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Post-processing of the planewave approximation of Schrédinger
equations. Part II: Kohn—Sham models
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Université Bourgogne Franche-Comté,

Laboratoire de Mathématiques de Besangon,
UMR CNRS 6623, Besancon, France

Abstract

In this article, we provide a priori estimates for a perturbation-based post-processing method of the
plane-wave approximation of nonlinear Kohn-Sham LDA models with pseudopotentials, relying on [6]
for the proofs of such estimates in the case of linear Schrédinger equations. As in [5], where these a priori
results were announced and tested numerically, we use a periodic setting, and the problem is discretized
with planewaves (Fourier series). This post-processing method consists of performing a full computation
in a coarse planewave basis, and then to compute corrections based on first-order perturbation theory in
a fine basis, which numerically only requires the computation of the residuals of the ground-state orbitals
in the fine basis. We show that this procedure asymptotically improves the accuracy of two quantities
of interest: the ground-state density matrix, i.e. the orthogonal projector on the lowest N eigenvectors,
and the ground-state energy.

1 Introduction

To determine the electronic ground-state of a system within the Born-Oppenheimer approximation [1],
DFT Kohn—Sham models [12] are among the state-of-the-art methods, especially for their good trade-off
between accuracy and computational cost. In the context of condensed matter physics and materials science,
most simulations of the Kohn—Sham models are performed with periodic boundary conditions, for which a
planewave (Fourier) discretization method is particularly suited (see the introduction of [6] for more detail
on the physical context). Nevertheless, this method scales cubically with respect to the number of electrons
in the system, and becomes expensive for large systems.

In previous works [2, 5, 6], we have proposed a post-processing method to provide cheaper and still
accurate results for this problem. This two-grid method consists of computing first a rough approximation
of the solution to the Kohn—Sham problem in a coarse planewave basis. This solution is then corrected in
a fine basis, based on first-order Rayleigh—Schrédinger perturbation theory, considering the exact Kohn—
Sham ground-state as a perturbation of the approximate ground-state computed in the coarse basis. In [5,
Section 5|, numerical results for this method were presented, showing that in practice, this method leads to
a substantial improvement for the ground-state energy, the improvement factor varying between 10 and 100
for small size systems such as the alanine molecule. Besides, the computational extra-cost did not exceed
about 3-5% of the total computations, depending on the size of the chosen fine basis.

In this article, we focus on the theoretical improvement of this post-processing method for the Kohn—
Sham problem. We provide the proofs of theoretical estimates presented in [5], which partly rely on the
proofs for the linear subproblem of the Kohn—Sham model presented in the first part of this contribution [6].
Compared to the procedure proposed in [6], we construct here two different post-processed sets of orbitals
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from the ground-state orbitals of the discrete Kohn—Sham problem in the coarse basis. The first one is
derived directly from first-order Rayleigh—Schrédinger perturbation theory, but is not a priori orthonormal;
the second one is orthonormal. From these two sets of orbitals, we define in Definition 4.1 two corresponding
density matrices, and two post-processed energies. Note that, since the problem is nonlinear, the corrections
given by the perturbative expansion at first-order cannot be computed exactly. However, we derive that the
neglected uncomputable contributions are a priori small.

The main result of this article is provided in Theorem 5.1. We show that, as in the linear case, the
convergence rates of both the post-processed ground-state density matrices and the post-processed ground-
state energies are improved within the asymptotic regime where the discretization space is large enough.
On top of that, we show that the two versions of the post-processing lead to the same improvement on the
density matrix error, but to different improvements on the energy. Indeed, only the post-processed energy
computed from the orthonormal post-processed orbitals presents a convergence doubling compared to the
density matrix error. These results are valid under the assumption that there is a gap between the highest
occupied orbital and the lowest unoccupied orbital, which corresponds to considering insulators. All other
assumptions come from the a priori analysis for the Kohn—Sham problem and do not differ from [3]. Also,
our post-processing method crucially relies on the fact that the Laplace operator, which is the leading part
in the Hamiltonian, is diagonal in a planewave basis, so that it commutes with the orthogonal projector on
the discretization space.

This article is organized as follows. In Section 2.1, we present the Kohn—-Sham model in the periodic
setting, and define the main quantities of interest: the ground-state orbitals (¢9,...,¢%), the density matrix
70 and the energy I5°. In Section 2.2, we briefly recall the functional setting used in the following sections.
In Section 3.1, we present the planewave discretization of this Kohn—Sham problem. In Section 3.2, we
recall a priori estimates derived in [3]. We also translate these results in terms of density matrix formalism.
In Section 4, we describe the post-processing method based on Rayleigh—Schréodinger perturbation theory,
and in particular define the corrections. In Section 5.1, we present the main results of this paper, i.e. an
improved convergence rate on the post-processed ground-state density matrices and energies. The proofs are
given in Section 5.2.

List of notation

To help the reader navigate through the paper, we summarize below the principal notation, and refer to the
definitions when needed.

To start with, IV denotes the number of computed eigenvalues. The quantities related to the choice of
discretisation (Section 3.1) are

e F.: kinetic energy cutoff,
o N, = \/% %: discretisation parameter,
e Xy, : discretisation space.

The quantities related to energies are

o [/ exact ground state energy (2.4),

° Iéfjs\,c: variational approximation of the ground state energy (3.1),

° é\NJL : perturbed ground state energy (4.11),

° (E’;Ni : orthonormalized perturbed energy (4.12).

The different eigenfunctions, corresponding eigenvalues and Lagrange multiplier matrices defined in this
article are



o 0 = (¢0,--- #%)T and (A2, -, AQ): lowest N eigenfunctions and corresponding eigenvalues of the
Hamiltonian. The matrix of Lagrange multipliers A° is diagonal A° = diag()\Y,--- , A};) (Section 2.1).

e Oy = (PN, - .,qSN,NC)T and (A1 n,,--.,AN,N, ) lowest eigenfunctions diagonalizing the Hamilto-
nian on the discretisation space and corresponding eigenvalues (Section 3.1). The corresponding matrix
of Lagrange multiplier is diagonal as well.

o % = (¢ n.o-- - O n.)T s eigenfunctions given by a unitary transform of @y, such that ®% is

c

as much aligned with ®° as possible. The corresponding matrix of Lagrange multipliers A(I)VC =

()‘?j,NC)liiJSN = (< ?,NC|J-C|¢?7NC>)1Si,jSN S RNXN is not diagonal (Section 32)

. 5;0 = (qb/l\;c, ..., ®N,N,) and ()\/1\;\7/6, ...y AN,N,): perturbed eigenfunctions and perturbed eigenval-
ues (4.5).

. 5\1\7 = (m, cee M) orthonormalized perturbed eigenfunctions (4.6).

The different density matrices involved in the following are:
e 7o: exact ground state density matrix (2.8),
e 7y.: approximate density matrix (Section 3.1),

e n.: perturbed density matrix (4.8). Note that this density matrix is not an orthogonal projector, as
mentioned in Remark 4.1,

. ﬁ : orthonormalized perturbed density matrix (4.10).

2 Periodic Kohn—Sham models with pseudopotentials

2.1 Problem setting

In this article, we adopt the system of atomic units, for which 2~ = 1, m, = 1, e = 1, 4mep = 1. Thus,
the electric charge of the electron is —1, and the charges of the nuclei are positive integers. We consider a
periodic setting, therefore the nuclear configuration is supposed to be R-periodic, R being a periodic lattice
with corresponding supercell 2. To simplify the notation, we consider a cubic lattice R = LZ3 (L > 0),
which corresponds to a cubic supercell Q = [0, L)3. But our arguments also apply in the more general case
of any Bravais lattice. For 1 < p < oo and s € R, we denote by

LL(Q) = {ue L (R*R)|uis R-periodic},

loc
H5(Q) := {u € H{(R* R) | u is R-periodic},
the spaces of real-valued R-periodic LP? and H*® functions.

We consider a spin-restricted LDA Kohn-Sham model [12] with pseudopotentials. This method is typ-
ically used for computing condensed phase properties, when the number of atoms in the simulation cell is
limited. A detailed presentation of this model employing the same notation can be found in [5, Section 2],
see also [3]. We recall here only the main features of the model. Given a system with N valence electron
pairs, we are considering the following energy functional

N N
1 C
XA =3 [ (V0P + [ Vocw ppuy + 23 lValbi) + 5Daltar, ) + Breolpw), (21
i=1 =1
where the different terms of the energy are described below. The set of admissible states is

M= {\1/ = (1, on)T € [HLQ)]Y ’ /Qwiwj = 51,}. (2.2)



The electronic density reads
N
proy(r) =2 [i(r). (2.3)
i=1

The Coulomb energy is defined as

Da(p.p) = / / Galr —1')p(x)p () drdr’ = / () Veou (6)] ('),

where the Green’s function G and the periodic Coulomb potential V.ou1(p’) are respectively solutions to
the following problems

1
—AGq = 4w (Z ok — |Q|> in R’ —AVeoul(p') = 4m (P/ - ﬁ/ ,0/> in R’
0

ke:R . .
Gqo R — periodic, and Veoul(p') R — periodic,

/ G =0, /Q‘/::oul(P/) = 0.
Q

The pseudopotential, modeling the effects of the nuclei and the core electrons (and some relativistic effects for
heavy atoms) consists of two terms: a local component Vioca1 (whose associated operator is the multiplication
by the R-periodic function Vioca1) and a nonlocal component Vi, given by

Vrth = z: ( | &t dr) &,

where §; are regular enough R-periodic functions and J is an integer depending on the chemical nature of
the ions in the unit cell. The exchange-correlation functional based on a local density approximation is given
in this periodic setting with pseudopotentials by

ES. o(ppw) = /Q DA (5, (1) + ppu (r) .

where p. > 0 is a nonlinear core correction, and eP2(p) is an approximation of the exchange-correlation

energy per unit volume in a homogeneous electron gas with density p.

The ground-state energy is then the solution of the following minimization problem:

155 = inf {E56(¥), ¥ e M}. (2.4)

Under some assumptions on Vg, Vigcal, and ESq presented in [3] and recalled in Appendix 6.1, (2.4) has a
local minimizer ®° = (¢9,...,¢%;) € M. Noting that the energy is invariant under a unitary transformation
of the orbitals, i.e.

YO eM, YUEUN), UVEM, puy=pw and EFLHUT)=EFE(T), (2.5)
where U(N) is the group of orthogonal matrices:
UN)={U e RV*N | UTU =15}, (2.6)

1 denoting the identity matrix of rank N, any unitary transform of the Kohn-Sham orbitals ®° in the sense
of (2.5) is also a minimizer of the Kohn—Sham energy, and (2.4) has an infinity of minimizers. It is therefore
possible to diagonalize the matrix of the Lagrange multipliers in the first-order optimality conditions relative
to (2.4), and show the existence of a minimizer (still denoted by ®°), such that

Vi=1,...,N, Ho¢) =7, and  Vi,j=1,....N, (#0¢)) =0y,



for some A} < A\ < ... <A}, where the Hamiltonian H is the self-adjoint operator on Li (©) with domain
H;(Q) defined by

1
Vu € Hy(Q), Hou = =5 Au+ Vit + Veou(po)u + Vie(po)u,

with py = P[&9]5 Vion = Viocal + Va1, and where

deLDA
Ve (p)(r) = C’l‘; (pe(r) + p(r)).

The matrix of Lagrange multipliers of ®° is then A? = diag(\{,---,\%).
Let us also define the Kohn—-Sham operator for a given density p as

1
}C[P] = _§A + Vvion + ‘/coul(p) + ‘/xc(p)a (27)

so that o = Hj,,]. The potentials Viocal, Veoul(p), and Vie(p) being multiplicative, we use the same notations
for the potentials as functions on €2, and for the corresponding multiplicative operators.

We will suppose in the following that the system under consideration satisfies the Aufbau principle, so
that )\(1) < )\8 < - < )\?\, are the lowest NV eigenvalues of the Kohn—Sham Hamiltonian HO. Note that,
although this property seems to hold in practice for most systems, it has not been proved in general, except
for the extended Kohn-Sham model (see [3] for details).

Also, as in the linear case [6], we will make the following assumption:

ASSUMPTION 2.1. There is a gap between the N** and the (N + 1) eigenvalues of Ho, i.e.
g:= A — Ay > 0.
In this setting, the Fermi level ep could be defined as any real number in the range (A, A% 41)- We
0 0
define it as ep = M.

The purpose of this problem is to compute two quantities of interest:

1. the ground-state density matrix 7y based on the orbitals ®° = (¢9,...,¢%)7T, defined as

N

%0 = L(—ooen) (Fo) = D _ [62)(e})], (2.8)

i=1

which belongs to the Grassmann manifold

YT={yel(Ly) |7 =7 7"=7 Tr(y) =N, Tr(-Ay) < oo};

2. the ground-state energy defined as

1555 = &5 0 (2Y).

We refer to [6] for the definition of the operator trace Tr.

2.2 Functional setting

In this article, the functional setting is similar to [6]. We denote by || - || the operator norm on L(Li), the
space of bounded linear operators on L% (2). We also denote by &;(L7) the Banach space of trace-class
operators on L% () endowed with the norm defined by ||A||61(L§#) = Tr (|A]) = Tr (VA*A). Also, let the



Hilbert space of Hilbert-Schmidt operators 62(Li) on Li(Q) be endowed with the inner product defined
by (A, B)Gz(Li) := Tr (A*B). Moreover, let us define for any operator A on Li(ﬂ) with domain D(A),

N 1/2
VU e DAY, AV = (ZIMAI%;) :
i=1

which corresponds to [[¥]|z2 when A is the identity operator and ||¥||;;, when A = (1 — A2,

3 Discretization and resolution of the Kohn—Sham model

3.1 Planewave discretization

In the context of periodic boundary conditions, we discretize the Kohn—Sham problem (2.4) in Fourier modes,
also called planewaves. We denote by R* = %’TZ3 the dual lattice of the periodic lattice R = LZ3. For k € R*,
we denote by ey the planewave with wavevector k and kinetic energy %|k|27 with | - | the Euclidean norm,
defined by
ek : R?’ — C
X = |Q|71/26ik-x7

where |Q)] = L3. The family (ex)xex+ forms an orthonormal basis of Li(Q,C) endowed with the scalar
product

u,v 2 uw) = WUI‘ Ir
Vu,v € L4(Q.C),  {ul) /Q<><>d,

where u(r) denotes the complex conjugate of u(r), and for all v € Li(Q, C),
’U(I‘) = Z i]\k ek(r) Wlth i}\k = <€k|’U> = |Q|_1/2/ ,U(I.)e—ikr dI‘.
keR* Q

To discretize the variational set M, we introduce some energy cutoff . > 0 and consider all basis functions

with kinetic energy smaller than E., i.e. |k| < /2E.. That is, for each cutoff E., we set N, = \/%% and
consider the finite-dimensional discretization space

XNC = Z Dk €k vk, V_x = EJ\; C ﬂ H;E(Q)
keR*,|k|<ZEN, seR

We denote by Iy, the orthogonal projector on Xy_ for any H ;(Q), s € R, defined as

Oyv= E Uk €k,
keR*,|k|< 2% Ne

and by HJNC = (1 — IIy,) the orthogonal projector on X ch, the orthogonal complement to Xy .
Finally, the variational approximation to the ground-state energy in Xy, is defined as

IEY. =inf {€5 (W, ), Ty, e MN[Xn )V} (3.1)

Using again the invariance property (2.5), the Euler equations of this minimization problem can be
diagonalized and reduced to find the pairs (¢; n,, Aj N, )j=1,...,n satisfying

Vi=1,...,N, %Nuproj ¢j7N(; = A.j7N(; d)j’Nm and Vi,j=1,...,N, <¢i,Nc|¢j,Nc> = 6ij7 (32)



)\LNC < )\2’]\[C <...< )\N,NC7 where J‘ch’prOj : XNC — XN(_' is defined as

1
FHne proj = N Hipy N, = — 5N Ally, + 1L, [Vion + Veoul(pn.) + Vae(pn.) |, , (3.3)
with pn, = ploy.)r Pn. = (P18, dnN.)" and where K, | is defined by (2.7) for the approximate
ground-state density pn,. The corresponding density matrix, which is independent of the chosen orthonormal
basis for Span(¢1 n., d2,N,,- -, PN,N.), is denoted by yn, € T, and defined as

N
. = Y |in ) (bi |-
=1

Finally, the ground-state energy is defined as

155 = €55 (@),

In order to solve the nonlinear eigenvalue problem (3.2), a Self-Consistent Field (SCF) procedure is
employed [15]. It consists of solving a linear eigenvalue problem at each step, at which the Hamiltonian is
computed from the density found at the previous step. The details of the algorithm in this setting can be
found in [5] and the references therein.

3.2 A priori results on the density matrices

The existence of minimizers of problems (2.4) and (3.1) as well as a priori error estimates on the convergence
of the solutions to the discretized problem (3.1) to those of the continuous problem (2.4) hold under several
assumptions presented in [3]. For completeness, these assumptions are recalled in Appendix 6.1.

Moreover, in order to use the a priori results of [3] in the proofs of our estimates, we first show that
similar a priori results hold in the density matrix formalism. To start with, let us define the solution to the
discrete problem lying in the space

M? = {qf eM ’ @ - ®°;2 = min ||UT - ®°||,- }
# UcU(N) #

where U(N) is defined in (2.6) and M in (2.2). Therefore we define ®% = (¢ y_,..., 0% n.)" € M*° such
that
0 o 0 — o &0
o5, @y = min (U, ]z,

where @ is a solution to (3.2). Moreover, we define the Lagrange multiplier matrix of the orthonormality

constraints as
AR, = (W v higen = (00 1307 v ) 1<ijen € RV
The following lemma exhibits norm equivalences between density matrices and their corresponding orbitals.

Lemma 3.1 (L% and Hy norm equivalences). There exist ¢,C > 0 such that for all ¥° = (49,...,9%;) €
M2 with corresponding density matriz 79, = Zi\il [V (2|, satisfying for all v € Span(¢Y, ..., % )\{0},
H’}/‘I/OU”LE‘;é # 07

90—y < IS —oleas) < V2RO -0, (3.4

(1= =0z < (1= —)lllewzy < CIL— A2 - 802 (3.5)

The proof is given in Appendix 6.2. Note that this lemma is more general than the similar result
provided in the linear case [6, Lemma 2.3|, as 73, can be any density matrix and not only the discrete density
matrix yy,.

Based on Lemma 3.1, it is possible to express the results of [3, Theorem 4.2] in terms of density matrices,
which we detail in the following Theorem.



Theorem 3.1 (see [3]). Let ®° be a local minimizer of (2.4). Under Assumption 6.1, there exist N0 > 0
and ro > 0 such that for No > N, (3.1) has a unique local minimizer ®Y; in the set

{on, € M® N [XN]V||®n, — 20 <70}

Moreover, if the assumptions of the a priori analysis of [7, Theorem 4.2] recalled in Assumptions 6.1 and 6.2
are satisfied, there exist ¢,C > 0, and N? € N such that for N. > N?,

cll(1 = A)2(yo — WNC)HQGQ(L@ < IR, — 155 <Ol (1= A) 2 (0 — WNC)||262(L;)7 (3.6)
(1= A)712(8% — 8055 < ONZ2I(1 = A2, — 0) o2 (37)
o = w.llenr) < CN:2, (33)
(1= A2 (v — 'VNC)”Gz(Li) < CN;', (3.9)
and
18° — A% e < O (10— A)20, — 30013, 52y + Vo210 = )20, —0)leazyy): (310
where || . || denotes the Frobenius norm.

The proof is given in Appendix 6.2.

4 Post-processing of the planewave approximation

Our post-processing method strongly relies on the fact that the Laplace operator is diagonal in planewaves,
with explicitly known eigenvalues |k|?,k € R*. The smallest eigenvalue of the operator —%A on X ]%,

being strictly larger than % (2%

3 (L
ANN, < % (%)2, which holds for N, large enough, the lowest eigenvalues and eigenvectors of M, proj

are preserved by addition of the operator —3A on Xy : (1 — Iy, )(—3A)(1 — Iy, ). Therefore, the discrete
solution @y, is also the ground-state of the following Kohn-Sham problem

V] = 1,. .. ,N, :}(NC ¢j7Nc = )\j7Nc ¢j7Nc7 and Vl,j = 1,. . .,ZV7 <¢i,Nc|¢j,Nc> = 61‘]‘, (41)

)‘17Nc < )‘27Nc <...<Z )‘N7Nc7 where

)2, if the N*® eigenvalue of the operator Hy, proj defined in (3.3) satisfies

1 1
j-CN = _§A + 1_[NC |:V;on + ‘/Ycoul(ch) + ch(ch) 1_[NC = J_CNC,proj + (1 - HNC)(_§A>(1 - HNC)

c

Replacing Hn, proj by Hy, in the equations satisfied by @, will be crucial in our analysis. Conversely, the
exact solution ((b?, /\?)j:17,,,,N satisfies

(Hn, + Vi, + Wh,) 69 = A9 ¢, (#9109) = 65, (4.2)
where

VLC = [V}on + ‘/Ycoul(ch) + ch(ch)] - 1_INC ‘/ion + ‘/;oul(ch) + ch(ch ):| HNC7

and
WNc = [VvCOlll(pO) + ch(PO)] - [V::oul(ch) + ch(ch)]-
As described in [5, Section 4], we rely on Rayleigh—Schrodinger perturbation method [11] to define improved

orbitals (¢ n,, Aj n.)j=1,... N, taking (4.2) as the perturbed equation, and (4.1) as the unperturbed one. For
non-degenerate eigenvalues, the corrections arising from first-order perturbation theory are

Vi= o Ny g G+ O+ O



where
1 -1
‘755‘,1)6 - <—2A - MNC) rj € XN, (4.3)
r; € Xy, being the residual defined by
1
rj = (—QA + Vion + Veour(pn.) + Vie(pn.) — )\j,NC) pin. = (Hn. + VN, — Ajn) @jN. = VN, 5N

and ¢\?), being defined by

2 -1
¢§‘,])VC = — (J{NC - Aj’NC)l(%',NC)i WNc¢j,NC~ (44)
Note that the definition of ¢§',11)vc is only consistent because the residuals r; belong to XIJQC forallj=1,...,N.

Moreover, the corrections (4.3) can easily be computed in practice in a very large basis, i.e. introducing a
second, very large cutoff, as we will detail in Remark 4.2.

Compared to the linear case [6], the main difference is the presence of the uncomputable potential Wy_,
which depends on the exact density pg, and leads to uncomputable corrections (4.4), even projected on a
finite basis.

However, we will derive that these uncomputable terms are a priori small, and define the post-processed
orbitals only from the computable corrections defined in (4.3), which are also well-defined for degenerate
eigenvalues. We therefore define the perturbed orbitals, as well as density matrix and energy as follows.

DEFINITION 4.1 (Perturbed eigenvectors, density matrix and energy). For all j = 1,..., N, we define the
perturbed eigenvectors as

d)jaNc = ¢j7Nc + ¢§}J)\/'C (4'5)

We also define orthonormal perturbed eigenvectors as an orthonormalization of ((EJ_‘;\Z)]‘:L_“’N. More pre-
cisely, for all j =1,..., N, define

Oy, = Sy, Ox,, (4.6)
where Sy, the N x N overlap matriz ofCITNJC = (QZ\J;N R M), is defined as
Vi, j=1,...,N, (5n.)ij = (di.N.|djN.)- (4.7)
We define the perturbed density matriz as
N N
— T T 1 1 1
e = D 16an ) (Bl = v + 95 + 21658 (B0, (48)
i=1 i=1
where
N N
1 1 1
W = Y1058 Gsvl + D Lo oS (4.9)
i=1 i=1
We also define an orthonormalized perturbed density matriz as
- M= ==
N, = Z |pi,n. ) (P |- (4.10)
i=1

We define the perturbed energy as the energy of the perturbed eigenvectors computed with (2.1)

En. = Eha(®N.), (4.11)

and the orthonormalized perturbed energy as

En, = EER(PN,). (4.12)




Remark 4.1. Since the post-processed orbitals (4.5) are not orthonormal, Yy, € T does not hold in general,
although YN, = AN, " Indeed, a priori, &}:2 # AN, and Tr (Yn,) # N. On the other hand, the post-processed
orbitals (4.6) being orthonormal, there holds yn_ € T.

Remark 4.2. Note that the computational cost of the corrections is limited, and similar to the linear case [6].
For all j = 1,...,N, the operator (—%A — )\j,NC) is diagonal in a planewave basis, hence trivial to in-
vert. Fach residual Vﬁ‘ﬁj,Nc can be computed using a very large basis with only two FFT’s, hence with a
O(ngoy log(naor)N) scaling where ng,p is the number of degrees of freedom in the fine basis. On top of that,
to compute the orthonormalized density matriz (4.10) and energy (4.12), one needs to orthonormalize the
post-processed orbitals, with a cost of O(naerN?). This corresponds to the cost of a QR decomposition of the

matriz containing the post-processed orbitals CITJ\Z = (m, .. sON.N,). Indeed, as the density matriz YN,

does not depend on the orbitals themselves but on their span, as well as for the energy En., we do not need
to compute the matriz SNC71/2 explicitely in practice.

We refer to [5, Section 5] for numerical results illustrating the low computational cost of the post-
processing, and showing that taking for the second cutoff a few times the planewave cutoff is sufficient.
Indeed, taking larger cutoffs for computing the corrections does not change the observed results (see Fig. 1

in [5]).

5 Convergence improvement on the density matrix and the energy

5.1 Theorem

The improvement results on the post-processed density matrices and the energies are collected in the following
theorem. Compared to the linear case [6], the results are similar except for the post-processed energy (4.12)
based on the orthonormal version of the post-processed density matrix, for which we derive a convergence
doubling compared to the density matrix improvement factor of N 2.

Theorem 5.1 (Improved convergence for the density matrix and the energy). Under the gap assump-
tion (2.1) and the smoothness assumptions of [3, Theorem 4.2] recalled in Appendix 6.1 and 6.2, there exist
C € R* and N € N such that for N. > N?,

11 = 2)2(30 = W) lea(z) < CNZI = A2 (30 — W) leaz2,)- (5.1)
11 = 2)2 (30 = W) lea(z) < ONSI = A)2(30 = vl eaz2, ) (5.2)
En. — 15| < ONZ2IRS, — 155, (5.3)
and
En, — 15| < ONJHIRS, — 155, (5.4)

Remark 5.1. The difference of right-hand sides between (5.3) and (5.4) mainly comes from the property

that the orbitals (I/)\J\Z are orthonormal whereas the orbitals i;]\z are not. Indeed, a priori results lead to a
doubling of the convergence rate improvement between (5.2) and (5.4). But the lack of orthonormality of the

postprocessed orbitals ‘i;\/: gives rise to an extra error in the energy, which explains the similar convergence
rate improvements between the density matriz error (5.1) and the energy error (5.3).

10



5.2 Proof

In order to prove Theorem 5.1, we first provide in Section 5.2.1 a decomposition of «y based on spectral
projection in Lemma 5.1, and then, in Section 5.2.2, we provide four preliminary lemmas. In Section 5.2.3,
we decompose the difference o — 7, into six parts in Lemma 5.7, and we then estimate each of these terms
in the following lemmas 5.2, 5.8, 5.9, 5.10, and 5.11 in order to prove estimate (5.1). Lemma 5.12 then allows

to extend the proof to estimate (5.2). Finally, in Section 5.2.4, we provide a proof for estimates (5.3) and
(5.4).

5.2.1 Exact density matrix in terms of approximate density matrix

From [6, Lemma 4.2|, whose proof is identical in the nonlinear case, relying on the gap assumption 2.1, there
exists a contour I' and N0 € N, such that for all N. > N?, T' contains the lowest N eigenvalues of both
operators J{y and H, and none of the higher ones. Taking such a contour I', writing Ho = Hx, ‘M?i +Wn,
and using the definition of spectral projection, the density matrix defined in (2.8) can be decomposed as

1 -1 1 1 -1
— — K dy = — —Hy, -V —W dz.
Yo 57 F(Z o) dz= o F(«Z ~N. — VA, N.) dz

Then using the Dyson equation twice [10, 13] to decompose the operator (z —Hn, — VJ]\-,C — WNC)fl, we
obtain

_ 1 o —1 1 . —1 L B 1
=5 F(z Hn.) derTm, F(z Hn.) Yy, +Wn,) (z—Hn,) dz
o (= ) (VW) (2 = )T (VW) (2= %) s (55)
r

Lemma 5.1 (Decomposition of yg). There holds

Yo =N, +7N. +75 + Qn. (5.6)
where 7](\}3 is defined in (4.9),
1 _ _
e = le{ (2= Hn) " Way, (2 — Hu,) ' dz, (5.7)
i Jp
and )
Q. =5 j{(z — Ho) " (V. + W) (2 = Fn) T (Vi + W) (2 — Hw,) ™ dz. (5.8)
r

Proof. We start from (5.5). By definition of the spectral projection, there holds

1 -1
= — -X d
N = 5 F(Z N dz,
i.e. the first term of the right hand side in (5.5). Following the proof of [6, Lemma 4.3|, one can show that
1 1 —1naL -1
W’J(v) Z% 1“(Z—J'CNC) VNC (z—Hn.) .
From the definition of 71(\?3 in (5.7), we get that 7](\}3 + 7](\?3 corresponds to the second term of the right hand
side in (5.5). Finally, the definition of Qy, in (5.8) allows to conclude the proof of the lemma. O

11



5.2.2 Preliminary lemmas

We collect in a first lemma all results following immediately from [6], relying in particular on the a priori
estimates of Theorem 3.1.

Lemma 5.2 (see [6]). There exist C € RT and N? € N, such that for N. > N?,
1L = 2)2(v0 = v lenzz) < ONSZIL = A) (0 — o) leaizz)s (5.9)

1) (Ve = 70) + Hovo = Hvo v, lle 22y < CNG2I(L = A)2 (0 = v )lles 22, (5.10)

Proof. The proof of (5.9) is identical to [6, proof of Lemma 4.5, given the a priori estimate (3.8). The
bound (5.10) can be obtained exactly as in the proof of [6, Lemma 4.6] using in particular the a prior:
estimate (3.10). O

We now turn to preliminary results that are specific to the nonlinear case, and will be used to show that
the uncomputable terms (4.4) in the perturbative development are small. From [3, (3.19)], there holds for
the Coulomb multiplicative potential

Vs €R, Vpi,p2 € Hy(Q), |[Veour(p1) — Vcoul(pz)HH?Z < Cllpr = p2llmz,, (5.11)
from which we deduce in particular with s = 0 using Sobolev embeddings that
[Veour(po) = Veour(pno)llLg + IV (Veour(po) = Veour(pne)) llzs, < Clipo — pcllizz,» (5.12)

which is in particular bounded by a constant independent of N.. Moreover, under Assumptions 6.1 and 6.2,
Viocal + Veoul(pn,) + Vac(pn.) € H;/%E(Q), for some € > 0, therefore there exist C € RT and N? € N such
that for N, > N?,

||Vioca1 + V::oul(pNC) + ch(ch)”L;O + Hv (Viocal + ‘/coul(ch) + ch(ch)) ||L3# S 07 (513)

and
[Vie(po) — Vxe(pn. )||L°° + IV (Vxe(po) — Vxe(pn.)) ”Li <C (5.14)

The next lemma deals with the exchange-correlation potential.

Lemma 5.3. There exist C > 0 and N? € N such that for N. > N,
Vi (o) = Vielono) a1 < Clloo = ol (515)

Proof. Using a Taylor formula with integral remainder, there holds

d2 LDA
Vie(po) = Vielono )yt = H/ Pc+tpo+(1—t)mv)(po—pNC)dt’ )
Hy
d2 LDA
<[ ettt (1= 0pn) =)t (510
0 H;l

From [3, (4.25)] and the definition of the density (2.3), p. + tpo + (1 — t)pn, is uniformly bounded in
Hg(Q) for some o > 3/2 uniformly in N and t for N > N and 0 < t < 1. As for all t € [0,1],
pe +tpo + (1 — t)pn, is bounded away from zero uniformly in N., and from (6.3) and (6.4), the quantity

ap? . (pe +1tpo + (1 —t)pn,) is also uniformly bounded in Hg(Q2). Note that for o > 3/2, there holds

VfEHLQ), Voe HFQ), foeH(Q) and |fgly < Collflluglglys  (517)
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for some constant C,, > 0 independent of f and g. Indeed,
<fg7w>H;17H# ||9||H?;1||fw||H;7E

[fgllg-r = sup sup
# weHL (),w#0 ||w||H;‘E weH}, (), w70 ”wHH#

Noting that H. %(Q) is compactly embedded in the space of continuous functions, and using Hélder inequality,
we obtain

2 2 2
Il = Ifwl2s + 190w,
< fwlis + 20 f (V)3 + 20wl
< Co (IF Bz lwll3s, + 1713 IVwl2a, + 1913 lolls )
2 2 2 2 2 2
< Co (1 Wag Inoli2s, + 17 Vg ol + 19712 N3 )
Finally, using Sobolev embeddings leads to

[fwllay, < Collfllmgllwllm,

from which (5.17) follows. Combining (5.16) and (5.17) gives the result. O
Lemma 5.4 (Estimation of (1 — A)~Y2Wy.). There exist C € R* and N? € N such that for N, > N9,
11 = 2) "2 W volle, 22y < ONSZIL = 8)2(v0 = ynv) lea(zz,): (5.18)
and
1= A) " 2Wrawe ez < ONG2I(L = 2)2 (90 — v )llesz2,)- (5.19)

Proof. By definition of the Hilbert—Schmidt norm,

N
1= 2)7 2 Wrollg, @) = DI =272 Wa ol
=1

N
= > IWN 0I5
i=1 7

Asforall 1 <i < N, ¢9 € H;(Q), and for all N, € N*, Wy, € H#l(Q), we show using (5.17) that there
exists C € RT such that for all N, € N*,

W6t < CIWN 2162 3.

Therefore, as Zfil H(b?”?fi(ﬂ) is bounded, there exists C' € R* such that for all N, € N*,

N
101 = 872 W r0lld, 1) < CIWIE S 1090 < CIW I,
=1

From (5.11) with s = —1 and (5.15), we derive

1= 2)2Wa q0llenzg) < Clloo — ol (5.20)
Moreover, as shown in [3, (4.85)], there holds
1o = Pl < ClIL = 2)712(@% = BR )z - (5.21)

Finally, using (3.7) in (5.21) together with (5.20) allows to prove (5.18).
Since for all 1 < ¢ < N, ¢; n. is bounded in Hi(Q) independently of N, the proof can be easily adapted
to show (5.19). O
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Lemma 5.5 (Estimation of (1 — A)~Y2V{ ). There exist C € RT and N? € N such that for No > N?,

(1= 2)72V5 ywlles 22 < ClI(L = 2)2(v0 — ) (5.22)
Proof. The proof is similar to the proof of [6, Lemma 4.5]. First,
1/2 _ AV—1/2 B
10 = )72V e 2 = H<1 A) 0 = v
= 2 [5¢ =) + Hoto = Hvvv. = W0 | .
H (o) (VN = 70) + Horo — Hnvywve — Wi o] a1
The result follows by combining (5.10) and (5.18). O

Lemma 5.6 (Estimation of | Sy, — 1x||r.). There exist C € R* and N? € N such that for N, > N,

1SN, = Inlle < ONG2(I(1 = A)>(0 — INI&,22)- (5.23)

Proof. Given the definition of Sy, in (4.7), noting that forall 1 <i < N, ¢{'{, € X3 ,andforall1 <i,j < N,
(¢i,N.|®j.N.) = 0i5, and using the Cauchy—Schwarz inequality, there holds

—

(¢iN.|djN.) — 05

|
ZMZ

1SN, — InllE

N

<
Il
_

(i, NP5, n.) + <¢>(1) |¢>(1) ) — 051> (by orthogonality)

I
] =

s
<.
I
-

(@SR LS A

I
M=

s

&,
Il
-

o NCHL2 % NC||L2

ZMZ

1

s
<
Il

2

|
M =

19

<.
Il

Using definition (4.3), and noting that for all j = 1,..., N, the operator (—%A — /\j,NC)_l is diagonal and
commute with Hﬁc, we obtain

N
1
15w, = 1wllr < (=54 = Xjn) T TN, V. &5 22

Jj=1

1
<|M, (1= A) 722 max [|(1— A)2(—5A = X)L - )22

3oy

N
xS = A)2Vk g2
j:

There exists N € N such that for N, > N2, the operator (1—A)Y2(—2A—); v,)71(1—A)'/2 is bounded in
L(L%) foralli=1,...,N independently of N.. Moreover, there exist C' € R such that [[Tly (1—4)7!/2[| <

14



- N _ _
ONZL Also, T, 11— 8) 720 650 25 = 11— A) 7204 w2, g
and N? € N such that for N, > N?,

[Sn. = Inlle <CNZ2|(1 - A)_l/QVﬁﬂNCHQGQ(L;)

SCNZ2(1 = 8)2 (0 = &, 2

X Hence, there exist C' € R

from (5.22), which concludes the proof of the lemma. O

5.2.3 Proof of estimates (5.1) and (5.2)

Lemma 5.7. The density matriz difference vo — YN, can be decomposed as

N
— 2 2 — — 1 1
Yo =N, = (0 —7v.)* + VNﬂ](vc) + ’YJ(\/'C)’YNC + QNN +INCQN, — Y \¢§J)\;><¢§1)v|
j=1
Proof. Let us first remark, using (5.6), and 73, = 7., that
_ (1) (2) 2N
VNSO = YN FINN, TINAN, T INGEN
1 2 —
YoYN. = N+ %(v) YN, + 71(\;) YN, + NN, -
Moreover, since for all 4,5 = 1,2,--- , N, ¢; . is orthogonal to ¢§11)v= one can show as in the proof of [6,

Lemma 4.4] that

1 1 1
NN+ TN =8

Hence

YN0 + Y0IN. = 29N, + vj(vl) + vmﬁf + %(VQ) N, + N QN. + QNN
and thus

(Yo = YN.)> =0 = TN, = VN, — WA — ININ. — QNN — TN.QNe
from which we deduce using (4.8) that

N

— 2 2 ~ ~ 1 1
Yo — AN, = (Y0 — W) NN 1N+ QNN AN QN — D A5 DS
j=1

O

Lemma 5.8 (Estimation of (1 — A)l/zé\z\?c’mc and (1 — A)1/27NCC§;\Z). There exist C € RT and NO € N
such that for N. > NS,

11 = A)2Qu . sz < ONSZI(L = 2)2(v0 — v )lles 22, (5.25)
11 = 2) 29w, Q. a2y < ONSZI(L = A)2 (0 = ) llesz2,)- (5.26)

Proof. Using the definition of @;C given in (5.8), we have
(1—2)*Qnw. = % j{(l — A)2 (2= 3o) M (Vx, + W) (2 = Hw) T (Vi +Wa) (2 = Hwo) ™ v dz.
Therefore, using [6, (2.12)] twice, we show that there exists C' € Rt such that

1= 2) 2 Qnwellsairz,) < Cmax /(1 - A2 (z = 3o) 7ML - &)V

X 1L = 2) 72 (Y, + Wi ) (1 - 4)12)
xmax [|(1 = 2)72(z = 3w ) THVx, + W) (2= Hw) ™ Hlea(zz)-
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First, max,cr ||(1 —A)Y2(z — Ho) "' (1 — A)'/?|| is bounded, which is a classical result (see e.g. [4, Lemma 1]
for a proof). Second, there exists C' € RT such that

11— 8) 20k + W) (1= A)2 = [ A) 2k + W) (- 8)] |
11— A2V, +Wa)(1 - 8)7V2

< (10— 2)2Vk (1= 2) 72 + Wl + VW, 15 )

< O = A)Y2 (Vioear + Veou (o) + Vielpw,)) (1= A) 772
=AYV (1= AT+ Wil + VW 129)

<

C(IViocat + Veou (o) + Vie(on) 25
HIV (Viocat + Veour (o) + Vae(pn)) Il
HI(1 = A)V2Vu(1 = A) 2
W Lz + VWi llzs )

from [8, Lemma 17], which is bounded from (5.13), (5.12), (5.14), and the inequality ||(1 — A)Y/2Vy(1 —
A)712) < Z;-]:1 Hé-j“Lngj”H;l#- Thus, there exists C € RT such that

11 = 22 Qe lenzz) < Cmax |1~ A) Tz = Hw) TV, + W) (2= Hnv) T llea iz

Moreover, Ran(\?ﬁcﬂm) c X f\-,c, and the Laplace operator and the projection Hﬁc commute. Therefore,
noting that (z — Hy,)"'Vy v, = (z + 3A)7'Vx Y., we obtain

— -~ 1 _
(1— A)l/ZQNﬂNCHGQ(L;) < O[H(l —A) 'y, | max (1= A2 (2 + §A) Y- )2
X max (1= A)"2Vy yw. (2 — fHNc)*lHGQ(Li)
+ =) max (1 ~ APz = 3n) T 1 - A
< [I(1 = A) 2 Wy (2 — fHNC)AHGQ(Li) .

As [|(1—A)7!| and max.er [|(1— A)Y2(z+ $A) 71 (1 — A)'/2|| are bounded, noting that ||(1—A)~'II || <
CN:2, and max.er ||(1 — A)Y2(2 — Hn,)~1(1 — A)Y/?| is bounded independently of N, we can proceed as
in [6, Lemma 4.6] and show that there exist C' € RT and N? € N such that for N, > N?,

H(l - A)l/QQAJ\ZWNC

&2(12) < C<Nc_2 max (1 ~ A)V2V5 N, (2 — H) " sz
o+ max||(1 = A) 72 Wy, (2 = 3w ez
< C (N2 = A)7 2V v eaieg) + 10— 2) AW ez ) -

The first estimate (5.25) is finally obtained by using (5.19) and (5.22). The proof for the estimate (5.26) is
similar to the proof of [6, Lemma 4.7], relying on (5.25). O

Lemma 5.9 (Estimation of (1 — A)l/QVJ(\i)’YNC)- There exist C € RT and N? € N, such that for N. > N2,

11 = 2) 2P lleazz) < CNS2IA = A2 (0 = v )l (2)-
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Proof. First, by definition of 7](32 in (5.7),
1
(1= 2@, = o (= A)2 = ) Wi (s = ) M
I

Hence, using that vy, and (z—Hy.)~" commute, that max,cp ||(1—A)Y2(z—H . )~ (1—A)Y2| is bounded,
we obtain that there exist C' € RT and N? € N such that for N, > N?,

101 = )29 D Ny < Cma (1= A)/2( = 9n,) (1= A)2]
X max (1= A) "2 Wy, (2 — %NC)AHGQ(L;)
< Cmax||(1 - A) VW (2 = Fn) " lesz)
<01 - A)_1/2\/\7NCVNC||62(L2
< ONZ2(1 = 2)2 (70 = v )lles (22
where we have used (5.19) for this last inequality. This concludes the proof of the lemma. O

Lemma 5.10 (Estimation of (1 — A)l/zch’yj(\i)). There exist C € RT and N0 € N, such that for N. > N2,

1= A28 lsaczz) < CNZ2(L = A)2(30 = )

Proof. Noting that 73, = 7., and from [6, (2.10)] and [6, (2.12)], we obtain

(1 = 2) 2y sz, < 10— A)Y2
= (1 - a)'2

L2)||7N ’YN HG2(L )

S (Li #)7

since yn. is an orthogonal projector of finite rank. Moreover, as the orbitals (¢; n.)i=1,... v are bounded in
H () independently of N, [|(1 - A)l/QWNCHGQ(Li) is bounded. On top of that, using [6, (2.12)],

_ 2
i, 2) < 10 = 27210 = AP llearz < 100= 2027 Qwlleairz)-
Therefore, we can use the estimate of Lemma 5.9 to conclude. O

Lemma 5.11 (Estimation of (1 — A)/2 ZJ 1 |¢] N. ><¢§ ). There exist C € RT and NY € N, such that
for Ne > N?,

1/2 Z ¢(1)

(Lg) < CN2|(1 — A2 (yy — ’YNC)HGz(Li)'

Proof. Expanding ||(1 — A)'/? Zjvzl |¢§1I)\h><¢§ |||62(L2 )» and using the Cauchy—Schwarz inequality twice,
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we obtain

”QZIM NN, 2y =Tr me 60 1(1 = A)e\ ) (65|

1,j=1

I
:MZ

(@0 11 = )16 (@R 6% )

1

2

Mz

1
L P [ R 1 e P P

2
2260 112 116 Cm;) .

Noting that for all j = 1,..., N, ¢{1} € X3, so that [|¢\'% |13 < CNZY@SX Il with € = 2427, there
holds

1/QZ|¢(1) (1) <CN; IZH 1/2¢
1 _
< ON; 1ZH M) (5 A = Ay) L= )2
x [I(1 —A) X IRA P

Moreover, for all j = 1,...,N, (1 = A)Y/2(—3A — \j n.) (1 — A)!/? is a bounded operator. Then using
(5.22) and (3.9), we show that there exist C € R* and N? € N such that for N, > N?,

N N
M) 105N eazy < ONTH YN = A) 72V il
=1 =
< ONTU - AV, s
< CONJM(=2)V (. — W’O)HZGQ(L@
< ONZZ( = A2 (yn, = 70)lea(22,)-
This concludes the proof. O

Combining the estimations given in Lemmas 5.7, 5.8, 5.9, 5.10, and 5.11 in the density matrix difference
decomposition of Lemma 5.7, we easily obtain (5.1).

Lemma 5.12 (Estimation of (1 — A)Y2(5. — An.)). There exist C € R* and N0 € N, such that for
Ne> N,

(1= )20, = 3 lsazz) < N2 = 8)2000 = ) ez
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Proof. First,

N ~— —~

DN Din — > 10in ) (Do

i=1

Z|SN T2 N SN T i

=1

N N
Y. | =D w7t 1), 1| bk ) (D | (S )0

INe =N =

-

N
Il
-

|
.sz

@
I
-

I
sz

i=1 i=1 k=1
N N o
= > |éin -y (Z ) Nc_m)l,z) Pk, N ) (D1 |
i=1 k=1 \i=1

N

N

> lgin = > (Sw Dkl dr ) b

i—1 k=1
N

>

(k0 — (Sn. ™ )| ) (din -

TN~ )1 = M), - 7))

N,
N N
= Z Z (O — (Sn. ™ D1t) G — (Sne ™D

k,=1m,n=1
X (el (1= D) fon ) (B v | B
N N
Z 5kz — (SN, k) G — (SN, D mn)
( Dl (1= B)[6m ) + (B, 1(1 = A)[6x)) (8nk + (60 01R))

as foralli =1,...,N, ¢; v, € Xn. and ¢>l N, € X -, and the Laplace operator commutes with Iy, and

H]J\-,C. Using the Cauchy Schwarz inequality and noting that for ¢ =1,..., N, ¢; . and qﬁglzz,c are uniformly
bounded in H#—norm independently of N, there exists C € Rt such that

N

11— 8)2 G~ w02y < € | 0 1ok = (Sx. il

k=1
< Cllty = (Sw. DI
The matrix Sy, being a perturbation of 1y, there holds at first order 1y — Schl = Sy, — 1ny + hot,
h.o.t. standing for higher order terms. Using (5.23), we can therefore conclude in particular that there exist

C € RT and N? € N such that for N. > N2,

11— A2 (N, — A, )||C2 13) S ONZ 211 = A2 (v0 — ) e, (L)

Combining (5.1) with the estimation given in Lemma 5.12 allows to prove (5.2).
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5.2.4 Proof of estimates (5.3) and (5.4)

We start by proving (5.4). Let us define @NJ e M®° by

Udy, — ||, = <1>0 — Y| 2.
Jmin U0y, - 0%z = 8]~ 89
Since <I>O € M?’, we can combine [3, Lemma 4.7] and [3, (4.47)], and obtain that there exists C' € Rt and
N eN such that for all N. > N2,

E6a(PR,) — €50(2°) Cll(1 - Ay (@, - )2

IN

A

< Ola- )1/2(7Nc_70)||62(L2)

from (3.5), and noting that the density matrix corresponding to @9\,6 is ﬁ . Moreover, from the invariance

property (2.5), there holds 85%(561@) = Egg(zﬂ\z) Using (5.2) and (3.6), we obtain (5.4).

Let us now prove (5.3). The same reasoning cannot be applied as the perturbed eigenvectors <§1\Z do not
satisfy the constraint, i.e. . ¢ M. A second-order Taylor expansion on the energy gives

ERR(Pn.) — €50 (2) = ((€68)(9°), Bn. — ) s gy + 5 (<SKS )"(@°)(®n, — %, n, — %) + hoo.t.

Noting that such a development is also valid for the energy difference 8%}%(;};\2 ) — 8&%(@0)7 we obtain, still
up to second order

EFR (@) — E6H (D) = (€68 (2°), x. = ) s g + 5 (8 5)"(8%)(@y, — %, Dy, — @)

+((E68) (@), o, — )yt gy

1 —_ = =
+ 5(353)”(¢0)(®NC — Dy, Py, + Py, —20°) + hoot.
=EFa(®N,) — EFR(2") + ((E59) (2°), 2x. — 2n.) g1

(50 KS)(9%) (B, — B, Dy, + P, — 28°) + hoo.t.

From the continuity of (85%)”(@0) [3, (4.18), (4.47)]), and since (85%)'(@0) is bounded in H#l—norm 3,
Lemma 4.7, there exist C € R* and N? € N such that for N, > N?,

68 (Pn.) — E5Q(BN)] < OIl(L = A) (@, = Bx)lag, +CI(L = A)2(@x, =Byl (5.31)

Moreover, developing the expression ®y, — 5;6 , we obtain

It = )2 (@, = @)z, < 1 = Sv. el (1= &)@,z - (5.32)

Since there exists N € N such that for N > N9, [[(1— A)Y/20,. Iz, is bounded independently of Nc, there
holds at first order

- 1
I — Sn. 2|l = 3 I1v = S lp + ho-t.
< ONZ2I(1 = 2)2 (i, = 201, 2,

< ONZ?|EG0(Pn,) — £ (2°)], (5.33)
where C' € R, from (5.23) and (3.6). Combining (5.31), (5.32) and (5.33), we obtain (5.3).
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6 Appendix

6.1 Smoothness assumptions

The existence of minimizers of problem (2.4) as well as a priori error estimates on the convergence of
the solutions to the discretized problem (3.1) to those of the continuous problem (2.4) hold under several
assumptions described in [3]. We recall here the main assumptions, under which the proofs of Theorem 5.1
will hold.

ASSUMPTION 6.1 (Smoothness assumptions). There exists m > 3 such that the local potential Vigea satisfies
3C > 0 s.t. Yk € R*, |(Vigea)x| < C|k|™™,

and the functions defining the non-local potential Vi are such that
VI<j<J, Ve>0, &eHE Q).

Moreover, there holds for the exchange-correlation function

the function p— eXPA(p) belongs to C1([0,400)) N C3((0, +00)), (6.1)
deLDA
et (0) =0, —=(0) =0, (6.2)

and there ezists 0 < oo < 1 and C € Rt such that
e

d3 eLDA
o)+ o

Vp € R"\{0},

(dsou+w1» (6.3)

Finally, there holds for the nonlinear core correction

Ve >0, pe€ H;L_g/Q_E(Q).

Note that for example, Troullier-Martins pseudopotentials [14] have Fourier coefficients (@)k decreas-
ing as |k|~™ with m = 5. The assumptions (6.1), (6.2) and (6.3) are satisfied by the Xa exchange-correlation
functional with o = 1/3 (eX¥(p) = —Cxp*?, where Cx > 0 is a given constant). The exact exchange-
correlation functional also verifies these assumptions [9].

The a priori results of [3] require some additional assumptions on the exchange-correlation function eXP4
that we detail below.
AsSUMPTION 6.2 (Extra-regularity of the exchange-correlation). There exists m > 3 such that
Ny = [m]+1anda,, =m —[m]+1/2if0<m—[m] <1/2,
e)I;?A € C"m Y ((0,400)) where [m] [m] / f [m] /
N = [m]+2 and o, =m —[m] —1/2 if1/2 <m — [m] < 1,
(where [m] denotes the integer part of m) and
eLDA ¢ onmam (0, 400))  or pe 4 p° > 0in R®. (6.4)

6.2 Additional proofs

Proof of Lemma 3.1. The proof of (3.4) is identical to the proof of [6, (2.24)], where the condition that for all
v € Span(¢Y, ..., % )\{0}, H')/\IJO’UHLi # 0, guarantees that the overlap matrix with entries ({49, ¢9));_,
is invertible (see [3, Lemma 4.3]). In order to show (3.5), let us recall that the positive operator |Hy — ep|
defined by the functional calculus is |Hg — ep| = —70(Ho — €r)v0 + (1 — 70)(FHo — €r)(1 — 7o), where 7 is
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the exact density matrix defined in (2.8). It is known (see e.g. [4]) that, under Assumption 2.1, there exist
0 < ¢ < C < oo such that

el - A) < [0 — | < C(1- A).
Moreover, as is classical (see e.g. [4, Lemma 1] for a proof) there exists C € RT such that

1190 — ep[V2(1 = A) "2 < C and [|(1— A)2|3 — ep| T < C. (6.5)

To finish the proof, we demonstrate the following lemma. For simplicity, we denote by A = |Hy — er| and
=\ —ep| for i > 1.

Lemma 6.1. Let U0 = (wl,...,wN) e M® with corresponding density matriz ygo = vazl [99) (491,

satisfying for all v € Span(¢Y, ..., ¢%)\{0}, ||’Y\I’OU||L§# # 0. There holds
/230 _ &0Y12 maxg=1,...,.N Uk 1/2 _ 2
4280 - a2y < (14 VIR 43 g, — ) g (6.6)
and
1/2 . 2 maxg=1,...,N Hk /230 _ §0)(12
1A= (rwo = 0)ll, 2 < <1+2mini€N* " ) 1AT2(90 — @)1z . (6.7)

Proof. On the one hand, using that the (¢?);—1,. n are eigenvectors of the operator A with eigenvalues p;,
and that (¢9);—1,. .~ and (¢);—1,. n are orthonormal, we obtain

N N N
A2 — 80|35 =D (WF1Aw) + D (601460) — 2y (871 AYY)

=1 =1 =1

N

Zw%w +Zuz (@7]69) —22% (@717

i=1

v
Z (W71 Ay7) ZMH‘QZM (1= (#?1v7))

w%w Zm + Zuznqbo wil7s -

Il
ﬂMz I

On the other hand, by cyclicity of the trace, noting that A is a self-adjoint operator, then using that 1 — yyo
is an orthogonal projector, and that (1 — ygo)y) =0 for i = 1,..., N, we obtain

142 (va0 = 10) I3, 13, = T (w0 A9a0) + Tr (70490) — 2Tr (0 A7)

N N
:ZW\AwO +Z (071A6)) 2Z<¢?|Am¢?>
N
= <w°\A¢0 +Zuz (@0169) =2 (9 |ra0d?)
i=1 i=1

wO\AwO ZU1+2ZH1¢ (1 = yw0)d7)

Il
||M2 HMzﬁMzﬁMzﬂ

wO\AwO Zm‘zZuzu (1= 90) ¢ 175

<w°\Aw° Zuﬁ?Zuzlll—wﬂ(qbo vl
=1
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Therefore, noting again that vygo and 1 — yyo are orthogonal projectors,

N
|AY2 (w0 — ‘I’O)”ii — | A (g0 — VO)HQ%(L;) = pille) — 1#?”%;

=1

N
- 2;/%”(1 — o) (& — 97, (6.8)

<Zuz||¢° Ulze —Zmll L= yu0)(¢7 =)z
i=1

Z

=D milhwe(af — DI

0 0\[12
< (A Z lrwe (67 —¥3)llze,
-

N
= max e Y () — 710 (w767 —uf).

k=1,...,N ~
i,j=1

From [3, Lemma 4.3], the overlap matrix with entries ((¢/?[¢9)); j=1,... v is symmetric, hence for i,j =
1,...,N,i# j, noting that (¢9);=1, .~ and (¢?);=1,.. n are orthonormal,

(09169 — D) = (W160) = WRI60) = 2 (216 + wRIo0) = 5 (w2 — o7 — o).

Since for i = 1,..., N, (¥Q[¢? — ¢?) = —1||¢? —z/J?HLi, we obtain that for any ¢,5 =1,..., N,

(0160 — ) = 509 — #1a? — v,

Hence,

14220 — @)|[7, — 14" (vwo = 70)lIg, (22 < Zk max Z Il — &l72 145 — 951172,

4,j=1
2

L 0 4012
= e (;w A
=L a0,

4 k=1,...,N L2,

1 4
= I Ivwe = 70||62(Li)7

where we have used (3.4) for this last line. Finally, noting that the lowest eigenvalue of A is min;en+ p; > 0,

there holds 1

1/2 2
mmleN*#HA (ywo — ’YO)H%(L;)-

”'7\1/0 - '70”262@5#) <

The estimation (6.6) is obtained by bounding the density matrix error ||ygo — 70||262( 12 by 4N. Let us now
#

prove (6.7). Starting from (6.8), using that 1 — ygo is an orthogonal projector, hence of operator norm less

23



than 1, and noting that min;en+ p; > 0 is the lowest eigenvalue of A, we obtain

N N
| AM2 (g0 — ’VO)HQGz(Li) —[|AV2 (w0 — ‘I’O)HzL; =23l (1 = yg0) (4] — 1/1?)”2@ = pille) - ¢?||2Li
=1

i=1

N
< QZMH(l — yw0) (4 — ¢?)||2L§¢

i=1
N
0 002
= 2k:r?,é.l.}.(,Nuk 2; pi — HL;
1=

_ 0 012
=2, max g |07 — O[T,

< Zw ||A1/2(\I/0 _ (I)O)

2
minieN* i ||L§¢,

which proves (6.7).

This lemma shows that there exist ¢, C' > 0 such that
c|Ho —er|P(¥0 =)z < 1Ho —er? (0 —)lleszz) S ClIHo —er|2(E0 — @)Lz .
Combining this with (6.5) finishes the proof of Lemma 3.1. O

Remark 6.1. Lemma 6.1 can more generally be shown to hold for any elliptic self-adjoint positive definite
operator A with compact resolvent. Moreover, if Tr (ygoAygo) > Tr (v0A%0), which is satisfied if ygo is the
solution of a variational approximation of the linear eigenvalue problem with operator A, we can obtain in
this case the improved bound

N

1AM (g0 — 70)||262(L3¢) = Tr (ygo Aygo) — Tr (YoAvo) + 2D pall (1 = 7o) (4] — wi‘))”ii
i=1
N
< 2(Tr (yyo Aveo) — Tr (y0A70)) +2 ) ill6) — d}?Hii
=1

= 2 AY2(0° - 80) 2,

Proof of Theorem 8.1. First, Equation (3.6) is obtained by combining [3, (4.27)] with (3.5). To show (3.7),
we start from [3, (4.83), a > 0] which reads

8%, = 2%l <C(NI9R, - @y, + 8%, — 2°[7, + [0, — 2|15
3/2 3/2
+119%, - U 1D%, — U5 + AR, — ANell @R, — @°llzs ).

Noting that |[AY, —A%[g, @}, — <I>0HH# and |9}, — ‘I’OHLi converge to zero when N, — +00, the last four
terms in the right-hand side are of higher order, which leads to

[@%, = @°llzs, < CNH 0%, = 843
Then, from [3, (4.89), r = —1] we obtain
0%, = @l <C (0%, — 0°U2; + N2, — @l

+2%, = 2y 9%, = @%lluz + AN, — A°[lp[ @Y, — ‘Polng)-
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Noting that A}, — A°||p and [|®Y, — (I)(J”Hi converge to zero when N, — 400, the last two terms in the
right-hand side are of higher order, from which we deduce

1P, = @[+ < ONZZ(| PR, — @l -

Combining this last estimate with (3.5) leads to (3.7).
Equation (3.8) comes from [3, (4.28) with s = 0] and (3.4). Equation (3.9) is derived combining [3, (4.28)
with s = 1] and (3.5). Finally, from [3, (4.86) with » = —1], (3.5) and (3.7), we obtain (3.10). O
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