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Abstract

In this work we initiate the study of Szilard languages of labelled insertion grammars. It is well-
known that there exist context-free languages which cannot be generated by any insertion grammar.
We show that there exist some regular languages which cannot be Szilard language of any labelled
insertion grammar. But any regular language can be given as a homomorphic image of Szilard
language obtained by a labelled insertion grammar of weight 1. Also, any context-free language can
be obtained as a homomorphic image of Szilard language of a labelled insertion grammar of weight 2.
We show that even though insertion grammars of weight 1 can generate only context-free languages,
there exist some context-sensitive language which can be obtained as Szilard language of a labelled
insertion grammar of weight 1. At the end we show that any recursively enumerable language can
be characterized by the homomorphic image of Szilard language obtained by a labelled insertion

grammar of weight 5.

Insertion grammar, Szilard languages, Labelled insertion grammar, Chomsky hierarchy

1 Introduction

Insertion and deletion operations are well-known in formal language theory. In insertion operation,
a string is inserted in the specified contexts when the insertion rule is applied, i.e., the string uv is
transformed into uzv after application of the insertion rule (u, A\/x,v). Similarly, the deletion operation
removes strings from the specified contexts and the string uzv is transformed into wv after application
of the deletion rule (u,z/A,v) where v and v are contexts. Ins-Del (i.e., insertion-deletion) systems
work as a language generating device. These systems are powerful and with only finite set of rules

and axioms can characterize recursively enumerable languages. Ins-Del systems and their variants have
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been investigated in [30, 34, 29, 7, 32, 9, 18, 33, 23]. The study of insertion grammars (semicontextual
grammars) was initiated in [28]. Computational power, closure properties etc. of the insertion systems
have been discussed in [2, 32, 3, 27, 6, 25, 26]. In [5] it was proved that the linear language {a"ba™|n >
1} cannot be generated by any insertion grammar. But any recursively enumerable language can be
generated by insertion grammars of weight 3 when a homomorphism and weak coding is applied [2, 19].
Moreover, in the study of matrix insertion grammars initiated in [12], it has been shown that matrix
insertion grammars can even characterize recursively enumerable languages. The computational power of
the insertion-deletion systems and insertion grammars combined with the parallel distributed computing
models such as P systems, also have been discussed in [20, 31].

The main contribution of the paper is the association of the well-known concept of Szilard languages
with insertion grammars and compare the Szilard languages obtained by these grammars with the family
of languages in Chomsky hierarchy. The idea of Szilard languages is well investigated in formal language
theory and their closure properties, decidability aspects, complexity aspects for Chomsky grammars, ma-
trix grammars, parallel communicating grammar systems, communicating distributive grammar systems
have been investigated in [22, 16, 14, 17, 15]. Also, the idea of derivation languages (as Szilard and
Control languages) has been introduced for DNA and membrane computing models in [13, 21]. In [13],
derivation languages have been associated with splicing systems and in [21] the same were introduced for
splicing P systems.

In this work, we show that there exist some regular languages which cannot be obtained as Szilard
language by any insertion grammar. But some labelled insertion grammars of weight 1 can obtain
context-sensitive languages as a Szilard language. We also show that labelled insertion grammars with
rules of weight 5 can characterize recursively enumerable languages when a morphism is applied and any
regular language can be represented as a homomorphic image of a Szilard language obtained by labelled
insertion grammar of weight 1. In [24], it has been shown that there exist some context-free languages
which cannot be represented as a homomorphic image of any context-free language. But in this paper,
we show that any context-free language can be obtained as a homomorphic image of Szilard language of
a labelled insertion grammar of weight 2.

The paper is organized as follows. In section 2 we recall the basic definitions required for this paper
along with some well-known results of insertion grammars. In section 3, we define labelled insertion

grammar and the main results have been discussed in section 4. The section 5 is conclusive in nature.

2 Preliminaries

For the basic definitions and notions of formal language theory we refer to [1].

Chomsky normal form [1]: For every context-free grammar G, a grammar G = (N,T, S, P) can be
effectively constructed where the rules in P are of the form A — BC and A — a such that L(G) \ {\} =
L(G@)\ {7}

Type-0-grammar: A type-O-grammar is a construct G = (N, T, S, P) where N is the non-terminal



alphabet and T is the terminal alphabet such that N NT = (). The starting symbol S € N and the rules
in P are ordered pairs (u,v) where u € (NUT)*N(NUT)* and v € (NUT)*.

Kuroda normal form: Every type-0 grammar G = (N, T, S, P) is in Kuroda normal form if the rules
of the grammar G has one of the following forms:

A— BC,AB—-CD,A—a,A— Nfor A,B,C,D &€ N anda €T.

Homomorphism: A homomorphism is a mapping h from X* to A* where X, A are alphabets, preserving
concatenation, i.e., h(v.w) = h(v).h(w), v, w € X*.

Weak coding: A weak coding is a morphism which maps each letter onto a letter or empty string.

Szilard languages [1]: Let G = (N, T, S, P) be Chomsky grammar and F' be an alphabet such that
the cardinality of the sets F' and P is same. Let f be a mapping from P to F such that for each p € P
a unique label f(p) is associated with p and is called the label of the rule p. A derivation in G is called
successful if a string over T is generated staring from S. With each successful derivation of G, a string
over I’ can be associated if labels of the any successful derivation are concatenated sequentially. The

language generated in this manner is called Szilard language of the grammar G and is denoted by SZ(G).

Example 1. Let G = ({S},{a,b},S,{S — aSb,S — ab}) be a context-free grammar. The rules are
labelled in the following manner: fi1:S — aSbh, fo : S — ab. Hence, the Szilard language obtained by the
grammar is SZ(G) = {f{'f2 | n > 0}.

The family of finite, linear, regular, context-free, context-sensitive and recursively enumerable lan-
guages is denoted by FIN, LIN, REG,CF,CS, RE respectively.

Insertion grammar [3]: An insertion grammar is a construct G = (V, A, P) where V is the set of
alphabets, A is the set of initial strings and P is the set of insertion rules.

Let G be an insertion grammar, then the relation = is defined in the following manner:

w = z if and only if w = wiuvws, z = wruzvws for (u, \/z,v) € P,wy,ws € V*.

The language generated by the insertion grammar G is:

L(G) ={z e V*|w =* z,w € S}.

Moreover, an insertion grammar G is called of weight n [2] if and only if

n =maz{|u| | (u,\/z,v) € P or (v,\/z,u) € P,x € V*}.

The family of languages generated by the insertion grammars of weight n is denoted as INS,, and
union of all these families is denoted as INS...

The followings are well known results in insertion grammars [28, 27, 6, 26]:

(1)FIN CINSy CINS; CINSs;...CINS, C CS.

(2) REG is incomparable with all families INS,,,n > 1 and REG C INS,.

(3) INS; C CF but CF is incomparable with all INS,,,n > 2 and INS.,. Also INSs contains
non-semilinear languages.

(4) LIN is incomparable with all INS,,,n > 0 and INS.

(5) Each regular language is the homomorphic image of a language in TN .S;.



The following characterization of recursively enumerable language was proved by Kari and Sosik in [2] and
Onodera in [19] independently where S5 denotes the family of languages generated by insertion grammars

of weight at most 3:

Theorem 2.1. For each recursively enumerable language L there exists a morphism h, a weak coding g

and a language Ly € S such that L = g(h='(L1)).

3 Labelled insertion grammar

A labelled insertion grammar is a construct I' = (V4, A1, P1, Lab) where Vi N Lab = () and the rules of P;
are labelled in one-to-one manner with the elements from the set Lab. A derivation of insertion grammar
is called a terminal derivation if it is as follows:

To =™ 1 =% 19 =% ... =% g, where xg € A and no rule of I' is applicable to xz,.

If the labels of the applied insertion rules in the above terminal derivation are concatenated in the
order of application, a string over Lab is obtained and the set of all such strings forms a language which
is different from the language generated by the insertion grammar. It is called Szilard language of the
labelled insertion grammar I'. From the above derivation, the string ajas...a, € SZINS,,(T') where
m = max{|u| | (u,\/a,v) € Py or (v,\/a,u) € P1}.

The notation SZINS,,(T") denotes the Szilard language of the labelled insertion grammar I" of weight
m. The family of Szilard languages SZINS,,(T") of the labelled insertion grammars with insertion rules
of size m, is denoted as SZINS,,. When m is not specified, it is replaced by x*.

In the next section, we discuss the main results of the Szilard languages of the insertion grammars
with respect to the weight. At first, we prove that there exist some regular languages which cannot be
obtained as a Szilard language by any labelled insertion grammar. But any regular language can be
given as homomorphic image of a Szilard language of a labelled insertion grammar of weight 1. Also, any
context-free language can be given as a homomorphic image of Szilard language of a labelled insertion
grammar of weight 2. Furthermore, any recursively enumerable language can be characterized by Szilard

language of the labelled insertion grammar of weight 4 when a homomorphism is applied.

4 The Main Results

It is very well-known that languages such as {aa} are not a Szilard language of any Chomsky grammar.

But we show that it can be Szilard language of a labelled insertion grammar.
Theorem 4.1. {aa} is a Szilard language of a labelled insertion grammar.

Proof. We construct a labelled insertion grammar I' such that SZINS,,(I") = {aa}. Let T' = (V3, Ay, Ry,
Lab) be a labelled insertion grammar where, V3 = {5, X,, Y}, Ty = {S,Y}, A = {SYSY}, R = {a:
(S,2/X.,Y)}, Lab = {a}.



Initially only the string SY SY is present and after application of the a-rule, it is transformed into
either SYSX,Y or SX,YSY. But if the a-rule is applied once again, then the string SX,YSX,Y is
obtained. No further computation is possible. Hence, SZIN S (I") = {aa}. O

In the next theorem, we show that there exist some regular languages which cannot be obtained as

Szilard language by any labelled insertion grammar.
Theorem 4.2. {a" | n>1} ¢ SZINS..

Proof. Suppose {a" | n > 1} is Szilard language of a labelled insertion grammar I = (V;, A1, Ry, Lab)
where Ry = {a: (u,A/k,v)} and Lab = {a}. Hence there exists a terminal derivation such that

zg = 29. (D)

where ) € A; and the insertion rule a : (u, \/k,v) is not applicable to 7.

Similarly, the terminal derivation of the word a? is as follows:

xh = xl =9 2l ...(2)

where 1§ € A; and the insertion rule a : (u, \/k,v) is applicable to x1 but not to x3.

But, the 2§ in (1) and the 2§ in (2) cannot be same. Because, if (1) is true, then (2) cannot be true
for x) = z{.

Again, following is the terminal derivation for a3:

3 =% 2?2 =9 13 =9 23 ... (3)

So, from (3) we can infer that the 2% € A; must be different from the x{ in (1) and z{ in (2).

Hence, to obtain {a" | n > 1} as Szilard language, all zj(i € NU{0}) € A; must be distinct.

Since any derivation starts from a xf € Aj, the language {a™ | n > 1} cannot be obtained as Szilard

language by the labelled insertion grammar I' where A; contains only finite number of elements. O

Although {a™ | n > 1} cannot be the Szilard language of any labelled insertion grammar, any regular
language can be represented as a homomorphic image of the Szilard language of labelled insertion grammar

of weight 1.

Theorem 4.3. Any non-empty regular language can be obtained as a homomorphic image of Szilard

language of a labelled insertion grammar of weight 1.

Proof. Let L be a A-free regular language and let G = (N, T, S, P) be a right linear grammar such that
L = L(G). Suppose N = {D;,Ds,...,D,} where D; = S is the start symbol. Now we construct a
labelled insertion grammar I' such that L = L(G) = h(SZINS;(T")) where h is a homomorphism. The
rules in P are of the form D; — aD;, D; = aD;(i # j), and D; = a, D;,; D; € N,and a € T

Let ' = (V4, A1, Ry, Lab) be a labelled insertion grammar where

[ ] Vl = {X,KDl,DQ,...,Dn}UT;

[ ] A1 = {XD1Y},



e The rules in R; are of the form

ai : (D, N/aDy,Y) for D; — aDy, Dy, € Nya €T

a': (Di,Na,Y) for D; — a,a € T;
e Lab={a} | D; —» aDy,Dy € Nyae T} U{da' | D; = a,a € T}.

The non-erasing homomorphism h : (Lab)* — T* is defined as h(al) = a and h(a’) = a where
ai,a’ € Lab.

Every non-terminal rule (D; — aDy) in G is simulated by an insertion rule with the label af and
every terminal rule (D; — a) of G is associated with label a’. If the labelled insertion rules simulating
the rules of a terminal derivation in G are applied in the same order, then concatenation of the labels of
the insertion rules will obtain a string w; € (Lab)* such that h(w;) = w. Hence, w € h(SZIN S (T)).

For the proof of the inclusion h(SZINS,(T")) C L(G), first assume that w € h(SZINS;(T")). Hence,
there exists a terminal derivation in I' such that h(w1) = w where wy; € SZINS;(T). If the rules in G are
applied in the same order as in the terminal derivation obtaining wy, the string w € L(G) is generated.
Hence, h(SZINS, (")) C L(G). This will imply, L(G) = h(SZINS;(T)).

O

It has been shown in [3] that INS; C CF. In fact, the linear language {a"ba™ | n > 1} cannot be
generated by any insertion grammar [5]. We show that there exists a context-sensitive language which is

Szilard language of a labelled insertion grammar of weight one.
Theorem 4.4. CSNSZINS; # ).

Proof. We construct a labelled insertion grammar I' which has a context-sensitive language as a Szilard
language.

Let I' = (V4, A1, Ry, Lab) be a labelled insertion grammar where
o Vi={X,AA A Y}

o Ay ={XAY};

o Ri={a: (A NAY)b: (A NA A),c: (A NA", A}

e Lab={a,b,c}.

Any computation in I" starts from the string X AY. When the a-rule is applied, one “A” is added between
A and Y. Application of the b-rule inserts A" between the two A’s of the string AA and hence AAA
is obtained. Similarly, when the c-rule is applied, the string AA' is transformed into AA” A’ Hence, if
the labeled rules are applied in a particular order, we have SZINS;(T') N a*b*c* = {a™b"c" | n > 1}.
Since the intersection of SZINS;(T") and the regular language a*b*c* is a context-sensitive language.

The language SZINS;(I') must be non context-free. O



Paun showed in [24] that there exist context-free languages which cannot be given as a homomorphic

image of Szilard language of any context-free language. Also,

Theorem 4.5. [2/] The families of context-free languages and homomorphic image of the Szilard lan-

guages of the context-free languages are incomparable.

But any context-free language can be obtained as a homomorphic image of Szilard language of insertion

grammar of weight 2. We show it in the following theorem.

Theorem 4.6. Any context-free language can be given as a homomorphic image of Szilard language of

a labelled insertion grammar of weight 2.

Proof. Let L be a non-empty context-free language and let G = (N, T, S, P) be a Chomsky normal
form grammar such that L = L(G). The rules in P are of the form, A — BC and A — a, where
A,B,C € N,a € T and each rule in G is assigned with a unique label r;. Also each element of L can be
obtained by initial application of the non terminal rules and then by application of the terminal rules in
the leftmost manner.

We construct a labelled insertion grammar I' = (V4, A1, Ry, Lab) such that L = h(SZINS,,(T')) where
h is a morphism from Lab* to T*. The grammar I" = (V;, Ay, Ry, Lab) is the labelled insertion grammar

where
o V1 ={X,)Y,E}JUNUTUA;UAU{#,8$} where Ay = {[r;] | i : A — BC}, Ay ={[ri] | ri : A — a};
o Ay ={XSEY};

e R; contains the following rules:
For r; : A — BC:
72 (A, M/[rs] BC, ayas) where
a1 € NU{E} as e NU{Y,E} UA e ¢ N{Y}U{EE}U{E}NU{E}Aq,
Forr;: A — a:
ri (34, M /[ra], 1), 0 € NU{FE}
and
r3: (X, \/#,a2),as € N,
ry (oo, N8, as3), ay € {#,8},00 € NUA; U Ag,

a3 € Al U AQ U N, 10 ¢ {#}Al U {#}AQ
o Lab={r; | [ri] € A }U{ri | [ri] € Ao} U {rs,ma}.

Finally, we define the morphism h : Lab* — T* by h(r;) = h(rs) = h(rs) = A\ h(ri) = a where

a

o, ri rg,r4 € Lab and a € T.

0 a



We first prove that L(G) = L C h(SZINS3(T")). The rule ; : A — BC can be simulated by
application of the r;—rule in the following manner: Xw;AwsY —>T; Xwy A[r;]BCwoY where the ajas is
a subword of woY and the r;-—rule is applicable only when «a;as satisfy the predefined conditions. The
rz-rule transforms the word XSwEY into X#LBwEY where 5 € N,w € V*. The r4-rule inserts $ into
the word X#wFEY,w € V1+ to identify the leftmost non-terminal where ri-rule can be applied. The
r; + A — a rule can be simulated in the following manner: X#w1$A481w.Y N X#w 8A[r,|SrwY
where 31 € N U{E}, w1, ws € Vi*. Moreover, after application of the r-rule, no rule will be applicable
to the subword $A.

Since, any terminal string w € L can be obtained by application of non-terminal rules and then by
leftmost application of terminal rules, if the corresponding labelled insertion rules are applied in the
same order, a terminal derivation can be obtained in I'. In fact, a string over V; can be obtained where
no rules further can be applied. If the labels of the applied insertion rules are concatenated in order
of application, a string over Lab, say, wy is obtained. Application of the morphism A to w;, replaces
each occurrence of ’l”;7’f’3 and r4 by the empty string and r¢ is replaced by a. Hence, if w € L(G), then
w = h(wy) € h(SZINS(T")) where wy € SZINSy(T).

Next we prove the inclusion h(SZINS3(T')) C L(G) = L. Let w = h(wy) where wy = ajag...a, €
SZINSy(T'). If the rules in G are applied in the same order as the labelled rules in I', a terminal string is
obtained. Moreover, after application of each ri-rule where r; : A — a, the subword $A becomes inactive.
Hence, no extra derivation is possible in I'. Again, h(r;) = h(r3) = h(r4) = A and h(r%) = a, and hence,
h(w1) = w € L(G). So, we can conclude h(SZINSy(T")) C L(G).

O

Kari and Sosik [2] and Onodera [19] proved that insertion grammars of weight 3 can characterize
recursively enumerable languages when an inverse morphism and a weak coding is applied. Next, we
show that any recursively enumerable language can be obtained as a homomorphic image of Szilard
language of a labelled insertion grammar of weight 5. Moreover, we construct the insertion grammar in
such a way that it simulates the derivations of G where the terminal symbols in any sentential form are

generated from right to left order, i.e., in leftmost manner as in [2, 3].

Theorem 4.7. FEach recursively enumerable language can be obtained as a homomorphic image of the

Szilard language of a labelled insertion grammar of weight 5.

Proof. Let L € RE and G = (N, T, S, P) be a grammar in Kuroda normal form such that L(G) = L. The
rules of the grammar G are of the foom A — BC,AB — CD,A — a, A — \. Moreover, as in the proof
of Theorem 1 in [3], we can assume that each element 2 € L can be generated initially by application of
the nonterminal rules and then by application of the terminal rules in leftmost manner. In this proof,
we construct a labelled insertion grammar I' = (Vi, A1, Ry, Lab) such that L = h(SZINS5(T")) where
ViNLab= 0.

Initially, the rules in G are labelled in one-to-one manner, i.e., each rule has a unique label r;. The

set A contains the labels of the rules in P. It is defined in the following manner



A=A UAUA3UA,, where

Ay ={[ry] | 7 : A— BC € P};

Ay ={[ri] | i : AB = CD € P};

As={[ri] | i : A—a€ P}

Ay =A{[rs] | i : A= X € P}

Let I" = (V4, A1, Ry, Lab) be a labelled insertion grammar, where

o Vi ={X,YYUNU{ki|ri: A= a} U{ki|ri : A= XU {[r;] | i € AYU{[rm]};
o A, = {XSY):

e Ry contains the following rules
(R11) For r; : A — BC:
(A, \/[ri) BC,Y),
: (A, \/[ri]BCya1Y), a1 € N,
3 (A, N/ [ri] BC,a1a2Y), a1, a9 € N,
(A, A/ [ri) BCyagasasY), ag, as, a3 € N,
i (A, N/ [ri] BC, agasasay),
where ai; € N,as e NUA, a3 € NUATUAs, a4 € NUA U Ao,
asas & (A1)(A1 U Ag),azay ¢ (A1 UA) (AL UA,),
78 (A, N/ [ri]BC, aranaszayas), where ap € N, ap € A, a3 € N,y € Ag and

Qo = Q5.

(R12) For r; : AB — CD:

r! : (AB,\/[r;]CD,a12), 1 € N,ag € N,
r®: (AB,\/[r;]CD,Y),

19 (AB,\/[r]CD, 1Y), a1 € N.

10 .11

rl and r!? in order also can simulate the rule r; : AB — CD :

1 00

The application of the rules r
ri9: (A, N/[ri], a1a2), 00 € N, ag € Ay,
ril . ([’I"i]alﬂl,)\/[7’1'},0[20[3),0[1 € N,as € N,a3 € Aq UN, [7‘1] S A27ﬂ1 € Al,

?

7“2-12 : (ﬁl[ri]B,)\/[’I‘i]CD,Oél(lg),Oél € N,as e NU {Y} U Al, [7“1'} S Ag,ﬁl € Al
and
ri3 : (AB,\/[r;]CD, a1aaazasas),

where a1 € N,ap € Ag, a3 € N,ay € Ay and as = as.

(ng) For r; : A—a:



al (XA NKLY),

a; « ([rm] A, MG, Y),

ad: ([rm]A, MK 1Y), a1 € N,

at: ([rm]A, MK araaY), a1, a0z € N,

al : ([rm]A, MK aqasasY), ar, e, a3 € N,
al: ([rm] A, MK arasaszay),

where a; € N,as € NUA, a3 € NUATUAs, a4 € NUA U Ao,
asag & (A1)(A1 U As),azay ¢ (A1 UA) (AL UA,),

al : ([rm]A, MK ajasazagas),

where a; € N, g € Ao, a3 € N,y € A1 and as = as,

rinﬂ ([ AR N [rm], crae), a1 € Nyag € {YTUN UA; U As.

(R14) For T A— X

7"}4 : (XA,)\/ki,Y),

Ti15 : ([Tm]A7 )‘/kgvy)v

716 ([P A, N KS, 1Y), 00 € N,

i ([rm] A, N KL araeY ), aq,a0 € N,

7"2-18 : ([’I"m]A, A/kﬁ\,alagagY),al,aQ,ag €N,
119 ([rm] A, MK cranazay),

where o1 € N,OéQ S NUAl,Oég S NUAl UAQ,OZ4 c NUAl UAQ,
[e DY %) ¢ (Al)(Al U AQ), 304 ¢ (A1 U AQ)(Al U Ag),
729 ([rm) A, A/k;,a1a2a3a4a5),

where a; € N, g € Ag, a3 € N,y € A7 and as = as.

Tinvo @ ([Pm]ARS, N [rm], cras), 00 € Nyag € {YTUNUA; UA,.

(Ri5) Tm 2 (Xa1B1, M [rm], a2), 01,00 € N, B1 € Ay,
[rmlaraaBi, N [rm], a3), a1, az, 3 € N, 31 € Ag,
[rm]aiBi, M [rm], a2B261), 00,00 € N, B1 € Ao, Ba € Ay,

Tt (
(.
Tm+s : ([rm]oafi, N [rm], aeas), a1 € Nyas € Nyag € NUAL U A, 81 € Ay,
(
¥
(.

Tm+2

[rm]oaaB1B2, N [rm], a2B2), a1,0 € N, B2 € Ag, f1 € Ay,

[rm]anB1B2, N [rm], azasfa), 0 € Nyag € Nyaz € Ay,B1 € Ay, B2 € Ay,

Tm+4
T'm+5

Tmt6 : ([Tm]a1Bi, A [rm], a2as), a1, 00 € Nyaz € NUALUA3U Ay, 1 € As.

10



o Lab={r}, 72,73, rd rd r¥ | [r;] € AL}

o lao g lgrlqgslyg

U{rl,r8, e, r0 rtt rl2 3 | 1] € As}

gyl gyl qgslqg slqg »lqg 1y
1 .2 .3 .4 .5 6 .1
U{a;, a7, ai, a;, a; ;s T+ | [ri] € Az}

)

14 .15 16 17 18 19 20 .
U{T y T T T T T Ty s T2 [Ti]€A4}

U{va Tm+2,Tm+1y Tm+3, Tm+4, Tm+5, Tm+6}-

The homomorphism A : (Lab)* — T* is defined by h(a}) = h(a?) = h(a3) = h(a}) = f(a?) = f(a) =
f(al) =aand h(l) = X for I € Lab\ {a},a?,a?,a},a?,ab,al}.

In this proof we construct an insertion grammar with labelled rules such that any recursively enumer-
able language can be obtained as a homomorphic image of the Szilard language of the labelled insertion
grammar. Moreover, the labelled insertion grammar I' is constructed in such a manner that each terminal
derivation in G can be properly simulated by the rules in R;. We also show that no word except the
words in L(G) can be obtained as the homomorphic image of the Szilard language of the labelled insertion
grammar I'. In this proof, the rules in (R;;) and (R;2) simulate the nonterminal rules and the rules in
(Ry3) and (Ry4) simulate the terminal rules. The rules in (R;5) are constructed to simulate the leftmost
derivations.

The working of the rules r; : A —» BC, r; : AB— CD, r;: A— a and r; : A — X has been discussed
in the sections (I), (II), (III) and (IV) respectively.

(I) The simulation of the rule r; : A — BC in different contexts is as follows:

XwAY =" X A[r|BCY,w € Vi

XwAaY =" XwA[r]BCaY,a € N,w € V;*

XwAoioY N XwA[r;)]BCayasY, i, a9 € Nyw € Vi

XwAoioaasY N XwA[r;]BCayasasY, ar, as, a3 € Nyw € Vy*

XwiAagagazogwaY N XwAlr;| BCajasazasY,wi,wy € Vi¥,

where a1 € Ny,as € NUA,a3 € NUATUAs, a4 € NUA U Ay,

agaz ¢ (A1)(A1 U Ag),azay ¢ (A1 UA) (AL UA).

Note that after application of the rules r}, 72 73, r# and r?, the subword A[r;] becomes inactive (i.e.,
no rules can be applied to A[r;]) and becomes active once again when a word Xwi[ry,]A[r;]w.Y, wi,
wq € ViT is obtained. The 7, 3-rule only can be applied to Xwi [, A[r;Jw2Y . It has been discussed in
Case 3.

(IT) Simulation of the rules r; : AB — CD in different contexts:

XwABY —" XwAB[r;JCDY,w € V;'. (1)

XwABaY —" XwAB|r;|CDaY,a € N,w € V;". ... (2)

Xwi ABajaswsY i Xwi AB[r;]CDajaswsY,wy € Vi wy € V¥, a1, a2 € N.

.. (3)

Similarly as above, after application of r8,r? and r!-rule, no other rule can be applied to the

subword AB[r;]. Moreover, this subword cannot be further used for simulation of any other rule

r; + AJA — B1Cy. In fact, the 77, 7% and r-rule cannot be applied to the subword A; AB[r;]CD of
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the word Xw; A1 AB[r;]CDwyY,wy,ws € Vi*. Hence, no rule in (R;2) is applicable to the subword
AB|r;]. So, the subword AB][r;] becomes inactive. It becomes active once again when the word Xwi [ry,]
ABJr;lwaY,wy € Vf, wy € V1+ is obtained. This has been discussed futher in Case 4.

In Case 1 and Case 2 we discuss the simulation of the rule r; : AB — CD in the contexts different
than the contexts discussed above.

Case 1: Now, we discuss the simulation of the rule r; : AB — CD in the word

XwiAwBay, 1w where wy € Vi, ws € Vi*,w = ay[ri]as[ra]...an[rn], 06 € Nyani1 € N,1j €
Al ... (4)

If w = a;[r1] where a; € N, [r1] € Ay, then

XwyAaq[r1]Bag1weY

—ri’ Xuwn Afri]aq [r1]Bagp 1w

=" XwiAlriaa[r1][ri] Ban1wsY

= Xwy Alri)on [r1][ri]) Blri]C Doy ws Y. .. (5)

If w = aq[ri]as|rs] where ay,as € N, [r1],[r2] € Ay, then

XwiAaq[r1]ag[re] Bay,1weY

N Xwy Alri]ag[r1]as[re] Bay 1w Y

N Xuwn Alri]aq [r1][ri]az[re) Ban 1w Y

=7 Xwy Alri)an [r][ri)ea[re)[ri]) B g1 ws Y

= Xwy Alri)on [r1][ri]aa[ra][ri] Blri|C Doy 1w, Y. ... (6)

Hence, the application of the r1g-rule is followed by repeated application of the r;-rule and then one
time application of rip-rule can simulate the application of the rule r; : AB — CD on the words in (4).
Moreover, the above derivations can be further extended for words Xw; Aaq[ri]az(ra] ... anlrs] Bant+1
woY wheren > 3,0, € N(1 <i<n+1),w € Vi*,ws € Vi*,[r;] € A1(1 < j < n).

Also, for each r; : Ay — B1C1, the corresponding rl‘r’— rule is applicable to the above word lelAlA
aq[ri]az[re] ... anlra] B aptiwY where wy = wiAl,w/l € V', A1 € N. The rj-rule can change it into
XwyAi[r])By CiAay[ri]as[rs] ... an[rp] B aniiweY. But if the r!9-rule is applied at first as in Case 1,
then [r;] € As is inserted into the word and lelAlA[ri] aq[ri]as[ra] ... ap[rp]Ban+1 weY is obtained.
This forbids the insertion rules in (R11) to be applied to the subword Aj A[r;]aq[r1]as[rs] ... an[r.]B.

Again, if there exist a rule 7"1/ B — C'D' and the corresponding insertion rule in (Rjq) is ap-
plied to the word Xwy Alr;]aq[r1][ri]as [r2]ri] - - - anlra][ri] Bansi1weY, then the word Xwy Afr;]aq [r1][r]
a[ra][ri] . . . an[r][ri] Blr1]C D apyywaY is obtained. The r!2-rule is not applicable to it. Hence, if the
simulation of the rule r; : AB — CD has started, then no other rule can be applied to the subword
10 .11

ri and r12-rule.

()

Alrilea[r][ri]azg [r2][ri] - . . an[ra][r:]B[ri] except the r

Moreover, once the simulation is complete, the subword A[r;]aq[r1][ri]as [ro][ri] - . . an[ra][r:] B [ri] be-
comes inactive and will be active again when the subword [r,,) A[r;]aq [r1][ri]as [r2][r:] - . - an [ra] [r:]Blri]
is obtained. We discuss about it in Case 5.

Case 2: In this case we discuss the simulation of consecutive application of two rules in (Rj2).
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If a word of the form Xwy Ay By Alri]an[ri][rilag [ra][ri] - - . an[ra][rs] Blri] weY, w1 € Vi we € V' is
obtained during any stage of the computation and also there exist a rule r; : AyB; — C1D; , then the
application of the rule can be simulated by r}s—rule.

Xwy A1 BiAlr)aq[r][ri]an [ro][rs] . .. o [rn][ri] BlrilwaY

=73 Xwy Ay By [r;]Cy Dy Alrilaa [r][ri] ez [r2][ri] - - - ] [ri] Blri]wa Y.

(7

Also, since no rule from (R11), (R12), (R13) and (R14) is applicable to the subword A; By [r;], it becomes
inactive after the simulation. Tt becomes active again when the word Xw [r,,] Ay Bi[rj] wyY, w),wy € V;
is obtained.

(IIT) Now, we discuss the Simulation of the rule r; : A — a in different contexts:

XAY -9 XAKLY,

Xwlrp]AY =% Xw[r,| ALY, w € ViT,

Xwlry,|Aa Y yai Xwlrp| Akl Y, w € V1+,a1 €N,

]
]
]
]

b

wlry Aoy —a; Xwlrm]AklayaoY,w € Vit a1, as € N,

[
[
[
[

P

5 ,
wlrm]AaiagazY =% Xw(r,]AklayasasY,w € VT a1, a9,a3 € N,

b

wr] Aoy agaza,Y —9% Xw[rm] Ak oy agazasY,w € ViT,

where a1 € N,as € NUA, a3 € NUATUAs, a4 € NUA U Ay,

agaz ¢ (A1)(A1 U Ag),azay ¢ (A1 UA) (A UA).

(IV) Again, the simulation of the rule r; : A — X in different contexts is as follows:

XAY —»m" XARLY,

Xw[rm]AY =" Xw[r,| ALY, w € V¥,

Xwlrm|Aa Y N Xwlrp,]Akia1Y,w € Vit a1 €N,

Xwlrm|AajaY T Xw(ry,]AkiaiaY,w € Vit a1,a9 € N,

Xw(r,|AayasasY it Xwry)AkiarazasY,w € V1+,oz1, ag,a3 €N,

Xw[rm]AayasazagwsY i’ Xwlrm] Ak arasazasY, wi, we € 74

where a1 € Nyas € NUA,a3 € NUATUAs, a4 € NUA U Ay,

agas ¢ (A1)(A1 U Ag), azay ¢ (A1 UA) (AL U A).

Now, we discuss the simulations of the leftmost derivation process in I' in the following cases in detail.
To simulate the leftmost derivations in G, the rules in (R;5) are constructed. They are constructed in
such a way that the symbol [r,,] identifies the leftmost non-terminal in the word XwY,w € V;". The
working of the rules in (Rj5) has been discussed in detail in the Case 3 to Case 6.

At first, the simulation of the leftmost derivations start with the application of the r,,-rule.

XalrjJwsY =" Xa[rj|[rm|w2Y, where a € N,wo € V¥, [r;j] € Ay. ... (8)

Case 3: The subword A[r;] in the word Xw;[r,,]A[r;Jw2Y,w; € V{7, we € V;™ becomes active again
when the subword [r,,,]A[r;] is obtained and is followed by the following step:

Xwi[rm]AlriJwY —="m+3 Xwy [rp, | Alri][rm]w2Y. ...(9)

Case 4:
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The subword ABJr;] in (II) will be activated once again after obtaining the subword [r,,]AB]r;]. It
is followed by insertion of the symbol [r,,] into Xw[rm]ax[re] AB[rijwaY, wy, ws € VT,

Xwr[rm]og[re) AB[rijwY

—"mt8 Xy [ o [rg] [rm] AB[rijwaY

="+ Xwq [P ]ag[re][rm ]| AB[ri] [rm]w2Y,

where ay € N,wy,ws € Vi, [r] € Ay, [ri] € Ag. ...(10)

Moreover, in (10) after application of the 7, 3-rule only the r,,,1-rule is applicable to AB]r;].

Case 5:

In this case we discuss how the insertion rules insert [r,,] such that the subword Alr;]a[r1][ri]as
[ro][ri] - - - an[ra][ri] Blr:] becomes active again in Xw[rpy]aglrolAlrias [ri]as(ra]r:] . .. anlra]B [ri] wY
where [r;] € A1(j =1,2,...,n),[r;] € Ag, w1 € ViT, wy € Vi and r; : AB — CD.

At first we explain the derivation for the word Xw [ry,]ao[ro] A[r;]aq[r1] Blri] w2Y .

Xwi[rm]ao[rolAlrd]as[r][ri] Blri]wY

—Tm+3 Xy [rm]aolro][rm] Alri]ai [ri][ri] Blri]wY

=2 Xwy [rm|aolro][rm] Alri][rm]aa [r1] [ri] Blri]wa Y

s X [rmlofrol o] Alri][rmlas [l ) BlriluosY

s Xyl Jaolrol [ Al don [l [ BE] s Y- )

Next we describe the above process for the word X wy [ ]ag[ro] A[ri]aq [r1][ri] aalre][ri]Blr:] wY, w; €
Vitiwe € Vit [ri] € Ao, [rj] € Ar(1 < 5 < 3).

Xwi[rm]aolrol Alrs]au [r1][ri]az[ra][ri] Blrijw Y

s X [rnlaolro][rm] Alridas [ra][ridaalral ] BlriduwsY

=52 Xwi [ [ro][rm | Alri][rm]an [r][ri]ae[re][ri] Blriws Y

=" Xwlrplao[rollrm] Alrillrm]aa [r][ril[rm]azlra] [ri] Blrijws Y

=" Xy [rmeo[rol[rm] Alril[rmlaa[m[ril[rmlas[ra] [ril[rm] BlrijwsY

s X [ronlaolro]rm Alril[rmlos[ri][ril [l ra] il Blrid Y

..(12)

The above derivations can be further extended for Xwn[ry,]aolrolAlrilaa[ri]aslre]. .. an [ra]B weY
where a; € N(0 < ¢ < n),[rj] € A1(0 < j <n),[r;] € Ag. In this case, the symbol [r,,] can be inserted
in specified location by application of the rules with label 7,42, "m+3, "m+ta, Tm+s and Tmie.

Moreover, after application of the 7, 3-rule to Xwi|[r,,|aol[ro]Alri|aq [ri]as[ra] ... an[ry]BwsY, the
word Xwy [rm]aolro][rm]Alri|aa[ri]as(ra] . . . an[rn]Bw2Y is obtained. No insertion rule except the rules
in the above derivation can be applied further to the subword [rp,Jao[ro][rm] Alri]an [ri]azg[rs] .. . an[ry] B.
Hence, for further steps a subwords of the form A[r;]ai[r1][r:]... an[ra]lr:] Blri] must be obtained
whenever r; : AB — CD is simulated.

Case 6:

Now we discuss the application of the rules 7%, af and r?° where r, : AB — CD,r; : A — a,r; : A — .

The word Xwy Alr;|aq[r1][ri] . . . an[ra][r:] Blrijw2Y is obtained after simulation of the rule r; : AB —
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CD in case (1) of (IT). Moreover, if w; = w; A1, w; € Vi, A; € N and there exist a rule 7, : 4, — B, C},
then

Xwi Ay Alrilaq[r][ri] - . - an[ral[ri] BlriwaY —7%

Xwy Ai[re) BiCL Alri]aa [r][ri] . . . an[ra][ri] Blriws Y, wy € Vi, wa € Vi ... (13)

The rule r; : Ay — a can be simulated in the following manner when the subword [r,,]A; Alr;]o:
[r1][ri] - - - an[rn]B[r;] is obtained.

Xwy[rm)A1 Alri)aq[r][ri] - - - anlra][ri] Blriw2Y e

Xwi[rm]ArkI Alrilaq[ri][ri] . . . anra][ri] BlrilwaY. ... (14)

Similarly, r?%-rule can simulate r; : A; — X as in (14). Moreover, the subwords A;[ry] becomes
inactive. But there exist insertion rules which can be applied to [r,,]A1kJ and [r,,]A1k,. It has been
discussed in Case 7.

Case T:

The application of a;—rule and r%o—rule is followed by the application of the insertion rules with label
rfn 11 and rt 12 to proceed further. Note that no other insertion rule is applicable to the subwords

[rim] Avkd Alri| Alrilaa [r1][ri] - - - an ] [13] Blri] and [rp,) Ak Alrilaa [ra][ri] - - - con[ra] [ri] Blri).-

Xwy [rm] A1k Alri]an [r][ri] - - - an[ra][ri] Blri]w2 Y T

Xwn [rm] A1k [rm] Alrilaq [r][ri] - - - anlra][ri] Blrijw Y. ... (15)

Xw 1] ArKS Alrilaa [r1][ri] - - - ao[rn][ri] BlrilwaY Tt

Xw [ A KL [rm] Al aa [ra][ri] - . . an[ra)[ri) Blrilw2 Y. ...(16)

In fact, the TZ,H_I and 7!, ,-rule are applicable to words Xwi [ry,]A1kd woY and Xw:[ry,] A1kl woY,
respectively where wy,ws € V1+. Also, no insertion rules are applicable to the subwords [r,,]A1k! and
[rm] A1k, further.

From the above discussions we can say that whenever the non-terminal rules are applied, corre-
sponding labelled insertion rules in (Rj;) and (Rj2) can simulate it properly in the word XwY,w €
V. Also, the application of the rules in (Ri1),(Ri2), (R13) and (Ri4) , inactivates the subwords
Alr;], AB[r;], Alrilaq [r1][ri]as[ra][r:] - . - anlra][ri] Blr:] and A[r;] to be reactivated again by application
of the rules in (Ry5). Moreover, these subwords become active again only during the simulation of
leftmost derivations by the rules in (Ri3), (R14) and (R15). Hence, no extra derivation is possible in T'.

Now at first we prove the inclusion L(G) C h(SZINS5(I")). Let w € L(G). If the insertion rules in I'
are applied in the same order as in a derivation of G obtaining w, a string over V; is obtained where no
insertion rule can be applied further. Also, if the labels of the applied rules are concatenated, a string over
Lab is obtained. If the morphism h is applied to the string over Lab, then the terminal string w € L(G)
is obtained. Hence, L = L(G) C h(SZINS5(T)).

Now we prove the inclusion h(SZINS;5(T")) C L(G), i.e., no word except the elements of L(G) can be
obtained as homomorphic image of the Szilard language of insertion grammar of weight 5.

Let © € h(SZINS5(I")). Then there exists a 1 € SZINS5(T") such that = h(x1). The string z

is obtained when the labels of the rules in a terminal derivation of I' are concatenated. In the string
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1,2 .3 4 .5 6 7
5,a5,a;,a;,a7,a; and a;

x1 € Lab*, all the symbols except the symbols a for each rule r; : A — a
are mapped to A by the morphisn h. Since no extra terminal derivation is possible in I', the string

x is obtained when the rules of the grammar G are applied in the same order. So, z € L. Hence,
h(SZINS5(T)) C L(G). O

5 Conclusion

In this work we investigated Szilard languages obtained by the labelled insertion grammars and compared
them with the family of languages in Chomsky hierarchy. We showed that there exist regular languages
which cannot be obtained as a Szilard language by any labelled insertion grammar. But every regular,
context-free and recursively enumerable language can be obtained as a homomorphic image of the Szilard
language of labelled insertion grammars with some restricted bounds. The bounds obtained in this paper
are not optimal. One of the future direction of research can be to obtain the optimal bounds of these

results.
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