u](t)|dx ≤ 2(1 + 2M ) FM 1 0 |u m-1 -u|dx, (2.35) 
Then (2.33) and (2.35) imply

F m → F [u] strongly in L ∞ (0, T * ; L 2 ), (2.36) 
Let us passing to limit in (2.6), (2.7) as m = m j → ∞, by (2.33), (2.34) and (2.36), there exists u ∈ W (M, T * ) satisfying

1 0 u w dx + 1 0 (λ 0 u x + λ 1 u x + u x )w x dx -λ 1 0 ∞ 0 g(s)u x (t -s)dsw x dx = 1 0 f wdx + 1 0 F [u]wdx + 1 0 F [u]w x dx, (2.37) 
for all test function w ∈ H 1 0 , for almost all t ∈ (0, T ) and satisfying the initial conditions. Uniqueness. Let u 1 , u 2 be two weak solutions of (1.1)-(1.4), such that

u 1 , u 2 ∈ W 1 (M, T * ).
(2.38)

Then v = u 1 -u 2 satisfies 1 0 v w dx + 1 0 (λ 0 v x + λ 1 v x + v x )w x dx -λ 1 0 ∞ 0 g(s)v x (t -s)dsw x dx = 1 0 F [u 1 ] -F [u 2 ] wdx + 1 0 F [u 1 ] -F [u 2 ] w x dx, (2.39) 
for all test function w ∈ H 1 0 , for almost all t ∈ [0, T ]. Taking v = w in (2.39) 1 and integrating with respect to t, for

e(t) = 1 0 |w | 2 + λ 0 -λ ∞ 0 g(s)ds |w x | 2 + |w x | 2 dx +λ ∞ 0 g(s) 1 0 |w x (t -s) -w x (t)| 2 dxds +2λ 1 t 0 1 0 |w x | 2 dxds -λ t 0 ∞ 0 g (s) 1 0 |w x (t -s) -w x (t)| 2 dxdsdτ,
we obtain

e(t) = 1 0 F [u 1 ] -F [u 2 ] v dx + 1 0 F [u 1 ] -F [u 2 ] v x dx.
(2.40)

On the other hand, by (Hyp2)-(Hyp4), we deduce from (2.3), that

1 0 |F [u -1] -F [u 2 ]|dx ≤ 2c(1 + 2M ) FM e 1/2 (s). (2.41) 
Then

E(t) ≤ [4c(1 + 2M ) FM t 0 e(s)ds.
Thanks again to Gronwall's Lemma, we have E ≡ 0, i.e., u 1 ≡ u 2 .

Theorem 2.3 is completely proved.

Blow up

We further prove that if (3.10) hold, then the blow up of any weak solution (3.1) for a finite time occurs when the initial energy is negative. Here, we consider (1.1)- (1.4) 

with f = 0, f 1 = F (t, x, u, u x ) ∈ C 1 (R 2 ; R), f 2 = F (t, x, u, u x ) ∈ C 1 (R 2 ; R) as follows      u -λ 0 u x + λ 1 u x + u x x + λ t -∞ g(t -s)u xx (s)ds = f 1 (u, u x ) -f 2 (u, u x ) x , x ∈ (0, 1), 0 < t < T * , (3.1)
with the boundary conditions

u(0, t) = u(1, t) = 0, t > 0, (3.2) 
and the following initial conditions:

u(x, -t) = u 0 (x, t), u (x, 0) = u 1 (x), (3.3) 
We have proved in the previous section, the existence of local weak solution of (1.1)-(1.4) in the Theorem 2.3. Furthermore, let us assume that there exist F ∈ C 2 (R 2 ; R) and the constants p, q > 2;

d 1 , d 2 > 0, such that ∂F ∂u (u, v) = f 1 (u, v), ∂F ∂v (u, v) = f 2 (u, v), uf 1 (u, v) + vf 2 (u, v) ≥ d 1 F(u, v), ∀(u, v) ∈ R 2 , F(u, v) ≥ d 2 (|u| p + |v| q ), ∀(u, v) ∈ R 2 ; (3.4)
We introduce the energy functional E(t) associated with system (3.1)-(3.3)

E(t) = 1 2 1 0 |u | 2 dx + 1 2 1 0 λ 0 -λ ∞ 0 g(s)ds |u x | 2 dx + 1 2 1 0 |u x | 2 dx + 1 2 λ 1 0 ∞ g(s)|u x (t) -u x (t -s)| 2 dsdx - 1 0 F(u, u x )dx. (3.5)
It is note hard to see this Lemma (Using Lemma 2.2).

Lemma 3.1. Suppose that (Hyp1) holds. Let u be solution of system (3.1)- (3.3).

Then the energy functional (3.5) is a non-increasing function, i.e., for all t ≥ 0,

d dt E(t) = -λ 1 1 0 |u x | 2 dx + 1 2 λ 1 0 ∞ 0 g (s)|u x (t) -u x (t -s)| 2 dsdx. (3.6) 
For reader, we state this Lemma with its proof.

Lemma 3.2. Let ν > 0 be a real positive number and let L(t) be a solution of the ordinary differential inequality

dL(t) dt ≥ ξL 1+ν (t), (3.7) 
defined in [0, ∞). If L(0) > 0, then the solution does not exist for t ≥ L(0) -ν ξ -ν ν -1 .

Proof. The direct integration of (3.7) gives

L -ν (0) -L -ν (t) ≥ ξνt
Thus, we get the following estimate:

L ν (t) ≥ L -ν (0) -ξνt -1 . (3.8) 
It is clear that the right-hand side of (3.8) is unbounded for

ξνt = L -ν (0).
Lemma 3.2 is proved.

Our goal is to prove that when the initial energy is negative, the solution of system (3.1) blows up in finite time under the (3.4), (3.10). The regularity obtained by (2.2) implies that problem (1.1)-(1.4) admits a unique strong solution

u ∈ C 1 ([0, T * ]; H 1 0 ∩ H 2 ), u ∈ L ∞ (0, T * ; H 1 0 ∩ H 2 ). (3.9)
Second main theorem. Our result here reads as follows.

Theorem 3.3. Assume that (3.4) hold. Assume further that E(0) < 0 for any u 0 (0), u 1 ∈ H 1 0 ∩ H 2 hold. There exist a number r, 2 < r < min{p, q}, r < d

1 d 2 such that ∞ 0 g(s)ds < λ 0 (1 + r/2) λ 1/2r + 1 + r/2 . ( 3 

.10)

Then, the unique weak solution u of (3.1)-(3.3) blows up in finite time.

Proof. Let

H(t) = -E(t), ∀t ∈ [0, T * ). ( 3 

.11)

By multiplying the equation in (3.1) by -u , integrating over [0, 1] and using Lemma 2.2, we obtain

- d dt H(t) = λ 1 1 0 |u x | 2 dx - 1 2 λ 1 0 ∞ 0 g (s)|u x (t) -u x (t -s)| 2 dsdx ≥ 0, ∀t ∈ [0, T * ). (3.12)
Consequently, E(0) < 0, we have

H(0) = - 1 2 1 0 |u 1 | 2 dx - 1 2 1 0 λ 0 -λ ∞ 0 g(s)ds |u 0x (0)| 2 dx - 1 2 1 0 |u 1x | 2 dx -λ 1 0 ∞ 0 g(s)|u 0x (0) -u 0x (-s)| 2 dsdx + 1 0 F(u 0 (x, 0), u 0x (x, 0))dx, (3.13) inequality (3.12) implies 0 < H(0) ≤ H(t), ∀t ∈ [0, T * ). ( 3.14) 
Using (Hyp1), to get

H(t) - 1 0 F(u, u x )dx = - 1 2 1 0 |u | 2 dx - 1 2 1 0 λ 0 -λ ∞ 0 g(s)ds |u x | 2 dx -λ 1 0 ∞ 0 g(s)|u x (t) -u x (t -s)| 2 dsdx - 1 2 1 0 |u x | 2 dx ≤ 0, ∀t ∈ [0, T * ). (3.15) One implies 0 < H(0) ≤ H(t) ≤ 1 0 F(u, u x )dx. (3.16) 
Then, we define a functionals and introduce

M (t) = 1 2 1 0 u 2 dx, N (t) = λ 1 1 2 1 0 |u x | 2 dx + 1 0 u x u x dx, (3.17 
L(t) = H 1-σ (t) + εM (t) + εN (t), (3.18) 
for ε small enough and

0 < σ < 1, 2/(1 -2σ) ≤ min{p, q}. (3.19) 
We now show that L(t) satisfies the differential inequality in Lemma 3.2. By taking the derivative of (3.18) and using (3.1) and Lemma 2.2, we obtain

L (t) = (1 -σ)H -σ (t)H (t) + ε 1 0 |u | 2 dx + ε 1 0 |u x | 2 dx -ε λ 0 -λ ∞ 0 g(s)ds 1 0 |u x | 2 dx + ελ ∞ 0 g(s) 1 0 [u x (t -s) -u x (s)]u x dxds + ε 1 0 f 1 (u, u x )udx + ε 1 0 f 2 (u, u x )u x dx. (3.20)
By the Cauchy-Schwarz and Young inequalities, we find

∞ 0 g(s) 1 0 [u x (t -s) -u x (s)]u x dxds ≤ ∞ 0 g(s) 1 0 |u x (t -s) -u x (s)| 2 dx 1 0 |u x | 2 dxds ≤ γ ∞ 0 g(s) 1 0 |u x (t -s) -u x (s)| 2 dxds + ∞ 0 g(s)ds 4γ 1 0 |u x | 2 dx, γ > 0.
Therefore,

L (t) ≥ (1 -σ)H -σ (t)H (t) + ε 1 0 |u | 2 dx + ε 1 0 |u x | 2 dx -ε(λ 0 -λ ∞ 0 g(s)ds -λ ∞ 0 g(s)ds 4γ ) 1 0 |u x | 2 dx + ελγ ∞ 0 g(s) 1 0 |u x (t -s) -u x (s)| 2 dxds + ε 1 0 f 1 (u, u x )udx + ε 1 0 f 2 (u, u x )u x dx. (3.21) 
By (3.4), we obtain

1 0 f 1 (u, u x )udx + 1 0 f 2 (u, u x )u x dx ≥ d 1 1 0 F(u, u x )dx, 1 0 F(u, u x )dx ≥ d 2 1 0 |u x (t)| q dx + 1 0 |u(t)| p dx . (3.22) 
Then, it follows since (3.19) and due to the inequality At this point,we can find positive constants ν > 0 such that L (t) ≥ εν H(t) + Similarly, we obtain Moreover, we note that L 1/(1-σ) (t) ≤ c H 1-σ (t) + This yields L (t) ≥ a 0 L 1/(1-σ)(t) , ∀t ≥ 0.

(3.30)

Finally, as a result of simple integration of (3.30), completes the proof of Theorem 3.3.

  mi . Based on standard existence theory for ODE, System (2.10) admits a unique solution ϕ(k) mj , 1 ≤ j ≤ k on interval [0, T ], by(2.5) and the argument in[START_REF] Coddington | Theory of ordinary differential equations[END_REF], the proof is completed. A priori estimates. The next estimates prove that there exist positive constants M , T * > 0 such that u (k) m ∈ W (M, T * ), for all m and k. We partially estimate the terms of the associated energy. Multiplying the equation in (1.1) by u
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1 0 1 0|u x | 2 dx + 1 0 1 s = 1 . 1 1 0|u| p dx + 1 0|u | 2

 111111112 |u x (t) -u x (t -s)| 2 dxds + |u x | 2 dx .(3.26) Thus, we can choose ε > 0 small enough such thatL(t) ≥ L(0) > 0, ∀t ∈ [0, T * ). (3.27) Further, by (3.19), Holder and Young inequalities, we obtain We take s = 2(1 -σ) to get τ |u| p dx + H(t) , ∀t ∈ [0, T * ). dx + H(t) .

1 0u x u x dx 1 / 1 0 1 0

 1111 (1-σ) ≤ c |u x | q dx + |u x | 2 dx + H(t) .

|u| p dx + 1 0|u | 2 dx + 1 0|u x | 2 dx + 1 0|u x | q dx + 1 0

 1111 |u x | 2 dx .

  Consider (2.28) with w = w m , and then integrating in t, we obtain by results in Lemma 2.2

	1
	0

for all m and k.

(2.24) 

Pass to the limit. By (2.22), there exists a subsequence of {u

(2. [START_REF] Ono | On global solutions and blow-up solutions of nonlinear Kirchhoff strings with nonlinear dissipation[END_REF] Passing to limit in (2.10), (2.11), it is clear to see that u m is satisfying (2.6), (2.7) in L 2 (0, T * ). Furthermore, (2.6) 1 and (2.25) 4 imply that

This completes the proof of Proposition 2.4.

Step 2. Let the Banach space

with respect to the norm

(2.27)

We will show the convergence of {u m } to the solution of our problem in the next Lemma.

Lemma 2.5. Let (Hyp1)-(Hyp4) hold. Then Proof. We use the result obtained in Proposition 2.4 and the compact embedding theorems.

Existence. We proved that {u m } is a Cauchy sequence in W 1 (T * ). In order to do this, let w m = u m+1 -u m . Then w m satisfies E-mail address: khaledzennir4@yahoo.vom