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Abstract — This paper presents a new thermomechanically coupled constitutive model for polycrys-
talline shape memory alloys (SMAs) undergoing finite deformation. Three important characteristics of
SMA behavior are considered in the development of the model, namely the effect of coexistence between
austenite and two martensite variants, the variation of hysteresis size with temperature, and the smooth
material response at initiation and completion of phase transformation. The formulation of the model is
based on a multiplicative decomposition of the deformation kinematics into thermal, elastic and trans-
formation parts. A Helmholtz free energy function consisting of elastic, thermal, interaction and con-
straint components is introduced. Constitutive and heat equations are derived from this energy in com-
pliance with thermodynamic principles. The proposed model is then implemented in Abaqus/Explicit
by means of a user-defined material subroutine (VUMAT). The results of numerical simulations are val-
idated against experimental data obtained under a variety of thermomechanical loading conditions. The
robustness and efficiency of the proposed framework are illustrated by simulating a SMA helical spring
actuator.
Mots clés — constitutive model, thermomechanical coupling, Hencky strain, numerical simulation.

1 Introduction

Shape memory alloys (SMAs) are a class of smart materials capable of inelastic deformation that can
be recovered under the influence of appropriate thermomechanical loadings. Over the last decades, sub-
stantial research was dedicated to developing constitutive models that can accurately describe the ther-
momechanical behavior of SMAs [Kan & Kang(2010), Lagoudas et al.(2012), Auricchio et al.(2014),
Kelly et al.(2015)]. A large number of phenomenological models have been proposed in the literature
with the various degrees of sophistication. Some of these models were shown to accurately describe com-
plex SMA material responses such as asymmetry [Rizzoni & Marfia(2015)], multi-variant phase trans-
formation [Auricchio et al.(2014)], strain localization [Bechle & Kyriakides(2016)], variation of trans-
formation hysteresis [Lagoudas et al.(2012), Sedlák et al.(2012)], cyclic deformation [Yu et al.(2015a),
Kimiecik et al.(2016), Kan et al.(2016)], crack growth [Baxevanis et al.(2015), Hazar et al.(2015)], rate
dependence [Andani & Elahinia(2014), Yu et al.(2015b)], etc. However, most of these constitutive mod-
els disregard thermomechanical coupling [Xiao(2014)] and are limited to infinitesimal deformations
[León Baldelli et al.(2015)].

In the present work, a thermomechanical constitutive model for large deformations of SMAs is de-
veloped, in which constitutive and heat equations are formulated in terms of Hencky strain. This strain
measure, sometimes referred to as logarithmic or nature strain, is used in constitutive modeling of solids
due to its remarkable properties in large deformations [Arghavani et al.(2011)]. Among the usual finite
strain measures, the Hencky strain has two important features: (i) only Hencky strain maps the volumet-
ric and isochoric parts of the deformation gradient onto the pure spherical and deviatoric strain measures,
which allows straightforward additive split of the total strain [Xiao et al.(2004)] (ii) the logarithmic coro-
tational rate of the Eulerian Hencky strain is the rate of deformation D [Reinhardt & Dubey(1996)],
which makes it conjugate to the Cauchy stress in finite strain formulations. The model formulation is
based on a multi-tier decomposition of deformation kinematics. In addition, the proposed model incor-
porates the following three important characteristics of SMA behavior that have not been concurrently
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addressed in previous work: (i) effect of coexistence between austenite and two martensite variants;
(ii) variation of the hysteresis size with temperature; (iii) smooth material response at the initiation and
completion of phase transformation.

2 Constitutive model

The model is developed based on the principle of virtual power (PVP) in compliance with the first (energy
balance) and second (entropy inequality) laws of thermodynamics. The Helmholtz free energy function
Ψ is written as

Ψ =
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where K and µ are volumetric and shear moduli, δ, h̄e and ht are volumetric, elastic and transformation
Eulerian Hencky strains; α and cv are thermal expansion coefficient and specific heat capacity; eA

0 and
ηA

0 are reference internal energy and entropy at reference temperature θ0; ∆ηt is the entropy difference;
χM and χS are volume fractions of multi-variant and single-variant martensites; gt denotes interaction
energy of martensite and austenite and µt is transformation hardening modulus; ζM, ζS, ζMS and ζt are
nonnegative Lagrangian multipliers; h0 is transformation strain magnitude.

Substituting the Helmholtz free energy function (1) into the Clausius-Duhem form of entropy in-
equality gives the elastic constitutive equations as

p = K [δ−3α(θ−θ0)] and s= 2µh̄e, (2)

where p and s are hydrostatic and deviatoric stresses.
Then, the thermodynamic forces associated with multi-variant AM, single-variant AS martensite

transformations and martensite reorientation AN are written as

AM =−∆ηt(θ−θ0)− f t +ζ
M−ζ

MS, (3)

AS = h0M̄e : Nt −µth2
0χ

S−∆ηt(θ−θ0)− f t −h0ζt +ζ
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AN = h0χ
S (I−Nt ⊗Nt)M̄e, (5)

where M̄e is a Mandel stress, Nt denotes the direction of transformation strain; I is the fourth-order
identity tensor and (I−Nt ⊗Nt)M̄e represents the component normal to Nt of the mandel stress M̄e;
f t = ∂gt/∂χ is a tangential transformation hardening function expressed in the following form:

f t = κtanm
[

1
2
(ξaχ+ξb)π

]
+ r, (6)

where κ, m, ξa, ξb and r are material parameters.
The evolution equations for χM, χS and Nt are written as
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where γ̇M, γ̇S and γ̇t are nonnegative multipliers. The associated yield functions are given by

FM = |AM|−YM, FS = |AS|−YS and Fr = ‖AN‖− (χS)2Yr, (8)

where YM, YS and Yr are yield thresholds controlling, respectively, evolutions of χM, χS and Nt .
Finally, the temperature evolution equation is written as

cvθ̇ = hv−∇ ·q+ω
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where hv and q are heat source and heat flux, ω denotes the ratio of intrinsic dissipation converted into
heat.
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3 Numerical simulation

The proposed model is implemented into the finite element analysis software Abaqus/Explicit by means
of a user-defined material subroutine VUMAT. To demonstrate capabilities of the model, numerical sim-
ulations are carried out and compared to experimental data under a variety of thermomechanical loading
conditions. Finite element simulation of a SMA helical spring actuator undergoing large deformations
and temperature variation is also performed.

The first set of simulations is dedicated to pseudoelasticity under isothermal uniaxial tensile loading
at temperatures of 298 K, 303 K and 313 K. Experimental data for a polycrystalline NiTi wire (50.8 at.%
Ni, provided by Memry Corporation) reported by [Lagoudas et al.(2012)] is utilized for validation. In
the simulations, the applied stress is increased from 0 to a maximum value of 700 MPa then removed,
with the temperature maintained at a constant value.

Figure 1 shows comparisons between model predictions and the experimental data reported by
[Lagoudas et al.(2012)]. The pseudoelastic stress-strain responses at constant temperatures of 298 K,
303 K and 313 K are, respectively, plotted in Figure1(a), (b) and (c). In addition, the evolution of the
single-variant martensite volume fraction χS is presented in Figure 1(d). From the figures, it is seen
that the proposed model captures the pseudoelastic behavior of the considered polycrystalline SMA with
good accuracy. In particular, complete shape recovery is achieved upon unloading, a smooth response
is observed at the initiation and completion of phase transformation, and the elastic modulus is found to
depend on phase composition.
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Figure 1: Model prediction vs. eperimental data under isothermal uniaxial tensile loading: (a) θ = 298
K, (b) θ = 303 K, (c) θ = 313 K, (d) evolution of the single-variant martensite volume fraction.

Moreover, a biaxial strain-controlled butterfly-shaped loading test is investigated to demonstrate the
reliability of the model in presence of multiaxial non-proportional loading conditions. Experimental
data reported by [Grabe & Bruhns(2009)] is utilized as references. In the source work, γ′ = γ/

√
3 and

τ′ =
√

3τ are used as shear strain and stress measures for simplicity of a von Mises-type equivalence.
Figure 2 shows the butterfly-shaped strain input and the stress output in both axial and shear direc-

tions. The maximum axial and shear strain magnitudes reached in each case are ε = γ/
√

3 = 0.015, as
shown in Figure 2(a). The results of numerical simulation are compared to the reference experimental
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data in Figure 2(b-d). Specifically, Figure 2(b) shows the scaled shear stress
√

3τ versus axial stress
σ, Figure 2(c) shows axial stress σ versus axial strain ε and Figure 2(d) shows

√
3τ versus the scaled

shear strain γ/
√

3. The overall agreement with the experimental data is satisfactory despite small de-
viation in presence of dominant shear and compression loadings. This is because the yield criteria for
phase transformation and martensite reorientation of the von Mises type, which dose not account for
the experimentally observed asymmetry in NiTi behavior in tension, compression and shear. A better
simultaneous fit to tension, compression and shear data is achievable by means of more sophisticated
criteria.
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Figure 2: Comparisons between simulations using the present model and experimental data reported by
[Grabe & Bruhns(2009)]: (a) butterfly-shaped axial-shear loading path, (b) shear stress vs. axial stress,
(c) axial stress-strain response, (d) shear stress-strain response.

Finally, a SMA helical spring actuator is simulated to demonstrate the usefulness of the proposed
model in analyzing complex structural SMA components subjected to non-trivial thermomechanical
loading conditions. The SMA helical spring actuator adopted in the simulation has a coil diameter of 20
mm, a wire diameter of 2 mm and a spring pitch of 10 mm. Figure 3 shows the initial geometry, meshed
using 3312 coupled temperature-displacement reduced integration hexahedral elements (Abaqus/Explicit
C3D8RT). The element highlighted in red is chosen for studying the local material response, i.e. stress-
strain behavior and phase transformation. The mesh of the cross-section adjacent to the red element is
shown in the figure. Loading is applied at the nodes on end surfaces of the spring.

In the simulation, the spring is first preloaded with a force of magnitude 4 N in a smooth manner
over a time period of 5 seconds at a constant temperature of 380 K. It is then cooled uniformly to 280
K before being uniformly heated back to 380 K over another time period of 5 seconds. Figure 4 shows
contour plots of the von Mises stress and the martensite volume fraction χ in the spring at 280 K. The von
Mises stress is maximum near the inner surface of the central portion of the spring as shown in Figure
4(a). In the same portion, the martensite volume fraction reaches its maximum value of magnitude 1
along toward the outside of the section, indicating complete transformation of austenite to martensite.
The local stress response and phase transformation in the highlighted element (red in Figure 3) are shown
in Figure 5(a). In the first half of the loading sequence, the von Mises stress increases with increased
applied force to nearly 480 MPa. However, as the temperature is decreased from 380 K to 280 K at
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Figure 3: Geometry and mesh of the SMA helical spring actuator.

constant applied force, the von Mises stress decreases to 230 MPa and austenite completely transforms
to martensite. When temperature is increased again to 380 K, the martensite finally transforms back to
austenite. The displacement of the point of application of the load on the end surface is plotted versus
temperature in Figure 5(b). At 380 K, the applied force of 4 N generates approximately 4 mm of elastic
displacement. when temperature is decreased to 320 K, the formation of single-variant martensite results
in significant transformation strain. The spring retrieves its original shape as the temperature is increased
back to 380 K. The complete actuation cycle of the SMA helical spring actuator is shown in the figure.
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Figure 4: SMA helical spring actuator at temperature 280 K: (a) von Mises stress contour plot, (b)
martensite volume fraction contour plot.

4 Conclusion

A thermomechanically coupled, Hencky-strain based constitutive model for shape memory alloys has
been proposed in this work. A Helmholtz free energy function including elastic, thermal, interaction
and constraint components has been introduced. Constitutive and heat equations were derived from the
established Helmholtz free energy. Three important characteristics of SMA response are considered in
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Figure 5: Temperature-induced actuation of the SMA helical spring actuator: (a) martensite volume
fraction vs. von Mises stress curve for the selected element, (b) displacement vs. temperature curve at
the point of application of the load on the end surface.

formulating the model. First, the effect of phase coexistence between austenite and two martensite vari-
ants is accounted for by deriving separate evolution laws of volume fractions for single-variant χS and
multi-variant χM martensites, which can be active simultaneously. Then, the variation of the hysteresis
size with temperature is characterized by means of the forward entropy difference ∆η f and the reverse
difference ∆ηr. Finally, the smooth material behavior at initiation and completion of phase transforma-
tion is accounted for using a unique tangential transformation hardening function f t . The model was then
implemented into Abaqus/Explicit using a user-defined material subroutine VUMAT. Numerical simu-
lations are carried out and validated against experimental data for a variety of loading cases, including
proportional, non-proportional, isothermal, non-isothermal conditions. Finally, a simulation example is
proposed in which a SMA helical spring is subjected to complex thermomechanical loading conditions.
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