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We investigate experimentally the pattern formation process during injection of air in a non-
cohesive granular material confined in a linear Hele-Shaw cell. We characterize the features and
dynamics of this pattern formation on the basis of fast image analysis and sensitive pressure mea-
surements. Behaviors are classified using two parameters: injection pressure and plate opening and
four hydrodynamic regimes are defined. For some regions of the parameter space, flows of air and
grains are shown to be strongly coupled and instable, and lead to channelization within the granular
material with obvious large scale permeability variations.

PACS numbers: 45.70.-n, 83.50.-v, 47.15.gp

I. INTRODUCTION

During air injection into non-cohesive and weakly con-
fined granular materials where particles are able to move
together with the fluid phase, a variety of patterns are
formed. In particular when the particles are small, the
gas-grain interactions are of central importance. Such in-
teractions are host to a wide range of fascinating physical
phenomena and plays a vital role in a variety of systems
from fluidized beds [1–4], to flow in tubes [5–10], and
ticking hour glasses [11, 12].

Instabilities during air injection into confined non-
consolidated granular materials has previously been stud-
ied for a radial geometry [13, 14]. It is found that the
obtained patterns can be classified into different hydro-
dynamical regimes depending on the injection pressure.
Similarly characteristic flow regimes are studied when a
fluid is retracted from a non-consolidated porous medium
[15, 16].

The patterns and instabilities observed in such exper-
iments bear resemblance to Hele-Shaw [17] experiments
where viscous fluid invades a more viscous one, either us-
ing Newtonian [18–21] or non-Newtonian fluids [22–25].
For the non-Newtonian case a transition from a viscous
fingering regime to a viscoelastic fracturing regime is ob-
served [26–28]. Multiphase flows in immobile porous me-
dia are other systems with general similarities [29–49].

Studies of coupled fluid/granular flow can be of great
geological interest and provide insight to underlying
physical processes taking place in for instance fluid in-
trusions into sediment rocks and hydro-fracture [50–54].
Viscoelastic fracturing and hydro-fracture has also been
subject to several numerical studies [55–58].

Similarly to the Saffmann-Taylor instability [18] ob-
served in non-miscible biphasic flows, the driving force of
the granular motion is the fluid pressure gradient. Given
the fact that the pressure is more or less constant in-
side the grain-less region and the pressure gradient be-
ing largest at the tip [59], the particles near the finger
tip experiences a higher drag force in the flow direc-
tion. This favors the growth of the most advanced finger
while the growth of shorter fingers is suppressed. On

the other hand, an important difference from the classi-
cal Saffmann-Taylor problem is that in the granular case
surface tension is absent. The stabilizing mechanism is a
matter of friction mobilization between the granular ma-
trix and the confining plates rather than surface tension
as in the classical two-fluid system. The structures stud-
ied in the dry granular case does in other words depend
on the existence of friction.

Phase mixing is also an essential difference between
coupled fluid/granular system and non-miscible bipha-
sic flows, as e.g. the viscoelastic biphasic flow and
the Saffman-Taylor instability between two fluids. In
many systems the phases are separate, i.e. non-miscible,
while for our granular configuration the phases are inter-
penetrating. The phases can be defined from a meso-
scopic point of view by their particle density: distinguish-
ing between a fluid phase where this density is low, and
a powder phase where it is higher. Both states exchange
fluid, i.e. inter-penetrate (even though at smaller scales,
one solid grain does not exchange mass with the sur-
rounding fluid). Since the phases are able to mix, the
driving force, i.e. the pressure gradient acting upon the
displacement front, will dissipate in time. This mecha-
nism is also contributing to stabilization of the pattern
formation.

In this study, we characterize and quantify the global
features of pattern formations and their associated dy-
namic processes during injection of air in a non-cohesive
granular material confined in a linear Hele-Shaw cell.
This geometry is complementary to the circular cell used
in Refs [13, 14], and these two represent the standard ge-
ometries for studying flow problems such as i.e. the two-
fluid Saffmann-Taylor instability or multi-phase flows in
porous media. The linear cell geometry allows us to study
the translation symmetry breaking during destabilization
since it is spatially invariant along the flow direction,
while the rotational symmetry breaking has previously
been investigated in the radially invariant circular cell
[13, 14]. Using a fast digital camera, we obtain a quanti-
tative description of the patterns and their evolution. We
explore the parameter space using three different open-
ings and a large range of injection pressure.



2

The article is organized as follows: In section II the
experimental setup, sample preparations and imaging
methods are described. In section III we present our
experimental results: we describe the observed hydrody-
namical regimes and classify the different pattern formed
into a phase diagram as function of the pressure and plate
separation. Section IV is dedicated to characterizing the
geometrical and dynamical features of the system. In sec-
tion V we present a theoretical model and compare its
predictions to experiments before concluding and sum-
marizing in section V.

II. SYSTEM DESCRIPTION

A. Experimental setup

Figure 1(a) shows a simple sketch of the experimental
setup and Fig. 1(b) shows the sample before air injec-
tion. A Hele-Shaw cell [17] is built from two 1cm thick
glass plates with dimensions 40cm×90cm. One of the
short boundaries and both of the long ones are sealed
with a silicon rubber band and double sided tape and
then clamped together. These are labeled “Closed” in
Fig. 1(b). The other short boundary, on the right hand
side in Fig. 1(b), is open. This gives a 25cm×87cm×d
channel. The injection hole is 4mm in diameter and is
situated 3cm from the sealed short boundary along the
longitudinal center. The system is studied for three dif-
ferent separations between the plates; d=0.7 mm, d=1.1
mm, and d=2.1 mm. Measuring the thickness of the glass
plates individually and in the cell configuration at several
locations, the plates are ensured to be parallel prior to
performing the experiments.

The cell with a ready made sample is placed horizon-
tally and connected to a gravitationally driven pressure
source. At the inlet a pressure sensor is mounted in order
to record the injection pressure. Images are acquired at a
frame rate of 250 frames per second using a Redlake Mo-
tionPro high-speed CCD camera with spatial resolution
of 1024×1280 pixels. Pixels have a size of 0.6 mm, which
corresponds to 4 to 8 particle diameters. The pressure in-
jection is described by a step function in time: In the ’low
state’, before air injection, the pressure recorded at the
inlet equals the atmospheric pressure P0. In the ’high
state’, during air injection, the inlet pressure is main-
tained within a few percent at P0 + ∆P , where ∆P is
the imposed over-pressure. The pressure step and image
acquisition are synchronized. Injection of air into the
model is triggered by switching on a magnetic valve one
second after the beginning of the image sampling and the
pressure recording.

B. Sample preparations

The granular material consists of polydisperse spheri-
cal glass beads, with diameters between 75 and 150 µm.
Cohesion of a material consisting of beads of such small
sizes is very sensitive to the humidity of the ambient air.

(a)

(b)

FIG. 1: (a) Experimental setup: The horizontally fixed Hele-
Shaw cell is connected to a pressure control unit and air is
injected at constant overpressure when the magnetic valve is
triggered to open A high-speed, high-resolution CCD camera
is used to follow the development of the displacement pattern
and pressure is read at the inlet. (b) Image of the 25cm×87cm
channel before the experiment begins. The cell is open in the
direction of the indicated flow direction and closed elsewhere.
During experiment air is injected through the tube near the
closed boundary, on the left opposite to the outlet. The cell
is filled with approximately 25cm×60cm×d of loosely packed
material, consisting of polydisperse spherical glass particles,
with mass density ρ = 2.6g.cm−3 and diameters distributed
between 75 and 150 µm. d is the plate separations used: 0.7
mm, 1.1 mm or 2.1 mm. In order to apply the injected pres-
sure, hence the pressure gradient, over the whole straight front
and not only at a point just immediately near the injection
hole, there is ∼5cm×25cm inlet chamber free of particles, on
the left, around the injection point.

To ensure the reproducibility of the experiment it is im-
portant to control the humidity at a suitable level. The
relative humidity in the room is therefore kept around
35% using a humidifier/dehumidifier.

During sample preparations the cell is filled from
the open cell boundary when held upright with loosely
packed granular material. For each experiment the
volume of the cell that is filled, is approximately
25cm(width)×60cm(length)×d(thickness). The outlet is
then temporarily sealed with a metal plate, which is
slid roughly 20cm deep into the open end of the chan-
nel. With the plate preventing particles from falling out,
the cell is turned upside down a couple of times to pro-
duce a homogeneous and loose packing. The measured
initial solid fractions for the three plate separations is
ρinit

s ≈ 0.55 ± 0.03. The presented method of sample
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preparation is chosen out of reproducibility purposes: We
consider it to be more easily controllable than producing
a more densely packed initial state by i.e. gently tapping
or vibrating the filled cell.

To position the granular packing inside the cell with
a reproducible solid fraction and obtain straight bound-
aries at a reproducible distance from the inlet and outlet,
the final rotation is done such that the particles fall inside
the vertically positioned cell - from the inlet side toward
the outlet blocked by the metal plate. The friction acting
on the particles from the confining plates is then polar-
ized [60] in the opposite direction of fluid/particle flow
indicated in Fig. 1(b). The cell is then finally put in a
horizontal position and the metal plate is removed. The
position of the 60cm long granular packing inside the cell
is such that ahead of the grains, a region of 20cm between
the grain packing and the cell opening is free of particles.
The grain/air boundary facing the outlet is denoted “out-

let boundary”. Behind the packing, far to the left in the
figure, a ∼7cm(length)×25cm(width)×d(thickness) grain
free zone is acting as a “pressure leveling” chamber. This
large inlet chamber will ensure that the granular material
feels the pressure gradient over the whole width of the cell
rather than in a localized point around the injection point
as would be the case if we were to inject directly into the
granular matrix. This will allow to study the translation
symmetry breaking during the destabilization of initially
straight fronts. The rotational symmetry breaking in the
case of point injection has been previously studied [14].
The grain/air boundary facing the inlet is called the “in-

let boundary”.

C. Image analysis

Image analysis provides several quantitative informa-
tion on the on-going processes like boundary motions or
compaction processes. Indeed when air is injected at suf-
ficient overpressure, a zone free of grains develops around
the inlet. As this emptied structure grows, the mate-
rial ahead of it is compacted over a depth dependent on
the size of the structure. With sufficiently high spatial
resolution, as provided by our recording equipment, the
compacted zone can be determined by image analysis.

We load two images of interest, as for instance Fig. 2(a)
and (b), into two matrices in our Matlab image process-
ing program. Subtracting the gray levels between these
images, pixel by pixel, and thresholding the resulting sub-
traction image at a suitable gray level, we can both ex-
tract the emptied displacement pattern and detect the
motion of grains ahead of the emptied zone. After sub-
traction and thresholding, we obtain the result shown in
Fig. 2(c), where the emptied pattern appears as a solid
white region, while the particle displacements within the
packing itself appear as white speckles on a black back-
ground. For presentation purposes the speckles are di-
lated such that they are visible in an image of such small
scale. The well defined densely speckled region ahead of
the emptied zone is the compacted region where particles

(a)

(b)

(c)

(d)

(e)

FIG. 2: Treating two images, one before injection (a) and
one during/after (b), one can extract both the displacement
structure and identify a speckled region ahead of it, repre-
senting a region where the granular material is compacted
(c). Further image treatment allows us to extract the well
defined compacted region (d). Figure (e) gives an example of
the fingering growth phase and of the geometrical quantities
that are typically measured.

have been rearranged internally in the packing. There
may be some isolated speckles both outside the defined
compacted region and outside the cell. These are not
due to particle motion, but are regarded as noise due
to light flickering and reflection over single glass beads.
In order to have a well defined way of recognizing the
compacted zone, we separate the densely speckled zone
from the isolated speckles, by performing a coarse grain-
ing spatial filter as follows: We find a suitable box size,
typically 1cm, to check for speckle density. We move
the box over the subtraction image and box sized regions
containing two or more speckles is regarded as belonging
to the compaction region, and tagged in gray. If there is
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only one or zero speckles within the reach of one box the
zone is regarded as immobile and tagged in black. The
compaction region is found as the largest cluster, and is
shown in gray in Fig. 2(d), while the unperturbed region
ahead appear all black. The vertical white line indicates
the position of the outlet grain boundary.

This image treatment allows to easily measure geo-
metrical quantities for the emptied region, like i.e. the
emptied area A(t), finger tip positions l(t) and finger
tip velocity v(t) as indicated in Fig. 2(e). The fin-
ger width is defined as the total of the widths over
all n individual fingers crossing position x at time t:
w(x, t) =

∑n
i=1

wi(x, t), as showed in Fig. 2(e). For the
compacted region, the area Ac(t) and the linear extent
lc(t) is also measured, as indicated in Fig. 2(d).

III. FOUR PRESSURE REGIMES

A. Phenomenology

In Figure 3 we show and compare some of the experi-
ments that we have conducted for the three different plate
spacings at a range of injection pressures. The patterns
and their dynamic properties are largely dependent on
the pressure of the injected air, and the patterns formed
can be classified into four different regimes as function of
this parameter.

Regime I: ∆P < P1

For injection pressures ∆P below some threshold pres-
sure P1 the hydrodynamic drag on the particles are not
large enough to produce any detectable particle motion.
The granular packing remains rigid while the air just per-
meates through the pore space, leaving no displacement
pattern.

Regime II: P1 < ∆P < P2

For injection pressures ∆P > P1, small displace-
ment patterns develop and stabilize after a time t1
(see Fig. 4)(a). Typically, t1 ∼0.1s and l(t1) ∼2cm.
Fig. 4(b) shows the temporal development of the most
advanced point of the emptied structure for ∆P=4.4kPa
and 1.1mm plate separation. Both t1 and l(t1) are in-
creasing with the injection pressure. The front of the pat-
terns appear as relatively smooth with only some smaller
bulges along it. Typically the pattern is not completely
emptied of grains, but a layer a couple of grain diameters
deep remains, lying on the bottom plate, inside the oth-
erwise emptied structure. The depth of this sedimentary
layer decreases with the injection pressure, and increases
with the plate separation. For large pressures and espe-
cially for 0.7 mm plate separation, the bottom plate is
swept clean of grains inside the emptied zones.

As the emptied structure grows, the material ahead
of it is compacted over a depth dependent on the ex-

tent of the size of this emptied zone. The compacted
region is represented in gray in Fig. 4(a) and the tem-
poral evolution is showed in Fig. 4(b). The size of both
the empty zone and their associated compacted region
increases with increasing pressure. By conservation of
grain mass we may write

ρinit
s (A + Ac) = ρcomp

s Ac , (1)

where ρinit
s is the initial solid fraction, ρcomp

s the solid
fraction of the compacted area, and A and Ac respec-
tively the area of the emptied structure and the com-
pacted zone as defined in Fig. 2(d). Eq. (1) gives the solid
fraction of the compacted region, ρcomp

s ≈ 0.58 ± 0.03,
which is ∼5% denser than the initial solid fraction ρinit

s .
Close to the upper transition pressure, P2, stick slip

motion of the front ahead of the empty structure is ob-
served. The front advances one step, and then stops
again - often repeatedly. The outlet boundary is not ob-
served to move except close to P2, where it bulges slightly.
For the 1.1mm cell, deformation occurs for injection pres-
sures above 5kPa. From image subtraction it is seen that
the deformation is localized in a zone smaller than cell
width and connected to the outer boundary, but discon-
nected from the inlet and the compacted region ahead of
it . Thus, we interpret this grain motion at the outlet
as a result of the hydrodynamic drag felt by the out-
ermost particles when the pressure gradient reaches a
significant level. An alternative cause for this motion
at the outer boundary would be a force resulting from
the motion of the grains at the inner boundary, being
transmitted through solid contacts from grain to grain
through the whole packing. That would however result
in a granular motion all along the grains, transmitting
the force, which does not correspond to the observation
of two disconnected regions where grains move, around
the inlet and around the outlet. As indicated by the fact
that the region of the mobile grains around the outlet
expands in volume, the material is being locally decom-
pacted starting at the outlet boundary. The boundary
of this mobile region is a decompaction front which pro-
gresses in the direction opposite of the air and grain flow
direction. In this second pressure regime, this motion is
transient, and this front stops at a few centimeters from
the outlet. While it is a transient feature in this regime,
the decompaction starting at the outlet and propagating
backwards is a characteristic and well marked feature of
the third pressure regime, where it is easier to visualize
(see Fig. 5).

We define the second pressure regime by the fact that
the inlet boundary eventually stops completely, and never
reaches the system outlet. In terms of applied over-
pressure, the pressure limits of this regime are denoted
P1 < ∆P < P2.

Regime III: P2 < ∆P < P3

Above P2, a structure similar to those seen in the
second regime forms and stabilizes after t1 seconds at
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FIG. 3: Pattern formations for different pressures and plate separations. Apart from the experiment at 6kPa for the 0.7 mm
cell spacing, the experiments presented for regime II are attributed with displacements of short extent, and some particles
are left inside the otherwise emptied structures. In these small scale images this makes the displacements of these particular
experiments not so easily visible.

a length l(t1). As in the second pressure regime, both
t1 and l(t1) are increasing with pressure. After t1 the
growth of the emptied structure stops, and the velocity
of the front is zero apart from some occasional stick-slip
movement. However, contrarily to the second regime,
after this transient rest period, the empty zone starts
growing again, and eventually breaks through the entire

cell. This feature defines the third pressure regime.

The time interval of no growth is seen as a plateau
in Fig. 5(d). Fig. 5(b) shows the early stages of growth
of the emptied structure and the compacted region at
∆P=5.6kPa and d=1.1mm (see Fig. 5(a) for color code).
Just as l(t1) is larger in the third regime than in the sec-
ond, so is the extent of its associated compacted region.
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(a)

(b)

FIG. 4: (Color online) (a) Image subtraction between an
image in final state and a picture before injection of air re-
veals both the emptied structure (white) and compacted re-
gion (gray) for an experiment performed at injection pressure
∆P=4.4kPa (second pressure regime) and with 1.1mm plate
separation. l(t) and lc(t) is the most advanced point of respec-
tively the emptied and compacted zone. The vertical white
dashed line indicates the position of the granular packing’s
outlet grain boundary. (b) Temporal evolution of the most
advanced point of the emptied structure l(t), and the asso-
ciated compacted region lc(t), in correspondence with figure
(a). The inset in figure (b) shows the most advanced point of
the emptied structure at a finer length scale. At time t1, the
empty structures stops evolving.

The solid fraction of the compacted region ρcomp
s is ∼5%

higher than the initial ρinit
s .

In Fig. 3 the emptied structure is observed to have
some small branches, with radii of curvature compara-
ble to the cell thickness, for the cell with 0.7 mm plate
separation, while for 1.1 mm and 2.1 mm the front is in-
creasingly bulged but not ramified, i.e. its local radius of
curvature is of the order of the cell width, or larger.

After some time t2 the outlet grain boundary is ob-
served to deform due to local decompaction. Fig. 5(b)
and Fig. 5(d) show that the decompacted region extends
further and further into the packing, its rear front prop-
agating backwards, opposite to the flow direction. When
the decompacted and compacted regions merge, we are
no longer able to distinguish them with image subtrac-
tion, but by eye we observe that the decompacted region
grows further into the packing (bubbles empty of grains
sometimes nucleate in the mobile region, in a zone ini-
tially around the outlet, and expanding backwards to-

(a)

(b)

(c)

(d)

FIG. 5: (Color online) (a) Color coding of the emptied struc-
ture, compacted region and decompacted region as function
of time in (b), or emptied structure and mobile region in (c).
(b) Early stages of the evolution of emptied, compacted and
decompacted region (t=0.01s, t=0.60s, t=0.78s, t=0.84s, and
t=0.90s) at pressure ∆P=5.6kPa (the third pressure regime)
and plate separation d=1.1mm. The vertical dashed line in-
dicates the initial position of the outlet grain boundary of
the granular packing. (c) Fingering stage of the structure
growth. The position of the finger tip is l=L/4 (t=2.60s),
l=L/2 (t=2.86s), l=3L/4 (t=3.09s), and l=L (t=3.37s), where
L=593mm is the initial length of the packing indicated with
a dashed line. The shaded zones correspond here to mobile
grain regions. (d) Position of the most advanced point of
the emptied structure l(t), compacted zone lc(t), and decom-
pacted zone ld(t) as function of time. Onset of growth events
t1, t2, and t3 is indicated. The dashed line indicates the initial
position of the outlet boundary. The inset shows the velocity
profile of the early growth stage and the rest period. The
small peaks indicates stick-slip motion of the structure front.

ward the inlet). As the material is further decompacted,
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the in-plane friction decreases. The fluid drag is able to
overcome ¿¡DEFANGED.2 the mobilized friction that ini-
tially stabilized the growth of the emptied structure. The
granular material becomes locally fluidized and a “river”
of grain flow connecting the decompacted and emptied
structure is observed, while the propagation of the empty
structure front resumes. Following the track of the gran-
ular river where bubbles have sometimes appeared, the
emptied zone becomes a propagating finger, which even-
tually breaks through the entire packing. Such a typical
finger structure is showed in Fig. 5(c) and is formed after
a characteristic time t3 indicated in Fig. 5(d). During the
propagation of the empty finger, the air flow erodes the
surrounding grains and carries them along, eroding its
side boundaries. Ahead of the growing finger the granular
material is mobilized over the whole cell width. We are
not able to distinguish this zone of granular flow as be-
ing compacted or decompacted. Hence the hash marked
region in Fig. 5(c) refers to the zone where grains have
moved during a time t.

When the finger has penetrated the granular pack-
ing, forming a wide open channel linking the injection
point to the open boundary, the flow accelerates sud-
denly, and due to the limitations of the source pump, the
overpressure within the emptied region can no longer be
sustained. The drag is consequently reduced, and the
rest of the structure will not be able to grow any further.
When the monitored overpressure in the inlet chamber
decreases more than a few percent, the subsequent stages
are not taken into account in the analysis, since this last
stage is device dependent, being associated to the limi-
tations of the source pump.

For injection pressures close to the upper threshold of
the third regime the deformation of the outlet boundary
is observed to be a result of the compacted region ex-
tending over the length of the packing, rather than the
result of a fluid drag becoming significant at the outlet.
This transition will be characterized more quantitatively
in Section IV.

During the resting time, t3 − t1, from the moment
when the empty zone stops growing, until it starts again
to develop toward breakthrough, the front of the emp-
tied structure typically undergoes some stick-slip motion
– growing an increment and stopping again, repeatedly.
This is indicated in the inset plot of the velocity as func-
tion of time for the early stage of growth and the rest
state in Fig. 5(d).

t3 − t1 is decreasing with increasing pressure and ap-
proaches zero near the transition pressure P3. Injection
pressures where no transient rest of the growth of the
empty zone is observed marks the transition to the fourth
pressure regime.

Regime IV: ∆P > P3

Exceeding P3 the transient stage of no growth of the
empty zone does not exist, and the finger formation will
grow continuously to breakthrough, a feature defining

(a)

(b)

(c)

FIG. 6: (Color online) (a) Early stages of emptied and
compacted region a with ∆P=14kPa and plate separation
d=1.1mm (fourth pressure regime). The position of the re-
spective fronts are shown for 0.02s, 0.04s, 0.08s, 0.16s, and
0.20s following the same color code as Fig. 5(a). The vertical
white line to the right indicates the outlet boundary of the
granular packing t=0. (b) shows the pattern formation at a
later stage; t=0.2s, 0.4s, 0.6s, and 0.8s. In (c) the position
of the most advanced point of the emptied zone l(t), and the
compacted region lc(t), is plotted versus time.

the fourth pressure regime. Figures 6 (a) and (b) display
the temporal evolution for the emptied pattern formation
and its associated compacted region for an experiment at
14kPa in a 1.1mm thick cell, respectively at an early stage
and during the fingering stage. Figure 6(c) shows the
position of the emptied and compacted fronts. Within
this pressure regime, the deformation of the outlet grain
boundary is not due to decompaction, as will be shown
in Section IV. The injection pressure is high enough to
overcome jamming effects and pushes the granular mate-
rial like a piston. In such a process the compacted region
reaches and deforms the outlet boundary in t2 ∼0.2s.
During compaction the solid fraction increases by ∼5-6%
with respect to the initial one.

The advancing fingers, as showed in Fig. 6(b), is differ-
ent from those in the third pressure regime in the sense
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that they are wider and more eroded. From Fig. 3 we
also see that the influence of a reduction of the plate
separations leads to more numerous and more complex
fingers.

B. Phase diagram

The transition pressures between the regimes used for
classifying the displacement patterns changes with the
plate separation. In Fig. 3 experiments for plate spacings
0.7 mm, 1.1 mm and 2.1 mm are displayed and compared
for a range of injection pressures. This information can
be condensed into and visualized in form of a phase dia-
gram as in Fig. 7.

The minimum pressure required to mobilize particles
defines the transition pressure P1 between the first pres-
sure regime and the second. Depending on the plate
separation, we measure P1(0.7mm) ≃ 0.20 ± 0.05kPa,
P1(1.1mm) ≃ 0.25 ± 0.05kPa, and P1(2.1mm) ≃ 0.35 ±
0.1kPa. The transition from the second pressure regime
to the third is taking place at a lower pressure as the
plate separation is increased i.e. P2 is a decreasing func-
tion of the plate separation: P2(0.7mm) ≃ 6.3 ± 0.5kPa,
P2(1.1mm) ≃ 5.9 ± 0.5kPa, and P2(2.1mm) ≃ 4.0 ±
0.5kPa. However, the trend is the opposite for the
transition between the third and fourth regime, where
P3 is an increasing function of the plate separation:
P3(0.7mm) ≃ 9.0± 1.0kPa, P3(1.1mm) ≃ 11.0± 1.0kPa,
and P3(2.1mm) ≃ 14.0 ± 1.0kPa.

The transition pressures are represented by a pressure
interval rather than a uniquely defined value, which is due
to the fact that identical realization of the initial condi-
tions of the granular packing from one experiment to the
other is not possible. For each trial the granular packing
will always present small variations in, e.g., solid fraction
and disorder associated to their internal configuration.

The error bars are based on the scattering of data
points from the experiments of the d=1.1mm configu-
ration, for which the number of experiments conducted
is far more significant than the other two configurations.
The length of the bars are determined by the overlap of
data points between successive regimes. We assume that
the uncertainty is of the same order for all plate separa-
tions. For P1 the error bars are smaller than the symbol
size and therefore omitted in Fig. 7 due to presentation
considerations.

A character of the flow is worth noticing in these ex-
periments: The flow is mainly oriented along the plates,
and the velocity and density seem mainly invariant along
the vertical axis in the two thinnest cells. The system ex-
hibits a “quasi-2D” character. We see for instance from
Fig. 3 that in the 0.7 and 1.1mm cells, the bottom plate
in the emptied zone is swept clean of grains. However,
in the largest (2.1mm thick) cell, 14-28 grain diameters
gather between the plates, and the “quasi-2D” aspect
starts to lose its validity. The blurred appearance for
these experiments (see Fig. 3) is coupled with a more
“3D-like” behavior where the edges of the finger forma-

FIG. 7: (Color online) Phase diagram where we have classi-
fied and separated the patterns into pressure regimes. The
patterns and into which regime they belong is a function of
pressure and cell spacing. The dashed lines indicates the tran-
sition pressures P1, P2 and P3 between the flow regimes.

tions has a slope at a low angle of repose, and also layers
of grains are deposited on the bottom plate within the
finger formation during propagation. The injected air
moves the upper particles more easily. This might be
due to the fact that the gas phase travels more favor-
ably along the upper plate, combined with the friction
between the granular material and the bottom plate be-
ing higher than along the upper plate due to the gravity
acting locally on the granular column.

IV. Finger dynamics

Properties of the pattern formations emerging during
air injection, such as the characteristic times (t1, t2, and
t3), position of the structure front, its width and finger
velocity are all sensitive to changing the injection pres-
sure and/or plate separation. These are measurements
that we will now compare for different ∆P and d.

The fact that an identical realization of a packing
from one experiment to another is impossible due to a
high level of randomness and heterogeneity in the gran-
ular packing leaves us with significant scattering of data
points acquired through the experiments. To determine
the mean value and standard deviation and interpret the
data in a conclusive and statistically reliable manner, we
perform running averages on the experimental set. The
mean value is obtained independently for each plate sep-
aration, and gives an indication of the variations of the
observables expected as function of this parameter. The
standard deviations of the observables, which are used to
define the error bars, are obtained from the scattering of
the data points within the interval used by the running
average. The averaging is applied over the set of exper-
iments carried out in the 1.1 mm thick system, which is



9

the most significant one statistically speaking. We do not
expect the standard deviation of the observed quantities
to vary significantly with the plate separation.

The time to form a stable structure (in pressure regime
two) or a temporarily stable structure (in pressure regime
three), t1, and the length of the structure at this moment,
l(t1), is increasing with the injection pressure, as showed
respectively in Fig. 8 and Fig. 9. Changing the plate
separation also seems to affect t1 and l(t1). They both
become more sensitive to variations in the injection pres-
sure as the plate separation decreases. We cannot see
the systems behaving very differently at low and mod-
erate injection pressure. For the area at time t1, A(t1)
(insert in Fig. 9), only the 2.1 mm case differs, while the
0.7 mm and 1.1 mm case are quite comparable.

FIG. 8: (Color online) The time, t1, as function of injection
pressure for the three different plate separations. t1 is the time
between the injection start and the first stop of the growth of
the emptied structure.

FIG. 9: (Color online) The length l(t1), penetration depth of
the emptied structure after its initial growth, as function of
pressure and plate separation.

Depending on the injection pressure and the pressure
regime we are in, the deformation of the outlet boundary
can either be due to decompaction or compaction. The
time t2, which is the time it takes for the outlet boundary
to start deforming, is seen to decrease with increasing
pressure for all plate separations in Fig. 10. From Fig. 10
we conclude that varying the plate separation does not
significantly influence t2.

FIG. 10: (Color online) Time before deformation of the outlet
grain boundary t2.

The time before the inner boundary starts moving
again, t3, is also not sensitive to the plate separation
either, as observed from Fig. 11. t3 is decreasing as
function of the injection pressure within the third pres-
sure regime, from an infinite value in the first or second
regime, towards zero entering the fourth pressure regime.

FIG. 11: (Color online) The time, t3, as function of injection
pressure for the three different plate separations. t3 is the time
elapsed between the start of the experiment and the start of
the second period of motion of the inner boundary.

The velocity of the front of the emptied structure as
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function of time is displayed in Fig. 12, and changes char-
acteristics from one pressure regime to the other. Gen-
erally the velocity v increases with injection pressure. In
the first pressure regime, v=0 all over. The velocity peaks
during formation of an emptied structure within the sec-
ond pressure regime, before the structure is stabilized
after t1 and the velocity falls to zero. For experiments
within the third pressure regime it is worth noticing that
in the time interval from t1 to t3 where the front is more
or less inactive, there are occasional stick-slip motion be-
fore a finger accelerates toward breakthrough after t3.
In practice, to discriminate this fast stick slip motion
from the more global rest period, t3 is measured as the
last moment where a zero velocity of the finger tip is
observed. In the continuous flow regime, the fourth pres-
sure regime, the finger does not go into a rest state on its
way to breakthrough but is certainly slowed down when
friction is mobilized.

FIG. 12: (Color online) Velocity as function of time for dif-
ferent injection pressures within the four defined pressure
regimes.

To obtain a characteristic value for the velocity as func-
tion of ∆P and d, the average velocity of the tip of the
most advanced finger is found within a central window
extending over distances from the inlet going from L/4
to 3L/4 as presented in Fig. 13. Here L≈60cm is the
length of the granular packing before the air injection is
initiated. Since we are interested in the average speed of
the progressing finger formation, it is reasonable to ne-
glect the first stages, which includes rapid growth and a
transient rest stage with sporadic stick-slip motion, and
consider only the continually advancing finger. When
particles start to be pushed out of the cell, friction de-
creases which in turn results in an acceleration of the
finger - which may cause an undesirable effect on our ve-
locity calculations also. So choosing a window from L/4
to 3L/4 ensures that we are averaging over a zone where
the velocity is almost constant and restricted to little ran-
domness. We can conclude that there is an obvious in-

crease of the finger velocity as the pressure is increasing.
Changing the plate separation does not seem to affect the
average finger velocities significantly. Finger velocities of
the 0.7 mm cell falls within the error bars of the 1.1 mm
configuration, and likewise for the 2.1 mm case at low
pressures. At higher pressures, the 2.1 mm case differs
slightly from the other data but falls within two standard
deviations, regarded to be within the natural scattering
of data points within our system. We conclude that the
plate separation chosen for these experiments does not
influence significantly the finger tip velocity.

FIG. 13: (Color online) Average velocity of the most advanced
finger as function of pressure for the three different plate sepa-
rations. The velocity is measured and averaged over a window
at distances of the inlet from L/4 to 3L/4, where L≈60cm is
the length of the granular packing before injection is initiated.

As the fingers advance toward breakthrough the inte-
rior of the structure is slightly eroded. This can be seen
as discrepancies between subsequent graphs both for the
total and averaged finger width as function of position in
Fig. 14. Here the average finger width is the total width
of the intersection between the empty zone and cuts per-
pendicular to the flow direction, divided by number of
fingers. For comparison and justification of the differ-
ences between the total and averaged finger width an
image of the finger having developed 1L is inserted in
the plot.

It is also possible to measure alternatively a character-
istic finger width for a structure that has advanced over
distance L through the entire cell, as ŵ(∆P, d) = A/L,
where A is the area of the emptied zone. The number
of fingers does not affect ŵ. This alternative measure is
showed in Fig. 15. We notice a trend of fingers widen-
ing with respect to increasing pressure, while the plate
separation does not seem to be of any influence.
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FIG. 14: (Color online) Total and average finger widths as
function of time when the finger has advanced a distance L/4,
L/2, 3L/4 and L, where L≈60cm is the initial length of the
granular packing. The experiment is performed with 1.1mm
plate spacing at 14kPa overpressure. Below the graph a pic-
ture of a finger that has advanced a distance l=L is inserted
to illustrate and help the comparison between total and aver-
aged finger width.

FIG. 15: (Color online) Average finger widths, w=A/L, as
function of pressure when finger has advanced a distance equal
to the initial length L≈60cm.

V. DISCUSSIONS

The origin of the instability is similar to the mecha-
nism first described by Saffmann and Taylor [18], in non
miscible fluid flow where a lowly viscous fluid displaces
a more viscous one. The pressure gradient, ∇P is the
driving force of the granular motion: the fluid drag over
the grains is a growing function of the local velocity of
the air through the grains, which is obtained by dividing
the Darcy velocity [59] by the local porosity Φ, giving
[61]

~ua = −
κ(Φ)

ηΦ
∇P , (2)

where η is the air viscosity, and κ(Φ) the local porosity
dependent permeability of granular assembly. Within the
fingers the permeability is huge compared to the one in
the pore space of the granular material, which will favor
air flow in the emptied region. Consequently, the pressure
is more or less constant within the emptied structure and
at the tip of the longest finger, the distance l from the tip
to the open boundary is the smallest, so that the driving
pressure gradient ∇P ≃ ∆P/l is largest here. Growth
of the most advanced finger is therefore favored at the
expense of the rest of the structure. This is the origin
of the observed instability, which gives rise to fingering
and destabilizes the initially straight interfaces. In con-
trast with the Saffman-Taylor instability observed in non
miscible fluid flow, the pure air and the granular/gaseous
fluid mixture exchange mass, i.e. inter-penetrate without
any surface tension effect. The stabilizing phenomenon
is not surface tension here, but the friction mobilized be-
tween the granular matrix and the confining plates.

Another mechanism that contributes to the stabiliza-
tion of the structure front is a result of an other impor-
tant difference between the system described here and
Saffman-Taylor’s: in the present case, the granular ma-
terial and the fluid are inter-penetrating. As the air flows
through the granular material, the pressure field diffuses,
and the gradient will smoothen out and be reduced over
the front. If the growing friction becomes large enough
to balance the decreasing hydrodynamic drag on the par-
ticles, the emptied structure stops growing.

In the formation of the emptied structure and the asso-
ciated compacted region the initial solid fraction may be
of great importance. For an initially loose realization of
the granular packing, as presented in this study, the ma-
terial must compact before ’jamming’ through mobilized
friction and balance with the hydrodynamic drag force
can occur. Before the onset of jamming particles may be
displaced over a large extent leaving what is defined as
an emptied structure. For higher initial packing fraction
obtained by i.e. tapping the cell, the material is pre-
compacted and the friction acting between the granular
material and the plates is higher due to stronger arching
effects. Further compaction and particle displacement
becomes more difficult, and emptied structures of smaller
extent is expected. No systematic experimental studies



12

have been conducted regarding the effect of initial pack-
ing fraction variations on the extension of the emptied
and compacted region for this system, but it is evident
in numerical simulations performed in relation with the
studies on granular flow in the circular cell geometry in
Ref. [14].

As the emptied structure grows, the material ahead of
this structure compacts over a depth dependent on the
size of the structure. Information on the size of the com-
pacted region is extracted using image subtraction tech-
niques. In Fig. 16, the position x of the most advanced
point of the compacted zone is plotted as function of time
t, x(Pi, t) for five experiments at different injection pres-
sures Pi, in the 1.1mm thick cell: one within the second
pressure regime, three within the third, and one from
the fourth. For the lowest injection pressures, the empty
structure and its associated compacted structure reach
saturation after ∼0.1s, and no deformation of the out-
let boundary is seen. For larger injection pressures Pi,
the growth of this compacted zone eventually reaches the
outer boundary, at a time previously defined as t2(Pi).

We propose below a simple model which in the low-
est pressure regimes successfully renders for these two
observables: the extent of the compacted zone as func-
tion of time x(Pi, t), and the time to deform the outer
boundary, t2(Pi).

Following from the mass conservation of air,

∂ρa

∂t
+ ∇ · [ρa~ua] = 0 , (3)

where ρa is the mass of air per unit of total volume (in-
cluding grains and pores), and ~ua is the interstitial gas
velocity.

Considering air as an isothermal ideal gas,

ρa =
ΦP

kBT
· M . (4)

where M is the mean mass of the gas molecules, kBT
is Boltzmann’s constant times the temperature, P =
P (x, t) is the position and time dependent pressure
within the granular material, and Φ is the porosity of
the granular matrix.

During the initial compaction stage, the velocity of the
granular medium is negligible compared to the gas veloc-
ity, so that the velocity of the interstitial gas is directly
obtained from Eq. (2). Neglecting the small initial varia-
tions of porosity, Φ is constant and homogeneous so that

Φ
∂P

∂t
= ∇ ·

[

κ

η
P∇P

]

= 0 , (5)

Writing P = P0 +∆P , with P0 the atmospheric pressure
at the outlet, the imposed overpressure is only a few per-
cent of the atmospheric pressure, so that ∆P ≪ P0, and
Eq. (5) can be approximated as a simple diffusion law,

∂P

∂t
= D · ∇2P , (6)

with a diffusion constant D = κP0/ηΦ. The atmospheric
pressure is P0 = 105 Pa, and the viscosity of air η =
1.8 · 10−5Pa.s. With the porosity Φ = 1 − ρs ≈ 0.45
for the loose packed granular “plug”, the permeability
can be estimated using the density dependent Carman-
Kozeny relation [62], so that for particles of mean radius
a≈50µm,

κ =
a2

45

φ3

(1 − φ)2
= 1.67 · 10−11 m2 . (7)

The diffusion constant can then be estimated as D ≈
κP0/ηΦ = 0.207 m2.s−1. A characteristic time for the
overpressure to diffuse through the length of the granular
plug L = 0.60m is

τ =
L2

2D
≃ 0.9 s , (8)

which is a rough estimate, but in agreement with what
is observed for low pressures in Fig. 10 and Fig. 17.

We impose a constant overpressure at the inlet at
positive times, and a null one at negative ones, i.e.
∆P (x = 0, t) = PiΘ(t) where Θ is a Heaviside function,
while the overpressure is maintained at zero at the out-
let. As long as the packing stays essentially immobile, the
pressure source is obtained by solving this diffusion equa-
tion with these boundary conditions, with initial condi-
tion P (x ≥ 0, t = 0) = 0. A last approximation can be
done by considering a long packing, i.e. by considering
that the outlet condition is imposed at infinite distances:
P (x = ∞, t) = 0. This leads to a simple analytical solu-
tion of the diffusion equation,

∆P (x, t) = Pi
2√
π

∫ ∞

x/
√

2Dt

e−y2

dy . (9)

The pressure gradient ∇P = ∂P/∂x gives the fluid ve-
locity ~ua = −(κ/ηΦ)∇P which we use to estimate the
Reynolds number Re = ρairuaa/η. The mass density of
air is ρair = 1.1 kg.m−3. The pressure gradient, hence
the velocity is at its highest at the inlet boundary, x=0,
which gives

Remax ≈ 1.1 · 10−5s1/2Pa−1
Pi√

t
. (10)

Such small Reynolds numbers confirms that we are oper-
ating within the laminar flow regime for our experiments,
and justifies the use of the Darcy law in our theoretical
model.

One can exploit the diffusion equation, Eq. (9), to es-
timate the extent of the compacted zone: At the front of
the mobile zone, the initial in-plane forces are presum-
ably negligible, and we can assume that the motion of
the grains is caused by the fact that the fluid drag ex-
ceeds the friction threshold exerted by the plates over
the grains, at the tip of the mobile zone. For a layer of
thickness ∆z the fluid drag per unit area of the plates
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is −∇P∆z. The friction can be modeled as a Coulomb
friction, with a pressure over the bottom plate obtained
from the weight of the grain column, and forces neglected
along the top plate, so that the friction force per unit area
is f = µ(1 − Φ)ρg∆z, where µ is a Coulomb friction co-
efficient, and ρ = 2.6 g.cm−3 is the density of the glass
beads. Using the pressure profile, Eq. (9), this leads to
the following for the position of the tip of the mobile
zone:

µ(1 − Φ)ρg =

√

2

πDt
Pie

− x
2

2Dt . (11)

Solving this equation for x = x(t) gives the position be-
yond which grains will not have moved

x(t) =
√

2Dt

√

√

√

√−Min

[

ln

(

√

πDt

2

µ(1 − Φ)ρg

Pi

)

, 0

]

.

(12)
Note that for small times the ln-function is negative so
that the square root is a real number. The function x(t)
is positive and increasing up to a maximum value

xm =
Pi

µ(1 − Φ)ρg
√

πe/2
, (13)

which occurs at a time

tm =
2P 2

i

πDe(µ(1 − Φ)ρg)2
. (14)

When t > tm the coordinate x(t) decreases through posi-
tions where displacement has already occurred and where
nothing more will happen. Eventually x(t) = 0 and for
larger times, the pressure force is smaller than the friction
threshold everywhere.

Using µ = 0.20, close to what was estimated in simu-
lations of a similar system [14], the analytical solution,
Eq. (12) gives a good approximation for the position of
the tip of the mobile zone, at low and moderate injection
pressures (within the second pressure regime and begin-
ning of the third), as seen when comparing with experi-
mental data in Fig. 16. This is valid up to the moment
when it reaches the outer boundary.

This solution fails, however, to give a description at
higher injection pressures where the material is observed
to compact all the way up to the outlet boundary in
roughly ∼0.1-0.3 s (see Fig. 16). The growth process of
the compacted region is much quicker than the time it
takes the air flow to travel the linear distance of the sys-
tem size. In this case, the assumption that contact forces
between the particles at the tip of the compacted zone
are negligible probably fails, and presumably the com-
paction is carried through particle contact rather than
through hydrodynamic drag.

Eventually, this solution can be considered to get the
moment when the fluid drag is sufficient to deform the
outer boundary, which defined the time t2. Specifying
x(t2, Pi) = L in Eq. (12), we obtain an implicit equa-
tion for t2(Pi). In Fig. 17 all the pressure dependent

FIG. 16: (Color online) Position of the compacted zone’s most
advanced point as function of time at different injection pres-
sures. The plate separation is 1.1mm. The analytical solution
in Eq. (12) gives a good fit for low injection pressures. Friction
coefficient µ = 0.20 is used for this particular fit.

time measurements t1, t2 and t3 for the experimental
sets of the 1.1mm configuration are compiled together
for comparison, The pressure regimes and their associ-
ated transition pressures with estimated error bars are
also indicated. The analytical solution for t2 is plotted
for different friction coefficients µ, where µ = 0.15 fit
the experiments very closely. This value of µ deviates
slightly from the one used to model the compacted re-
gion – Eq. (12) – in Fig. 16. The foundation of the model
of both the compacted region and the time before defor-
mation of the outlet boundary is the solution in Eq. (9)
for an infinite length of the conducting medium, while in
the real world the packing is indeed of finite extension.
This, together with the fact that porosity variations are
neglected, might be a significant source of error. In con-
clusion, we estimate roughly µ ∼0.15-0.20.

Local porosity variations may modify this simplified
model. Its influence can be estimated through comparing
the pressure gradients ∇PΦ(x, t) and ∇PΦc

(x, t), found
by ∇P (x, t) = ∂P/∂x of Eq. (9), respectively for the ini-
tial solid fraction Φ = 1−ρinit

s = 0.45 and the compacted
state represented by Φc = 1 − ρcomp

s = 0.42. By division
∇PΦc

(x, t)/∇PΦ(x, t) in the limit of small x and t, i.e.
near the inlet air/grain interface during the first stage of
displacement and compaction, we find that ∇PΦc

may be
∼16% higher than ∇PΦ. Local porosity variations may
indeed induce large pressure variations and significantly
influence the grain dynamics.

V . SUMMARY AND CONCLUSIONS

Through our study we have given a qualitative and
quantitative description of displacement patterns in gran-
ular materials confined in a rectangular Hele-Shaw cell.
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FIG. 17: (Color online) Time to form a initial emptied struc-
ture, t1, time before deformation of the boundary, t2, and
time before breakthrough t3 as function of injection pressure.
t2 is compared with with the analytical solution for different
friction coefficients µ. Pressure regimes and their associated
thresholds with estimated error bars are indicated.

The driving force in this system is the pressure gra-
dient acting between the front of the pattern formation
and the outlet grain boundary. The competing stabiliz-
ing mechanism is friction mobilized between the granular
material and the confining plates. These two mechanisms
can be controlled by tuning the injection pressure and
separation between the glass plates, giving a wide range
of patterns. Given the different pattern formations and
their dynamic behavior, four pressure regimes are defined
into which the patterns are categorized.

In the first pressure regime there is no grain motion
and the air simply permeates through the pores of the
granular packing.

In the second pressure regime, particles are being dis-
placed forming a stable formation after t1 second. The
patterns appear with a relatively flat interface for large
plate separation and becomes increasingly bulged when
the plate separation is decreased. Deformation of the
pattern front is more noticeable when a higher injection
pressure is applied. The time to form a pattern, t1, is
increasing with the injection pressure ∆P and smaller
plate spacing, which is also the case of the pattern size
l(t1). The extent of the compacted zone is also increasing
with ∆P . This feature is also captured in our theoreti-
cal model based on balance of the hydrodynamic forces
acting on the particles (governed by the diffusion equa-
tion) and Coulomb friction between the particle matrix
and confining plates.

The instability becomes more pronounced when enter-
ing the third pressure regime - especially for narrow plate
separation. An empty structure is established in t1 sec-
onds before a transient stabilization. Deformation of the
outlet boundary is observed after a t2 seconds. The ma-

terial near the boundary is locally decompacted after the
propagation of a diffusive pressure front, which decreases
friction with the confining plates and the ability to bal-
ance the hydrodynamic forces. The granular material
is locally fluidized during this decompaction, eventually
resulting in a finger breaking through the sample. A sec-
ondary motion of the inner boundary happens after t3
seconds. t3 is pressure dependent but not sensitive to
plate separation. The duration of the rest-state, t3 − t1,
becomes shorter with higher injection pressure and ap-
proaches zero. t3 − t1 = 0 marks the transition to the
fourth pressure regime. Close to this transition, but still
in the third regime, deformation of the outlet boundary
after t2 seconds is due to the compacted zone reaching the
boundary carried through particle contacts, rather than
being local decompaction as a result of hydrodynamic
forces acting on the outermost particles. Our prediction
of the length of the compacted zone fails in this case,
since it is based on hydrodynamical considerations.

When a continually advancing finger is observed from
beginning until the end, the system is classified in a
fourth pressure regime. The fluid and grain flow are
strongly coupled and instable.

Generally for the pressure regimes the characteristic
times, t1, t2, and t3, when defined within the regime, are
all pressure dependent. While t2 and t3 are decreasing
with ∆P and don’t show dependence on plate separa-
tion, t1 is increasing with both ∆P and plate spacing, d.
Our theoretical model gives a good fit for t2 in the range
of pressures where the advancement of the compacted
region is not dominated by solid contacts.

Features of the propagating finger, such as the tip ve-
locity and width are increasing with higher injection pres-
sure, but are not sensitive to plate separation.

Although no systematic studies on the influence of
varying the initial solid fraction has been conducted, it
might be of central importance to the grain dynamics
both locally and globally.

ACKNOWLEDGMENTS

This work was supported by NFR, the Norwegian Re-
search Council, through a Petromax and a SUP grant,
and by CNRS through a PICS grant. We thank Anke
Lindner, Christophe Chevalier, and Ernesto Altshuler for
many interesting and helpful discussions.

[1] J. F. Davidson and D. Harrison, Fluidization (Academic
Press, New York, 1971).

[2] J. F. Davidson, Bubbles in fluidized beds (Kluwer Aca-
demic Publisher, New York, 1995), mobile Particulate
Systems, p197.

[3] K. S. Lim, J. X. Zhu, and J. R. Grace, Int. J. Multiphase
Flow 21, 141 (1995).



15

[4] S. McNamara, E. G. Flekkøy, and K. J. Måløy, Phys.
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