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Abstract

We consider finite mixtures of generalized linear models with binary output. We prove
that cross moments till order 3 are sufficient to identify all parameters of the model. We
propose a least squares estimation method and we prove the consistency and the Gaussian
asymptotic behavior of the estimator. An R-package is developed to apply our method,
we give numerical experiments to compare with likelihood methods. We then provide new
identifiability results for several finite mixtures of generalized linear models with binary
output and unknown link function including both continuous and categorical covariates, and
possibly longitudinal data.

1 Introduction

Logistic models, or more generally multinomial regression models that fit covariates to dis-
crete responses through a link function, are very popular for use in various application fields.
When the data under study come from several groups that have different characteristics,
using mixture models is also a very popular way to handle heterogeneity. Thus, many algo-
rithms were developed to deal with various mixtures models, see for instance the book [5].
Most of them use likelihood methods or Bayesian methods that are likelihood dependent.
Indeed, the now well known expectation-maximization (EM) methodology or its randomized
versions makes it often easy to build algorithms. However one problem of such methods is
that they can converge to local spurious maxima so that it is necessary to explore many
enough initial points. Recently, spectral methods were developed to bypass EM algorithms
and they were proved able to recover the directions of the regression parameter in models
with known link function and random covariates, see [9].

One aim of this paper is to extend such moment methods using least squares to get es-
timators of the whole parameters, and to provide theoretical guarantees of this estimation
method. The setting is that of regression models with binary outputs, random covariates
and known link function, detailed in Section 2. We first prove that cross moments up to
order 3 between the output and the regression variables are enough to recover all the pa-
rameters of the model, see Theorem 1 for the probit link function and Theorem 2 for general
link functions. We then obtain consistency and asymptotic normality of our least squares
estimators as usual, see Theorem 3. The algorithm is described at the end of Section 3,



and to apply it, we developed the R-package morpheus available on the CRAN ([3]). We
then compare experimentally our method to the maximum likelihood estimator computed
using the R-package flexmix ([6]). We show that our estimator may be better for the probit
link function with finite samples when the dimension increases, though keeping very small
computation times when that of flexmix increases with dimension. The experiments are
presented in Section 4.

Another aim of this paper is to investigate identifiability in various mixture of non linear
regression models with binary outputs. Indeed, identifiability results for such models are
still few and not enough to give theoretical guarantees of available algorithms. Let us review
what is known up to our knowledge. In [4], the identifiability is proved for finite mixtures
of logistic regression models where only the intercept varies with the population [11]. In [7],
finite mixtures of multinomial logit models with varying and fixed effects are investigated,
the proofs of identifability results use the explicit form of the logit function. In [11], further
non parametric identifiability of the link function is proved, but only for models where the
base exponential models are identifiable for mixtures, which does not apply to binary data
(Bernoulli models).

We provide in Section 5 several identifiability results, that for example are useful to
get theoretical guarantees in applications such as the one in [8]. We prove that with known
smooth enough link function, the directions of the covariates may be recovered under the only
assumption that they are distinct, see Theorem 4. Then, under the strengthened assumption
that they are linearly independent, we prove that the link function may be non parametrically
recovered, see Theorem 5. We then study the simultaneous use of continuous and categorical
covariates and further give assumptions under which parameters and link function may be
recovered, see Theorem 6. We finally prove that, with longitudinal data having at least 3
repetitions for each individual, the whole model is identifiable under the weakest assumption
that the regression directions are distinct, see Theorem 7.

2 Model and notations

Let us denote [n] the set {1,2,...,n} and e¢; € R? the i-th canonical basis vector of R<.
Denote also I; € R¥*? the identity matrix in R¢. The tensor product of p euclidean spaces
R%, i € [p] is noted @_, R%. T is called a real p-th order tensor if T' € @¥_, R%. For
p=1,T is a vector in R and for p = 2, T is a d x d real matrix. The (iy,iz,...,4,)-th
coordinate of T with respect the canonical basis is denoted T'[i1, 2, . . ., 4p], i1, 12, ... ,ip € [d].

Let X € R? be the vector of covariates and Y € {0, 1} be the binary output.

A binary regression model assumes that for some link function g, the probability that ¥ =1
conditionally to X = x is given by g({3,z) + b), where 3 € R? is the vector of regression
coefficients and b € R is the intercept. Popular examples of link functions are the logit
link function where for any real z, g(z) = e*/(1 + €*) and the probit link function where
g(z) = ®(z), with ® the cumulative distribution function of the standard normal N (0,1).

If now we want to modelise heterogeneous populations, let K be the number of populations
and w = (w1, ,wk) their weights such that w; > 0, j = 1,..., K and Zjil wj = 1.
Define, for j = 1,..., K, the regression coefficients in the j-th population by 8; € R¢ and
the intercept in the j-th population by b; € R. Let w = (w1,...,wk), b = (b1, -+ ,bk),
B =1[P1| - ,|Bk] the d x K matrix of regression coefficients and denote § = (w, 3,b). The



model of population mixture of binary regressions is given by:

K
Po(Y =1|X =2) =Y wrg(< Br, x> +bi). (1)
k=1

We assume that the random variable X has a Gaussian distribution. We now focus on the
situation where X ~ N (0, 1), I being the identity d x d matrix. All results may be easily ex-
tended to the situation where X ~ N (m, X)), m € R%, ¥ a positive and symetric d x d matrix.

Define the cross moments between the response Y and the covariable X, up to order 3:
— M;(0) := Eg[Y.X], first-order moment,
- My(0) :=Eq [Y. (X®X - Zje[d] Ye; ® ej)}, second-order moment and

— M3(0) = EQ[Y(X®X®X—ZjE[d] (X ®ej®ej+e;®X Qej+e ®ej®X])}
third-order moment.

Let, for k =1,..., K, Ay = ||Bk|| and pur = Br/||Bk||. Using Stein’s identity, Anandkumar et
al. ([9]) prove the following lemma:

Lemma 1 ([9]). Under enough smoothness and integrability of the link function (which hold
for the logit and probit link functions, or under our assumption (HS3) below) the moments
can be rewritten:

My(0) = kaE (M (X ) + O] s
My(0) = Zwk/\Q )\k < X, > +bk)] UE @ s
Ms(0) = Zwm G (N < X, e > +b)] e @ pe © page.

It is proved in [9] that the knowledge of M;5(6) leads to the knowledge of u1,...,ux up
to their sign as soon as they are linearly independent. In the next section, we prove that the
knowledge of all cross moments till order 3 allows to recover all parameters for the probit link
function under the same assumption on the regression coefficients. We also prove that for a
general link function satisfying some weak assumption, the knowledge of all cross moments
till order 3 allows to recover all parameters provided they are not too far from 0.

3 Moment identifiability and estimation

To prove our moment identifiability result, we shall use the following assumptions:

— (H1) The vectors fi,...,[ K are linearly independent and the weights are positive:
wr,>0,k=1,.... K.

— (H2) The link function g is strictly increasing from 0 at —oo to 1 at +oo, it has
continuous derivatives till order 4, decreasing first derivative on [0, +o00[, and it satisfies

Vz eR, g(z) +g(—2)=1.



— (H3) There exists a neighborhood O of (0,0) in R} xR and any functions Ly, s = 1,2, 3,
such that V z € R, V (A, b) € O, we have

dgsth)
o\

(4 )| 2= 0 4 0) < 2402

and further for s = 1,2, 3,
/ Ls(z)e_ZZ/de < +o0.
R

Notice that (H1) implies that d > K, and that (H2) and (H3) hold in particular for the
logistic link function and the probit link function.
From (H2), one gets that

e (P1) The function ¢’ is positive and satisfies ¢'(x) = ¢’'(—x) for all x € R,
e (P2) The function g” satisfies ¢g”(z) = —¢g”(—z) for all z € R and ¢”(z) < 0 for z > 0.

To prove the limiting Gaussian distribution of our moment estimator, we shall need more as-
sumptions. For j =1,...,5, let G; be the K x K diagonal matrix having the E[gY) ((Br, X) 4 by)]’s
on the diagonal.

— (H4) All diagonal coefficients of G3 are non zero.

— (H5) All diagonal coefficients of G1G3 — G3 are non zero.

3.1 Identifiability results

In the whole section we assume that (H1) holds. Under (H1), we see by Lemma 1 that K is
the rank of M>(0).

It is proved in [9] we can recover the py’s up to sign from the knowledge of Ms(0) and M;5(6),
but since under (H1) M;(#) is a linear combination of the py’s with positive coefficients, the
knowledge of M (6) allows to recover the signs. It is then seen that using M (), M>(6) and
M3(60), one may recover the 3-uples

(wnBly’ (B X) + b As wnBlg” (B, X) + b)IAE wn Elg® (B, X) + bi)lAL)

k=1,...,K. Thus, one gets identifiability as soon as the function from ]0, +00[x]0, +00[xR
to its image that associates (w, A, b) to

(w)\/g’()\z + b)e_ZZ/de;w)\2 /g”()\z + b)e_zz/de;w)\?’ /9(3)()\;2 + b)e_22/2d2>

is one-to-one. Using integration by parts this is equivalent to the fact that the function from
10, +00[x]0, +00[ xR to its image that associates (w, A,b) to

A (w/g'()\z—l—b)e_zz/zdz;w/zg’()\z+b)e_22/2dz;w/zzg’()\z—i—b)e_ZQ/de)

is one-to-one. This is again equivalent to the fact that the function from ]0, +oo[xR to its
image that associates (A, b) to

[ zg' (M= + b)e‘zz/de. [ 22g'(Az + b)e =" /2dz
[d(Az+b)e**/2dz " [g'(A\z+b)e=**/2dz




is one-to-one. For any (b, A) € Rx]0, +oo], define

_ gzt
gz +b)e=*2dz

dQw,x)(2) dz. (2)

Then it is equivalent to prove that the knowledge of

(Ep ) (2); Eg\)(Z27)) = </ ZdQ(b,A)(Z)§/ZQdQ(b,A)(Z)) (3)

implies the knowledge of (b, A). When g is the probit link function, Q) is a Gaussian
distribution and computations detailed in Section 6.1 leads to the following identifiability
result.

Theorem 1 (Probit identifiability). If (H1) holds and if g is the probit link function, one
may recover K and 0 = (w, 8,b) from the knowledge of M(0), M2(6) and Ms(6).

In the general situation, identifiability holds at least in an open set. To prove it, one just
has to prove that for some B > and L > 0, if (H2) holds, then, the function that associates
(b,\) €] — B, B[x]0, L] to (E(b,x)(Z);E(b’A)(ZQ)) is one-to-one on its image. This leads to
the following identifiability result whose proof is postponed to Section 6.2.

Theorem 2 (General identifiability). If (H1), (H2), (H3) hold and g (0) # 0, there exist
L >0 and B > 0 such that as soon as ||fr|| < L and |by| < B for allk =1,..., K, then one
may recover K and 0 = (w, 8,b) from the knowledge of M (0), M2(0) and Ms(6).

Since the proof uses Taylor expansions, it only proves the existence of small enough
positive L and B such that the result holds. However, numerical study of the function
(b, A) = (Ewx)(Z); Ep,x)(Z%)) when the link function g is the logit function shows that
identifiability seems to hold at least with L = 8 and B = 8.

3.2 The least squares moment estimator

In the previous section we showed that the parameters can be recovered by matching the
cross-moments till order 3. Those moments are unknown, so that we estimate them empiri-
cally using:

o~

Moo= LYW,

M, = %Z[Yi(XiQ@Xi— Zej®ej):|

i=1 jeld]

— 1 &

My = EZ[Yi(Xi@Xi@Xi—Z[Xi®ej®ej+ej®Xi®ej+ej®ej®Xi])]
i=1 j€ld]

It is not possible to match the empirical moments exactly, so that we use a least-squares
estimator. Define for all 6:

Qu0) = X (TG0} + X {TBliH-de@l k) + Y (B0 k0-My0) k1)
j€ld] j,ke(d] Jrk,l€[d]

and the estimator

0, = argmin Q,, (9). (4)
0€cO



Theorem 3. Assume that (H1), (H2), (H3) hold, and that © is compact and included in
the set of identifiable parameters. Then 0, is consistent.
If moreover (H4) and (H5) hold, then /n ((9\,1 - 9*) converges in distribution under Py« to

a centered Gaussian distribution.

The proof of Theorem 3 is detailed in Section 6.3 and follows the usual analysis of the
asymptotic behavior of Z-estimators, the more delicate part of the proof being to prove that
the Hessian of @, () has an invertible limiting value.

3.3 Algorithm

The estimator §n is computed by using the representation of the regression vectors S through
their direction pg and norm Ag, £ = 1,..., K. In a first step, we compute a preliminary
estimate of [u1, ..., x| using a spectral method. In a second step, we search the minimizer
of ), using usual optimization methods. The preliminary estimator for the directions is
used as initial point for the directions in the optimization procedure.

Algorithm M3LS: Estimation of all parameters

input: X, Y, K, ¢g

1 : Estimate the directions p1, ..., ux using Algorithm InitDir
2 : Optimize @, (0) using the estimators of 1. as initial directions

Output: The estimated parameter

The preliminary estimation of the directions is based on the spectral method. For any
vector z € RP, define B(z) the d x d matrix such that

d
B(2)[i,j] ==Y Ms(0)[i, j, 5],

so that, using Lemma 1, we get
K
B(z) = Zr(?’)wk)\iE[g(?’) (Mo < X, g > +be) (s 2.
k=1

It is proved in [1] that it is possible to recover the directions by joint diagonalisation of
B(z1),...B(zp) for distinct vectors z1, ..., zp, P > 2. Joint diagonalisation of B(z1), ... B(zp)
means finding a matrix V' such that the matrices V B (zp)VT are the most diagonal possible.
The normalized vectors p1, ..., g are obtained up to sign and label switching by taking the
first K vectors of V1. Let us denote U the matrix of these K vectors. Let O = U1 M;(0) €
RE, with U ! the general inverse of U. The real numbers wiA\yE[g’ (Ae(X, ) + bi)], k =
1,..., K, are given up to sign by the elements of O. Since they are positive, the sign of the
1’s are obtained by multiplying —1 all the vectors associated to the negative values of O.
In pratice, the vectors 1, ..., ux are estimated using the joint diagonalisation method ap-
plied to the matrices B(z,), p =1,..., P, computed using Ms.

4 Simulations

4.1 R package

The developed R-package is called morpheus [3] and divided into two main parts:



Algorithm InitDir: Joint diagonalisation algorithm to estimate the directions
input: X, Y, K

1 : Estimate the cross moments ]\71, J\/I\g and ]\//73 as explained in section 3.2

2 : Choose vectors {z1,22...,2p} C RY (for instance: the canonical basis
€1,€2,...,€p OfRd)

3 : Compute E(zp) for all p e {1,2,..., P}

4 : Joint diagonalisation: compute V such that VB (2,)VT are the most diagonal
possible

5 : Compute U = V~1[1 : K] the K-first vectors of V! (by ordering the diagonal
values in decreasing absolute value)

6 : Compute O = ginv(U)]\/jl

7: Multiply by —1 all the vectors of U corresponding to the negative values of O
U[LO < 0] =-U[,0 < 0]

Output: The preliminar estimators of p1,..., ux

1. the computation of the directions matrix u, based on the empirical cross-moments as
described in the previous sections;

2. the optimization of all parameters (including ), using the initially estimated directions
as a starting point.

The former is a straightforward translation of the mathematical formulas (file R/computeMu.R),
while the latter calls R constrOptim() method on the objective function expression and its
derivative (file R/optimParams.R). For usage examples, please refer to the package help.

4.2 Experiments

In this section, we evaluate our algorithm in a first step using mean squared error (MSE).
In a second step, we compare experimentally our moments method (morpheus package [3])
and the likelihood method (with felxmix package [6]). We arbitrarily choose the parameters
for the simulations, which should be discovered by the algorithms (ours, and the likelihood
algorithm).

Experiment 1 (dimension 2):

0.5,0.5)
~0.2,0.5)

()

SIS N
Il Il
—~ o~ N

™
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Experiment 2 (dimension 5):

Experiment 3 (dimension 10):
3

(0.3,0.3,0.4)
(=0.2,0,0.5)

K
p
b

1 2 -
2 =3 1
-1 0 3
0 1
3 0
b= 4 -1
-1 -4
-3 3
0 2
2 0 -2

1

1

— oo o |

For all three experiments we use both logit and probit links. Computations are always
run on the same data both for our package and flexmix — which is a reference for this kind
of estimation, using an iterative algorithm to maximize the log-likelihood. Results are ag-
gregated over N = 1000 Monte-Carlo runs.

Mean squared error (MSE). Graphical representations of the MSE versus the sample size
(n) are given in figures 1, 2 and 3. In each figure, we represent the MSE associated with each
parameter vector versus the sample size. We can see that the goodness of the estimation
depends on the sample size and that enough observations is needed to properly estimate
the parameters. We have from figure 1 and figure 2 that for our moment method, with
dimension less or equal to 5, the necessary sample size is around of 10°. For large dimension,
figures 3 show that 10° is not enough to estimate the parameters vectors 3. Indeed our es-
timation method use the spectral estimator, which need more enough data, as starting point.

Algorithms performance. To evaluate algorithms performance, the total number of sam-
ple points is fixed to n = 10°. This value still enough to observe correct performances, yet
small enough to remain realistic.

On the figures 4 and 5, all (true) parameters (p,b, 5) are re-ordered in a real vector, of
size K x (d+2) — 1. This vector is plotted as a line to improve visualization experience, but
it must be noted that this does not represent any curve data. Dotted lines corresponds to
the computed values plus or minus one standard deviation, and computed values themselves
are represented with long dashed lines. The leftmost column corresponds to experiment 1
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Figure 1: Experiment 1; Top: logit link function ((a) MSE(B), (b) MSE(E,@), bottom: probit
link function: ((c) MSE(), (d) MSE((E,}?))
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Figure 2: Experiment 2; Top: logit link function ((a) MSE(B), (b) MSE(b,ﬁ)), bottom: probit
link function: ( (¢) MSE(B), (d) MSE((E,@).

(d = 2), the middle one to experiment 2 (d = 5), and the rightmost column corresponds to
experiment 3 (d = 10).

Figure 4: logit link. While most of the times flexmix finds a better solution than our proposed
algorithm (smaller variance), both methods are good on average for d < 5. The case d = 10
is not handled well neither by the flexmix package nor by our package (the latter showing
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Figure 3: Experiment 3; Top: logit link function ((a) MSE(B), (b) MSE(/b\,ﬁ)>, bottom: probit
link function: ( (c) MSE(B), (d) MSE((E,]?))

even poorer accuracy). Indeed in this relatively high dimension the number of observations
should be much higher.

iz 3 4 5 & 7 8 H 6 5 10 12 14 o 5 1 15 f)20 25 % 3

Figure 4: Logit link function. Top: our package, bottom: flexmix. From left to right: experiment
1, 2 and 3 respectively

Figure 5: probit link. In this case our algorithm performs slightly better than its flexmix

10



counterpart for d < 5. However, again, the variance in the case d = 10 is way too high —
in fact even the average value is generally wrong, when coefficients are non-zero. We can
increase n by a factor 100 to obtain more accurate results.

iz 3 4 5 & 71 8 2 4 6 5 10 12 14 6 5 10 15 2 25 3 3

Tz s i 5 & 7 3 : i 6 & T 12 1 o 5 1 15 2 5 D %
U}

Figure 5: Probit link function. Top: our package, bottom: flexmix. From left to right: experi-
ment 1, 2 and 3 respectively

Considering both links with d < 5, the algorithms performances are comparable with a
global small advantage to our method. The case d = 10 is handled better by the flexmix
algorithm, although clearly not well. Finally, concerning our method we observe a tendancy
to overestimate large parameters while underestimating small ones. This observation is in-
versed for flexmix.

Computational time. It must be noted that our algorithm timing does not depend on n,
since it operates on matrices of size O(d x K). Thus it can be more suitable for very large
datasets, where the variability is clearly reduced. Figure 6 (time by seconds versus log;,n)
illustrate this fact: the timings clearly favor our package — because increasing n has almost
no impact on the running time. However, flexmix timings are not that high: just a few
minutes for the longest run, on average, on one million sample points. To obtain the data
shown on the figure we averaged 1000 runs on random parameters.

5 Some other identifiability results

In this section, we provide several further identifiability results for mixtures of generalized
linear models (GLMs) under various assumptions.

11
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Figure 6: Timings versus sample size. Dotted lines: flexmix; others: our algorithm. Black for
d =2, red for d = 5 and blue for d = 10.

5.1 Continuous covariates

We first consider the setting where the random vector (X,Y), X € R? Y € R is such that
K
E(Y]X) =) wrg((Br, X) + b)-
k=1

We assume that for all k, wy > 0, that 22{:1 wi = 1, and that g takes value in (0,1). In case

Y takes binary values, this is exactly the model we considered in the previous sections. We
show below that the directions of the regression vectors may be recovered as soon as they

are distinct, even if the link function is unknown.

Denote P, 3,5 the probability distribution of (X,Y), withw = (w1, -+ ,wk), 8= [B1], -+, |Bk] €
R>XK and b = (by,--- ,bx) € RX. When g is unknown obviously it is needed to fix origin

and scale, we chioose to fix g(0) and g(1) (with no loss of generality). Denot pr = B/l 5kl

and A\ = [|Bkll, k=1,..., K, so that B = Agpk.

We introduce the assumptions:

~ (S1) The support of the law of X is R%.
— (S2) For all j # k, pj # py and pj # —pug.
— (S3) The function g : R —]0, 1] is increasing, has limit 0 in —oo, limit 1 in 400, and

it is continuously derivable with derivative having limit 0 in —oo and in +oco. Also,
g(0) < g(1) are fixed.

Remark: There is no assumption on K with respect to d.

Theorem 4. Under assumptions (S1), (S2) and (S8), knowledge of Py ., 5.1 allows to recover
K and py, ..., px.

12



Proof.
If one knows the law of (Y, X) then the function

K
v H(z) =Y wrg(\ (i, ) + bi)
k=1

is known on the support of X, thus on R?. Then the function

K

DH () =Y wig' (e, @) + bi) i
k=1

is known, and if V€ R, limy_,, o ||[DH(tV)| = 0 except in case V is orthogonal to at least
one of the u’s. The set of V€ R such that limy—, 1o | DH(tV)| # 0 is then UK | (),
union of disjoint vectorial spaces of dimension d — 1, which allows to recover the orthogonal
space of (uy)* for all k, thus to recover Kand all one dimensional spaces {(ux). Since for all
k, wrg'(br) > 0, this allows to recover the uy’s.

Under the more stringent assumption that the regression vectors are linearly independent,
it is possible to recover all parameters and the link function.

— (S2bis) The vectors p1, ..., px are linearly independent.
Remark: (H2bis) implies that K < d.

Theorem 5. Under assumptions (S1), (S2bis) and (S3), the mizture model is identifiable:
the knowledge of Py ., 5.4 allows to recover K, g, w, B and b.

Proof.
Using Theorem 4, one knows K and the uy’s. Since the ui’s are linearly independent, by
considering the spaces that are orthogonal to all Uy’s except one, we see that the following

functions are known: hi,...,hg given for j =1,..., K by:
K
t = hj(t) = wig(A;t +bj) + Z wig(br)-
k=1,k#j
Then:
K
hi(0) = > wig(be),
k=1
K
Jm h(t) = wji+ > wralbe),
k=1,k#j
K
Jim hi(t) = ) wwg(be).
k=1,k#j
This allows to recover w; and g(b;) for j =1,..., K. Thus the functions

t = L(t) = g(Ajt + bj)

are known. Since g(0) = £;(—b;/A;) and g(1) = £;((1 — b;)/\;) are fixed, one can find A,
and b;, and then the function g.

13



5.2 Continuous and categorical covariates

We now consider the situation where part of the covariates are catergorical, we denote them
Z, and {z1,...,2m} C R? their possible values. We still denote X € R? the continuous
covariates. Now

E(Y|X,Z) Zwkg (Br, X) + (s Z) + b),
and we denote P, 55 the probability distribution of (X,Y), with w = (w1, -+ ,wk),
ﬂ = [51‘7 a|ﬂK] € RdXK7 Y= h/1|a 7|7K] € R XK? and b = (bla"' 7bK) € R¥. We
introduce

1 2

I

— (S4) The matrix L is full rank.
1z

Remark: (S4) implies that d’ +1 < m.

It is the continuous covariates that allow to identify g.

Theorem 6. Under assumptions (S1), (S2bis), (S3) and (S4), the model is identifiable: the
knowledge of Py ., g~.b allows to recover K, g, w, B, v et b.

Proof.
Using Theorem 4 applied to the distributions of Y conditional to X and Z = z for all z €
{#1,..., 2m}, the knowledge of Py , 3.~.» allows to recover K, g, w, 8, and A = (ak,i)1<i<m.,

k=1,..., K, with
aki = b + (Vk, 2i)-

We then know for all k& .
1

21
1 2T
A = . .2 ( i )
- Tk
1 2L

which allows to recover the by’s and ~;’s when (S4) holds.

5.3 Longitudinal observations

We now consider the situation where for each individual Y, conditional to the membership of
a population, we have p independent experiments with several covariates Xy,...,X,. Thus
the random variable Y has dimension m, and

E(Y|X,Z) = Zwk ((Br, X5) + (Vis Z5) + b)) 1< -

As soon as the number of experiments is at least 3, we do not need the linear independence
of the regression vectors to get identifiability.

Theorem 7. Assume that p > 3. If (S1), (S2), (S3) and (S4) hold, then the model is
identifiable: the knowledge of Py, 3.~ allows to recover K, g, w, B, v and b.

14



Proof.
If one knows the law of Y, then, for all fixed z € {z1,...,2,}, one knows the function
H : (RY)? — (0,1)P given by

1<j<p

K
Hir, . wp) = S o (o((Br23) + Bel2))
k=1

with bg(2) = by, + (&, z). Let us firts prove that for all z, the functions g({8, -) + bx(2)) are
linearly independent. Indeed, if a1, ..., agare such that for all z € R,

K
3" ag((Bis ) + bir(2)) = 0,
k=1
then by taking the derivative, for all z € R,
K ~
> g (B ) + bi(2)) B = 0.
k=1

Since (S2) holds, there exists V € (B)* such that V ¢ (B8;)*, j # k. Then taking z = tV
and t tending to infiny, we get that akg’(l;k(z))ﬂk =0, and then oy = 0.

Now, following the spectral method of proof developed in [2] to prove that multidimensional
mixtures are identifiable, we see that the knowledge of H allows to recover K, the wy’s and,
for all z, the functions g((Bg,-) + br(2)). 3

Then, if one knows the function x — g(Ag(uk, ) + b (2)) one can recover uy by taking the
derivative, then g and the bg(z))’s as in the proof of Theorem 5 then the 4;’s and the by’s
as in the proof of Theorem 6.

5.4 Some perspectives

Identifiability of a model is a first step to obtain theoretical guarantees for practical estima-
tion procedures. In this paper, we proposed one moment method as an estimation strategy
in the particular case of binary outcomes and gaussian covariates, for which we proved the
asymptotic Gaussian behaviour. As soon as the identifiability of a model is known, any rea-
sonable estimation strategy leads to consistent estimators. Considering the non parametric
estimation of the link function, model selection methods should lead to well behaved esti-
mators. Our identifiability results open the way to build estimators for which theoretical
guarantees could be obtained. In particular, for parametric maximum likelihood estimators
in mixture models for which algorithms already exist, consistency is a consequence of our
identifiability theorems by applying the usual theory.

6 Proofs

6.1 Proof of Theorem 1

When the link function g is probit, then ¢'(z) = \/%e’zz/ 2. Replacing in equation (2), we
have f
- ()\z+b)2+zz)

dQu. (2) =

3
€ dz,
5(

f e~ ()\z+b)2+z2)dz

15



which after some computations leads to

!
Qe :N<_>\2+1; >\2+1>'

Its first two moments are then given by

Ab _A2b2+/\2+1>

(o, ) := (]E(b,/\)(Z)§E(b,x\)(Z2)) = <_ N +1 (A2 +1)2

We can then recover b and A by
(A2 +1)
A

b:—al

and
A=y/(az —a?)~1 —1.

6.2 Proof of Theorem 2

Using (H3) and integration by parts, we get that for (A, b) in a neighborhood of (0, 0)

A" (A2 + b)e_22/2dz. ) A2 [g® Az +b)e = /2dz

E Z):E Z%)) =
(B (2):Epx (29) ( [ g Az +b)e=*/2dz [ g (A2 +b)e=**/2dz

Using (H2),
- (P3) g'(0) >0
- (P4) g"(0) = g™ (0) =0
Let us define the functions K, s = 1,2, 3 such that
K, : Ry xR — R
AD) = KoAb) = [¢@D(A\z+ble = /2dz

)

Using (H3), the functions K, s = 1,2,3, are differentiable in a neighborhood of (0,0) and

Taylor expansion writes:

K\ b) = K.(0,0) + (VE,(0,0), (A, b)) + o(A? + b?).

Now

a;is (0,0) = /zg(s+1)(0)e_22/2dz
and

e 0.0)= [atr@e 2
so that

K,(\b) = g% (0) / e~ % 2dz + gLt (0) / (Az +b)e =" 2dz + oA + b?).

Using (P4) and (9), we have

/g’()\z + b)eiZQ/de = V271g'(0) + o(A* + b?),

16
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/g”()\z +b)e " 2dz = V2rg® (0)b + o( A% + b?), (11)
and

/9(3)()\2 +b)e > 2dz = V2mg®) (0) + o(A2 + 7). (12)
Therefore, replacing (10) to (12) in (5), we get

g®(0)
g'(0)

E(b,)\) (Z) = )\b + 0()\2 + b2)

and
g®(0)

g'(0)

Ep (2% =1+ A+ o\ +b?),

which easily leads to

A= g?gg(()())) (B0 (2)* = 1) + o([Ew,x)(2)" = 1] + [ Eg 5 (2)])
and / 0
Ab = 9335(())) B, (Z) + o(|Ep,3)(Z)* = 1] + [Ep,p) (Z)])-

This proves that the function (X, b) — (E ) (Z), Ep, 2 (Z?)) is invertible in a neighborhood
of (0,0).

6.3 Proof of Theorem 3

Let 6* be the true value of the parameter. For each 6, by the law of large numbers, Q,,(0)
converges to

)= 3 0@ G-} + X (M0l H-M0)6.8Y + Y {0k =M 0 k1)
€[d] j,keld] 7.k, l€[d]
Define
= sup|Qu(6) ~ Q(6).

fco

Since Q(f) has 6* as unique minimum (up to label switching), to prove the consistency of

0y, it is enough to prove that S converges to 0 in probability, see Theorem 5.7 in [10]. We
easily get

S

IN

%;](\Ml[ = 2a,07)]) (|50 + 330°) ]| + 250 )11

+ (‘Mz Jy k] — Mo (6%)[3, D(’Mz J k]| + | M (6 k]|+2SUP’M2(9)U7k]|)
gke[d 0o

30 (Ml k1 = M0 k1)) (19005 K B 4 | M(6°) 5 ]+ 2500 [M(0)L5, 1] ).
3.k l€ld] €6

17



and since the functions 6 — M,.(6), r = 1,2,3 are continuous and © is compact, then there
exist ¢y, co and c3 such that

s < 3 (en+ ng) (|00 - aem)1)
jeld]
+ Y (oot (Ml K ) ([AL15 K] - Ma(6%)15, K|
J-keld]
+ > (ot [Pl k) ) (|91 .U — (0715, k. 1))
j,k,leld]

which converges to 0 by the law of large numbers, which ends the proof of the consistency
of 6,,.

Let us define Z,, as Z,(0) = V9Qn(0). The r — th coordinate of Z,(¢) can be obtained
by

T o]

3 W [VEa1j. ] — Ma(6)1j, K]

jkeld] '

Ly %W{Mg[j,k,l] — My(O)[j k. 1)]}

j.k l€[d] "
Using Taylor expansion, we get
2,(0n) = Za6") + | D2, [0+ 10, — 7)) (6.~ 0 ) 1
0

where D; Z,, is the first derivative matrix of Z,,. Since Zn(én) =0, we have

—nZ(0%) [/ Dy Z,[07 + (0, — 0%)]dt ]\/ﬁ(én—e*) (14)

Let us set

Nt = (W) Nl L V)

and

M(O%) = (My(07)15], Ma(6") 15, K], Ma(67)Lji . 1))

Aplying the central limit theorem and the delta method we get that \/nZ,(6*) is asymptot-
ically Gaussian.
The (r1,72) — th coordinate of D1Z,(0) = V2Q,, () are given by

82 . 62 1 ~
6038592 - _QZ aﬁ)\iaem GO =2 2

J.k€ld]

1<,k 1<d

O*My(0)[j, K]
00,,00,,
€ld]
O*M3(0)[4,k,1 o ‘
-2 Z 82—85] X [M3[jﬂk7l] _M3(0)[Jakvl” +V;"1r2(9)
3,k l€[d] [EAE

18
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with

V() = 23 MO0 OMON) 5 DEOLE , MO
JE[d] j.keld] 7‘1 T2
8M3< ), &, 1] aMg( Vg, k. 1]
+ 2 4 Z 06, X a0, )
7.k l€[d]

It is not difficult to prove that fol D17, [9* + t(én — 9*)] dt converges in probability to V (6*)
so that the proof is completed by showing that the matrix V' = V(6*) is invertible.

V is a ¢ x ¢ matrix with ¢ = K(2+4d) — 1. Let U € R?. We shall denote the coordinates
of U according to the parameters. Using the form of V we get that UTVU = 0 if and only
if:

UTDM(0)[j] =0, j=1,...,q, (15)

and
UTDMy(0)[5,1] =0, j,l=1,...,q, (16)

and
UTDM;(9)[§,1,m] =0, j,l,m=1,...,q. (17)

Here, DM.[] is the gradient vector of the involved coordinate of M.. Denote U(f)) the
d-dimensional vector involving the coordinates of U according to parameter ;. Denote 0
the d-dimensional zero vector, 0 ® 0 the d x d-dimensional zero matrix and 0 ® 0 ® 0 the
d x d x d-dimensional zero third order tensor. Then, the equation (15) can be rewritten as:

K-1 . K d
. 8M 8M 8M( OMy(9)[4]
T D _ 1( 1( 1
U 1(9)[j] £ U(UJ aWk Z U ﬁbk kz Z: ﬁmk aﬂmk ’
(18)
the equation (16) can be rewritten as
K—1 K ) K d )
OMx(0)[3, 1] OM5(0) (5, 1] OM5(0) (5, 1]
T 27 22U gr2\v)un b
UTDM,(8 U(w o +> U (be) 0 +> Z U(Bmi) =55
k=1 k=1 k=1m=1
(19)

and the equation (17) can be rewritten as

K—1 . K
. 8M3(0)[.]al7m] 8]\43 jal7m 6]\43 )[.]al7m]
UTDM;3(0)[j,1,m] = Ulwp)——22—+4) U(by)———2"— U(Bsk .
3(0)[5,1, m] ; (wr) Bon ]; (bk) ab, Z Z (Bsk o
(20)
Using the fact that 22:1 wi = 1, the first terms of the equations (18) to (20) are rewritten
as:
K—1 , K—1
oM, (6 .
U 28O N w0 (Bl (@80 + b)) 5)
k=1

(09)
k=1 O,

— El (2. Bx) + bx)] B () } (21)
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K-1 8Ab K-1 .
> UG )OI N U (Bl (50 + 0] BG)5K0D)
=1 k=1
— Elg" ((z,8x) + bx)] ﬂKumK(w} (22)
and
0 ZEOLLI 57 ) (& [0 (.80 -+ 00)] )05k )
k=1 k=1

— B9 (@, 8) + br)] B (DB DBc(m) ) (23)

respectively. Likewise the seconds terms of equations (18) to (20) are rewritten as:

ZU O ZwkU BOEL ({2, B) + bl ), (24)
U O : .
> Ub) Ty = Sl (E o (. 66 + i) | 5)B(0) (23)
k=1 k=1

and

ZU W@# Zwky (B)E [99) (@, B} + b) | Bu(7)BDRB(m)  (26)

respectlvely. Derivating with respect to the 8i’s coordinates and using Stein’s identity, the
last terms of equations (18) to (20) are rewritten as:

d

33 UG 2O S B [ (@ )+ b0)] (8, UGB G)

k—1m=1 aﬂmk =1

K
+ SCWElY (@) + b UBG)), (27)

k=1

K d . K
> U R =S i o) (o) + 0] (B U 00) )0
= m k=1

T ZwkE (e B) + b)) {Bu()U(Bu(1))
+ BOUBG)], (28)

and

. OM3(0)[j, 1, m] . 5 .
SN UBM T = ST [0 (1) + )] (B U (k) B() (1) Bi(5)

k=1s=1 OB k=1
K
+ Yk 99 (o, B+ b)| {Be()BOU (Bi(s))

k=1

+ B BD)B(5) + U(BL()B(D)Br(s) } (29)
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respectively. Then using equations (18) to (29), we can rewrite equation (15) as:

K-1

0 = ZU(wk){lE[g’(<x,ﬂk>+bk)}ﬁk—E[g’(<x,ﬁK>+bK)]gK}

1

>
Il

K K

+ ZwkU(bk)E [9" ({2, Br) + bi) | B + ZwkE[Q(?’) ((z, Br) + ) | (U (Br), Br) Br
k=1 k=1

+ ZwkE[g/ ((z, Be) + br) JU(Br), (30)

=~
Il

1

rewrite equation (16) as:

080 = I;Z_:U(wk)[E[gﬁ(@’ﬁ@+bk>]5k®ﬁk—E[g”(<x,ﬁf<>+bx)]ﬁx®,8x]
+ éwU(bk)E[g“’ ((z, Br) + b) | Br @ Bi
+ éwkﬂf[g(‘” (@, Be) + b) J{U (Br): Be) B © B
+ kZKka]E[g” ({z, Br) + br) | (U(ﬂk) ® B+ B ® U(ﬁk)>, (31)

and rewrite equation (17) as:
K—1

0% = 3 UG [E[g® (@, 80) +b0) ] B5° —E[g (@, Bx) + bx) | 877 (32)
k=1

K K
+ ) wUOR)E[gW (2, Br) + k) ] B + D wiB[g® (2, Br) + bi) (U (Br), Br) B
k=1

k=1

K
+ Zwk]E[g(?’) ((z, Br) + be) | (U(Bk) ® Bk ® Bk + B @ U(Br) ® B + B @ B @ U(ﬁk))-
k=1

We shall first prove that the vectors U(31),...,U(Bk) all belong to the linear space spanned

by 517...,51(.
Let W be any vector that is orthogonal to this linear space. By multiplying (32) on the

right by W, and by using the fact that 8,..., S8k are linearly independent by (H1), we get
that
Vk=1,....K, wi(G3)k(U(Bk), W) =0.

Using (H1) we have wy > 0, k =1,..., K so that we get
Vk=1,...,K, (G3)r{U(Bk), W) = 0.

Then, if (H4) holds, we get that for any k and any W, (U(Bk), W) = 0, which proves that
the vectors U(B1),...,U(Bk) all belong to the linear space spanned by Si,...,08k. Let B
be the d x K matrix having f,..., 8k as colomn vectors. Let U(8) be the d x K matrix

21



having U(1), . ..,U(Bk) as colomn vectors. We thus have that there exists a K x K matrix
A= (A44,...,Ak) such that UU(B) = BA.
Set

and recall that
K-1
W = <w1,...,wK_1,1— Zwk> .
k=1

Whenever R is a K-dimensional vector, denote Diag(R) the K x K diagonal matrix having
the Ry’s on the diagonal.
Let P, @ and A be diagonal matrices such that P = Diag(U(w)), @ = Diag(U(b)) and
A = Diag(w). For W € R?, set, D = Diag ((B1,W),...,{Bx,W)). Then using the fact that
B is full rank, (32) gives that
G3PD + G4AQD + G5 + AG3AD + GsADAT + ADiag ((U(81),51), -, {U(BKk), Br)) , BAk))D

+GsDiag ((U(B1), B1), - -, (U(BK), Br)) = 0@ 0. (33)

Since U(8) = BA, then U(fi) = Zf(:l BrArr = BAg. This implies that

Diag({U(B1), B1),- .- (U(BKk),Br)) = Diag({BA1, p1), ..., (Ak, BK)) = D.

So (33) can be rewriten as
GsPD 4+ G4AQD + GsADD + AGsAD + GsADAT + GsAD =0®0, (34)

So that for all W € R4, W € R?, AG3AD + G3ADAT is a diagonal matrix. Since G3A has
no zero entries, this proves that, under (H1) and (H3), A is a diagonal matrix. In such a
case, . 3 3

D = AB avec B = Diag (||1]%,- ... ||Bk]|?)

and (34) can be rewriten as
G3PD + G4AQD + G5sAABD + AG3AD + GsADAT + GsAAB =0® 0. (35)

But by taking, for kK =1,..., K, Wj such that BkT,Wk = 0, we have D = 0. In this case, (35)
is given by 3
G3AAB =0®0,

and using the fact that we get that G5, A and B have no zero entries we get that A = 0.
This implies that U(8x) = 0, k = 1,2,..., K. Then using the fact that B is full rank, we
conclude from (30) and (31) that

G1P+ GoAQ =00, (36)

and
GoP + G3AQ =0®0. (37)

Multipliying (36) by G3 and (37) by G2, we have

G1G3P + GoG3AQ =0 @0, (38)
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and
G2P 4 G2G3AQ =0 ® 0. (39)

Taking the difference (38)-(39), we get
(G1G3 —G3) P=0®0,

and since G1G3 — G3 has no zero entries, this leads to P = 0. Moreover, since G3A has no
zero entries, this leads also @ = 0. Thus, under (H1), (H4) and (H5), the matrix V is full
rank.
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