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Charge excitation dynamics in bosonic fractional Chern insulators

The experimental realization of the Harper-Hofstadter model in ultra-cold atomic gases has placed fractional states of matter in these systems within reach-a fractional Chern insulator state (FCI) is expected to emerge for sufficiently strong interactions when half-filling the lowest band. The experimental setups naturally allow to probe the dynamics of this topological state, yet little is known about its out-of-equilibrium properties. We explore, using density matrix renormalization group (DMRG) simulations, the response of the FCI state to spatially localized perturbations. After confirming the static properties of the phase we show that the characteristic, gapless features are clearly visible in the edge dynamics. We find that a local edge perturbation in this model propagates chirally independent of the perturbation strength. This contrasts the behavior of single particle models with counter-propagating edge states, such as the non-interacting Harper-Hofstadter model, where the chirality is manifest only for weak perturbations. Additionally, our simulations show that there is inevitable density leakage from the first row of sites into the bulk, preventing a naive chiral Luttinger theory interpretation of the dynamics.

Introduction. Understanding the dynamical properties of strongly correlated quantum phases in dimensions higher than one still remains a difficult challenge in the vast majority of cases [START_REF] Polkovnikov | Colloquium: Nonequilibrium dynamics of closed interacting quantum systems[END_REF][START_REF] Eisert | Quantum many-body systems out of equilibrium[END_REF]. The lack of a complete paradigm originates from the inherent complexity of simulating the dynamics of strongly interacting quantum systems. However, modern experiments [START_REF] Bloch | Ultracold quantum gases in optical lattices[END_REF][START_REF] Trotzky | Probing the relaxation towards equilibrium in an isolated strongly correlated one-dimensional Bose gas[END_REF][START_REF] Schreiber | Observation of many-body localization of interacting fermions in a quasirandom optical lattice[END_REF][START_REF] Choi | Exploring the many-body localization transition in two dimensions[END_REF][START_REF] Tai | Microscopy of the interacting Harper-Hofstadter model in the two-body limit[END_REF] are now able to access time-dependent properties and thus the need to precisely characterize dynamical signatures of correlated phases is becoming pressing. Among the most intriguing are scenarios in which topology joins in as an additional ingredient of the system.

A recent prominent example is the realization of the Chern insulator phase using ultracold atoms, both in a bosonic Harper-Hofstadter model [START_REF] Harper | Single Band Motion of Conduction Electrons in a Uniform Magnetic Field[END_REF][START_REF] Douglas | Energy levels and wave functions of Bloch electrons in rational and irrational magnetic fields[END_REF][START_REF] Aidelsburger | Realization of the Hofstadter Hamiltonian with Ultracold Atoms in Optical Lattices[END_REF][START_REF] Miyake | Realizing the Harper Hamiltonian with Laser-Assisted Tunneling in Optical Lattices[END_REF] and the fermionic Haldane honeycomb model [START_REF] Haldane | Model for a Quantum Hall Effect without Landau Levels: Condensed-Matter Realization of the "Parity Anomaly[END_REF][START_REF] Jotzu | Experimental realization of the topological Haldane model with ultracold fermions[END_REF]. In both cases, periodically driving a lattice loaded with ultra cold atoms has been proven to show topological features [START_REF] Jotzu | Experimental realization of the topological Haldane model with ultracold fermions[END_REF][START_REF] Aidelsburger | Measuring the Chern number of Hofstadter bands with ultracold bosonic atoms[END_REF], as predicted by general theoretical arguments based on Floquet theory [START_REF] Jaksch | Creation of effective magnetic fields in optical lattices: the Hofstadter butterfly for cold neutral atoms[END_REF][START_REF] Rahav | Effective Hamiltonians for periodically driven systems[END_REF][START_REF] Dalibard | Colloquium: Artificial gauge potentials for neutral atoms[END_REF][START_REF] Goldman | Topological quantum matter with ultracold gases in optical lattices[END_REF][START_REF] Eckardt | Colloquium: Atomic quantum gases in periodically driven optical lattices[END_REF]. On-site interactions in the Harper-Hofstadter realization can drive the system into a bosonic Floquet fractional Chern insulator (FCI) state [START_REF] Grushin | Floquet fractional Chern insulators[END_REF][START_REF] Anisimovas | Role of real-space micromotion for bosonic and fermionic Floquet fractional Chern insulators[END_REF][START_REF] Račiūnas | Modified interactions in a Floquet topological system on a square lattice and their impact on a bosonic fractional Chern insulator state[END_REF][START_REF] Bergholtz | Topological flat band models and fractional Chern insulators[END_REF][START_REF] Neupert | Fractional (Chern and topological) insulators[END_REF][START_REF] Neupert | Fractional quantum hall states at zero magnetic field[END_REF][START_REF] Tang | High temperature fractional quantum Hall states[END_REF][START_REF] Sun | Nearly flatbands with nontrivial topology[END_REF][START_REF] Regnault | Fractional Chern Insulator[END_REF][START_REF] Wu | Zoology of fractional Chern insulators[END_REF], the bosonic periodically driven analog of the fractional quantum Hall (FQH) effect [START_REF] Hafezi | Fractional quantum Hall effect in optical lattices[END_REF][START_REF] Möller | Composite Fermion Theory for Bosonic Quantum Hall States on Lattices[END_REF][START_REF] He | Realizing and Adiabatically Preparing Bosonic Integer and Fractional Quantum Hall states in Optical Lattices[END_REF][START_REF] Gerster | Fractional quantum Hall effect in the interacting Hofstadter model via tensor networks[END_REF][START_REF] Motruk | Phase transitions and adiabatic preparation of a fractional Chern insulator in a bosonic cold atom model[END_REF][START_REF] Hügel | Anisotropic Harper-Hofstadter-Mott model: Competition between condensation and magnetic fields[END_REF]. Several protocols have been proposed to prepare this state and the phase diagram of the Harper-Hofstadter model for hardcore bosons has been established using various numerical methods [START_REF] He | Realizing and Adiabatically Preparing Bosonic Integer and Fractional Quantum Hall states in Optical Lattices[END_REF][START_REF] Motruk | Phase transitions and adiabatic preparation of a fractional Chern insulator in a bosonic cold atom model[END_REF][START_REF] Sørensen | Fractional Quantum Hall States of Atoms in Optical Lattices[END_REF]. Although this body of knowledge combined with proposals to detect chiral edge states [START_REF] Spielman | Detection of topological matter with quantum gases[END_REF][START_REF] Goldman | Direct imaging of topological edge states in cold-atom systems[END_REF][START_REF] Goldman | Detecting Chiral Edge States in the Hofstadter Optical Lattice[END_REF] hinted how to identify the existence of the FCI state in cold atomic experiments, simulations of dynamical signatures of this phase are still lacking. However, the observation of time-dependent quantities in this system is possible, due to the high tunability of parameters and slow dynamics compared to the solid state, and necessary, due to the difficulty of probing transport quantities characterizing these states, such as the Hall conductivity.

In this Letter we address dynamical properties of the edge of the FCI phase of hardcore bosons at filling factor ν = 1/2 after local quenches using matrix-product state (MPS) based simulations. We use the density matrix renormalization group (DMRG) method together with a recently introduced method [START_REF] Michael | Timeevolving a matrix product state with long-ranged interactions[END_REF] that allows for the efficient simulation of the dynamical response function in two-dimensional systems [START_REF] Gohlke | Dynamics of the Kitaev-Heisenberg Model[END_REF]. Our goal is to provide distinct dynamical signatures of the FCI phase which could be probed with current state of the art experiments. By adding a particle at the edge we find a clear chiral propagation of the FCI gapless edge modes, characteristic for such phases (see Fig. 1). Moreover, this protocol provides a simple distinction between an emergent Laughlin state and a non-interacting Chern insulator (CI) that hosts multiple edge modes of opposite chirality. The latter shows no chiral asymmetry while the chirality in the former case is clearly visible. The reason is that a generic perturbation in the non-interacting case mixes edge states with opposite chirality while the chirality in the Laughlin case is protected by the many-body bulk state. As an experimentally relevant example we study the φ = π/2 Harper-Hofstadter model at total filling 1/8 [START_REF] Harper | Single Band Motion of Conduction Electrons in a Uniform Magnetic Field[END_REF][START_REF] Douglas | Energy levels and wave functions of Bloch electrons in rational and irrational magnetic fields[END_REF][START_REF] Aidelsburger | Realization of the Hofstadter Hamiltonian with Ultracold Atoms in Optical Lattices[END_REF][START_REF] Miyake | Realizing the Harper Hamiltonian with Laser-Assisted Tunneling in Optical Lattices[END_REF] and propose a protocol that applies a local trap at the edge to distinguish the FCI state by varying the trap strength.

Static properties.

We consider the Harper-Hofstadter Hamiltonian [START_REF] Harper | Single Band Motion of Conduction Electrons in a Uniform Magnetic Field[END_REF][START_REF] Douglas | Energy levels and wave functions of Bloch electrons in rational and irrational magnetic fields[END_REF] on a square lattice with a magnetic flux of φ = π/2 per plaquette. Here a † i (a i ) creates (annihilates) a hardcore boson on site i. The single-particle spectrum of H has four bands (see Fig. 1c, inset) with the central bands touching at four Dirac points. The model is characterized, from top to bottom, by three Chern numbers C i = ±(1, -2, 1) where the sign is determined by the sign of φ. We start by verifying that H indeed hosts a ν = 1/2 Laughlin state in agreement with previous results [START_REF] Hafezi | Fractional quantum Hall effect in optical lattices[END_REF][START_REF] Möller | Composite Fermion Theory for Bosonic Quantum Hall States on Lattices[END_REF][START_REF] He | Realizing and Adiabatically Preparing Bosonic Integer and Fractional Quantum Hall states in Optical Lattices[END_REF][START_REF] Gerster | Fractional quantum Hall effect in the interacting Hofstadter model via tensor networks[END_REF][START_REF] Motruk | Phase transitions and adiabatic preparation of a fractional Chern insulator in a bosonic cold atom model[END_REF][START_REF] Cincio | Characterizing topological order by studying the ground states on an infinite cylinder[END_REF]. For this we simulate Hamiltonian (1) on an infinite cylinder of circumference L y and total filling 1/8 with DMRG, which enforces the half-filling of the lowest Chern band. The results are summarized in Fig. 2 and [42] which confirm the topological nature of the state. We find a quantized Hall conductivity of ν = 1/2, the characteristic structure in the entanglement spectrum, the static correlation function on the edge that approaches the prediction of Luttinger liquid theory with increasing bond dimension (χ), and a central charge of c = 1 for the edge theory through a finite entanglement scaling [START_REF] Tagliacozzo | Scaling of entanglement support for matrix product states[END_REF][START_REF] Pollmann | Theory of Finite-Entanglement Scaling at One-Dimensional Quantum Critical Points[END_REF] when considering an infinite strip geometry. The latter quantity shows that the DMRG simulations on the infinite strip reproduce the expected critical behavior at the edge and that edge overlap is negligible for our choices of L y ≥ 8 [START_REF] Calabrese | Entanglement entropy and quantum field theory[END_REF][START_REF] Li | Entanglement Spectrum as a Generalization of Entanglement Entropy: Identification of Topological Order in Non-Abelian Fractional Quantum Hall Effect States[END_REF].

H = -J ij e iφij a † i a j + h.c. ( 1 
)
Evolution of an added particle at the edge. Hav- ing established the presence of the many-body FCI state at 1/8 filling, we will now focus on the dynamical response. The results are shown in Fig. 1 and reveal characteristic differences between the single-particle and FCI case. We first investigate the single-particle case and consider the system on a strip geometry with open (periodic) boundary conditions along y (x). A particle is created at the edge of an empty lattice by acting on it with an a † operator and the resulting state is then evolved in time. Figure 1a shows the time evolution of the particle density on the edge which exhibits no chirality; this can be understood by the following reasoning. The single-particle spectrum of the model (shown in the inset of Fig. 1c) possesses two dispersing mid-gap modes at different energies of opposite chiralities. These connect the central band (C = -2) to the top and bottom bands (C = 1) and both modes are exponentially localized at the edge of the finite strip. When creating a single particle at one edge, the state has overlap with both edge modes since both have support on the edge where the particle is created leading to the symmetric dispersion of the particle density. To verify the above interpretation, we compute the spectral function A(k x , ω) as the Fourier transform in space and time of the dynamical correlation function C x (t) = a x (t)a † x0 (t 0 ) for momentum k x along the edge at frequency ω shown in Fig. 1c. When compared to the energy spectrum of H (Fig. 1c, inset), the spectral function highlights the fact that both mid-gap chiral states have overlap with the created particle, explaining the achiral behavior observed when simulating the time evolution.

For the interacting case, we consider an infinite strip geometry at ν = 1/2 filling of the lowest band to prepare the system in an FCI ground state |Ψ FCI strip (see lower right inset of Fig. 2b). We again create a particle at the edge to obtain the state

|Ψ i = a † i |Ψ FCI strip .
We then simulate the time evolution of |Ψ i under the Hamiltonian H using a matrix-product operator based time evolution method [START_REF] Michael | Timeevolving a matrix product state with long-ranged interactions[END_REF][START_REF] Gohlke | Dynamics of the Kitaev-Heisenberg Model[END_REF][42][START_REF] Kjäll | Bound states and E8 symmetry effects in perturbed quantum ising chains[END_REF]. Unlike in the free particle case, the propagation of the density is chiral (Fig. 1b) consistent with the single chiral branch in the spectral function (Fig. 1d). In the FCI state, the emergent chirality is protected by the topology of the many-body wave function in the bulk and thus it is more robust than the single-particle case.

Trapping potential and dynamics. With the insight gained previously it is possible to devise a protocol closer to what is experimentally realizable. In cold atomic systems, lasers are used to control the local density of particles, making it possible to create a local trap-ping potential of varying strength of the form [START_REF] Waseem | A quantum gas microscope for detecting single atoms in a Hubbard-regime optical lattice[END_REF][START_REF] Timon | Revealing hidden antiferromagnetic correlations in doped Hubbard chains via string correlators[END_REF] 

H µ = µa † i a i . (2) 
We again restrict i ∈ edge and compare the response of the single-particle case and the hardcore boson ν = 1/2 FCI state as a function of µ. Our results are shown in Fig. 3 where we plot the Fourier transform of the particle density evolution on the edge, i.e. dx dta †

x (t)a x (t) with x on the edge. (see also [42]). For the single-particle scenario in Figs. 3a andc, we fill the lowest energy state of Hamiltonian (1) with one particle in the presence of a finite µ and then time evolve the resulting state with a quenched Hamiltonian by abruptly switching off the local potential. As a function of the trapping potential, the Fourier transform shows a non-symmetric (symmetric) structure corresponding to a chiral (achiral) density evolution for a shallow (deep) trap (see Fig. 3a andc). This difference originates from the fact that for a given µ, the evolving state can only explore a sub-set of the band structure. If µ is smaller than the gap between lowest and central band, then time evolution allows to explore states only within one chiral edge state and thus exhibits chiral behavior. If µ is large compared to the total band width, the initial state has overlap with the entire spectrum after switching off the potential. As discussed previously for Fig. 1c, these states include two chiral modes of opposite chirality, and thus the chiral propagation disappears (Fig. 3c).

For the interacting case, we find the ground state for finite µ on an infinite strip at total filling 1/8 with an extra particle using DMRG and subsequently let the state evolve under the quenched (µ = 0) Hamiltonian. The ν = 1/2 FCI state is a topologically ordered many-body state, and thus the single-particle band structure arguments do not apply. The evolution stays chiral for arbitrary trapping potential strength, as we observe in Fig. 3b andd. In this case, the many-body state dictates the excitations at the edge which prove to be chiral in one direction. Taken together, the chiral evolution and the insensitivity to the trapping potential can be probed as an experimental signature of the ν = 1/2 FCI state in this model, and is therefore one of the main results of this Letter.

In order to quantify the dependence of the chirality on the value of µ, we define the imbalance I = N R -N L of the total particle number on the edge to the left and right of site i during the time evolution in Figs. 4a andb. The single-particle case is shown in Fig. 4a and the imbalance decreases with increasing the absolute value of µ consistent with the explanation above. For a very deep trap, the difference is almost zero, which denotes achiral behavior as expected. In contrast, the chiral behavior of the interacting topologically ordered state persists even for a very deep trap as shown in Fig. 4b.

Towards a chiral Luttinger liquid description. It is tempting to connect our previous analysis with the 

A(k, ω) ∝ (ω + vk) m-1 δ(ω -vk), N (ω) ∝ ω m-1 , ( 3 
)
where v is the velocity of the edge state. A direct measurement of A(k, ω) or N (ω) = k dkA(k, ω) could be used to extract m, which would be solid evidence for the presence of the FCI state in experiment. Such analytical spectral function could be in principle compared directly to our numerical spectral function in Fig. 1d. However, this exercise reveals two potential problems that experiments may face to extract m. First, the main differences between a trivial edge state and a chiral Luttinger liquid will be most drastic at longer times, or smaller ω. This region is however the most elusive numerically, due to entanglement growth, and experimentally, due to heating and particle loss. Second, particles created at the edge have a finite overlap with bulk states as the correlation length is finite. Consequently, the particle will diffuse into the bulk at longer times, making it difficult to resolve the low-energy (long time) behavior of the edge. We have numerically observed that a sizable part of the edge density is lost into the bulk. Our results are shown in Fig. 4c andd where we plot the average density per row for the free and interacting cases respectively when a particle is added at the edge (row y = 0). In both cases, we find that there is a leakage of density to the bulk, and the physical edge (i.e., the first row of sites) does not behave as an isolated liquid. In the single-particle case of Fig. 4c, the particle density stabilizes after an initial drop, features that may be explained by the high overlap of the initial state with the exponentially localized edge eigenstates of the spectrum. The interacting case in Fig. 4d suffers from a more severe particle loss to the bulk of the system. We have attempted several protocols to decrease such a leakage. First, by increasing the width of the strip L y = 4, 8, 12 we find no appreciable change in the density loss. This is consistent with the fact that for any finite width, the interactions between the two edge states are marginal for ν = 1/2 [START_REF] Wen | Chiral Luttinger liquid and the edge excitations in the fractional quantum Hall states[END_REF].

Second, we have tried to confine the chiral edge modes with an additional negative chemical potential localized at the edge. We observed that although it reduces the leakage at long times, sufficient density is lost at short times to prevent a comparison with Eq. ( 3). Third, we find that the leakage is reduced by choosing J y /J x < 1. By studying the static properties as a function of J y , we have checked that the FCI phase with ν = 1/2 is stable up to strong anisotropies [START_REF] He | Realizing and Adiabatically Preparing Bosonic Integer and Fractional Quantum Hall states in Optical Lattices[END_REF][START_REF] Hügel | Anisotropic Harper-Hofstadter-Mott model: Competition between condensation and magnetic fields[END_REF]. The smaller leakage as J y decreases indicates that the correlation between the edge state and the bulk states in the y-direction is the main source for particle loss.

Conclusions. In this paper, we have studied the dynamical properties of a bosonic fractional Chern insulator edge under local perturbations using the infinite density matrix renormalization group. We have dynamically established the chirality of the ν = 1/2 bosonic FCI state emergent in the Harper-Hofstadter model at 1/8 total filling, a relevant example for current cold atom experiments. We found that in the fractional Chern insulating phase a generic edge perturbation in this model propagates chirally, while the chirality in the single-particle case is only visible for weak perturbations, up to the order of the gap between the lowest and central band. This distinction can be carried over to Chern insulating models which host chiral edge modes with opposite chirality coexisting at a given edge, a common instance for multiband models, such as the Harper-Hofstader model. In contrast, two band Chern insulator models, such as the Haldane model [START_REF] Haldane | Model for a Quantum Hall Effect without Landau Levels: Condensed-Matter Realization of the "Parity Anomaly[END_REF] realized experimentally [START_REF] Jotzu | Experimental realization of the topological Haldane model with ultracold fermions[END_REF] fall outside this category, and our approach is in principle not sufficient to distinguish the CI from the FCI state. However, in these models, if µ is larger than the single particle band gap, bulk excitations will be created, which will introduce larger noise to the chiral signal [START_REF] Adolfo G Grushin | Response of fermions in Chern bands to spatially local quenches[END_REF] than in their FCI counterparts, where the gap is set by the strong interaction energy scale. Our simulations also showed that there is inevitable density leakage into the bulk, preventing a naive chiral Luttinger theory interpretation of the dynamics. Recently, a related example of the interplay between interactions and topology causing chiral dynamics was experimentally observed on a ladder system underlining the relevance of our results to ongoing experiments [START_REF] Tai | Microscopy of the interacting Harper-Hofstadter model in the two-body limit[END_REF]. This experiment employed a box-like confining potential that brings in line with our numerical simulations and which circumvents the effects of harmonic confinement [START_REF] Buchhold | Effects of smooth boundaries on topological edge modes in optical lattices[END_REF][START_REF] Goldman | Identifying topological edge states in 2D optical lattices using light scattering[END_REF]. A different realistic alternative is the engineering of sharp interfaces [START_REF] Goldman | Creating topological interfaces and detecting chiral edge modes in a twodimensional optical lattice[END_REF].

Our work highlights that in realistic experimental setups a richer dynamical behavior beyond a naive 1D Luttinger liquid behaviour should be expected in fractional Chern insulators. It is triggered by an unforeseen density leakage from the first row of sites and the insensibility to the energy scales set by a perturbation localized to the edge, emphasizing the need for further studies of dynamics of fractional Chern insulators. 

The Hamiltonian of the Hofstadter model

The Hamiltonian of the bosonic Harper-Hofstadter model on a 2D square lattice is

H HH = - x (J x Ly y=1 a † x+1,y a x,y e -iyπ/2 (4) +J y Ly-1 y=1 a †
x,y+1 a x,y + P bc J y a †

x,1 a x,Ly ) + H.c.

where (x, y) are the coordinates of the lattice sites and a †

x,y (a x,y ) is the creation (annihilation) operator of a hardcore boson at site (x, y). Physically, the hardcore constraint is achieved by an implicit onsite interaction term U/2 x,y n x,y (n x,y -1). Taking the interaction U → ∞ the particle number operator at site (x, y), given by n x,y = a † x,y a x,y , is constrained to n x,y = 0, 1. The parameters J x and J y quantify the hopping in the xand y-direction and the parameter P bc = 0, 1 respectively sets open or periodic boundary conditions along the y-direction. The system number of lattice sites in y-direction is given by the integer L y , while in the xdirection, we allow the lattice to be finite or infinitely long. The model is written in the Landau gauge with (A x = -yπ/2, A y = 0). Each plaquette is pierced by a flux of π/2, and the magnetic unit cell is 1 × 4 with four square plaquettes along the y-direction. Note that for the computation of the entanglement spectrum shown in the inset of Fig. 2a (main text), we change the gauge to (A x = 0, A y = -xπ/2). This modifies the unit cell to 4 × 1 sites and therefore leads to 8 momentum values around the cylinder.

Details of the calculations of static properties

In this section we present the details leading to the static properties of Hamiltonian Eq. ( 4) of hardcore bosons at 1/8 total filling of an infinitely long cylinder with circumference L y = 8. To this end we use a DMRG algorithm [START_REF] Mcculloch | Infinite size density matrix renormalization group, revisited[END_REF][START_REF] Kjall | Phase di[END_REF] in a matrix product state (MPS) representation characterized by a bond dimension χ to find the ground-state of the system. The ground state energy converges with increasing χ to the energy ∼ -0.34117/J with J = J x = J y = 1. Both the correlation length along the cylinder and the entanglement energy converge to a constant with increasing χ which indicates that the bulk state of the system has a finite energy gap and may therefore be faithfully represented by an MPS with finite χ. The correlation length in units of the lattice constant is ∼ 1 along the cylinder indicating that there is no long range Landau order parameter.

We look at different quantities in order to verify the topological properties of the state. A hallmark of the ν = 1/2 Laughlin state is the quantized Hall conductivity σ xy = e 2 /2h which we calculate in iDRMG by flux insertion [58][59][60]. To this end, we cut the cylinder into two semi-infinite halves and write the ground state wave function |ψ 0 in a Schmidt decomposition as

|ψ 0 = α Λ α |α L ⊗ |α R , (5) 
where |α L and |α R are states on the left and right half, respectively. These Schmidt states can be assigned charge values Q α L/R so that the average charge Q L/R of the left/right half of the system is given by

Q L/R = α Λ 2 α Q α L/R . (6) 
When adiabatically inserting a flux φ ext through the system along the cylinder axis (see inset of Fig. 2a of the main text), a charge of σ xy • (φ ext /φ 0 ) flows across the cut which we can calculate by monitoring the charge increase in the left half of the system. Here, φ 0 is the elementary flux quantum. Fig. 2a in the main text shows that one unit of charge is pumped when inserting a flux of 4π, corresponding to a Hall conductivity of σ xy = 1/2. In practice, the flux insertion is done by twisting the boundary conditions, i.e. setting P bc = e iφext . The second characteristic of the topologically ordered state consists of the structure of the entanglement spectrum. Since the cylinder exhibits translation symmetry along the y-direction, the Schmidt states are eigenstates of the momentum k y in the y-direction and the corresponding entanglement energy levels α = -2 ln Λ α may be labelled with k y . In the inset of Fig. 2a of the main text, we plot the momentum resolved entanglement spectrum of the charge zero sector. For the low lying spectrum, we observe a structure governed by the conformal field theory (CFT) of the edge with a level counting of {1, 1, 2, 3, 5, . . . } which indicates the presence of the virtual edge when cutting the system [START_REF] Li | Entanglement Spectrum as a Generalization of Entanglement Entropy: Identification of Topological Order in Non-Abelian Fractional Quantum Hall Effect States[END_REF]60].

As a final signature of the topological state, we compute the central charge of the edge CFT. To this end, we consider a strip geometry (shown in the inset of Fig. 2b of the main text) using open boundary conditions in the ydirection with P bc = 0. This method exploits the relation between the entanglement entropy S

S = - α Λ 2 α log Λ 2 α (7)
and the correlation length ξ χ . While the physical correlation length at a critical point is infinite, a variationally optimized MPS with finite bond dimension will always have a finite correlation length ξ χ . For conformally invariant critical points it can be shown that ξ χ ∝ χ κ with κ depending on the central charge [START_REF] Tagliacozzo | Scaling of entanglement support for matrix product states[END_REF][START_REF] Pollmann | Theory of Finite-Entanglement Scaling at One-Dimensional Quantum Critical Points[END_REF]. Moreover, the entanglement entropy between two halves of a large one-dimensional system close to a critical point is given by

S = c 6 log(ξ χ /a). (8) 
Here, c is the central charge of the conformal field theory describing the critical point and a is a short-distance length scale, in our case the lattice spacing which we set to be unity. Thus, a convenient method to extract the central charge is to perform iDMRG simulations with different bond dimensions χ and then fitting the logarithmic growth of the entanglement entropy S as function of ξ χ . From the topological properties of the bulk, we expect that the edge state is described by a chiral boson CFT with central charge c = 1 which we compute by finite entanglement scaling shown in Fig. 2b of the main text [START_REF] Tagliacozzo | Scaling of entanglement support for matrix product states[END_REF][START_REF] Pollmann | Theory of Finite-Entanglement Scaling at One-Dimensional Quantum Critical Points[END_REF]. The black solid line in Fig. 2b in the main text has the 1/6 confirming that c = 1. The deviations at large ξ χ can be explained by noting that, in a system with a finite width, the two edges states may couple weakly to induce a small energy gap, and the true correlation length will not be infinite. When the bond dimension χ of the MPS is very large, the correlation length will stop growing, while the entanglement entropy still grows with increasing χ. Therefore, at large ξ χ , we expect the relation in Eq. ( 8) in the main text not to hold; the coefficient between S and log ξ χ will be larger than c/6, consistent with our numerical result (see Fig. 2b, main text).

Details of the calculation of the dynamical properties

For the dynamical simulations we use a method introduced in [START_REF] Kjäll | Bound states and E8 symmetry effects in perturbed quantum ising chains[END_REF] combined with the MPO based time evolution described in detail in [START_REF] Michael | Timeevolving a matrix product state with long-ranged interactions[END_REF][START_REF] Gohlke | Dynamics of the Kitaev-Heisenberg Model[END_REF]. For the first protocol, we take a segment of several MPS unit cells (rings of sites around the cylinder) together with the boundary conditions from the unperturbed environment, act with a † i on site i in the center of the segment, and time-evolve this state |Ψ i . As long as the light cone of the perturbation is smaller than the size of the segment, this provides an efficient and reliable method to obtain dynamical response functions. In the case of the second protocol with additional chemical potential, we compute the ground state of the Hamiltonian including the term µ i n i with the MPS unit cell having the size of the entire segment and then perform the time evolution under the Hamiltonian without local chemical potential term. The maximum bond dimension we use is χ = 200, and the time step is dt = 0.02. We have checked that the quantities we present have converged with respect to bond dimension and time step size.

Chiral Luttinger liquid theory and comparison to DMRG

In this section we review the main properties of a chiral Luttinger liquid (χLL) [START_REF] Wen | Chiral Luttinger liquid and the edge excitations in the fractional quantum Hall states[END_REF] that describes a 1D critical system that propagates only in one direction. It is considered to be a good description of the edge of a fractional quantum Hall state. For a Laughlin state of filling fraction ν = 1/m, where m > 0 is an odd integer for fermionic system, and an even integer for bosonic systems, the edge state is described by the Lagrangian

L = m 4π ∂ x φ L (∂ t φ L -v∂ x φ L ) (9) 
where φ L is a free phonon field with a propagator φ L (x, t)φ L (0, 0) = -ν ln(xvt), and v is velocity of the edge state. This Lagrangian can be obtained from a Chern-Simons theory in a finite system by imposing gauge invariance. The field operator of the elementary particle is Ψ ∝ e iφ √ m , and satisfies Ψ(x)Ψ(x ) = (-1) m Ψ(x )Ψ(x). Therefore, for ν = 1/2 we considered, Ψ(x) is a bosonic operator. The Green's function is then given by

G(x, t) = -i Φ 0 |T ( Ψ(x, t) Ψ † (0, 0))|Φ 0 , ∝ 1 (x -vt) m (10) 
and the Fourier transform of the Green's function reads

G(k, ω) ∝ (ω + vk) m-1 ω -vk + i0 † sgn(ω) . (11) 
Thus, the spectral function has the form

A(k, ω) = - 1 π ImG(k, ω) ∝ sgn(ω)(ω + vk) m-1 δ(ω -vk), (12) 
and the density of states is given by Real space time evolution of the edge state density distribution

N (ω) = dkA(k, ω) ∝ |ω| m-1 . (13) 
In Fig. 5 we give the time evolution of the particle density distribution on the edge in real space corresponding to the Fourier transformation in Fig. 3 of the main text. In the single particle case, a shallow or deep trap leads to a chiral or achiral propagation of the non-interacting edge state, respectively. The interacting edge state propagates chirally insensitive to the trap scale, consistent with the discussion presented in the main text. We also plot the time evolution of the center-of-mass in x-direction on the edge line and in y-direction with µ = -100J (solid lines) and -2J (dashed lines) in Fig. 6, which are measurable in current experiments [START_REF] Aidelsburger | Measuring the Chern number of Hofstadter bands with ultracold bosonic atoms[END_REF].

Comparison of particle density leakage with different values of Jy

As discussed in the main text, the particle density leakage could be reduced by choosing J y /J x < 1. To be explicit, Fig. 7 shows the total number of particles on the edge at time t for J y = 0.8J and 1.0J in the interacting FCI phase with J x being fixed at 1.0J. We use the protocol in which one particle is added at the edge at t = 0 and then time-evolve the state. The leakage for J y = 0.8J is reduced compared to the case with J y = 1.0J. 

Further discussions on the density leakage

In the non interacting case the bulk states have a finite overlap with the physical edge (i.e., the first row of sites) which are behind the density leakage. To proof this, we performed an additional numerical calculation for the non-interacting system in which we obtain the integrated overlap for a cylinder of length L y , where a † i creates a particle at the edge. As shown in Fig. 8, the weight W bulk increases to a finite value as the length of the cylinder gets longer. This explains the leakage into the bulk and also demonstrates that a finite but reduced density will remain at the edges at long times. To create a state that is perfectly localized, we would have to create a quasi particle at the edge which is a superposition of physical states near the edge. While we did not perform an additional simulation for the FCI, we do expect a similar finite support of bulk states on the edge.

W bulk = n∈bulk | ψ n |a † i |0 | 2 (14) 

FIG. 1 .

 1 FIG. 1. Time evolution of the particle density in the Harper-Hofstadter model after a particle has been created at the edge of an empty vacuum state with total filling ν = 0 (a) and in the interacting FCI state at ν = 1/2 of the lowest band (b). The spectral function A(kx, ω) of the non-interacting case (c) reveals a prominent overlap with gapless edges states of both chiralities. The inset shows for comparison the density of states of the single-particle model. In contrast, the spectral function for the FCI (d) shows a single chiral mode.

FIG. 2 .

 2 FIG. 2. Static properties of the bosonic ν = 1/2 fractional Chern insulator. Panel (a) shows the pumping of a charge per two flux periods as expected for a ν = 1/2 FCI state. The inset shows the entanglement spectrum of the zero chargesector. The low lying states satisfy the expected conformal field theory (CFT) counting {1, 1, 2, 3, 5, . . . } (see also [42]). All data in (a) are calculated in an infinitely long cylinder with Ly = 8. Panel (b) shows the scaling of the entanglement entropy S as a function of the correlation length ξχ for an infinite strip. The slope of c/6 determines the central charge of the edge theory c = 1. The lower right inset displays the real space charge density of a strip configuration, which is infinite in the x-direction and finite in the y-direction with Ly = 8. The upper left inset shows the ground state correlation function Cx = axa † x 0 on the edge versus x -x0 of an infinite strip with Ly = 10. The dashed line ∝ (x -x0) -2 follows the Luttinger liquid theory prediction.

FIG. 3 .

 3 FIG. 3. Fourier transformation of the particle density evolution for a shallow (µ = -2J) and a deep trap (µ = -100J) localized at an edge site of the single-particle (a,c) and FCI case (b,d).

FIG. 4 .

 4 FIG.4. The time evolution of the imbalance I = NR -NL between the total particle density on the right and left part of site i for the single-particle (a) and FCI (b) case for different values of the perturbation µ in units of the hopping J. For single particle (FCI) case the imbalance decreases (saturates) with increasing perturbation strength. Panels (c) and (d) show the total density per row as a function of time for the single-particle and the interacting scenario, respectively for µ = -100J, showing a sizable leakage of particle density into the bulk. The legend indicates the row number in the ydirection in the geometry of the inset of Fig.2b.

FIG. 5 .

 5 FIG. 5. Edge state particle density evolution for a shallow (µ = -2J) and a deep trap (µ = -100J) localized at an edge site of the single-particle (a,c) and FCI case (b,d).

FIG. 6 .

 6 FIG.6. Time evolution of the center-of-mass in x-direction on the edge line and y-direction for the single-particle (a,c) and FCI (b,d) phase. Solid (dashed) lines correspond to the cases with µ = -100J (µ = -2J).

FIG. 7 .

 7 FIG. 7.Comparison of total number of particles on the edge line Q edge as a function of time t in the interacting FCI phase for Jy = 0.8J and 1.0J.

FIG. 8 .

 8 FIG. 8. (a) The energy spectrum of the single-particle Hamiltonian on a cylinder with circumference Lx 21 and finite length Ly = 40. The red (blue) points correspond to the bulk (edge) modes. (b) Overlap between the initial state |ψ0 = a † i |0 , where i is a site on the edge, and the eigenstates of the Hamiltonian |ψn . (c) The sum of all weights between |ψ0 and the bulk modes for different cylinder length Ly.
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