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Abstract

In the first part of this article [6], we have presented a priori estimates for the perturbation-based post-
processing of the plane-wave approximation of linear Schrédinger equations. In this article, we extend
the proofs of such estimates in the nonlinear case of Kohn—-Sham LDA models with pseudopotentials.
As in [5], where these a priori results were announced and tested numerically, we use a periodic setting,
and the problem is discretized with planewaves (Fourier series). This post-processing method consists
of performing a full computation in a coarse planewave basis, and then to compute corrections based
on first-order perturbation theory in a fine basis, which numerically only requires the computation of
the residuals of the ground-state orbitals in the fine basis. We show that this procedure asymptotically
improves the accuracy of two quantities of interest: the ground-state density matrix, i.e. the orthogonal
projector on the lowest N eigenvectors, and the ground-state energy.

1 Introduction

To determine the electronic ground-state of a system within the Born-Oppenheimer approximation [1],
DFT Kohn—Sham models [11] are among the state-of-the-art methods, especially for their good trade-off
between accuracy and computational cost. In the context of condensed matter physics and materials science,
most simulations of the Kohn—Sham models are performed with periodic boundary conditions, for which a
planewave (Fourier) discretization method is particularly suited (see the introduction of [6] for more detail
on the physical context). Nevertheless, this method scales cubically with respect to the number of electrons
in the system, and becomes expensive for large systems.

In previous works [2, 5, 6], we have proposed a post-processing method to provide cheaper and still
accurate results for this problem. This two-grid method consists of computing first a rough approximation
of the solution to the Kohn—Sham problem in a coarse planewave basis. This solution is then corrected in
a fine basis, based on first-order Rayleigh—Schrédinger perturbation theory, considering the exact Kohn—
Sham ground-state as a perturbation of the approximate ground-state computed in the coarse basis. As
shown in [5], this method leads numerically to a substantial improvement for the ground-state energy, the
improvement factor varying between 10 and 100 for small size systems such as the alanine molecule. Besides,
the computational extra-cost did not exceed about 3-5% of the total computations, depending on the size of
the chosen fine basis.

In this article, we focus on the theoretical improvement of this post-processing method for the Kohn—
Sham problem. We provide the proofs of theoretical estimates presented in [5], which partly rely on the
proofs for the linear subproblem of the Kohn—Sham model presented in the first part of this contribution [6].
Compared to the procedure proposed in [6], we construct here two different post-processed sets of orbitals
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from the ground-state orbitals of the discrete Kohn—Sham problem in the coarse basis. The first one is
derived directly from first-order Rayleigh—Schrédinger perturbation theory, but is not a priori orthonormal;
the second one is orthonormal. From these two sets of orbitals, we define in Definition 4.1 two corresponding
density matrices, and two post-processed energies. Note that, since the problem is nonlinear, the corrections
given by the perturbative expansion at first-order cannot be computed exactly. However, we derive that the
neglected uncomputable contributions are a priori small.

The main result of this article is provided in Theorem 5.1. We show that, as in the linear case, the
convergence rates of both the post-processed ground-state density matrices and the post-processed ground-
state energies are improved within the asymptotic regime where the discretization space is large enough.
On top of that, we show that the two versions of the post-processing lead to the same improvement on the
density matrix error, but to different improvements on the energy. Indeed, only the post-processed energy
computed from the orthonormal post-processed orbitals presents a convergence doubling compared to the
density matrix error. These results are valid under the assumption that there is gap between the highest
occupied orbital and the lowest unoccupied orbital, which corresponds to considering insulators. All other
assumptions come from the a priori analysis for the Kohn—Sham problem and do not differ from [3]. Also,
our post-processing method crucially relies on the fact that the Laplace operator, which is the leading part
in the Hamiltonian, is diagonal in a planewave basis, so that it commutes with the orthogonal projector on
the discretization space.

This article is organized as follows. In Section 2.1, we present the Kohn—Sham model in the periodic
setting, and define the main quantities of interest: the ground-state orbitals (¢9,...,¢%), the density matrix
70 and the energy I£¢ 9. In Section 2.2, we briefly recall the functional setting used in the following sections.
In Section 3.1, we present the planewave discretization of this Kohn—Sham problem. In Section 3.2, we detail
the smoothness assumptions on the potentials in the Hamiltonian and we recall a priori estimates derived
in [3]. We also translate these results in terms of density matrix formalism. In Section 4, we describe the
post-processing method based on Rayleigh—Schrédinger perturbation theory, and in particular define the
corrections. In Section 5.1, we present the main results of this paper, i.e. an improved convergence rate on
the post-processed ground-state density matrices and energies. The proofs are given in Section 5.2.

2 Periodic Kohn—Sham models with pseudopotentials

2.1 Problem setting

In this article, we adopt the system of atomic units, for which 7 = 1, m. = 1, e = 1, 4mwey = 1. Thus,
the electric charge of the electron is —1, and the charges of the nuclei are positive integers. We consider a
periodic setting, therefore the nuclear configuration is supposed to be R-periodic, R being a periodic lattice
with corresponding supercell 2. To simplify the notation, we consider a cubic lattice R = LZ> (L > 0),
which corresponds to a cubic supercell Q = [0, L)3. But our arguments also apply in the more general case
of a lattice with lower or no point symmetry. For 1 < p < oo and s € Ry, we denote by

L5 () == {ue Lf (R®,R) | u is R-periodic},

loc

H5(Q) = {u € H.(R*,R) | u is R-periodic}
the spaces of real-valued R-periodic LP and H*® functions.

We consider a spin-restricted LDA Kohn-Sham model [11] with pseudopotentials. This method is typ-
ically used for computing condensed phase properties, when the number of atoms in the simulation cell is
limited. A detailed presentation of this model employing the same notations can be found in [5, Section 2],
see also [3]. We recall here only the main features of the model. Given a system with N valence electron
pairs, we are considering the following energy functional

N N
1
85(,582(‘1’) = Z/ﬂ (Ve + /Q Viocal pro] + 2 Z<¢i|vn1|¢i> + §DQ(P[\IJ]aP[\1’]) + Excalppe), (1)
=1 =1



where the different terms of the energy are described below. The set of admissible states is

0= {0 = (oo € (O] | [ ety =85}, 2)
The electronic density reads N
r) =2ZIWJ¢(Y)|2- 3)
The Coulomb energy is defined as -
D /g / Go(r, 1) ple)p/ (' )drdlr’ = /2 (") [Vaou ()] (),

where the Green’s function G and the periodic Coulomb potential V.ou1(p) are respectively solutions to
the following problems

. 1 .
—AGq = 47 <Z(5k |Q|> in R3, —AVeou(p') = 4m (p’m/ﬂp’) in R3,

keR

Go R — periodic, and Veoul(p') R — periodic,
Go =0, [ Vo) =0
Q Q

The pseudopotential, modeling the effect of the nuclei and the core electrons (and some relativistic effects for
heavy atoms) consists of two terms: a local component Vioca (whose associated operator is the multiplication
by the R-periodic function Visca1) and a nonlocal component V4, given by

Vo = Z(/f] >§]a

where §; are regular enough R-periodic functions and J is an integer depending on the chemical nature of
the ions in the unit cell. The exchange-correlation functional based on a local density approximation is given
in this periodic setting with pseudopotentials by

ES. o(ppw) = /Q DA (. (1) + ppo (r) d.

where p. > 0 is a nonlinear core correction, and eLP4(p) is an approximation of the exchange-correlation

energy per unit volume in a homogeneous electron gas with density p.

The ground-state energy is then the solution of the following minimization problem:
IS = inf {E56(¥), ¥ e M}. (4)

Under some assumptions on Vi, Viocal, and Ef, o presented in [3] and recalled in Section 3.2, (4) has a

minimizer ®° = (49,...,¢%) € M. Noting that the energy is invariant under a unitary transformation of
the orbitals, i.e.

YO eM, YU EUN), UVEM, ppy=pw and EFLHUT)=EFE(T), (5)
where U(N) is the group of orthogonal matrices:
UN) = {U e RVN | UTU =15}, (6)

1 denoting the identity matrix of rank N, any unitary transform of the Kohn-Sham orbitals ®° in the sense
of (5) is also a minimizer of the Kohn—-Sham energy, and (4) has an infinity of minimizers. It is therefore



possible to diagonalize the matrix of the Lagrange multipliers in the first-order optimality conditions relative
to (4), and show the existence of a minimizer (still denoted by ®°), such that

Vi=1,...,N, Ho¢) =27, and  Vi,j=1,....N, (#0¢) =0y,

for some )\(1) < )\8 <... < )\9\,, where the Hamiltonian H; is the self-adjoint operator on Li (©) with domain
Hi (Q) defined by

1
Yu € Hi(Q), Hou = —§AU + Viont + ‘/;oul(po)u + ch(PO)%

with pg = P®0], Vion = Viocal + Va1, and where

deLDA
ch(P)(I‘) - ZE; (pC(I‘) + p(I‘))

Let us also define the Kohn—Sham operator for a given density p as

1
Hjp) = =5 A+ Vion + Veoul (p) + Vce(p), (7)

so that o = Hj,,]. The potentials Viocal, Veoul (p), and Vie(p) being multiplicative, we use the same notations
for the potentials as functions on €2, and for the corresponding multiplicative operators.

We will suppose in the following that the system under consideration satisfies the Aufbau principle, so
that )\(1) < )\8 < e < )\?V are the lowest NV eigenvalues of the Kohn—Sham Hamiltonian HO. Note that,
although this property seems to hold in practice for most systems, it has not been proved in general, except
for the extended Kohn-Sham model (see [3] for details).

Also, as in the linear case [6], we will make the following assumption:

ASSUMPTION 2.1. There is a gap between the N** and the (N + 1) eigenvalues of Ho, i.e.
g:= A — Ay > 0.
In this setting, the Fermi level ep could be defined as any real number in the range (A%, A% 41)- We
0 0
define it as ep := %

The purpose of this problem is to compute two quantities of interest:

1. the ground-state density matrix 7 based on the orbitals ®° = (¢9,...,¢%/)7, defined as

N
70 1= Lo} (F0) = D 160) (61, (®)
i=1

which belongs to the Grassmann manifold

T={yel(Ly) |7 =77 =7 Tr(y) =N, Tr(-Ay) < oo};

2. the ground-state energy defined as

1555 = &6 (2Y).

We refer to [6] for the definition of the operator trace Tr.



2.2 Functional setting

In this article, the functional setting is similar to [6]. We denote by || - || the operator norm on £(L%), the
space of bounded linear operators on Li (©2). We also denote by 61(Li) the Banach space of trace-class

operators on L% () endowed with the norm defined by ”AHGl(Li) := Tr (|A]) = Tr (VA*A). Also, let the

Hilbert space of Hilbert-Schmidt operators 62(L§#) on Li(ﬂ) be endowed with the inner product defined
by (A, B)Gz(Li) := Tr (A*B). Moreover, let us define for any operator A on L7 () with domain D(A),

N 1/2
VO e DAY, AV = (Z |A¢i||1;> :
i=1

which corresponds to H\I!||L§7£ when A is the identity operator and ”\II”H# when A = (1 — A)Y/2,

3 Discretization and resolution of the Kohn—Sham model

3.1 Planewave discretization

In the context of periodic boundary conditions, we discretize the Kohn—Sham problem (4) in Fourier modes,
also called planewaves. We denote by R* = 2%23 the dual lattice of the periodic lattice R = LZ3. For
k € R*, we denote by ey the planewave with wavevector k and kinetic energy %|k|2, with | - | the Euclidean
norm, defined by

ek : R?’ — C

X = |Q|71/26ik-x7
where |Q = L?. The family (ex)kex+ forms an orthonormal basis of L3 (2,C) endowed with the scalar
product
Yu,v € Li(Q,(C), (ulv) = /Qu(r) v(r) dr,

where u(r) denotes the complex conjugate of u(r), and for all v € L7, (9, C),
v(r) = Z Uk ex(r) with U = (ex|v) = |Q|_1/2/ v(r)e T dr,
keR* @

To discretize the variational set M, we introduce some energy cutoff £, > 0 and consider all basis functions

with kinetic energy smaller than E., i.e. |k| < /2E.. That is, for each cutoff E., we set N, = \/%ﬁ and
consider the finite-dimensional discretization space

Xy, = > Diew | Vk, D=0 ¢ C [ Hy().
keR*,|k|<2E N, sER

We denote by Ily, the orthogonal projector on Xy, for any H;(Q), s € R, defined as

Oy,v= E Uk€k;
keR* |k|<ZEN,

and by Hi = (1 — II,) the orthogonal projector on X ﬁc, the orthogonal complement to Xy, .
Finally, the variational approximation to the ground-state energy in Xy, is defined as

I5R. =inf {E§5(Tn,) , Uy, e MN[XN ]V} (9)



Using again the invariance property (5), the Euler equations of this minimization problem can be diago-
nalized and reduced to find the pairs (¢; n., Aj N, )j=1,..,n satisfying

ij].,...,N, U{Nc,proj ¢j,NC:>\j,NC ¢j,Ncy and Vi,j:].,...,N, <¢i,Nc

¢j.Ne) = 0igs - (10)
)\LNC < )\271\/C <...< >\N7NC’ where HNC,proj : )(1\/'C — XNc is defined as
1
Hne proj = v Hipy . = — 5N Alln, + 1L, [Vion + Veoul(pn.) + Vae(pn.) |, (11)
with pn, = pioy.]s PN, = (P18, ¢n,n,)T and where K, ; is defined by (7) for the approximate ground-

state density py.. The corresponding density matrix, which is independent of the chosen orthonormal basis
for Span(¢1 n., P2,N,,-- -, PN,N.), is denoted by vn, € T, and defined as

N
W = 2 100N bin-

i=1

Finally, the ground-state energy is defined as

IER. = 65 (on,).

In order to solve the nonlinear eigenvalue problem (10), a Self-Consistent Field (SCF) procedure is
employed [14]. It consists of solving a linear eigenvalue problem at each step, at which the Hamiltonian is
computed from the density found at the previous step. The details of the algorithm in this setting can be
found in [5] and the references therein.

3.2 Smoothness assumptions and a priori results
3.2.1 Smoothness assumptions

In order to guarantee the existence of minimizers of problem (4) and to study the convergence of the solutions

to the discretized problem (9) to those of the continuous problem (4), some assumptions are needed. They

are described in [3] but we recall here the main hypotheses, under which the proofs of Theorem 5.1 will hold.
We assume for the local potential Viyca that,

Im >3, C>0s.t Yk € R, |(Vioe )| < Clk|™™, (12)
and for the functions defining the non-local potential V};; that
. m—3/2—e
Vi<j<J Ve>0, §j€H# (Q).

For example, Troullier-Martins pseudopotentials [13] have Fourier coefficients (‘Z)C\al)k decreasing as |k|™™
with m = 5. Moreover, for the exchange-correlation function, we assume that

the function p — eXP4(p) belongs to C1([0, +00)) N C3((0, +00)), (13)
LDA deLDA

- xe () = 14

AP0 =0, P50 o (1)

and there exists 0 < a < 1 and C' € RT such that
d2eLDA
XC

dp?

el
dp?

Vp € R\ {0},

)|+ 0| <o, (15)



The assumptions (13), (14) and (15) are for example satisfied by the Xa exchange-correlation functional with
a=1/3 (eX(p) = —Cxp*?, where Cx > 0 is a given constant). The exact exchange-correlation functional
also verifies these assumptions [8]. Also, let us assume that

pe € Hy 2275 (16)

Under assumptions (12)-(16), (4) has a minimizer ®° = (¢9,¢3,...,¢%)7 [3]. For the a priori results of
[3] to be valid, some additional assumptions on the exchange-correlation function eXP* are needed. More
precisely, we assume that

N = [m]+1and ap, =m — [m]+1/2if 0 <m —[m] <1/2,

LDA T, s Oy
€ Crmam (0, + h
Oxe (0, +00)) where [m]+2and ap, =m — [m] —1/2if1/2 <m —[m] <1,

Nm

(where [m] denotes the integer part of m) and

DA ¢ Cmmoam (10, +00)) or pe+ p° > 0 in RE. (17)

3.2.2 A priori results on the density matrices

In order to use the a priori results of [3] in the proofs of our estimates, we first show that similar a prior:
results hold in the density matrix formalism. To start with, let us define the solution to the discrete problem
lying in the space

M® = {\1/ eM ‘ @ — @2 = min ||UT — ®°||,- }
# UEU(N) #
where U(N) is defined in (6) and M in (2). Therefore we define ®%; € M*” such that

Y. — %2 = min |UBy, — D°
(@, = 9"y = min U, - &)1z,
where @, is a solution to (10). From the following lemma, we can write the a priori results presented in [3,
Theorem 4.2] in the density matrix formalism.

Lemma 3.1 (L% and Hy norm equivalences). There exist ¢,C > 0 such that for all O° = (49,...,9%) €
M2 with corresponding density matriz 73, = Zi\;l [0 (2|, satisfying for all v € Span(¢Y, ..., % )\{0},
H’Y\I/OU”Li # 07
10— 2% < % —olleawyy < VEIEO - 2%, (18)
1= =)z < (1 -2)20g —)lleszy) < CIL—A)2(E0 =80z, (19)
The proof is given in the Appendix. Note that this lemma is more general than the similar result
provided in the linear case [6, Lemma 2.3], as 73 can be any density matrix and not only the discrete density
matrix vy, .
Based on Lemma 3.1, it is possible to express the results of [3, Theorem 4.2] in terms of density matrices,
and in the following, we will use some of these results stated for —m + 3/2 < s < m + 1/2 in the particular

cases where s = —1,0, 1. Thus, under assumptions (12)-(17), there exist ¢, C > 0, and N? € N such that for
Ne > N,

ell(1—A)*(yo — ’YNC)HéZ(Li) S IR, — 15 <Ol (1= A)V (70 — ’YNC)||262(L3¢)7 (20)
(1= 2)7 2@, — @°)[|2, < ONZ(I(1 = A)2(w, — 70)lle2(22,), (21)

70 — YN, Ga(L3) S CN;?, (22)

(1= A)2(y0 — wllesrz) < ONTY (23)



and
40 = A%, e < €L = 2) (0.~ 10) By (@)

where ||. ||r denotes the Frobenius norm.

To show that the uncomputable terms in the perturbative development, which will be defined in (34),
can be neglected, some properties on the Coulomb potential, as well as on the total potential and the
exchange-correlation functional are needed. From [3, (3.19)], there holds for the Coulomb multiplicative
potential

Vs € R, Vpi,p2 € Hy(Q),  [[Veou(pr) = Veou(p2)llyr2 < Cllior = pallmy (25)

from which we deduce in particular with s = 0 using Sobolev embeddings that

[Veour(po) — Veour(pn,) + IV (Veour(po) = Veour(pn.)) ”Li < Cllpo — pNC”Lia (26)

which is in particular bounded by a constant independent of N.. Moreover, under Assumptions (13)-(17),
Viocal + Veoul(PN,) + Vie(pn,) € Hs/QJrE(Q)7 for € > 0, therefore there exist C' € RT and N? € N such that
for N, > Ng ,

Viocal + Veoul(pn.) + Vie (ch)”Lj; + HV (Viocal + Veou (o, ) + Vie(pn.)) ||L3# <C, (27)
and
[Vie(po) — Vie(pn. )||L°° + IV (Vae(po) = Vie(pn.)) ”LB# <C. (28)
Using a Taylor formula with integral remainder, there holds
d?elPA
[Vie(po) — Vie(pn,) ||H— H/ (pe +5p0+ (1 = s)pn.) (po — pn.)ds )
-
#
1 2eLDA
S/ T,z (Petspot+ (1=s)on.) (po = pn.) ds.
0 P H'

From [3, (4.25)] and the definition of the density (3), p. + spo + (1 — s)pn. is uniformly bounded in HY,(2)
for some o > 3/2 uniformly in N, and s. As for all s € [O 1] pc + spo + (1 — s)pn. is bounded away from

zero uniformly in N, and from (15) and (17), (pc + spo + (1 — s)pn.) is also uniformly
bounded in Hg (). Note that for all o > 3/2 and for all 0 g r <o, HE() is an ideal of H} (), which
implies, in particular that for all » > 0 and all o > 3/2,

Ve HEUOQ), Vg HY (@), fge Hy' (@) and £l oy < Crollfllpecor o9l o

(29)
for some constant C,. , > 0 independent of f and g. From this, we deduce that there exist C' > 0 and N? € N
such that for N, > N2,

[Vie(po) = Vie(ow)llit < Clloo = el - (30)

4 Post-processing of the planewave approximation

Our post-processing method strongly relies on the fact that the Laplace operator is diagonal in planewaves,
so that its eigenvalues are explicitly known. Indeed, the smallest eigenvalue on X IJ\7¢ being strictly larger than

4 (”JLVC)Z, if the N'*" eigenvalue of the operator Hn, proj defined in (11) satisfies Ay n, < 2 (T”L\[”)z7 which
holds for N. large enough, the discrete solution ®y, is also the ground-state of the following Kohn-Sham

problem

V_j = 1,...,N, j{NC (bj;Nc = )\ij(; ¢j,NCa and VZ,] = 1, . .,]\]7 <¢i,Nc|¢j,Nu> = 6ij, (31)




AN, < XN, < ... < AN, where

1
Hy, = *§A + I, | Vion + Veoul(pn.) + ch(ch)} Iy..

c

Replacing Hn, proj by H, in the equations satisfied by ®n, will be crucial in our analysis. Conversely, the

exact solution ( ?, /\9)j217___7N satisfies

(Hn, + Vi, + Wa,) 69 = A9 ¢, (#9109) = 65, (32)
where

VJ]\_IC = [Vion + ‘/Coul(ch) + ‘/xc(ch)] - HNC ‘/ion =+ ‘/coul(ch) + VXC(ch):| HNC’

and
WNC = [V:coul(p()) + ch(ﬂo)] - [‘/coul(ch) + Vie (pNC)}-

As described in [5, Section 4], we rely on Rayleigh—Schrédinger perturbation method [10] to define improved

orbitals (¢/]VNC, Aj.N.)j=1,.. N, taking (32) as the perturbed equation, and (31) as the unperturbed one. For
non-degenerate eigenvalues, the corrections arising from first-order perturbation theory are

Vi=1,...,N, ¢)~¢)y +¢§1}v +¢§21)v
where

1 -1
dyn. =~ <—2A - MNC) rj € Xx., (33)

is computable, r; € X f\-,c being the residual

1
Ty = (—2A + Vion + Veou(pn,) + Vae(pn,) — /\j,NC) diN. = (Hn, + V. = Nine) b8, = VN DiNes

and ¢}, defined by
N, = = (He = Ay
J,Ne c Ve

|(¢j,NC)

1 WNcqﬁj’Nc’ (34)

is not computable as Wy, depends on the exact density pg. Note that the definition of (;5;.,1])\,6 is only consistent
because the residuals r; belong to X5 forallj=1,...,N.

Compared to the linear case [6], the main difference is the presence of the uncomputable potential Wy,
which leads at first order to uncomputable corrections (34). However, we will derive that these uncomputable
terms are a priori small, and define the post-processed orbitals only from the computable corrections defined
in (33), which are also well-defined for degenerate eigenvalues. We therefore define the perturbed orbitals,

as well as density matrix and energy as follows.

DEFINITION 4.1 (Perturbed eigenvectors, density matrix and energy). For all j = 1,..., N, we define the
perturbed eigenvectors as

®j,N. = PjN. + ¢>§1z)v (35)

We also define orthonormal perturbed eigenvectors as an orthonormalization of (@\;)lejv More pre-
cisely, for all j =1,..., N, define

Oy, = Sy, PO, (36)
where Sy, the N x N overlap matriz ofi?NJC = (m, cey M), is defined as
Vi,j=1,....N, (Sn.)ij = (bi.n|djN.)- (37)



We define the perturbed density matriz as

N N
e = 3 b b = v A8 + 3 18R @SR, (38)
=1 =1
where
N N
1 1 1
78 =Y 16 G+ S v (08 - (39)
=1 =1

We also define an orthonormalized perturbed density matriz as

N ~— —~

TN = D |bin) (i (40)
1=1

We define the perturbed energy as the energy of the perturbed eigenvectors computed with (1)

En. = EXS(Pn.),

and the orthonormalized perturbed energy as

En. = EER(DN,). (41)

Remark 4.1. Since the post-processed orbitals (35) are not orthonormal, yn, € T does not hold in general,
although YN, = AN, " Indeed, a priori, &}:2 # N, and Tr (yn,) # N. On the other hand, the post-processed
orbitals (36) being orthonormal, there holds yn, € T.

Remark 4.2. Note that the computational cost of the corrections is limited, and similar to the linear case [6].
For all j =1,...,N, the operator (f%A — )\j,Nc) is diagonal in a planewave basis, hence trivial to invert.
Each residual VJJ\-,C @j.N. can be computed with only two FFT’s. On top of that, to compute the orthonormalized
density matrix (40) and energy (41), one needs to orthonormalize the post-processed orbitals. We refer to [5,
Section 5] for numerical results illustrating the low computational cost of the post-processing.

5 Convergence improvement on the density matrix and the energy

5.1 Theorem

The improvement results on the post-processed density matrices and the energies are collected in the following
theorem. Compared to the linear case [6], the results are similar except for the post-processed energy (41)
based on the orthonormal version of the post-processed density matrix, for which we derive a convergence
doubling compared to the density matrix improvement factor of N 2.

Theorem 5.1 (Improved convergence for the density matrix and the energy). There exist C € RY and
N? € N such that for N. > N2,

11 = 2)2(30 = W) lea(z) < ONSI = A2 (30 = )l eaz2,)- (42)
(1 = 202 (90 = N0 lea(zz) < CNS2I(1 = A)2(30 = W) llea(22), (43)
En. — 15| < ONJ2IRS, — 155, (44)
and
En, — I&S| < ONJHIES, — 1E9). (45)

10



5.2 Proof

In order to prove Theorem 5.1, we first provide in Section 5.2.1 a decomposition of «y based on spectral
projection in Lemma 5.2, and then, in Section 5.2.2, we provide three preliminary lemmas. In Section 5.2.3,
we decompose the difference o — 7, into six parts in Lemma 5.6, and we then estimate each of these terms
in the following lemmas 5.7, 5.8, 5.9, 5.10, 5.11, and 5.12 in order to prove estimate (42). Lemma 5.13 then
allows to extend the proof to estimate (43). Finally, in Section 5.2.4, we provide a proof for estimates (44)
and (45).

5.2.1 Exact density matrix in terms of approximate density matrix

From [6, Lemma 4.2|, whose proof is identical in the nonlinear case, relying on the gap assumption 2.1, there
exists a contour I' and N0 € N, such that for all N. > N?, T' contains the lowest N eigenvalues of both
operators J{y and H, and none of the higher ones. Taking such a contour I', writing Ho = Hx, ‘M?i +Wn,
and using the definition of spectral projection, the density matrix defined in (8) can be decomposed as

1 -1 1 1 -1
— — K dy = — —Hy, -V —W dz.
Yo 57 F(Z o) dz= o F(«Z ~N. — VA, N.) dz

Then using the Dyson equation twice [9, 12| to decompose the operator (z —Hn, — VJ]\-,C — WNC)fl, we
obtain

1 -1 1 —1 /an L -1
- — K dz + — Ty v W — K d
Yo =5 F(z N.) a5 F(Z N) VN, +Wn,) (2 —Hn,)  dz
1 _ _
+5 (2 — Ho) M (V. + Wa) (2 — Hn) ' (Vi + Wa) (2 — Hn.) "' dz. (46)
T

Lemma 5.2 (Decomposition of yg). There holds

Yo = TN, + N, + N + Qe (47)
where 7](\}3 is defined in (39),
1 _ _
W = 5 b= 900 W (= - 90) 7 (49
™ Jr
and )
Qne =5 § (2= 30o) " (V. + W) (2 — Hy) " (Vx, + W) (2 = Ha,) T dz. (49)
r

Proof. We start from (46). By definition of the spectral projection, there holds

1 -1
= — -X d
e = 5 F(Z N dz,
i.e. the first term of the right hand side in (46). Following the proof of [6, Lemma 4.3|, one can show that
1 1 —1naL -1
W’J(v) Z% 1“(Z—J'CNC) VNC (z—Hn.) .
From the definition of 7](\?3 in (48), we get that ’y](\}c) + 71(\?3 corresponds to the second term of the right hand
side in (46). Finally, the definition of Q. in (49) allows to conclude the proof of the lemma. O
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5.2.2 Preliminary lemmas

Lemma 5.3 (Estimation of (1 — A)~Y2Wy.). There exist C € R* and NO € N such that for N, > N9,

(1 — A)_l/QWNﬂoHez(Li) S CNZ[(1 = A2 (0 — W llexz2) (50)
and
(1 — A) "2 Wy 9w, &2(12) < CNZ2|(1 = A)Y2 (v — w.) &(12)" (51)
Proof. By definition of the Hilbert—Schmidt norm,
N
1= )2 W0l ) = SO —A) W],
i=1

N
02
>l
Asforall1 <i < N, ¢f € H(Q), and for all N, € N*, Wy, € H?g;l(Q)7 we show using (29) that there exists
C € R" such that for all N, € N*,

Wil < CIWN g 167 1 a2z -

Therefore, as vazl H(b?”%fi(ﬂ) is bounded, there exists C' € R such that for all N, € N*,

N
101 = )72 W0, 1) < CIWN, 2 z; 167172, < CIWN.IIZ-
1=

From (25) with s = —1 and (30), we derive
101~ 2)72Wa s0llenzz) < Cllon — pxcl (52)
Moreover, as shown in [3, (4.85)], there holds

lpo = Pl < Ol (L~ A)TV2(@0 — R )Lz

(53)

Finally, using (21) in (53) together with (52) allows to prove (50).
Since for all 1 < ¢ < N, ¢; n. is bounded in H;&(Q) independently of N, the proof can be easily adapted
to show (51). O

Lemma 5.4 (Estimation of (1 — A)*I/QVJNCVNC). There exist C € Rt and N? € N such that for N. > N2,
(1= 2)"V2Vx ywelles ) < Cll(L = 28)2(q0 = v lea(zz,)- (54)
Proof. The proof is similar to the proof of estimate (51) in [6, Lemma 4.6]. First,

11— 2) 72V 9w,

&5(L3) = H(l = A) 23— H )

S2(L3,) .
The difference (3(|,,_| — Hn,.)Vn, can be decomposed as

(Hipn) = HN)WNe = Hipp(rve = 70) + Hipy 170 — Hnv e
= Hipn)(vve —70) + Hovo — Hn v, — Wi 0-
The Hilbert—Schmidt norms of (17A)*1/29{[pNC] (YN, —70) and (1—A)~2(Hoy0—Hn.vn,) can be estimated

exactly as in the proof of [6, Lemma 4.6] using in particular the a priori estimate (24). Moreover, (1 —
A)~Y2Wp 0 can be estimated using (50). This concludes the proof of the lemma. O
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Lemma 5.5 (Estimation of | Sy, — 1n||r.). There exist C € RT and N? € N such that for N. > N,

ISn, = Inlle < ONZ2(I(1 = 2)12(y0 — NS, 22 (55)

Proof. Given the definition of Sy, in (37), noting that forall 1 <4¢ < N, ¢£112,c € Xy ,andforall1 <i,j <N,
(¢i,N.|®j.N.) = 0i5, and using the Cauchy—Schwarz inequality, there holds

N —~—
> (éinldsn.) — 6l
ij—=1

N

— 3 [(inldin) + (600 165%.) = 657 (by orthogonality)

ij*l

= Z| Rl P

1]1

Z o NLHL?' %% 172,

1,j=1

S (1)
1 2
S 180122
j=1

1SN, — InllE

IN

2

Using definition (33), and noting that for all j = 1,..., N, the operator (f%A - )\j,NC)fl is diagonal and
commute with HJJ\-,C7 we obtain

N
1
I1Sn, = Inle <) I(=54 = Xjn)™ Ty, V. 6).. ||L2
j=1

1
<My, (1= 2)72)2 max [[(1— A)2 (=5 A = Xin) THI = A2

N
x D1 — 8) V2V 6y 2

There exists N € N such that for N, > N, the operator (1—A)Y/2(—2A—); v,)71(1—A)'/2 is bounded in
L(L%) foralli=1,..., N independently of N.. Moreover, there exist C' € R* such that |[IIy_(1—A)~Y/2| <
CN; 1. Also, Z;vzl (1 — A)_1/2\7ﬁcq§j,m||%§;t = (1 = A)72V5 I, (12)" Hence, there exist C' € R
and N? € N such that for N, > N2,

[Sn. = Inlle SCNG2[I(1 — A)71/2VJJ\7C7NC||262(L§#)

<SCNZ?[[(1 = A)2(y0 — VNC)H?;Q(L;)

from (54), which concludes the proof of the lemma. O

5.2.3 Proof of estimates (42) and (43)

Lemma 5.6. The density matriz difference vo — YN, can be decomposed as

(2)

N
+ ’YJ(VQL)’YNL + QNC")/NC + ’YNCQNC - Z ‘¢§,1])VL><¢§1])V |

Yo — N, = (Yo — N.)* + INN
J=1

13



Proof. Let first remark, using (47), and 73, = 7., that

(1) (2)

YN = YN, FINN, T INN, T INGENG,
1 2 ~

YoYN. = N+ VJ(VC)VNC + VJ(VC)VNC + QNN
Moreover, since for all 4,5 = 1,2,--- , N, ¢; n, is orthogonal to gbgl])v, one can show as in the proof of [6,
Lemma 4.4] that

1 1 1
YA+ TN = TR
Hence . ) ) o
YN + YoUN. = 29N, + %(V) + VNC’Y](\;B + ’YJ(VC)VNC + N QN, + QNN

and thus

1 2 2 ~ ~
(o — ¥v.)* =7 — N, — 7](\;) - ’YNCWJ(VC) - VJ(VC)W’NC — QNN — INGQN.,

from which we deduce using (38) that

N
— 2 2 ~ ~ 1 1
Yo = AN, = (0 — ) FINAN VNN + QNN + TN Qne — D BRI

j=1
O
Lemma 5.7 (Estimation of (1—A)Y2(yg—vn.)?). There exist C € Rt and N° € N, such that for N, > N?,
11 = 2)"2(50 = W) lenizz) < CNGZI(L = A) (90 — ) leaz2,)-
Proof. The proof is identical to [6, proof of Lemma 4.5], given the a priori estimate (22). O
Lemma 5.8 (Estimation of (1 — A)Y2Qu.yn.). There exist C € RT and NO € N such that for N, > N?,

10— A2 Qn e llsawy) < ON(L = A2 (0 — ) llsa(zs)-

Proof. Using the definition of @;V/c given in (49), we have

— 1 _ _
(1=A)2Qn AN, = 5= ¢ (1= A2 (2= Ho) T (Vi + W) (2 — H) ™ (VR +Wh) (2 — Hn,) ™y dz.
2me Jr

Therefore, using [6, (2.12)] twice, we show that there exists C € R such that
10— A2 Qv ez < Cmax (1= A)2(z — 30) (1 — )2
(1= A) T2V, + Wi ) (1= A2

X max (1= A)2(z = Hu) " (VA + W), (2 — Hy) ™! le2(r2,)-

First, max.cr ||(1 — A)Y2(z — Ho) "' (1 — A)'/?|| is bounded, which is a classical result (see e.g. [4, Lemma 1]
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for a proof). Second, there exists C' € R such that

11— 8) 720k + W) (1= A)2 = [ A) 2k + W) (- 8)]
11— A) 720, + Wa)(1 - 2)772

< (10— )20k (1= 2) 72 + W = + VW, 15 )

< (I = 8)"2 (Viocar + Veoul(pn) + Vaelpn,)) (1 = 8) 772
(= A)2Vaa (1= A) 7+ [ Wil + VWi [125)

<

C(IViocat + Veou(pn.) + Vie(on )l
FIIV Moca + Veour(pn.) + Vae(pn.)) ll 2z,
I = A2V (1= A)7H2
Wl + VWi 125 ).

from [7, Lemma 17], which is bounded from (27), (26), (28), and the inequality ||(1 —A)Y2V(1—A)~/2|| <
231:1 Hfj”Li Hfj”H#. Thus, there exists C € RT such that

11 = 2)2Quwe a2z < Cmax |1 - A)TH2(z = Hn) T VN, + W) (2 = Fn) T leazz)-

Moreover, Ran(\?ﬁc'ch) c X J#C, and the Laplace operator and the projection Hi commute. Therefore,
noting that (z — Hy,) 'V v, = (2 + %A)%Vﬁcwc, we obtain

P 1
10— )2 Qv i) < C[I0L— A) I max (1 - 4)/2(= + L 2)7 (1 - 2)2)
< (1 - )72V v (2~ 980 ez
+ (1= 8)7 [ max (1= &) (2 = Fx) (1 - A)
ze
< |1 = A)TV2PW (2 — Hne) " Hleazz) |-
As [|(1—A)~!| and max.er [|(1— A)Y2(z+ $A) (1 — A)Y/2|| are bounded, noting that [|(1—A) I || <

CN;2, and max.er ||(1 — A)Y2(2 — Hn, )~ (1 — A)Y/?| is bounded independently of N, we can proceed as
in [6, Lemma 4.6] and show that there exist C € RT and N? € N such that for N, > N2,

(1 — A)Y2Qn. .

Ga(L2) S C(NJ2 max (1 - A)fl/QVﬁﬂNc(Z - %NC)AHGQ(L;&)

+ mae (1 = A) 72 Wy, (2 = ) ez, )

=< c —A) VNN e, (L) —A)" NN leaz2,) ) -
<O (NI —A)"*Vy .y 2y +[(1=4) YW ANl 2

We conclude by using (51) and (54). O

Lemma 5.9 (Estimation of (1 — A)I/QVNCQVNC). There exist C € RT and N? € N, such that for N, > N?,
(1= A) 295, G lenezy < ONZ2I(1 = 8)2(0 — 1)llsy 22

Proof. The proof is similar to the proof of [6, Lemma 4.7], relying here on Lemma 5.8. O
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Lemma 5.10 (Estimation of (1 — A)l/ny](\?)y ). There exist C € RT and N? € N, such that for N. > N?,

1t = )2y Pynlleaczz) < ONS2I(1 = 8)72(30 = v 23
Proof. First, by definition of ’yN in (48),
(1= &) 29w, = g 1= 8)72( = 300~ Wi (= = 9w v

Hence, using that vy, and (z—%Hy, )~ " commute, that max,cr |[|[(1—A)Y2(z—H . )~ (1—A)'/2|| is bounded,
we obtain that there exist C' € RT and N? € N such that for N, > N?,

1= A) 290w g < Cmax (1= A)V3(z = 3) 7 (1 A)12)
xmax (1= A) 2 Wy (2 = Hn) ™ a2z
< C'max||(1 - A)VPW N (2 = Fne) e 22
<1 - A)il/szc’ch”Gz(Lz )
< ONZ2(1 = 2)2 (70 — v )lles (22
where we have used (51) for this last inequality. This concludes the proof of the lemma. O

Lemma 5.11 (Estimation of (1 — A)1/2’7Nc’71(\?3)- There exist C € RY and N? € N, such that for N. > N2,

(1= A) 2, WN)llez(Lz < ONG2((1 = 2)2(v0 =y ) llesr2,)

Proof. Noting that 73, = ., and from [6, (2.10)] and [6, (2.12)], we obtain

11— 8) 2N A% ||b2(L y < 1= )1/2%[ lezr2) e 1 HCQ(L#)
= H( - ’)’Nc||e72(L2 )||’YNC7N6H62(L )s

since 7y, is an orthogonal projector of finite rank. Moreover, as the orbitals (¢; v, )i=1,...,n are bounded in

H,(Q) independently of N, [|(1 - A)l/Q’YNcHGQ(Li) is bounded. On top of that, using [6, (2.12)],

2
v lsaczzy < 10— 2)T2110 = A) 2P yn a2z < 11 = 229D llsaiz2)-

Therefore, we can use the estimate of Lemma 5.10 to conclude. O
Lemma 5.12 (Estimation of (1 — A)/2 Z] 1 |¢j Ne ><¢§ ). There exist C € RT and N € N, such that
for Ne > N?,

WZ SN e 12) < CNZ2II(1 = 8)2(v0 = ) llea(zz,)-

Proof. Expanding (1 — A)'/2 Zévzl |¢§1])VC><¢>§1N |||62(L2 » and using the Cauchy-Schwarz inequality twice,
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we obtain

”QZIM NN, 2y =Tr me 60 1(1 = A)e\ ) (65|

1,j=1

(@0 11 = )16 (@R 6% )

I
:MZ

1

2

Mz

1
L P [ R 1 e P P

2
2260 112 116 Cm;) .

Noting that for all j = 1,..., N, ¢{1} € X3, so that [|¢\'% |13 < CNZY@SX Il with € = 2427, there
holds

1/QZ|¢(1) (1) <CN; IZH 1/2¢
1 _
< ON; 1ZH M) (5 A = Ay) L= )2
x [I(1 —A) X IRA P

Moreover, for all j = 1,...,N, (1 = A)Y/2(—3A — X\; v.)7'(1 — A)!/? is a bounded operator. Then using
(54) and (23), we show that there exist C € RT and N? € N such that for N. > N2,

N N
A2 Y1050 easy < ONTH YN = A) T2V il
=1 =
< ONTU - AV, s
< CONJM(A=2)(yw, — W’O)HZGQ(L@
< ONZZ( =22 (yn, = 70)lea(22,)-
This concludes the proof. O

Combining the estimations given in Lemmas 5.7, 5.8, 5.9, 5.10, 5.11, and 5.12 in the density matrix
difference decomposition of Lemma 5.6, we easily obtain (42).

Lemma 5.13 (Estimation of (1 — A)Y2(5. — An.)). There exist C € R* and N0 € N, such that for
Ne> N,

(1= )20, = 3 lsazz) < N2 = 8)2000 = ) ez
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Proof. First,

N ~— —~

DN Din — > 10in ) (Do

i=1

Z|SN T2 N SN T i

=1

N N
Y. | =D w7t 1), 1| bk ) (D | (S )0

INe =N =

-

N
Il
-

|
.sz

@
I
-

I
sz

i=1 i=1 k=1
N N o
= > |éin -y (Z ) Nc_m)l,z) Pk, N ) (D1 |
i=1 k=1 \i=1

N

N

> lgin = > (Sw Dkl dr ) b

i—1 k=1
N

>

(k0 — (Sn. ™ )| ) (din -

TN~ )1 = M), - 7))

N,
N N
= Z Z (O — (Sn. ™ D1t) G — (Sne ™D

k,=1m,n=1
X (el (1= D) fon ) (B v | B
N N
Z 5kz — (SN, k) G — (SN, D mn)
( Dl (1= B)[6m ) + (B, 1(1 = A)[6x)) (8nk + (60 01R))

as foralli =1,...,N, ¢; v, € Xn. and ¢>l N, € X -, and the Laplace operator commutes with Iy, and

H]J\-,C. Using the Cauchy Schwarz inequality and noting that for ¢ =1,..., N, ¢; . and qﬁglzz,c are uniformly
bounded in H#—norm independently of N, there exists C € Rt such that

N

11— 8)2 G~ w02y < € | 0 1ok = (Sx. il

k=1
—1y)2
<Oty = (Sn. )l
The matrix Sy, being a perturbation of 1y, there holds at first order 1 — Schl = SN, —1n + h.ot, hot.
standing for higher order terms. Using (55), we can therefore conclude in particular that there exist C' € Rt

and N? € N such that for N, > N?,

11— A2 (N, — A, )||C2 13) S ONZ 211 = A2 (v0 — ) e, (L)

Combining (42) with the estimation given in Lemma 5.13 allows to prove (43).
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5.2.4 Proof of estimates (44) and (45)

e

—0
We start by proving (45). Let us define @y, € M2’ by

/-\_/

Jmin U8y, — 8 = [0, — 8]z,

e~

~——o
Since ®y. € M®", we can combine [3, Lemma 4.7] and [3, (4.47)], and obtain that there exists C' € RT and
N? € N such that for all N, > N2,

e e

S
Eha(Pn, ) — €65 (2%) Cll(1 - Aoy, — <I>°)||iz

< Ol -A)"2EN - 0)lIE, (£%)’

IN

N

e

—0 - . .
from (19), and noting that the density matrix corresponding to ®n, is yn.. Moreover, from the invariance

— 0 ot
property (5), there holds &5 (®n, ) = Ef6(Pn,). Using (43) and (20), we obtain (45).

Let us now prove (44). The same reasoning cannot be applied as the perturbed eigenvectors CIS;V/C do not
satisfy the constraint, i.e. @, ¢ M. A second-order Taylor expansion on the energy gives

EFR(BN.) — E6H (D) = ((E60) (@), n — @) g + 5 <8KS>"<<I>°><<I>N — 0% @y, — @) + h.odt.

Noting that such a development is also valid for the energy difference €K (<I> N.) — 8&%(@0), we obtain, still
up to second order

g o — —

ERG(PN.) — EFO (DY) = ((€50)'(2°), Dy, — &° Vuyt L Ty (5 5)/(0°)(@n, — 8, &y, — )

+((E68)' (@), . — ) gy

1 e == . ==
(8 )H(CI)O)(‘I)NC — &N, , PN, + PN, — 2<I>0) + h.o.t.

=E(PN.) — E5(87) + (E58) (2°), n. — Nt gy
(sKS ) (8°) (P, — ch by + @N —20°%) + h.o.t.

From the continuity of (E%,)”(®°) [3, (4.18), (4.47)]), and since (EKF)(®°) is bounded in H'-norm |3,
Lemma 4.7, there exist C € RT and N € N such that for N, > N?,
[E60(Pn.) — E6a(@n,)| < Cll(1 - 8)2(dy, _q)Nc)||L2 + 01— 2)2(@x, —®x)l75.  (61)

Moreover, developing the expression <ITNJC — <If>\1\7€ , we obtain
(1= A)2(@n, = @n)zz, < 1w = Sn. 2 llell (1= A) 20 |1, (62)

Since there exists N0 € N such that for N, > N9, [[(1 — A)Y/20,. [z, is bounded independently of N, there
holds at first order

_ 1
1y — Sy, "2l = §||1N —Sn.|lr + heo.t.

< ONZ2|(1 = 8) 2w, = 101322
< ONZ2ES (D) — EX5(07)], (63)
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where C' € RT, from (55) and (20). Combining (61), (62) and (63), we obtain (44).

6 Appendix

Proof of Lemma 8.1. The proof of (18) is identical to the proof of (23) in [6], where the condition that for all
v € Span(¢Y, ..., %)\{0}, H’}/qm?}HLi # 0, guarantees that the overlap matrix with entries ((¢9, ¢9))}¥;_
is invertible (see [3, Lemma 4.3]). In order to show (19), let us recall that the positive operator |Hy — €p|
defined by the functional calculus is |Hg — ep| = —70(Ho — €r)v0 + (1 — 70)(FHo — €r)(1 — 7o), where g is
the exact density matrix defined in (8). It is known (see e.g. [4]) that, under Assumption 2.1, there exist
0 < ¢ < C < oo such that

C(l — A) S |:H:0 — €F| S C(l — A)

Moreover, as is classical (see e.g. [4, Lemma 1] for a proof) there exists C' € Rt such that
113 — exl2(1— A) V2 < C and (1 - A)/2[36 — e 2 < C. (64)

To finish the proof, we demonstrate the following lemma. For simplicity, we denote by A = |Hy — er| and
= |\ —ep| for i > 1.

Lemma 6.1. Let U0 = (wl,...,wo) € M?®” with corresponding density matriz Ygo = vazl [9) (491,
satisfying for all v € Span(¢Y, ..., d%)\{0}, ||'yq,ov||Li # 0. There holds

1 max
1/2/3,0 _ #0112 L k=1,..,N Mk . 2 1/2 o 2
A0 — 02y < (14 I g g2 ) LAY2000 — )y ()

< (1 NP ) 41720 = 30) [, (66)

and
142 (vgo = 10)l&, 23 < (1 + 2nw> | A2(00 — %) 2. (67)
Proof. On the one hand, using that the (¢?),—1,n are eigenvectors of the operator A with eigenvalues p;,

and that (¢9);=1 .~ and (¥?),=1, N are orthonormal we obtain

N
||A1/2(\P°—(I>°>Hi; = <wz |A0Y) +Z (601A00) — 2 (90]Au)
=1

N

<wO|Aw + Zuz W1e0) — 2> pi(? 1Y)

i=1 i=1

wO|Aw Zuzwzuz (1= (9v?))

HMZ ||Mz ﬂMz H'Mz

w°|Aw Zuz + Zuzll¢° ¥l

On the other hand, by cyclicity of the trace, noting that A is a self-adjoint operator, then using that 1 — yyo
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is an orthogonal projector, and that (1 — ygo)y) =0 for i = 1,..., N, we obtain

1A (g0 — 70)||262(L2 y=Tr (ywo Aywo) + Tr (v0A0) — 2Tr (o Avwo)

N N
Z (07| Ay?) +Z (@1AgY) — 2 (07| Avgoe?)
i=1 i=1
N
= <w°\A¢° +Zu7 (@0169) =2 (| rwody)
=1 =1

wO\Awo Zuz+22uz B91(1 = ygo)9?)

wO\AwO Zm+22uz|| L= yu0)e; 172

HMZ anﬁMzﬂMz I

Therefore, noting again that ygo and 1 — o are orthogonal projectors,
N
14200 — @92, — A2 (a0 — 200, 2 = D malldd — w13,
i=1

N
— 2ZMi||(1 —7‘1/0)(¢? _1/}?)||2Lj;
i=1

<Zuz||¢0 Wl —Zuzn (1= yw0)(ef = ¥))1Z2
=1

_ Z pillywo (67 — 9)II7

g maX Mk ZH’Y\IJO ¢0 ZO)H%?#
i=1

= max Z (@7 — wdley) (wglef — o).
7,7=1

<w0\Aw0 ZMHZMII (1= 7w0)(@f — w175
= =1

(68)

From [3 Lemma 4.3], the overlap matrix with entries (<¢?|¢?>)i7j:1,_“71\; is symmetric, hence for 7,j =

, N, i # j, noting that (¢?);—1 . n and (¢9);=1 . n are orthonormal,

(9169 — 09) = (916%) = (016 = S ((WRloD) + (716%)) = 2 () — %16 — o).

Since for i = 1,..., N, (49|¢? — ¢?) = —%H(ﬁ? — ¢?||L;7 we obtain that for any 4,7 =1, ...

(160 — ) = (42 — $l? — ).
2
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Hence,

|AY2(80 = @75 — (14" 2(r00 =70} 13, 13, <

ij=1

N 2
0 012
Jnax i (Z 49 — ¢ |L;>

=1

N e S B SN e
i

=
I
—

\I/O _ (I)O 4
max i | Ize,

=t

4
< ax e [1yee = v0lle,z3),

3

where we have used (18) for this last line. Finally, noting that the lowest eigenvalue of A is min;en+ p; > 0,

there holds 1

)~ minjen-

from which we deduce (65). The estimation (66) is obtained by bounding the density matrix error ||ygo —

70\\262@2 ) by 4N. Let us now prove (67). Starting from (68), using that 1 — o is an orthogonal projector,
X

o — 700,23 147200 = 20)ll6, a3

hence of operator norm less than 1, and noting that min;en« p; > 0 is the lowest eigenvalue of A, we obtain

N N
142 (ra0 = 30)I13, a5 — IAY2(80 = 80) 2, =23 wll(1 = 7w} (60 — 935 — D pullg? — 9212
=1

=1

N
< 22;%“(1 — Ya0) (] — %ZJ?)HQL;
=1

N
0 02
<2, e ) I0F = vl
Z
=2 \I/O _ (I)O 2
(e s | I

< oMaXk=1,..N Mk ||Al/2(‘110 - o)

2
- min;ens f; ”Li’

which proves (67).

This lemma show that there exist ¢, C' > 0 such that
c|Ho = er| (W0 =)z < 1Ho —er? (0 —)lleszz) S ClIHo —er|2(E0 — @)Lz .

Combining this with (64) finishes the proof of lemma 3.1. O

Remark 6.1. Lemma 6.1 can more generally be shown to hold for any elliptic self-adjoint positive definite
operator A with compact resolvent. Moreover, if Tr (ygoAygo) > Tr (v0A%0), which is satisfied if ygo is the
solution of a variational approximation of the linear eigenvalue problem with operator A, we can obtain in
this case the improved bound

N
1A (ygo — 70)“?52@3#) = Tr (ywo Aygo) — Tr (y0Ao) + 2 Zﬂi”(l —yw0) (4] — ¢?)||i§%

=1
N
< 2(Tr (ygo Aygo) — Tr (voA0)) + 2 ZMW? - w?l\%;

i=1

= 2 A12(8 — 2%)|2, .
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