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Higher-Order Hydrodynamics in 1D: a Promising Direction and a Null Result

; Maurizio Fagotti
Département de Physique, Ecole Normale Supérieure / PSL Research University, CNRS, 24 rue Lhomond, 75005 Paris, France

We derive a Moyal dynamical equation that describes exact time evolution in generic (inhomoge-
neous) noninteracting spin-chain models. Assuming quasistationarity, we develop a hydrodynamic
theory. The question at hand is whether some large-time corrections are captured by higher-order
hydrodynamics. We consider in particular the dynamics after that two chains, prepared in different
conditions, are joined together. In these situations a light cone, separating regions with macroscop-
ically different properties, emerges from the junction. In free fermionic systems some observables
close to the light cone follow a universal behavior, known as Tracy-Widom scaling. Universality
means weak dependence on the system’s details, so this is the perfect setting where hydrodynamics
could emerge. For the transverse-field Ising chain and the XX model, we show that hydrodynamics
captures the scaling behavior close to the light cone. On the other hand, our numerical analysis
suggests that hydrodynamics fails in more general models, whenever a condition is not satisfied.

Over the past few years, we are experiencing an in-
creasing interest in the physics behind the nonequilib-
rium time evolution of inhomogeneous states. An ex-
ample is the time evolution of two semi-infinite chains
that are joined together after having been prepared in
different equilibrium conditions [1, 2]. This kind of set-
tings allows one to investigate the transport properties
of quantum many-body systems even if the system is iso-
lated from the environment.

The first analytic results in this context were obtained
in noninteracting models [3-24]. There, under the as-
sumption of quasistationarity, a semiclassical picture ap-
plies where the information about the initial state is car-
ried by free stable quasiparticles moving throughout the
system. Similar results were obtained in the framework
of conformal field theory and Luttinger liquid descrip-
tions [25-37]. In the presence of interactions the situa-
tion was less clear [38-47], but, eventually, Refs [48, 49]
have shown that the continuity equations satisfied by the
(quasi)local conserved quantities are sufficient to charac-
terize the late-time behavior. The framework developed
in Refs [48, 49] is now known as generalized hydrody-
namics [48], where “generalized” is used to emphasize
that integrable models have infinitely many (quasi)local
charges [50]. We will generally omit “generalized” and
refer to the system of equations derived in [48, 49] as
first-order hydrodynamics, 1*GHD, to emphasize that it
is a system of first-order partial differential equations.

Within 13*GHD, it was possible to compute the pro-
files of local observables [48, 49, 51-57], to conjecture an
expression for the time evolution of the entanglement en-
tropy [58], and to efficiently calculate Drude weights [59—
63]. There are however fundamental questions that can
not be addressed within 15*GHD); diffusive transport [64—
69] and large-time corrections [20-23] are two of them.
The importance of these issues results in a considerable
urge to fill these gaps [61], passing through refinements
and reinterpretations of the theory [57, 70-73].

In these notes we carry out a preliminary analysis of
whether higher-order hydrodynamics gives access to ad-

ditional physical information. Since any refinement to
the equations governing the dynamics must be able to
pass the noninteracting test, we focus on generic non-
interacting spin-chain models. We develop a complete
hydrodynamic theory, GHD, based on the single assump-
tion of quasistationarity. Within GHD, we compute some
large-time corrections and compare them with exact nu-
merical data. The result is puzzling: higher-order hy-
drodynamics reproduces known asymptotic behaviors in
the XX model and in the transverse-field Ising chain; the
same hydrodynamic description, however, seems to fail
in generic noninteracting models.

The system. We consider an infinite spin—% chain de-
scribed by a Hamiltonian of the form

H= % > Jileil,of,, +Y Jioi, (1)
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where o are Pauli matrices, ITj , = Hf:g;ll ok (117,
is the identity I), Z is the set of all the integers, and
Ny is its nonnegative subset. Under the Jordan Wigner
transformation az—1 = [[;_, 0507, az = [[;, oioy,
the Hamiltonian is mapped into a chain of noninteracting
Majorana fermions ({as, an} = 204,I, where {-,-} is the
anticommutator, and dg, is the Kronecker delta)
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H = 1 Ze,nez aHenay, . (2)

Here H is an infinite [74] purely imaginary antisymmetric
matrix. This class includes several paradigmatic mod-
els, as the transverse-field Ising chain [75] and the XY
model [76]. Being quadratic, H is diagonal in a basis
of Slater determinants. These are states |I') completely
characterized (up to a phase) by the fermionic two-point
functions, which can be organized in a purely imaginary
antisymmetric matrix I', known as “correlation matrix”

F@n = 6@n — (1"|agan|1“> . (3)

Thermal states are Slater determinants as well; the
ground state, however, is not always a Slater determi-
nant, as a symmetry could be spontaneously broken.



The equations governing the dynamics. Quadratic
operators are closed under commutation, so a Slater de-
terminant that time evolves under a Hamiltonian of the
form (1) remains a Slater determinant. Specifically, the
time evolving state is as follows

e—th |F> — e—i'y,, |e—thFeth> ; (4)

where e~™* is a phase. Let M be an infinite purely
imaginary antisymmetric matrix with elements decaying
sufficiently fast to zero the farther they are from the main
diagonal. We define the 2k-by-2x symbol 7, (e?) of M
as follows

jez(szm)p[mw% (eP))ij, ()

Mo, +i2mm.+j =
261 +]

where 4,5 = 1,...,2k. The symbol ,(e’?) enters
this equation only with = € %Z, where %Z is the
set of all the integers and the half-integers. In addi-
tion, if x is (half-)integer, the equation only fixes the
7-(anti-)periodic part of 7, (e??) with respect to p. The
undefined parts of the symbol are irrelevant and can be
chosen arbitrarily. It is convenient to require the symbol
to be Hermitian and to satisfy [, (e?)]! = —r,(e=P),
where ! denotes transposition. We can then extend its
definition in a smooth way so as to allow for real z € R.

We find that the degrees of freedom in the definition
of the symbol can be used to recast time evolution (4) in
the form of a Moyal dynamical equation [77]

0,4 (e™) = hy(eP) % Ty (™) — Tu(e®) x hy(eP) . (6)
Here fx(eip
ha(e™®) is the symbol of the Hamiltonian, and * denotes
the Moyal star product [78], defined as f, ()% j (e?) =

. 9, 61 Op 0. .
e F ()3, (1) o
between matrix multiplication and Moyal star product
have been already established (see, e.g., Ref. [79]). Our
particular mapping, based on (5), allows for a simple in-
terpretation of the various quantities. For example, if
the Hamiltonian is invariant under a shift by « sites, we
can impose hy(e’?) = h(e®), and the excitation ener-
gies e, (p) are the eigenvalues of h(e'), in the sense that
h(e®) =375 —1 En(p)Pn(p) —en(—p)P},(—p), Where Py, (p)
and P! (—p) are projectors orthogonal to one another. In
that case, (6) can be solved; its solution reads

A . © duydg
Ipe(e?) = // 722!7quzq(w7y)

e—itﬁ(e"(”+%>)f O(eip)eitiz(e“l’—%)) (7)
v, .

) is the symbol of the correlation matrix,

». We note that connections

This can be interpreted as an exact Wigner descrip-
tion [80] of the dynamics in noninteracting spin-chain
models. The solution (7) applies to any Slater deter-
minant time evolving under any homogeneous noninter-
acting Hamiltonian. Eqs (6) and (7) do not seem to be

widely known, but their structure can be recognized in
equations emerging within semiclassical approximations,
as in Ref. [81].

Hydrodynamics. Eq. (6) is as general as it is excep-
tional, applying only to noninteracting models. It is a
useful tool, but it can not be easily generalized in the
presence of interactions. In addition, even when (7) ap-
plies, the explicit calculation of the integrals, but also
their numerical evaluation, can be difficult. Notwith-
standing, one is often interested in particular aspects of
the dynamics that are not expected to depend on all the
system’s details. For these two reasons, we pivot to a
description that, a priori, is only an approximation; we
develop a hydrodynamic theory.

To that aim, we add the hypothesis of quasistation-
arity. In other words, we assume that [T)™9 is a lo-
cally quasistationary state [51] at every time. For ho-
mogeneous Hamiltonians, this condition is equivalent
to ask for the symbol of the correlation matrix to lo-
cally commute with the symbol of the Hamiltonian, i.e.
[fﬁftd(eip),ﬁ(eip)] = 0. If we extract the diagonal part
of (6) in a basis that diagonalizes h(e
I,.:(e) by hyd( ), we find

7,8 thd 1p // dqdy 1q(z y)
((R(e'P2)) — h( ) (e

where ((a(e?*)))(e’P) denotes the diagonal part of a(e'*)
in a basis that diagonalizes ﬁ(ei”). This is a complete hy-
drodynamic equation. In fact, (8) can be put in a more fa-
miliar form if x is so large that the Hamiltonian has only
nearest neighbor couplings. In that case, (8) reads [82]

) and replace

PE (), (8)

Ot (D) +on(D)Pe 1 () = )% ()] =0, (9)

where n = 1,...,k, pi¥d(p) are the so-called root den-
sitied, and vn(p) are the velocities of the excitations.
Roughly speaking [83], ph¥d (p) describes the density of
the n-th species of excitations over the ground state [84];
up to additive constants and multiplicative factors, the
root densities are the eigenvalues of f‘};f;d(eip). The first-
order hydrodynamic equation is recovered in the limit
of weak inhomogeneity, which allows one to expand the
last two terms of (9) about z, ignoring the contributions
from spatial derivatives higher than the first. That is the
equation that Refs [48, 49] generalized to interacting in-
tegrable models. Incidentally, applying it to (9) the same
prescription that lifted its first-order approximation to a
theory for interacting integrable models results in

hyd _, hyd hyd =0. (10)

(Y
nm+2’0n;x+%,t n;zfé n;xfé,t

6tpnzt+v

Here the velocity depends on z (and, in turn, it is af-
fected by the assumption of quasistationarity) because it
is dressed by the interaction [85].



At this stage, (10) is nothing but a provocation; we
must first understand what physical information is con-
tained in (9) in the very noninteracting case. Indeed, (9)
is based on the assumption of quasistationarity, which
is known to be exact only in particular limits when (9)
reduces to its first-order approximation [77].

Dynamics close to the light cone. Let us imagine to
prepare two semi-infinite chains in different stationary
conditions, for example at different temperatures. Let us
then join the chains together so as to form a single infinite
chain. The state is let to evolve under the merged Hamil-
tonian, which we assume to be homogeneous. Qualita-
tively, a light cone, which separates regions with macro-
scopically different properties, emerges from the junction.
15*GHD turns out to capture the limit of large time at
any position. On the other hand, the large-time correc-
tions are generally beyond its capabilities.

We wonder whether some corrections can still be com-
puted within GHD. Since off-diagonal contributions are
neglected, it is not reasonable to expect hydrodynamics
to capture generic corrections. It could be effective, how-
ever, for corrections exhibiting universal properties, like
the ones studied in Ref. [20]. There, the time evolution
of a domain-wall state under a free fermionic Hamilto-
nian (XX model) was considered. The authors were able
to establish a connection between the probability distri-
butions of particular observables close to the light cone
and the distribution functions of the largest eigenvalues
of the Gaussian unitary random matrix ensemble [86]. In
particular, the two-point functions of the fermions lying
in a region, around the edge, scaling as t3 have correc-
tions that decay as t*%, and they can be written in terms
of the so-called Airy kernel

(Ai(w) AT (v) — Ai(v)AT (u))/(u—v). (11)

An analogous behavior was observed years before [5],
studying the transverse-field Ising chain, and, recently,
Refs [22, 23] pointed out that, also in that case, the large-
time corrections are characterized by the Airy kernel.

The presumptive universality of these corrections
makes them a perfect candidate to test GHD. As a first
step, we argue that, if the scaling behavior close to the
light cone can be described by complete hydrodynamics,
then it can also be described by hydrodynamics at the
third order. The latter is obtained by expanding at the
third order, either the integrand in (8) about p, as if ¢
were close to zero, or, equivalently, the last two terms of
(9) about z. For the sake of simplicity, we restrict our-
selves to one-site shift invariant Hamiltonians (k = 1).
Third-order hydrodynamics reads

Ki(u,v) =

0 () + 0 ()0 )+ P 03 ) = 0, (12
where w(p) is a function that, generically, can not be
written only in terms of the dispersion relation; its ex-
pression is reported in Ref. [77]. The reader seeking for a

concrete example can assume that the Hamiltonian has
nearest neighbor couplings, so that w(p) = v(p) (see (9)).
The solution to (12) is

P (p) = / dyAi(y)p™ v faio®)> (13)

- e—v(p)t—4

where Ai(y) is the Airy function. We focus on the situa-
tion where v(p) has a unique global maximum at p = p
and v”(p) is nonzero. The maximal velocity v(p) de-
termines the speed at which the light cone propagates
to the right. We now sketch a proof of the equivalence
between (13) and complete hydrodynamics close to the
right light cone. It is convenient to start from (9). For
x € %Z (these are the only relevant positions, c¢f. (5)),
its solution reads

hyd

Priet(P) = i (0)+[pr, (p , (14)

ZJ 2v,(p

v=2x

where p; and p} are the root densities describing the
initial state on the left (z < 1) and on the right hand
side (z > 0) of the junction, respectively [87]; J,(z) is
the Bessel function of the first kind. Generally, close to
the right light cone, a single species of excitations has a
root density significantly different from the correspond-
ing p;" (p); let us focus on that species. It turns out that
the leading contribution in the sum of (14) is carried by
the Bessel functions with order v and argument z suf-
ficiently close to 2x. Each Bessel function can then be
replaced by the leading term in its uniform asymptotic
expansion, Eq. (9.3.23) of Ref. [88]. In the limit of large
time, the terms turn out to be smooth functions of v, so
the sum in (14) can be replaced by an integral. We finally
obtain (13), proving that third-order hydrodynamics is
equivalent to complete hydrodynamics [77].

By Wick’s theorem, the expectation values of any ob-
servable can be written in terms of the correlation ma-
trix (3); we can focus on its time evolution. In the hy-
pothesis of quasistationarity, I" reads (see also Ref. [52])

dp (pi‘ii ROR i) x

Tovtiomt;(t) = 2/ yym

—T

cos((€ = m)p) Ai(p) + isin((£ — m)p)Bis(p)] . (15)

where A(p) = 75(p)+2&(_p) and B(p) = I+ 7@) o(=p)
with &(p) = sgn{h(e?) — Itr[ (e)]}. We note that
the dispersion relation is e(p) = tr[#h(e””)] and,
as usual, the velocity is defined as v(p) = &'(p). We
consider observables that lie close to the light cone.
These observables can be fully described by the reduced
density matrix of a spin block consisting of the sites
S ={rr+1,...,7r+|S| — 1} lying around the edge,
that is to say £+ — v(p) and |S| < v(p)t. The reduced
density matrix is a Slater determinant as well, with the



following block correlation matrix

[Féizl]i,j (t) = DPagerr)ri2mtr)+5 (1) (16)
where /,m = 0,...,|S| — 1 and 4,5 = 1,2. Following
Ref. [20], we consider the scaling limit where the time is
large and both r — v(p)t and the subsystem’s length |S]
are proportional to t3, Assuming the various functions
to be sufficiently smooth around p = p we find

200 \3,
7'1_}”t) [p _p+]KOt(x‘€7Im)x

[cos((£ —m)p)A +isin((¢ —m)p)B], (17)

,m

Ty () = {5, (0) +4r

g

1
/‘,)2, and we

where f stands for f(p); a = sgn(w)(
introduced the rescaled variables

<l

i jtr—ut
5= e (18)

the kernel K, (u,v) is defined as follows

Ko(u,v) = 23 / dyAi[sgn(a)Q% (y+ “ ; v)] X
0

sinfa(u — v)/yl/[ar(u —v)]. (19)

Using a representation of the product of two Airy func-
tions derived in Ref. [89], it is simple to show that, if
a > 0, K, (u,v) can be expressed in terms of the Airy ker-
nel (11), as Kq(u,v) = K1 (34%u + 5%, 2y + 159y,
In the transverse-field Ising chain and in the XX model,
the parameter « is equal to unity, and we recover (11).

A comparison with Ref. [23] shows that, in the
transverse-field Ising chain, GHD gives the correct
asymptotic behavior. The same conclusion can be drawn
for the XX model. More generally, whenever a = 1, GHD
seems to capture the behavior close to the light cone.

It is worth noting that (17) describes the asymptotic
behavior only if, (i), the difference of the root densities
at the initial time is nonzero at p = P, and, (ii), the
expectation value of the observable does not accidentally
zero the term. The former case is closely related to the
situation studied in Ref. [53] for a similar protocol in
the XXZ model; the latter case is discussed in Ref. [22]
considering the critical Ising model.

We analyze the behavior for @ # 1 numerically.
Fig. (1) shows the edge profile of the connected two-
point function of s* = Jo*, i.e., CZ7, = (sj,,8%,,1) —
(8741) (87,41), after putting in contact a thermal state
at inverse temperature 8 with the infinite temperature
state. In that case we have (z # y)

4o

i e |

C7, ~ —Ar? cos® étanhz(?)Ki(x, y) L 20)
We report data for the XY model, which is described
by a Hamiltonian of the form (1) with the only nonzero

2

i i
380 (-2.064)
pred

- 150 (-1.952)
~~~~~~~ pred
0021 . 760 (-2.096) e

FIG. 1. The connected two-point function of s* as a func-
tion of the rescaled positions x,y (18) in the XY model with
Jio = —1.15, J/§ = 0.15, and J; = -2 (see (1)) (a ~ 0.8).
The symbols are exact numerical data (in a chain with 1801
spins) at three different times ¢ = 60,150, 380, after that a
thermal state with inverse temperature 8 = 1 has been put in
contact with the infinite-temperature state. The lines are the
predictions (20). The agreement is fair, but the data do not
seem to approach the predictions as the time is increased.

coupling constants J7g, J/§, and Ji. The predictions
are only in a fair agreement with the numerical data, and
we do not see a substantial reduction of the discrepancy
when the time is increased. It is still possible that the
times considered are not sufficiently large, but we find it
more likely that, for a # 1, GHD is not exact.

Summary and discussion. ~ We have derived a Moyal
dynamical equation that describes exact time evolution
in noninteracting spin-chain models. Assuming quasi-
stationarity, we developed a hydrodynamic theory. We
identified the neighborhood of the light cone (emerging
from the junction of two steady states) as a region where
higher-order hydrodynamics could improve on 15*GHD.
In the XX model and in transverse-field Ising chain, our
expectations are met. In more general systems, we re-
port a discrepancy every time that the condition @ = 1
is not satisfied. In models with nearest-neighbor cou-
plings, a # 1 is equivalent to v(p) # —v"(p), where v(p)
is the velocity and p is the momentum at which the ve-
locity is maximal. At the moment, we do not see why
this condition should matter. A definite answer can be
given working out the exact solution (7). That is a cum-
bersome calculation that we leave to future works.

In [90], the reader can find numerical evidence of the
validity of the equations derived. I thank Andrea De
Luca and Pierre Le Doussal for useful discussions.

I acknowledge support by LabEx ENS-ICFP:ANR-10-
LABX-0010/ANR~10-IDEX-0001-02 PSL*.
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We refer the reader to [77] for more details on the derivation of the results presented in the main text. This supple-
mental material only aims at providing some numerical evidence of the validity of the equations.

Since we reported an unexpected discrepancy between the hydrodynamic predictions and the exact numerical data,
we consider the same Hamiltonian as in the example of Fig. 1, specifically

H=— Z(1.15a;a;+1 —0.150%0Y,, + 205) . (21)
4

For the reader’s convenience, the dispersion relation £(p) and the velocity v(p) are shown in Fig. 2. The Hamiltonian
parameters have been chosen in such a way that e(p) and v(p) do not differ much from those in the transverse-field
Ising chain.
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FIG. 2. The dispersion relation (left panel) and the velocity (right panel) of the excitations for the Hamiltonian (21).

Check of the Moyal dynamical equation: Here we check the validity of (7). We choose an initial state whose
correlation matrix has the symbol

To0(e?) = =0 (—z)e™ tanh(ﬁh(;w)> , (22)

with 8 = 1. The initial state of Fig. 1 corresponds to n = 0. For technical reasons related to the numerical
evaluation of (7), we set n = 0.001. The effect of a nonzero 7 is to make the density matrix proportional to the
identity in the limit |z| — oo but, essentially, (22) describes the junction of two thermal states, the second of
which has the temperature equal to infinity. In the left panel of Fig. 3, the prediction (7), specialized to the
local magnetization (sj) with ¢ = 4, is compared with exact numerical data obtained in a chain with 201 spins.
The data are practically indistinguishable from the prediction, and the imperceptible discrepancy is due to to
finite-size effects (the prediction is valid in the thermodynamic limit) and to errors in the evaluation of (7) (in
order to speed up the numerical evaluation of the integral, we have introduced a cutoff).

Check of the scaling behavior close the light cone: Here we check the validity of (17). For this test, we set
17 =0 in (22), so we are actually considering the same initial state as in Fig. 1. We focus on the scaling behavior
close to the right light cone. From (17), it follows that the local magnetization behaves as

_ 3 2
(si.) (x) ~ 2w cos@tanh(%)Ka(x,x) Y % , (23)

—0
where z is the rescaled position, as defined in (18). In the right panel of Fig. 3, (23) is compared with the
third-order hydrodynamic prediction, which is obtained using (13). The data approach (23) as t~1, showing
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FIG. 3. Left panel. The prediction (7) applied to the transverse magnetization compared with exact numerical data obtained
in a chain with 201 spins. The initial state is described by (22) with 8 = 1 and 1 = 0.001; time evolution is generated by the
Hamiltonian (21). The agreement between the analytical prediction and the numerical data is perfect. The inset shows the
difference between the prediction and the numerical data; the error is almost entirely due to the numerical evaluation of (7).

Right panel. The local magnetization close to the right light cone. The (upper) boundary of the filled region is the asymptotic
prediction (23). The symbols are the third-order hydrodynamic solution for three different times: 60, 150, and 380. The solid
line corresponds to time evolution in a chain with 1801 spins at the time ¢ = 380. Despite the time being rather large, the
numerical data are not consistent with (23). The inset displays the rescaled discrepancy t((s7.)™ — (s7.)*Y™P") between the
hydrodynamic solution and the asymptotic prediction; the points collapse to the same curve, showing that the hydrodynamic

solution approaches (23) as ¢ *.

that the asymptotic expansion is correct. We also display the magnetization computed following the exact time
evolution in a chain with 1801 spins. As for the connected two-point function reported in Fig. 1, the numerical
data do not seem to approach the hydrodynamic prediction.

We point out that the same analysis in the XX model and in the transverse-field Ising chain discloses an excellent
agreement between hydrodynamics and exact time evolution. We also checked other models with o = 1 (also
with next-nearest-neighbor couplings); we have always found that hydrodynamics prefectly describes the scaling

behavior close to the light cone.



