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Abstract

In this paper, we study the large n asymptotics of the expected maximum of an n-step random
walk /Lévy flight (characterized by a Lévy index 1 < p < 2) on a line, in the presence of a constant
drift ¢. For 0 < pu < 1, the expected maximum is infinite, even for finite values of n. For 1 < p < 2,
we obtain all the non-vanishing terms in the asymptotic expansion of the expected maximum for
large n. For ¢ < 0 and p = 2, the expected maximum approaches a non-trivial constant as n gets
large, while for 1 < p < 2, it grows as a power law ~ n?~#. For ¢ > 0, the asymptotic expansion
of the expected maximum is simply related to the one for ¢ < 0 by adding to the latter the linear
drift term cn, making the leading term grow linearly for large n, as expected. Finally, we derive
a scaling form interpolating smoothly between the cases ¢ = 0 and ¢ # 0. These results are borne

out by numerical simulations in excellent agreement with our analytical predictions.
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I. INTRODUCTION

Understanding the statistics of extremes of correlated random variables has lately led
to an intense activity [1-4]. Consider a set of n random variables {x1, s, - ,z,} drawn
from a joint distribution Piint(21, 22, ,z,) and let M(n) = max{zy,zs, -+ ,x,} denote
the maximum of this set. The generic extreme value problem consists in trying to find
the statistics of M(n), given the joint distribution Pioin(z1,22, - ,2,). In the case of
independent and identically distributed (i.i.d.) random variables, each variable is chosen
from the same distribution p(z) and the joint distribution factorizes, Pioint (21, T2, -+ , &) =
[T, p(x;). This property substantially simplifies the study of M (n) and its statistics is very
well understood [5]. On the other hand, if the variables are correlated, the joint distribution
does not factorize and a general theory for computing the statistics of M (n) is lacking, except

for a few exactly solvable cases (for a brief review see [6]). One example is a discrete-time

random walk (RW) on a line, where the position x; of the walker after ¢ steps evolves via
Ti = Ti—1 + 1, (1)

starting from zy = 0. The jump increments n;’s are i.i.d. random variables, each drawn from
a symmetric and piecewise continuous probability distribution function (PDF) f(n). Note
that even though the jump increments 7;’s are uncorrelated, the positions x; = 2221 Mk
are strongly correlated. In the following, we assume that the Fourier transform f (k) =

[T €™ f(n) dn has the small k behavior

~

f(k) =1 —|ak]" + O (k]"), (2)

where a > 0 is the characteristic length scale of the jumps, 0 < p < 2 is the Lévy index
1, and the subleading exponent v > u. For p = 2, the variance of the jump distribution
o’ = fj;o n?f(n)dn is finite and @ = o/+/2. In this case, the suitably scaled RW converges
to a Brownian motion as n — +o00. On the other hand, for 0 < p < 2, f(n) is a fat-tailed
distribution, f(n) oc |n|™** (n — oo), and the RW (1) is a Lévy flight of index u. Let
M(n) = max{zg = 0,21, -+ ,x,} be the maximum of the walk up to n steps. One is then
interested in the statistics of M (n) for a generic jump PDF f(n) whose Fourier transform
has the small k£ behaviour as in Eq. (2).

Computing directly the PDF of M (n) for arbitrary f(n) turns out to be highly non-trivial.

However, there exists a somewhat indirect result for the generating function of the Laplace



transform of this PDF, known as the Pollaczeck-Spitzer formula [7]

i s"E (e_)‘M(")) = 11_ - exp <—% /;OO —ln(l)\;_i ;(k)) dk) ) (3)
n=0

Although this formula is rather explicit, pulling out the asymptotics of the moments of

M (n) is far from straightforward. Even for the expected maximum, i.e. the first moment,
the asymptotics for large n are nontrivial [8]. It turns out that this expected maximum, for
any finite n, exists only for 1 < p < 2, while it is divergent for 0 < p < 1. Henceforth, we
focus only on the case 1 < u < 2. The leading large n behavior of E[M (n)] depends only on
the exponent y and is known to scale as ~ n'/# [8]. However, the next subleading correction
of E[M(n)] depends on the exponent v > u defined in Eq. (2): in the limit of large n, this

1-(v—1

correction term scales as n /i for p < v < p+ 1, while for v > p + 1 it approaches a

constant [9]. Indeed, in this latter case (v > p + 1), one gets

Man:Mu—vam+7+o(

) oto0) (1)

nlfl/#

where a is the jump length scale in Eq. (2) and the subleading constant v is given explicitly

by (8]
e (1)
== 1( m )qg, (5)

where f (k) is the Fourier transform of the jump PDF. Note that, using the small & behaviour
of f(k) in Eq. (2), it can be checked from Eq .(5) that the constant + exists only for v > p+1.
In the particular case of a uniform jump distribution over the interval [—1, 1], the value of
this constant is relevant to the well known packing problem of random size rectangles in a
two-dimensional strip [8, 10]. The result in (4) has also been recently used in the context of
calculating the mean perimeter of the convex hull for random walks in two-dimensions [9].
In this paper, we generalize these results for the expected maximum to the case of a
biased random walk with a non-zero drift c. We will restrict ourselves to the class of jump
distributions defined in Eq. (2) with v > 2 (and 1 < p < 2). The evolution equation for the

position of the walker in Eq. (1) is now modified to
Ti=Ti—1 +C+1i, (6)

with g = 0 and where the 7;’s are like in Eq. (1). Let M.(n) = max{zq = 0,21, -+ ,2,}
denote the maximum of the biased RW (6) after n steps. Like in the ¢ = 0 case, the
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generating function of the Laplace transform of the M.(n)’s PDF with ¢ # 0 can be written
as a generalized version — originally derived by Spitzer in [7] — of the Pollaczeck-Spitzer
formula (3). Unfortunately, the Spitzer’s version is a rather long and cumbersome formula
[see Eq. (C1) of Appendix C] which seems even harder to handle than in the ¢ = 0 case.
In this paper, we put forward an alternative, equivalent, version of the Pollaczeck-Spitzer
formula via generalizing to ¢ # 0 an important result due to Hopf [11] (and independently to
Ivanov [12]) about half-space Green functions with ¢ = 0. The asymptotic large n behavior of
the expected maximum, E[M.(n)], in the presence of a non-zero drift ¢ can then be extracted
from this new version [see Eq. (55)]. This turns out to be much more convenient to use
than the Spitzer’s formula. We will see that the presence of a drift makes this asymptotic
behavior highly non-trivial and interesting.

To appreciate what makes the large n behavior of E[M,.(n)] for discrete time random walks
different, it may be instructive to put it into perspective by first recalling the corresponding

large t behavior of E[M,(t)] for a biased continuous time Brownian motion evolving as

d::lit) = c+ V2D n(t)

where ¢ is the drift, D is the diffusion constant, and 7(t) is a Gaussian white noise with zero
mean and delta correlator, (n(t)n(t')) = 6(t —t'). We recall that, by virtue of the central
limit theorem, Brownian motion and discrete time random walks with g = 2 (i.e. jumps
with a finite variance) are asymptotically equivalent at large time. For a Brownian motion
without drift (¢ = 0) it is a well known classical result that [13] (for a simple derivation, see

section II)
E[M(t)] = —=VDt, (7)

For ¢ # 0, the expected maximum E[M,(t)] behaves quite differently. Indeed, for large ¢,
one finds (see section II for a simple derivation)

E[Mz0(t)] ~ 0(c) ct + % (t — o0), (8)
where 6(c) is Heaviside step function [#(c) = 1 if ¢ > 0 and 0(c) = 0 if ¢ < 0]. Note that
for ¢ < 0, the expected maximum approaches a positive constant, E[M.(t)] — D/|c|, as
t — oo. This behavior can be qualitatively understood as follows: for ¢ < 0, the particle

drifts towards —oo as t gets large, with occasional finite excursions to the positive side at
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early times only. The maximum is thus mainly set by these early time positive excursions
without being significantly affected by the late time part of the trajectory, hence the expected
maximum tends to a positive constant as t gets large.

It is also interesting to notice that Egs. (7) and (8) imply that the limit ¢ — 0 in the large
t asymptotic behavior is actually singular, in the sense that the limits ¢ — 0 and ¢ — oo do
not commute. In fact, we show explicitly in section II that, for any ¢ and ¢, the expected
maximum for the Brownian motion is a function of the scaling variable u = |¢|\/t/D

E[M.(t)] — 6(c)ct =Dt Gy (%) : (9)

with

M

u

T f(4
Golu) = &= ¢ erl(f) . %uerfe (g) , (10)

N

where erf(z) = \% Iy e~ dt and erfc(z) = 1 —erf(z). The scaling function Go(u) behaves as
Go(u) ~ 2/y/m for u — 0 (which corresponds to ¢ — 0 first, then ¢t — 00) and Ga(u) ~ 1/u
as u — oo (which corresponds to ¢ — oo first, then ¢ — 0), thus interpolating smoothly
between the behaviors given in Eqgs. (7) and (8), respectively.

Having recalled the large time behaviors of the expected maximum for a Brownian motion,
we now summarize the main asymptotic results obtained in this paper for discrete time
random walks with a drift ¢, as defined in (6). Below, we will express our results in units of

the characteristic length scale a [see Eq. (2)].

e For p =2, we find that the large n behavior of the expected maximum is given by

E[M;(n)] N 29(0) n—+ % ke (t— o00), (11)

with

Ke (12)

19 /+°° In[1 — f(q/c)e ] i
ay q

T 2moN ) A+ iq

A=0
In principle, Eq. (12) makes it possible to compute k. for any jump distribution f(n)

with a finite o, although the task may be arduous. For instance, for a Gaussian jump

distribution, f(n) = 1/(ov/2r) e /) we get k. as the series

Ke = Z [% — %erfc (b\/ﬁ)] , (13)

m=1



where b = |c|/ov2 = |¢|/2a and @ = /v/2 (see Sec. VC for details). The apparent
similarity between the large n behavior (11) and the large ¢ behavior (8) is in agree-
ment with the expected convergence of the RW to a biased Brownian motion as n
gets large. Nevertheless, the constant |c|k./a in Eq. (11) does depend on the jump
distribution explicitly, unlike its counterpart in Eq. (8). For ¢ < 0, this discrepancy
can be explained by the fact mentioned before [see below Eq. (8)] that the maximum
is determined by early time positive excursions occurring in a finite time interval (with
probability one) from ¢ = 0. For such early time excursions, boundary effects — sensi-
tive to the discrete or continuous nature of time — are expected to play a role, hence
the discrepancy between the constant terms in Eqgs. (11) and (8). For ¢ > 0, the same
reasoning holds where the starting point of the RW is replaced with its arrival point
and the trajectory is considered as running backward in time (see Fig. 1 below and the
corresponding explanation in the text). As already observed in the Brownian case, the
expression of E[M.(n)] for ¢ = 0 in Eq. (4) (with u = 2) and the one for ¢ # 0 in Eq.
(11) show that the limit ¢ — 0 in the large n asymptotic behavior is actually singular
in the discrete time case too. As before [see Eq. (9)], we find that there is a scaling
regime for n — oo, ¢ — 0 keeping the ratio u = |c|\/n/a fixed which interpolates
between these two behaviors in Eqs. (4) (with x4 = 2) and (11). In this scaling regime,
one finds that E[M.(n)] is described by the universal scaling form

E[M.(n)] — cf(c)n N\/ﬁ%(k!\/ﬁ) 7 (14)

a a

where Go(u) is given in Eq. (10) and is thus independent of the jump distribution f(n).
Note that from Eq. (11) and the large |c|v/n/a behavior of (14), k. must diverge like
ke ~ a?/|c|* as ¢ — 0, for any jump distribution (with a finite o). This is actually the

case, as we will show at the end of Sec. V C.

For 1 < p < 2, the discrete time RW converges in the large n limit to a biased Lévy
process and one expects a qualitatively different behavior, compared to the Brownian
motion. For large n, all the terms surviving the large n limit in the large n expansion
of E[M.(n)] can be computed explicitly [see Eq. (94) below|. The two leading terms

are given by
E[M.(n)]

a

c| C'n*H

;2—/1

~ 29(0) n+ (n — 00) | (15)



where

o=, (@> (ﬁ)“ . (16)

m 2 c

Surprisingly, it follows from Eq. (15) that for 1 < u <| 2| and ¢ < 0, E[M.(n)] still grows
with n, unlike in the u = 2 case where it approaches a constant. This is somewhat
unexpected since, in this case, one can write the process z, in Eq. (6) as x, = y, +cn
where y,, converges to a symmetric Lévy flight for large n. This implies in particular
that, typically, y, = O(n'/*) for n > 1, which is thus much smaller than the drift
term cn. Hence, for ¢ < 0, although the walker will typically drift to —oo, she/he
will always perform rare big jumps that will contribute to higher and higher values
of E[M.(n)] as n increases. A scaling form generalizing to 1 < p < 2 the one in
(14) for g = 2 can be obtained in the limit ¢ — 0 and n — oo keeping the product
u = |¢|n'/#/a fixed. One finds

E[Mc<n)] - CQ(C)TL ~ nl//,;g/J <Mn1—1/#> 7 (17)
a a
with
pooo_ " ey [T
Gu(0) = L [y [ ez faule ), (18)
p—1 0 0
where fs,, () is the stable law of index 1, i.e., fs,(x) = [127 % o-ld"~iew For yy = 2,

it can be checked that the integral representation (18) coincides with the expression of
Ga(u) given in Eq. (10). For generic 1 < p < 2, there is no explicit expression for G, (u)
but it can be plotted and one can also easily obtain its asymptotic behaviors. One
finds G, (u) ~ pT'(1—1/p)/masu — 0 and G, (u) ~ T(u—1)/(7(2— ) sin(mp/2) u'
for u — oo, thus ensuring a smooth matching with Eq. (4) for v — 0 and with Eq. (15)

for u — oo.

Finally, we notice an interesting identity in law for the maximum of a random walk
in the presence of a non-zero drift ¢. Consider a realization of the first n steps of the
walk from 2y = 0 to some z,, at step n. As before, let M.(n) denote the maximum
of the trajectory for this realization (see Fig. 1). Then, the following identity in law
holds

M.(n) —x, = M_.(n) , (19)

where '=’ means that the random variable on the left hand side has the same distribu-

tion as the random variable on the right hand side. This identity can be understood
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FIG. 1: Tlustration of the identity in law M.(n) — z, = M_.(n) (see text and Eq. (19)).

very simply with the help of the figure 1. Consider the trajectory as running backward
in time, starting at x,,, and set the new origin of space at z,,. Then, clearly, M.(n)—z,
represents the maximum of this shifted trajectory running backward in time. However,
this backward process also corresponds to a random walk starting at the new origin
and subjected to an opposite drift —c. Thus the maximum of this backward process
is also a realization of M_.(n), which establishes the identity in law in Eq. (19). As a
consequence, taking expectation of both sides of Eq. (19) and using E(x,) = ¢n, we

get
E[M,(n)] — cn = E[M_.(n)] . (20)

One can easily check that our results in Eqs. (11) and (15) are fully consistent with
the general identity in Eq. (20).

The rest of the paper is organised as follows. In Section II, we discuss the statistics of the
maximum M, (t) for the continuous time Brownian motion with a drift ¢. In Section III we
develop the formalism and the analytical tools needed to derive the asymptotic behaviors of
the expected maximum for a discrete time random walk with a non-zero drift. Specifically,
we first generalize a formula by Hopf [11] (and independently by Ivanov [12]) for the driftless
case to a non-zero drift. Then, we use this generalized formula to provide an alternative
derivation of the Spitzer’s formula [7] leading to a new, equivalent, version of the Spitzer’s

result. This new version proves to be much more convenient to extract the asymptotic



FIG. 2: Trajectory of a Brownian motion with a drift ¢, together with its maximum M,(t), over

the interval [0, ¢].

behaviors for large n. Sections IV and V contain the derivation of the main asymptotic
results for the expected maximum, using the formalism developed in the previous section.
In Section IV, we provide a re-derivation of the known results for the driftless case using this
new formalism. We derive the detailed results for the case with a non-zero drift in Section
V. In Section VI, we verify our analytical predictions via numerical simulations. Finally, we

conclude in Section VII. Some details are relegated to the Appendices.

II. EXPECTED MAXIMUM OF A 1D BROWNIAN MOTION IN THE PRES-
ENCE OF A CONSTANT DRIFT

In this section, we derive the exact expression (9) for the expected maximum of a 1D
Brownian motion in the presence of a constant drift. We consider a biased Brownian motion

on a line, z(t), starting from x = 0 at ¢t = 0 and evolving as

d”;lit) — c+V2D(t) (21)

where ¢ is the drift, D is the diffusion constant, and 7(t) is a Gaussian white noise with zero

mean and delta correlator, (n(t)n(t')) = 6(t —t'). Let M.(t) denote the maximum of this



process up to time ¢ (see also Fig. 2)

M, () = max {z(7)}. (22)

0<r<t

First, we compute the cumulative distribution of M.(t), denoted by Prob[M.(t) < z| =
Qc(z,t), where the subscript ¢ denotes the presence of the constant drift c. Clearly, Q.(z,t)
is also the probability that the Brownian trajectory stays below z > 0 up to time ¢t. To
compute this, it is convenient to define a new random variable, y(t) = z — x(t), so that y(t)
represents a Brownian motion with a drift —c starting from y = z at ¢ = 0. Hence, Q.(z,1)
is the probability that the process y(t) (with drift —c) stays positive (does not cross zero)
up to time ¢. It is then easy to write a backward Fokker-Planck evolution for Q.(z,t) [14],

0Q.(z,1) 9*Q. 0Q.
D _ 2
ot 9.2 ‘oz (23)

valid for z > 0 with the boundary conditions
Qc(z=0,t)=0; and Q.(z— o0, t)=1 (24)
and the initial condition
Qc(z,t=0)=1 for z>0. (25)

This linear equation can be solved exactly by first taking Laplace transform with respect
to t, solving the resulting ordinary differential equation and Laplace inverting back to t.
Another derivation, using a slightly different method, was given in Ref. [15]. Both methods
yield the result, valid for any ¢,

1 z—ct s z+ct
Qc(z,t) = 5 {erfc (— m) — et/ P erfe (@)] ; (26)

where erfc(z) = \/%7 f;roo e~ du is the complementary error function. It is easy to see from

Eq. (26) that for ¢ > 0, the cumulative distribution Q.~o(z,t) is always time-dependent,

while for ¢ < 0, it approaches a time-independent stationary distribution

Quealert) o 1= o |15 (27)

The PDF of M.(t) is the derivative 0,Q.(z,t), hence the expected maximum is given by

E[M.(t)] = f0+°° 20,Q.(z,t) dz, which can be expressed, via integration by parts, as

E(0) = [ T Que )] e (28)

10



From Eq. (28) and the result in Eq. (26), it is possible to compute the expected maximum
E[M.(t)] exactly at any time . First, we write Eq. (23) as

0Q:(z, 1) _&]c(z, t)

= 29
ot 0z (29)
where
Jet) = D2 eQun). (30)
Using the explicit solution in Eq. (26) on the right-hand side of (30), it is easily checked
that
/D (ct —2)?1 ¢ ct — z
t)=—\/— ——— | + —erf . 1
Je(z, 1) — exp [ 1Dt } + 5 erfe (@) (31)
Then, we take the time derivative of Eq. (28) in which we use the relation in Eq. (29). This
gives
dE[M.(t)] /+°° 0Je(2,1)
— == d =J. ) — J.(0,1). 32
= [ [P o) - A0 (32)
From Eq. (31) it follows that J.(4+00,t) = ¢ and
Je(0,1) = S erfe < Vi ) /2 e~ HAD
2 4D Tt
which, together with Eq. (32), yields
dE[M.(t)] c vt D .
Z=lme\rl L f vy - c*t/4D ) 33
7 c 5 erfc il + — e (33)

Now, by the identity erfc(x) + erfc(—z) = 2 (for all ) one has

c— gerfc <\‘2(_;) = c(c) — %erfc (%) ,

where 6(c) is the Heaviside step function [#(c) = 1 for ¢ > 0 and 6(c¢) = 0 for ¢ < 0], and

Eq. (33) can be rewritten as

dE[M.(t)] | lc| vt D 2yup
T = CG(C) — ?erfc <\/ﬁ> + \/%6 / . (34)

Note that, for ¢ = 0, one gets, by integrating over ¢, the result just stated in Eq. (7). Unlike
the expression in Eq. (33), only the first — pure drift — term on the right-hand side of Eq. (34)
depends on the sign of ¢. Finally, integrating (34) with respect to ¢ and using E[M.(0)] = 0,

we get an exact expression for E[M.(t)], valid for all ¢ and all ¢,

E[M.(t)] = cO(c)t + VDt G (%) , (35)

11



where the scaling function Gy(u) is exactly given by

Go(u) = % /OU/2 dv [e’”Q — /T erfc(v)]

1 2 1 u u u
— w4y = f<_>__ f<_>
\/_e +uer 5 2erc 5) (36)

with the asymptotics Go(u) — 2/y/7 as u — 0 and Go(u) — 1/u as u — oo. In particular,
at late times t — oo, it follows that

E[M40(t)] ~ 0(c) ct + % (t — o0), (37)
as stated in Eq. (8). Thus, for a positive drift ¢ > 0, the expected maximum increases
linearly with ¢ (with speed c), while for a negative drift ¢ < 0, it approaches a constant
D/|c| as t — oco. The equations. (35) and (36) coincide respectively with Egs. (9) and (10)

in the introduction.

III.  EXPECTED MAXIMUM OF 1D DISCRETE TIME RANDOM WALKS
WITH A CONSTANT DRIFT: THE ANALYTICAL TOOLS

In this section, we develop the analytical tools needed to derive the asymptotic behaviors
of the expected maximum for a discrete time random walk with a non-zero drift as defined
in Eq. (6). To begin with, we generalize the so-called Hopf-Ivanov formula [12] to the case
of a biased random walks. We follow the same line as in our derivation of the formula for
unbiased walk in the Appendix A of Ref. [16]. The results in Secs. III A and IIIB, as well
as the generalized Pollaczek-Spitzer formula (55), hold for 0 < p < 2.

A. The Hopf-Ivanov formula in the presence of a drift

Consider the biased random walk defined in Eq. (6). Let p(;())(xg,n|x1,0) denote the
Green’s function (propagator) for the walker starting at z; > 0, arriving at x5 > 0 after n
steps, and always staying on the positive side in between (Fig. 3). Assume that the walker
reaches the minimum y > 0 of the walk at time n; and split the walk into two successive
parts: from z; at time 0 to y at time nq, then from y at time n; to x5 at time n. By taking

y as a new origin in both parts, reversing time direction in the first one, and taking into

12
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FIG. 3: Trajectory of a random walk contributing to the constrained propagator py(x2,n|z1,0)
for the walker starting at x; > 0, arriving at xzo > 0 after n steps, and always staying on the

positive side in between.

account all the possible values of y and n;, one has

min(z1,z2)
p(>c())(l'2,n|$1, Z / p>0 T _y7n1|070)p(>c())(x2 _yan_n1|070) dya

ni=l—o

min(z1,r2)
Z Z [/ p(>_06)<xl - Y, TL1’O, 0)p(>0()]($2 - Y, n2|07 O) dy 6n1+n2,n; (38)

m>1—0no>c

where ny =n —n; and 0 = 1 (resp. 0) if min(zy,z5) = x1 (reps. x2). Note that reversing
time direction changes the sign of the drift (i.e., turns ¢ into —¢). The sums on the right-
hand side of (38) can actually be continued to ny,ng > 0, (the difference corresponds to a
term proportional to d[y — max(zq,x2)] in the integral over y the contribution of which is

zero), and (38) reads

min(z1,z2)
p(;%(l’z, n|zy,0) Z Z [/ p(>_oc)(I1 —y,m1|0, 0)p(>c()3($2 — ¥, 72/0,0) dy] Ony+nzn-

ny-= >0 no -~ >0

(39)
Let

G(>() x?yxla Zp>0 x27n|x17 ) . (4())

n>0

From (39) and (40) one gets

min(z1,x2)
G(>C())(x27x175) = /0 (Z p(>_0 y7n1|0 0 ) (Z p>0 y7n2|070)5n2> dy

n1>0 n9>0

min(z1,x2)
— / G(;Oc) (r1 — 9,0, S)G(>c())($2 —1,0,s)dy. (41)
0

13



Laplace transforming (41) with respect to both x; and x2, and using (40), one gets

+oo  pfoo (=9 (A @
/ / § :p(>6())(x2’n|xhO)Sne—)\lzl—)\zxgdxl dry = ¢ ( 173)¢ ( 273)’ (42>
0 0 >0 At Ag

where ¢(9(), s) is the Laplace transform of G(;()J(x, 0, s) with respect to z. Its expression is

derived in Appendix A. One finds

590 — oxp (_ 1 /+oo In[1 — sf(k)e’*] dk) | "

21 J_ o A+ ik

Equations (42) and (43) generalize the Hopf-Ivanov formula to random walks with a drift

as defined in Eq. (6).

B. An alternative expression for ¢(®) (), s)

In addition to the integral representation (43) of ¢(°)(),s), there is an alternative for-
mulation in which ¢(?()\,s) can be written as an exponential of an auxiliary generating
function written as a power series of s. This new, power series, representation is obtained by
expanding the logarithm on the right-hand side of (43) as a power series of s and by using

the Laplace transform

e 1 [T g(k) exp(iky)
— e PPy = — dk. 44
A e Y e (44
One gets
1 [+ In[l — sf(k)e*]
In ¢© =
g ) 27 J_ o A +ik ak

1+°Om +OOAk,minkc
:_ZS_ Mdk

2= m J o Atk
= Sm Foo 1
= Z — Fum (z— ml_l/“c) e ™I g (45)
— M Jo
where we have made the change of variable z — xm!/# in the series, and
+oo
_ R q m —iqT @

is the PDF of the sum m~Y# 3" n,. Note in particular that in the limit m — oo, F, . (z)

converges towards to a stable distribution of index p, i.e.

: L ["°dg o ivera 1 x
i Fom(z) = Faoe(o) = 5 [ ghe ol = g, (2 (47)

m—00 a J_~ 27
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where we recall that a is such that f(g) ~ 1 — |ag|* for small . Writing then the equation
(45) as

gb(c)()\, s) = exp (Z apm(c, N) 3m> , (48)

m=1
with
1 [T u
aym(c,\) = —/ Fum (z — ml_l/“c) S (49)
m Jo

one obtains an alternative expression for ¢(¢)(\, s) equivalent to the one in Eq. (43) in which
the integral over k is replaced with the generating function of the sequence o, (c, ).

This alternative expression for ¢(9(),s) in Eqs. (48) and (49) will prove useful later in
section IV for the derivation of the asymptotics of the expected maximum in the presence
of a drift. As another useful application of this formalism, let us point out that, using the
generalized Hopf-Ivanov formula (42) and the representation of ¢{°)()\, s) in Eqs. (48) and
(49), one can derive the generalized Sparre Andersen theorem for the survival probability of

the walk in the presence of a drift [17]. We provide this derivation in Appendix B.

C. Generalized Pollaczek-Spitzer formula and generating function of E[M.(n)]

In this section we derive the generating function of the expected maximum, E[M.(n)],
from the generalization of the Pollaczek-Spitzer formula to random walks with a drift.

Let
dProb(M.(n) < m)

c(Hh, = ’ 20
pelm,n) o (50)
denote the PDF of M.(n) and write
+oo
E (e () :/ pe(m, n)e *"dm, (51)
0

its Laplace transform. Substituting (50) in (51), doing integration by parts, and using
Prob(M.(n) < 0) = 0 gives

+oo
E (e M) = \ / e Prob(M,(n) < m) dm . (52)
0

Let p(f,)n(x, n|0,0) denote the probability density that the walker arrives at x after n steps,

starting from 0 at step 0 and always staying below the level m in between. If we integrate

15



over the arrival point x at step n for z € (—oo, m| this just gives the probability that the

maximum M,.(n) of the trajectory is less than m. Hence
Prob(M,(n) <m) = / P (x,n|0,0) dz

“+oo
= [ im0 de 53)
0
where, in the second line, we have performed the change of variable x — m — x. This
automatically changes the sign of the drift, as follows from Eq. (6). Using then (53) on the
right-hand side of (52), one gets

+0o0 +o00
See) e oa [ [ o e men, 6

n>0 n>0
which reads, according to the generalized Hopf-Ivanov formula (42) with A\; = A and Ay = 0,
D _E (M) st = ¢l9(A, 5)pl (0, 5). (55)

n>0
Equation (55) generalizes the Pollaczek-Spitzer formula to random walks with a drift (see
Eq. (34) of Ref. [8] and references therein for the case without drift). It is shown in
Appendix C that our formula (55) is equivalent to the one given by Spitzer in Eq. (3.1) of

Ref. [7].

The generating function for the expected maximum is then readily obtained by differen-

tiation of (55) with respect to A. One has

> E[M(n)]s" = —Z e MM g
n>0 n>0 A=0
_ 96\ (\, 5)
— _ =9
- ¢ (078) a)\ \—0
(o)
= 690,5)00(0,5) TREAD ) (56
A=0

and by using the expression (43) of ¢{®)(\, s) on the right-hand side of (56), one finally gets

S E[M,(n))s" = vOs) (57)

1—5"'
n>0

where we have used ¢(=9(0, 5)¢(9(0, s) = limy_,0 9\, 5)d (N, s) = (1 — s)~! and

e (s) = L B, /+oo In[1 — sf(k)e’*] "

27 OA A+ ik ’ (58)

A=0

16



where A\ goes to zero from Re(\) = +o0o. An alternative expression for W (s), equivalent
to the one in Eq. (58), can be obtained from the power series representation of ¢(°)(), s) in
Eqgs. (48)-(49). After some straightforward algebra, one finds

+o0
Oam(c, )
T (s) = _E :Sm ——pmim 7
m=1 2

A=0

+oo m

s Feo _
= Z W/o r Fpm (a: —m! 1/“0) dr | (59)

m=1
where F, ,,,(z) is given in Eq. (46).
In principle, the equations (57) and (58) [or (59)] solve the problem for any value of n. In
particular, identifying the powers of s on both sides of Eq. (57) in which W()(s) is written

as (59), one obtains an exact expression for E[M,.(n)], valid for any n > 1,
n +o0
E[M.(n)] = Z ml/“l/ & Fum (z — ml’l/“c) dx (60)
m=1 0

which will be useful in the following for comparison with numerical data. Note that, taking
advantage of all the F,, ,,,;s being symmetric and normalized to unity, the relation in Eq. (60)

can also be written as
n 40
E[M,(n)] = cO(c)n+ 3 mi/n? / £ Fy (@ +m VW) da (61)
m=1 0

The first term on the right-hand side of (61) corresponds to the pure drift behavior which
is thus made explicit by this formulation.The departure from the pure drift behavior given
by the second term on the right-hand side of (61) does not depend on the sign of ¢, in
agreement with Eq. (20). Finally, by using the Fourier representation (46) of F,, ,,(z) on
the right-hand side of Eq. (61) and after some straightforward algebra, one obtains the

equivalent alternative expression

—+00

@] e @)

—00

Besides these exact expressions, we will see below that the large n behavior of E[M.(n)]
can be conveniently obtained by analyzing the right-hand side of Eq. (57) near its dom-
inant singularity by means of appropriate Tauberian theorems. However, extracting this

asymptotic behavior is still nontrivial and this is the subject of the next two sections.
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IV. LARGE n BEHAVIOR OF E[M(n)] FOR SYMMETRIC DISCRETE TIME
RANDOM WALKS (c = 0)

In the absence of a drift (¢ = 0), the large n behavior of E[M(n)] has already been
extensively studied by Comtet and Majumdar in Ref. [8], starting from the same k-integral
representation as in our Eq. (58). In this section, we show how their results can also be
obtained from the alternative, power series, representation in Eq. (59). For simplicity, in
the rest of this section we will restrict ourselves to the case v > u+ 1 [see Eq. (2)], though
our results can be generalized also to p < v < p+ 1.

By the central limit theorem for the sum m~=/# 3" n; one has F,,,(z) ~ a~ ' fs,.(x/a)
as m — +oo, where fg,(z) is the stable law with Fourier transform fg,#(k) = exp(—|k|"),
and it is useful to extract from ¥ (s) the contribution of the asymptotic stable distribution.
This is done by adding and subtracting in (58) or (59) with ¢ = 0 the expression of () (s)
in which F, ,,(z) is replaced with a™! fg,(x/a). One obtains

WO (s) = w1V (s) + W (s), (63)
with, using Eq. (58),
+oo ¢
0y - 1 1 —sf(k) | dk
Wi(s) = s /_oo " (1 — se~lakl® | f27 (64)

and

: (65)
A=0

O, iﬁ o In(1 — selekl")
W2 (s) = 2718)\/ pprTa—

where A goes to zero from Re(\) = +00, or, equivalently, using Eq. (59) instead of Eq. (58),

00 = 3 [ [Funto) - Lo (£)] 6)

mlm

and
) +00 gm +o0
Wis) =Y /0 “fon (%) da. (67)
m=1

It is clear that \1150)(3) is entirely due to the departure of the jump distribution from the
stable law with same p [i.e., \Ifgo)(s) =0 for f(z) = a”'fs,(x/a)]. From the equation (64)
and the small k£ behavior in Eq. (2) with v > 4+ 1, it is also clear that \Ilgo)(l) exists with

V0 =00 01 -5) (s 1). (68)
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From (63) and (67), one has

+00
@W$=W9®+am4M®/ yfsnly) dy
0

o) + S ), (69

where Li,(2) = Y. m~*2™. The asymptotic behavior of (69) near the dominant singu-

larity at s = 1 is determined by the one of Li;_1,,(s), [according to (68), the contribution
of \1150)(3) reduces to the constant \1f§°)(1)], and from

Lij_1),(s) =C(1—1/p) + % FO((1 =)y (s 1), (70)

where ((z) is the Riemann zeta function, one finds

VO (s) = ay + aF(lﬂ—l 11’2))1;/11/”) FO(A=9)7) (s D), ™)

with
1—1/p). (72)

(0)
= W Ta -1,

a
It can be seen immediately from Eq. (72) that if the jump distribution f(n) is the stable
distribution @' fs,(n/a) [ie. if f(k) = exp(—|ak|*)], then Eq. (66) [or Eq. (64)] yields
qf§0>(1) = 0 and ~ is exactly given by

I'(1—1/p) (L)
y = TC(l — 1/#) = (277)1/# Sin(ﬂ/Q,u)’

(73)

where we have used the reflection formulas ¢(1 — 1/u) = 2(27)~* cos(m/2p)T(1/p)¢(1/ 1)
and I'(1 — 1/p)I'(1/p) = w/sin(w/p). Equation (73) coincides with the equation (14) in
Ref. [8]. On the other hand, if f(n) is not the stable distribution one can use the integral
representation (64) for \1150)(1) together with the identity

o= ), () @

to write (72) in the equivalent integral form

v = l/+ooln (L(Q/“)) @+MC(1—1/M)

T 1 —e " q? T

()
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which coincides with the equation (13) in Ref. [8]. Injecting (71) into (57) with ¢ = 0, one
gets

S EM(n)]s" = 1‘” B G V70N 0/%) R <(;) (s 1),  (75)

= —s (1 — s)l+1/m 1— )t/

and by Darboux’s theorem [18] one finally finds

BV _ O iy (nl__lw> (n = +0), (76)

which is the large n behavior of E[M(n)] found by Comtet and Majumdar in the equation
(49) of Ref. [8], as expected. It is important to notice that the leading term on the right-
hand side of Eq. (76) gives the leading large n behavior of E[M (n)] correctly for all v > u
[see Eq. (2)]. It is the next subleading correction which needs v > p + 1 to be a constant.
In the complementary domain u < v < p+ 1, one finds that v in Eq. (76) must be replaced
with a term growing as n'~(=1/# [9].

We conclude this section by noting that, for ¢ = 0, the exact formula (60) reduces to
n +oo
E[M(n)] =) m!/! / & Fpm (z) do (77)
m=1 0

where F,, , is the PDF of m=Y# 3" n; = y,, m~'/# where y,, is the position of the random
walker in the absence of drift, i.e. evolving via y; = y;—1 + 7; starting from yy = 0, after m
steps. Therefore, one has f0+°° dz x Fpm () = m™Y*(|y,,|)/2 and finally Eq. (77) can be

simply written as (see also [19])

(78)

—_

m=
which is an exact formula, valid for any n and any symmetric and continuous jump distri-

bution.

V. LARGE n BEHAVIOR OF E[M,(n)] FOR BIASED DISCRETE TIME RAN-
DOM WALKS (c # 0)

Henceforth, we will restrict ourselves to the wide class of jump distributions defined by
Eq. (2) with v > 2. We now turn to the large n behavior of E[M.(n)] for a random walk
with a drift (¢ # 0). To this end, we need the behavior of the generating function in Eq. (57)
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near s = 1, hence the one of ¥(?)(s). We shall mainly use the power series representation
(59) of U(9(s). Since all the F, s are symmetric and normalized to unity, one can rewrite

(59) as

W@@%—T——+@“W®% (79)
—s
with

+oo g™ “+o0

g,(f\c\)(s) = Z_l ml—l/ﬂ/o :c}"um (x+m1 1/u|c|) dx
+oo “+00
= Z sm/ (x — ||y m YEF, . (mlfl/“:c) dx, (80)
m=1 ‘CI

where we have made the change of variable # — m!~"/#(x — |¢[). Thus, the analytical
properties of W(~l?)(s) and its behavior near its dominant singularity depend on the large m
behavior of m!=Y#F, . (m'~1/#x). From the definition (46) of F,,,(z) in which one makes

the change of variable ¢ = k/m'~'/*  one gets

to RN . dk
ml—l/,uf#’m (ml_l/‘ul’) :/ f (_) e—zkz v (81)

e m 2’
which is nothing but the PDF of the sample mean m=3 " ;. It follows that for z > ||,
the large m behavior of m'=YAF, . (m!~Y/#z) is given by a large deviation principle [20]
which makes it possible to determine the leading term of the large n behavior of E[M.(n)],

as we will now see.

A. 1< p < 2: leading behavior of E[M.(n)] — c6(c)n in the large n limit

First, we consider a Lévy flight of index 1 < p < 2. In this case, the appropriate large
deviation principle is the Nagaev’s theorem [21] according to which, away from x = 0,

VI, L (nPTYRE) ~ 0 fra(nr) = % sin (%) (%)MH (n — 400), (82)
where fi,:(n) denotes the tail of the jump distribution f(n) for large values of 7. (The most
general formulation of this result can be found in [22]). Equation (82) means that for a
heavy-tailed jump distribution, a large deviation z is much more likely to be achieved by
a single giant leap of size nx rather than by ~ n steps of size ~ x. Injecting the large n

behavior (82) into (80) yields the near s = 1 behavior

(2-n) (s = 1), (83)

r
(el () ~ —\= B
V() ~ e O
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with

The near s = 1 behavior of the generating function (57) is then obtained from (79) and (83).
One finds

ZE[MC(TL)]Sn ~ (019_(02)52 + Ic| C% (s = 1), (85)

and by Darboux’s theorem [18],

E[Mc(n)] — cb(c)n Cn?~# o -
" > % (n — +00). (86)

Equation (86) gives the leading term of the large n behavior of E[M.(n)] only. To get
the subdominant terms that may survive the limit n — 400, we need to determine the
corrections to the Nagaev’s theorem (82), which is a highly non trivial task. For the whole
class of jump distributions defined in Eq. (2) with v > 2, the analytical tools developed in
Sec. III C make it possible to obtain all these surviving terms. This is the subject of the

next subsection.

B. 1< p < 2: surviving subleading terms of E[M,.(n)] in the large n limit

The calculation goes in two steps. First, we consider the case of a stable jump distribution
of index p, where the surviving terms of the large n expansion of E[M,.(n)] can be computed
explicitly. Then, we show that the result can be extended to all the jump distributions in

the class defined by Eq. (2), with the same p, to within a mere shift of the constant term.

1. Stable jump distribution with 1 < p < 2

To begin with, assume that the jumps are drawn from the stable law of index p. In this

case, one has F, ,(z) = a ' fs,(x/a) for all n > 1 and Eq. (80) reads

+oo
(Il Z / (2 — |c])
C

where the subscript S refers to the stable jump distribution and fg,(z) is the normalized

/#fs,u (ll 1/u® )dm (87)

stable law with Fourier transform fg (k) = exp(—|k[*). Since the integrals in (87) are over
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x > |c| > 0 we can replace fg,(z) with its power series representation away from z = 0,

400
Fon(z) = % S (1) sin (m;ﬂ) T(mp+1) 1 > 0) (58)

m! xm,u-i—l

the first term of which corresponds to the large deviation principle (82). The higher order
terms give the correction to (82) explicitly as a series. The singular part of \Ifg_|c|)(s) at
s = 1 comes from the contribution of the first [1/(x — 1)] terms in (88), where [1/(x — 1)]
denotes the integer part of 1/(u — 1). The contribution to (87) of the rest of the series in
(88), with m > [1/(n — 1)], yields a regular function of s at s = 1 denoted in the following
by \IJngqc |)(s). After some straightforward algebra, one gets

(—el) o MY mt map\ D(mp —1) (a \™ . (—el)
O D DI GVt (L =) L (s) + U5 5Gs),

T m! ||
(89)

m=1

whose behavior near s = 1 follows from the one of the polylogarithm functions Li,,,—1)(s)
on the right-hand side. There are two possibilities: either p # 1 + 1/p for any integer p, or
=1+ 1/p for some integer p.

a. p# 14+ 1/p for any integer p. Using Eq. (70) in which 1 — 1/ is replaced with
m(pu — 1), one finds

(1/(p=1)]

(e (s) = o] Z Cn S”f(’fn;?)+|c|mc+0(( S (s—= 1), (90)
with
_ . map\ T(mp—1) (a\™
Cpp = (—1)"+ sm( . ) = (H) , (91)
and [1/(p—1)] (=lel)
Z Cpl(m 1))+%"+|(1) (92)

Note that the constant C) is precisely the same as C' in Eq. (16).
From (57), (79), and (90) one gets

1/(p—1)]
S EMs(ls” = S0 4 > e e

n>0

+’¢%+O(T_L_> (s — 1), (93)

1—s 1 —s)2+
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which translates into the large n behavior [18]

E[M.s(n)] —co(c)n [1/(2“:1” C,,nt—mkE-1)
1 —m(p—1)

b. w=1+1/p for some integer p. On the right-hand side of (89) and for m # p, we

+Kc+0( ) (n— +00).  (94)

] it

m=1

use the equation (70) in which 1 — 1/p is replaced with m(y — 1) = m/p. For m = p we
simply use the identity Li;(s) = In[1/(1 — s)]. One obtains

¢ m/p) 1
\IJ(H = c‘ZC —|—|C|Cpln(1_8>

1 m/p
+ |c|/<oC + O(( — s)l/p) (s = 1), (95)
with C,, given by Eq. (91) and

v (1)
K

Note that, according to (91), C,, = 0 if p is odd and there is no logarithmic correction in

this case. The equations (57), (79), and (95) yield

> E[M.s(n))s” = —— +]c| Z Chn Tff/l

n>0

’fl_oz (1 - 3> + 1|C|_K”S +0 <W> (s = 1), (97)

The contributions of the algebraic singularities on the right-hand side of (97) to the large

W= S Collmip) + (96)

n behavior of E[M. s(n)] are given by the classical Darboux’s theorem [18]. To get the
contribution of the remaining logarithmic singularity we use the result that a factor (1 —
s)'In[1/(1 — s)], (s — 1), in a generating function translates into a factor Inn + vg,
(n — +00), in its coefficients, where v is the Euler constant [23] (chap. VI, Figure VL.5).

After some straightforward algebra, one obtains

1
E[M.s(n ) —co(c ZpCmnl m/p

with, according to Eq. (96),

’3

1
+Cplnn+/€c+0<m) (n — +00), (98)

m=1

s (1)
Ko = Kot Gy = 3 Cnlm/p) + Gy + == (99)
m=1

and C, = 0 if p is odd. Note that the leading term in the equations (94) and (98) coincides
with the asymptotics (86), as it should be.
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2. Generalization to the whole class of jump PDFs defined by Equation (2) with 1 < p < 2

So far, the asymptotic expansions (94) and (98) hold for a stable jump distribution only.
We now show that they are actually valid for the whole class of jump distributions defined
in Eq. (2), with 1 < g < 2 and v > 2, to within a shift of the constant term x..

Consider a RW (6) with a jump PDF whose Fourier transform behaves as in Eq. (2) with
1 < p<2and v >2 We want to compare the associated expected maximum E[M.(n)]
with its counterpart E[M,. s(n)] for the stable jump distribution of same index p and same
characteristic length a, in the large n limit. From the expression (57) of the generating

function of E[M.(n)] and the integral representation (58) of ¥(°)(s) [together with Eq. (79)],

one has
(=leD (g) — (=lel) s cl Ak
S (B[ )] — B0 sm)]) " = 2= Vs ) ARy o)
where

1 +o0 1 — e—ilela £ d
Ak, = —— In ¢ . 1(9) 4
277‘c| e 1 — e—tlclg—lagl® q2

_ ! /+°°m< 1 - 2cos(cq)f(g) + (a)? )@ a0)

2m|c| 1 — 2cos(cq)elaal" 4 e=2ladl” | g2

Note that Ak, is independent of the sign of c¢. In the small ¢ limit, the integrand in the
second line of Eq. (101) behaves like o< |g|*™~*, which is integrable at ¢ = 0 if u + v > 3.
Thus, the latter condition is clearly satisfied for 1 < u < 2 and v > 2, that we are considering
here. Moreover, since f (¢) — 0 in the large ¢ limit, the integrand in the second line of Eq.
(101) is also integrable at ¢ — +oo. Thus, Ak, < +oo for the class of jump distributions
defined in Eq. (2) with 1 < ¢ < 2 and v > 2, and it follows immediately from Darboux’s
theorem [18] and the simple pole behavior near s = 1 in Eq. (100) that

lim E[M.(n)] — E[M.s(n)] = |c|Ak.. (102)

n—-+00

Finally, it remains to replace E[M, s(n)] in Eq. (102) with the appropriate asymptotic ex-
pansion (94) or (98), and one finds that the large n asymptotic expansion of E[M.(n)] is
exactly the same as for the stable jump distribution of same p and a, up to the constant term
which is shifted from k. to k. + Ak, where k. and Ak, are respectively given in Egs. (92),

(99), and (101).
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We now turn to the last remaining case of biased, Brownian-like, random walks with

index p = 2.

C. p = 2: large n behavior of E[M.(n)]

In this case, the jumps have a finite variance and the appropriate large deviation principle
to be used in Eq. (80) is the Cramér’s theorem [24] according to which there is a positive
and convex continuous function I(x), called the rate function, with a single minimum at

x =0 (with I(0) = 0) such that
Vi Fo, (Vnz) ~ h(n)e ™M@ (n - to0), (103)

where the prefactor h(n) is subdominant with respect to the decaying exponential. Both
I(x) and h(n) are sensitive to the jump distribution f(n) and there is no generic expressions
for these two functions. Injecting (103) into the generating function on the right-hand side
of (80) with p = 2 and performing the integration over x for large n, one finds that the

coefficients behave asymptotically as

NG .|m<x—|c\>f2,n (Vi) df”<p|1c|>z %““‘C“ (n—+00).  (104)

Because of the exponential on the right-hand side of (104), the dominant singularity of
WleD () is located at s = exp I(|c|) > 1 from which it follows that ¥(~I*D(s) is analytic at
s = 1. Writing el
cl(c)s  WiTldl(s)
E[M,(n)] s* = : 105

n>0

where we have used (79), it is clear that the large n behavior of E[M.(n)] is given by the pole
at s = 1 with residue W(=I*D(1). The singularity of ¥(=I¢D(s) at s = exp I(|c|) > 1 determines
the subdominant, vanishing, correction to this behavior. Applying the Darboux’s theorem
[18] for each of these two singularities, one obtains

E[Mc(n)’]d— b _ o (% enmcl)) (n = +00), (106)

with k. = WD (1) /|c|. According to the expressions (58) and (59) for ¥()(s), the integral
and power series representations of k. are respectively given by

_ Lo S,
“oron ) X+ iq a

, (107)
A=0

Re
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where \ goes to zero from Re(\) = +o0, and

+oo +o0o
1
Ke = ’%’ E ﬁ/ T Fy o (x + \/m%) dx, (108)
m=1 0

where we have made the change of variable x — ax and introduced the rescaled function
Fool(x) = aFam(ar) in order to make the dependence on a and ¢ more explicit. In principle,
Egs. (107) and (108) make it possible to compute k. for any jump distribution with a finite
variance. For instance, for a Gaussian jump distribution one has Fy5(z) = 1/(24/7) e’/
for any m > 1 and Eq. (108) gives k. as the series

o0 _b2m

e 1
Re = mzl m — éerfc (b\/E) N (109)

where b = |¢|/2a, as announced in Eq. (13).

Although k. in Egs. (107) or (108) does depend on the jump distribution explicitly, its
small ¢ behavior does not, as we will now see. This is most easily shown by using the power
series representation (108). In the limit ¢ — 0, the sum over m on the right-hand side of

(108) is a Riemann sum which can be replaced with a integral over y = y/m |c|/a. One gets

+oo +oo
|c|2 / dy/ dr 2 F5 e 12 (x +y)
+oo +oo
|C‘2 / dy/ draFyos(r+y)  (c—0), (110)

in which 3% (z +y) = fsa(r+y) = 1/(2y/7) e~ @t9)*/4 [see Bq. (47) with p = 2], and after
some straightforward algebra, one finds

a2 400 400 (w45)?/4 a2
Re ~ ———— dy/ dexe "Vt = — (¢ —0), (111)
\/7?\012/0 : f?

independent of the jump distribution (with u = 2).

D. Crossover between the large n behaviors of E[M.(n)] for ¢ = 0 and a small

nonzero c

From the results in Sec. IV (for ¢ = 0) and Sec. V (for ¢ # 0) it is clear that the two
limits n — oo and ¢ — 0 do not commute, hence the small ¢ limit of the large n behavior of
E[M.(n)] is singular. This suggests the existence of a scaling regime describing the crossover

between the leading large n behaviors of E[M.(n)] for ¢ = 0 and a small nonzero c.
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To determine the corresponding scaling form, we analyze the behavior of E[M,.(n)] in the
limits ¢ — 0 and n — oo, keeping the scaling variable u = |¢[n'~'/#/a fixed. The starting

point of our analysis is the exact formula given in Eq. (61), which we write as

E[M( )] — 69 1/ 1/ o o -1/
- — dz . 112
Zm = Fum (@ +m!1c]) da (112)

In the large n limit, the sum over m is dominated by the large values of m. Besides, when
¢ — 0, the sum over m on the right-hand side of Eq. (112) is a Riemann sum which can be
replaced with an integral over y = m'~'/#|c|. This yields

E[M.(n)] —cO(c)n

po o oy
i /0 vyt / 7o T wnayrts @Y (113)

(x +y) by its limiting behavior F,, oo (z +y) =

In the limit ¢ — 0, we can replace F o/l AT
a 'fsu((x +y)/a) [see Eq. (47)] and by performing the changes of variables  — /a and

y — y/a one finally arrives at

]E[Mc(n)]—Ce(C> 1/ug (| ’ 1- 1/#) 7 (114)

a

with

poo_ Y e [P
6u(0) = L1 [CagyHE [ o oo+, (15
= 0 0

which is indeed the scaling form given in Eqs. (17) and (18) in the introduction. For p = 2,
the stable law is the Gaussian distribution and one has fgo(z +y) = 1/(2y/7) e~ @H0)*/4,

The right-hand side of (115) can then be computed explicitly, yielding

Go(u) = + — —uerfc (—) , (116)

with Go(u) ~ 2//m for u — 0 and Ga(u) ~ 1/u as u — oo. For 1 < p < 2, there is no
explicit expression of the scaling function but the small and large argument behaviors can

always be obtained. In the small u limit, it follows from Eq. (115) that G,(u) behaves as

U —+oco
1
1u = 1/ Y- 1dy/ z fs, () de
0

- gr(1—> (u— 0), (117)

Gu (u) ~
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where we have used the identity f0+oo z fs,(v)dr =T'(1 —1/p) /7. In the opposite large u
limit, we make the change of variable y = wz on the right-hand side of Eq. (115) and by
using the asymptotic behavior fs,,(n) ~ 7 ' sin(ru/2)(u+ 1)~ 7 (n = 400), one gets

1 2 4 +o00
Guu) ~ S () [ it [

m(p—1) T+ uz)rtl
C Dp—=1) . w1
Cw(2-p) o <7> uh—1 (u = +00). (118)

From these small and large argument behaviors of G,(u) it can be checked that the scaling
form (114) reduces to the leading term of (76) for ¢ = 0, and to Eq. (86) for 1 < p < 2 and
c# 0, or Eq. (106) [with k. given in Eq. (111)] for g = 2 and a small nonzero c.

Finally, it is worth noticing that, for 1 < u < 2, the leading behavior on the right-hand
side of Egs. (76) and (86), as well as the scaling form (114), actually hold for all v > u in
Eq. (2). Unlike the subleading corrections which need either v > p+ 1 in Eq. (76) or v > 2
in the results of Sec. V B.

VI. NUMERICAL SIMULATIONS

We have performed numerical simulations of random walks with a drift, as defined in
Eq. (6) with different jump distributions f(n). The statistics of the maximum M,.(n) was
obtained by sampling 107 independent random walks of 10° steps. In all cases, we have
compared the results of these numerical simulations (i) with a numerical evaluation of our
exact finite n expression (60) and (ii) with our analytical asymptotic results, valid for large
n. All the results presented here are for ¢ < 0, without loss of generality, according to the
identity (20), E[M.(n)] — en = E[M_.(n)], that we have checked numerically. We present
the cases = 2 and 1 < p < 2 separately.

A. p=2

In Fig. 4a) we show E[M.(n)] as obtained from numerical simulations of the RW with
a Gaussian jump distribution f(n) = fsa(n) = e 7/*/\/4x, corresponding to a = 1, and
¢ = —1/2 (red squares). We have compared these numerical values with the exact ones given
in Eq. (60) (black squares), where in this case Fom(x) = fs2(x), independent of m. We

can see that the numerical results are in perfect agreement with the expected, exact, values
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FIG. 4: a) Plot of E[M.(n)] for a RW with Gaussian jumps, corresponding to p = 2, with variance
o =1+/2,ie. a =1, and a negative drift ¢ = —1/2, as a function of n (in a log-scale). The red
squares correspond to numerical simulations of the RW while the black squares are obtained by a
numerical evaluation of the exact formula in Eq. (60). The blue dotted line corresponds to the
exact asymptotic value |c| k. = 1.29376 ... given in Eq. (109). b) Plot of E[M.(n)] for a RW with
(symmetric) exponential jumps, corresponding to u = 2 and a = 1, and a negative drift ¢ = —1/2,
as a function of n (in a log-scale). The red squares correspond to numerical simulations of the
RW while the black squares are obtained by a numerical evaluation of the exact formula in Eq.
(60). The blue dotted line corresponds to the exact asymptotic value |c| k. = 1.23233... given by

a numerical evaluation of Eq. (108).

(60). In Fig. 4a), we have also indicated our analytical prediction of the leading asymptotic
behavior of E[M.(n)] for large n (blue dotted line).

In Fig. 4b) we show the same quantities (with the same corresponding symbols) but
for symmetric exponential jumps f(n) = (1/2)e . In this case Fy,,(z) is a non-trivial
function of both = and m, and the evaluation of our exact expression (60) was carried out
by using the equivalent form (62). Again, the agreement between numerical results and

analytical predictions is very good.

B. 1<pu<2

In Fig. 5, we show the results for a Lévy flight with ¢ = —1/2 and a stable jump distri-

bution of index p = 7/4 and scale parameter a = 1. As before, the red and black squares
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FIG. 5: a) Log-log plot of E[M.(n)] for a RW with a stable jump distribution with p = 7/4,
a = 1 and a negative drift ¢ = —1/2 as a function of n. The red squares correspond to numerical
simulations of the RW while the black squares are obtained by a numerical evaluation of the exact
formula in Eq. (60). The dotted line corresponds to the leading term for large n, E[M.(n)] ~
lc|C/(2 — p) n®* [see Eq. (86)]. b) Plot of E[M.(n)] — |c|C/(2 — p) n*> * as a function of n (in a
log-scale), which suggests that the sub-leading term in the expansion of E[M.(n)] for large n is a
constant, in agreement with the formula in Eq. (94), since 1 — u = 3/4 # 1/p for all integer p in

this case.

correspond respectively to the numerical estimate [by simulating the RW in Eq. (6)] and to
the exact value, for finite n, obtained from Eq. (60) [or the equivalent expression (62)]. It can
be seen in Fig. 5a) that the agreement between red and black squares is quite good. The blue
dotted line corresponds to the leading asymptotic behavior, E[M,.(n)] ~ |c|C/(2 — u) n*7*,
given in Eq. (86). The tendency of the squares to align parallel to the line, but slightly away
from it, suggests that the subleading correction is a constant as expected from our result in
Eq. (94) with p = 7/4. This is confirmed by the results in Fig. 5b) suggesting more clearly
that the difference E[M.(n)] — |c|C/(2 — u) n*™* goes to a constant when n gets large.

In Fig. 6 we show the results for a Lévy flight with a stable jump distribution of index
= 3/2, all other parameters equal. In this case, our results in Sec. VB 1b predict that the
first subleading term is a logarithmic correction, |¢|CyInn, and the next one is a constant
ke. Fig. 6a) shows that the leading behavior E[M.(n)] ~ |¢|C/(2— ) n®>~* already describes
the data quite well for n large enough. In Fig. 6b) we have subtracted this leading term and

the blue dotted line corresponds to the first, logarithmic, correction. The tendency of the
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FIG. 6: a) Log-log plot of E[M.(n)] for a RW with a stable jump distribution with p = 3/2,
a =1 and a negative drift c = —1/2, as a function of n. The red squares correspond to numerical
simulations of the RW while the black squares are obtained by a numerical evaluation of the exact
formula in Eq. (60). The dotted line corresponds to the leading term for large n, E[M.(n)] ~
lc|C/(2 — p)n®# [see Eq. (86)]. b Plot of E[M.(n)] — |¢|C/(2 — u)n?>~# as a function of n (in a
log-scale), which suggests that the sub-leading term in the expansion of E[M.(n)] for large n is
x |e|CoInn (as indicated by the dotted line), in agreement with the formula in Eq. (98), since

1 — 4 =1/2 in this case.

squares to align parallel to this line, but slightly away from it (the difference corresponding
to the constant term £.), is in good agreement with our prediction in Eq. (98) for u = 3/2.
Note that the logarithmic correction is clearly seen on the exact results (black squares) which
allow to reach higher values of n, while the numerical data gets too noisy (red squares).

Figure 7 shows a numerical check of the generalization of our results beyond stable jump
distributions. Here, it is a Lévy flight with a Pareto jump distribution

I
@!nl ol >0

f(n) = (119)

0,[nl<b.

All the parameters are the same as for the stable distribution considered in Fig. 6. Namely,
p=3/2, ¢ =—1/2, and a = 1 [which corresponds to b = (27)~/3 in Eq. (119)]. Fig.
7a) is the counterpart of Fig. 6b). The comparison of these two figures clearly suggest the
same leading behavior, |¢|C/(2— u) n*>7#, and logarithmic correction, |c|Cy Inn, but the next

constant term is different. Indeed, the squares do have the same tendency as for the stable
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jump distribution to align parallel to the blue dotted line, but not at the same location
[above the line in Fig. 7a), below it in Fig. 6b)]. This corresponds to a different value of
the constant term k., in full agreement with our result in Sec. VB2 that the asymptotic
expansions must be the same up to the constant term which is different. In Fig. 7b), we
show a plot of the difference E[M.(n)|] — E[M.s(n)], evaluated numerically from the exact
Eq. (62) for Pareto and stable jump distributions, as a function of n. Again, the results
indicates that E[M.(n)] — E[M.s(n)] goes to a constant when n is large, in agreement with
Eq. (102). Note that the numerical evaluation of the integral in Eq. (101) to be used on the

right-hand side of Eq. (102) requires a careful numerical analysis.

2
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FIG. 7: a) Plot of E[M.(n)] — ]0|%n2_“ as a function of n (on a log-scale) for a Pareto jump
distribution with parameters p = 3/2, a = 1, and a negative drift ¢ = —1/2. We recall that
\c[%n%“ is the leading large n behavior (86), while the first correction is expected to be |¢| Co Inn
[see Eq. (98)], which is indicated by the blue dotted line. The red squares correspond to numerical
simulations of the RW (6) while the black squares represent the exact formula (?7). b) Plot of the
difference E[M.(n)] — E[M, s(n)] evaluated numerically from Eq. (62) for Pareto and stable jump

distributions, as a function of n (in log-scale), corroborating the asymptotic behavior in Eq. (102).

VII. CONCLUSION

In this paper, we have studied the asymptotic large n behavior of the expected maximum
E[M.(n)] of an n-step random walk/Lévy flight in the presence of a non-zero drift c. First,

we have generalized the Hopf-Ivanov formula to the case of discrete time RWs with a drift
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[Eq. (42)], from which we have derived the Pollaczek-Spitzer formula for the PDF of the
maximum in a new, convenient, factorized form [see Eq. (55)]. Performing then a careful
analysis of the generating function of the expected maximum deduced from this version of
the Pollaczek-Spitzer formula [Eq. (57)], we have obtained a variety of interesting results
that we now summarize.

In all cases, we have been able to determine the full asymptotic expansion of E[M.(n)]
comprising all the terms surviving the large n limit, explicitly. For a nonzero drift ¢ # 0
and v > 2 in Eq. (2), we have found that this asymptotic expansion does not depend on
the jump distribution (in the considered class, with same parameters p and a in Eq. (2),
and same drift ¢) except the smallest, constant, term which does depend on the jump PDF.
The same result holds in the driftless case ¢ = 0, but for a smaller class of jump PDF
defined by v > p+ 1 in Eq. (2). For a negative drift ¢ < 0 and Lévy index pu = 2, the
expected maximum approaches a constant as n gets large, while for 1 < u < 2, it grows as
a power law ~ n?7#. It is interesting to mention that, in both cases, it can be shown from
the Pollaczek-Spitzer formula (55) that the distribution of the maximum has a well defined
limiting distribution p_j(m) = lim, 4o p_j¢(m,n) with p_jq(m) ~ m™ (m — 4o00) for
1 < p < 2 (not discussed in this paper). We have also found that the asymptotic expansion
of E[M,.(n)] for a positive drift ¢ > 0 is related to the one with a negative drift by the general
identity E[M.(n)] = en + E[M_.(n)], which we have explained very simply by symmetry
arguments (see Fig. 1). Another interesting finding is that the ¢ — 0 and n — oo limits
of E[M.(n)] do not commute. This led us to derive a scaling form interpolating smoothly
between the leading behaviors of E[M.(n)] in the two limiting cases ‘c — 0 then n — oo’
and ‘n — oo then ¢ — 0’ [Egs. (114) and (115)].

This paper was devoted to developing the formalism and analytical tools to extract the
asymptotic behaviors of the expected maximum. Besides the generalized Hopf-Ivanov for-
mula which provides a useful tool to study other observables associated to extremes, order,
and record statistics of biased RWs, we expect that our results will have a number of inter-
esting applications in other problems. These include, for instance, the mean perimeter of the
convex hull of a 2D-random walk process [9] and the expected flux in the Schmoluchovski
capture problem [25, 26]. These two problems have been investigated in the absence of a
drift and we expect that our results will be useful to generalize these studies in the presence

of a nonzero drift.
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Appendix A: Derivation of the expression of (j)(c)(/\, s)

From
—+o0
P2 nl21,0) = [ flas—y — ) pQy.n — 1]21,0) dy, (A1)
0
and
“+o00
pihaznler0) = [ pQenn = 11,0 Sy — a1 — )y (A2)
0
one respectively gets
(©) i ()
G>O($2,Z’1,8) - S f(xQ—y_C) G>0(y,$178> dy:(S(:CQ—Q,j), (A3)
0
and
(© e
G>O(‘T27I178) _S/ G>O(x27y78) f(y_xl _C) dyza(x2_$1>7 (A4)
0

where we have used p(>c())(3:2, 0|x1,0) = d(xy — x1). Write ul®(z,5) = G(>C())([L', 0,s). For x; =0
and zo = = the equation (A3) reads
+oo
u(z,5) — s fla—y—cu(y,s)dy = 5(x). (A5)
0

Here and in the following, §(x) is to be understood as d(x — 07). Deriving (A5) with respect

to s and using (A5) in the result, one has

oul(z, s) +00 ou(y, s) u(z, s) — 6(x)
s 0, v T (A6)
From (A6) and (A4) it follows
Ou' (z, s T e ;
’ a(s - /0 Gl (.. 9)[u(y, 5) = 6(y)] dy. (A7)

and, by Laplace transforming (A7) with respect to x,

PO\, oo e .

+oo 5
- / GOy, $)u(y, s)dy — G0, 5). (A8)
0
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Here, A is the Laplace variable and
é(>c[))(>\7y7 / G>O T,Y,s ) /\xdm
“+oo min(z,y)
/ / (. — 2, 5)u"(y — z,5)e M dz da
+o0o
= / )y — 2 s)/ w9 (z — z,8)e N dr dz
0 z
y
= 0s) [y - 20 (A9
0

where we have used (41). Note that, by the singular behavior of u(®)(x, s) near 2 = 0 [see
(A5)], Equation (A9) for y = 0 reduces to C:’(;())()\,O, s) = ¢l9(\, s), as it should be. Now,
substituting for G (/\ y,s) on the right-hand side of (A8) its expression from (A9), one
finds

(c) [t v
PR oo | [ u<—c><y—z,s>u<c><y,s>e—”dzdy—1} (A10)
S L/ 0O 0

= 690 8) | / - ( [ o dy) e — 1}

400 +o0
= ¢\, ) / (/ w T (t, $)ul(t + 2, 5) dt) e Mdz — 1}
0 0

= ¢(\, 5) /0+OO (/O+O° u =t s)u' (t + z,5) dt — 5(2)) e Mdz,

where t = y — 2. To proceed we take x;1 = X and 9 = X + 2, > 0, in Eq. (41). Then, we

make the change of variable y = X —¢, and let X — 4-00. Using limx_,, G(>C(),(X—|—$, X,s) =
G(;)_oo(x, 0, ), one finds

+oo
G(>C)_OO(3:, 0,s) = / u = (t, s)uld (t + x, s) dt, (A11)
0

= Z()\, 5), (A12)

where Z(9)(), s) is the Laplace transform of Z(9)(z, s) = G(;)_OO(x, 0, s) — d(x) with respect to
. The equation for G(;),oo(x, 0, s) is similar to (A5) with a full-space integration, which is

readily solved by Fourier transform. One gets

+00 ;
GO (2,0,5) = / _oxp(ike) ) (A13)
>—00 ) 27_(_ - 1 _ Sf(k)eikc )
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hence

1 +o00o ¢ k tkc )
2@ (z,s) = —/ Lﬁe_m dk, (A14)
oo 1 —sf(k)etke

and, by Fubini’s theorem,

~ 1 [t +00 F ikc ‘
O s) = — oM / G ST N
21 Jo —oo 1 —sf(k)eike

+o00 F ikc +o00
_ i/ Sf(kj)e ' </ ef(x\+ik)z dfﬂ) dk
21 J o 1= sf(k)etke \Jo
B i/—i-oo 1 Sf(k)eikc
27 oo Atk |1 — Sf(k)eikc
Substituting (A15) for Z)(\, s) on the right-hand side of (A12) yields

/ (k)e™ ] dk. (A16)
1 — sf(k)etke

(A15)

8ln¢(c)()\,s)_i/+°° 1
Ds o) o AN+ik

[e.9]

Finally, integrating (A16) with ¢(9()\,0) = 1 [which follows from u(®(z,0) = ()], one
obtains the equation (43):

¢(C)()\7 S) ~ exp (_i /-i-oo 111[1 — Sf(k?)eikc] dk) |

2r J_ o A4k

Appendix B: Derivation of the Sparre Andersen formula for a random walk with a

drift

In this Appendix, using the generalized Hopf-Ivanov formula (42) and the representation
of ¢)(\,s) in Eqs. (48) and (49), we derive the generalized Sparre Andersen theorem for
the survival probability of the walk in the presence of a drift. We start by recalling the
Sparre Andersen theorem. Let Q®(n) denote the persistence, i.e., the probability that the
random walk in Eq. (6), starting at zo = 0 stays above its initial value xg = 0 up to step n.

A beautiful combinatorial identity, first derived by Sparre Andersen in [17], reads

400 +oo n
Z Q) (n)s" = exp [Z %Prob(a:n > 0)] (B1)
n=0 n=1

where z,, evolves by Eq. (6) with a non-zero c¢. This identity is nontrivial as it relates a

history dependent quantity Q(¢)(n) on the 1.h.s. with a temporally local quantity Prob(z,, >
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0). Writing x,, = y,, +cn, we see that the sequence y,, corresponds to a random walk without

a drift, evolving as

Yn = Yn—1 T Tln » (B2)
and hence

+o0
Prob(x,, > 0) = Prob(y,, > —cn) = / P,(y)dy (B3)

where P,(y) is the PDF of the driftless y-process. This can be easily computed and is given
by

P =5 | :O [F0)] " v (B4)

Therefore, the Sparre Andersen theorem can be re-expressed as

+oo +oo gn [t
> Q¥ (n)s" = exp [Z — / P.(y) dy] : (B5)
n=0 n=1 -

where P, (y) is given in (B4). Below we prove this identity (B5), starting from the generalized
Hopf-Ivanov formula in (42) and using the alternative expression of ¢(®(\, s) derived in Egs.
(48) and (49).

We start with the generalized Hopf-Ivanov formula in (42) where we set \; — 400 and

Ao = 0. One finds

Z / p>0 z,n|0,0) dz = $9(0, s) . (B6)

n>0

Note however that the integral fo p>0(a: n|0,0) dz is just the probability that the process
stays positive up to step n, and hence is identically equal to Q®(n). Thus we get

Y 5" Q9 (n) = ¢1(0,5) . (B7)

n>0

Now we evaluate ¢(°)(0, s) using Eqs. (48) and (49). This gives

+o0 0o
ZS Q OS _eXp [Z /+ Jrun 1 1/MC) dr | . (BS)

n>0

Comparing Eq. (46) and Eq. (B4) we see that
Foun(x) =n"P,(n""z) . (B9)
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Substituting (B9) on the right-hand side of (B8), and performing a change of variable x =

n~Yry, we get

+oo [+oo g™ +o0
©(n)s" = - P,(y —cn)d
nZ:OQ (n)s" = exp ; A (Y — cn) y]

[ +o0 s" +oo

= exp Zﬁ P.(y) dy] :
n=1 —cn

which thus proves the Sparre Andersen identity in (B5).

Appendix C: Connection with Spitzer’s formula (Theorem 3 in [7])

In this Appendix, we show the connection between our formula (55) and the formula
obtained by Spitzer, see Theorem 3 given in Eq. (3.1) of Ref. [7], which reads, in our

notation,

Z]E (e—)\Mc(n)) " —

71 i s +00 A f(k)ezkc 1
e (%/0 dT/_OO Y (1_T)(1_Tf(k>eikc)dk> . (C1)

In Eq. (C1), the integral over k& must be understood as

s +oo b\ f‘(k,)ezkc -1
/0 i /_OO k(k—iX\) (1 —7)(1 — 7f(k) eikc)dk (C2)
T e A—e fk)ere —1
B €L0+ 0 ¢ /_Oo (k —ie)(k —iX) (1—7)(1— Tf(k;) eikc)dk ’ (C3)

(see Egs. (3.4) and below of Ref. [7]). Performing the integral over 7 in Eq. (C2) one gets

s +o00 A f(k>ezkc -1
/0 . /_oo Rk =iA) (1=7)(1 = 7f(k) e““)dk
+o0 €

L A— £ ikc
= Eli%i B T [ln(l —s) —In(1 — sf(k)e™)| dk
) +o00 \—¢€ . "
= — lim In(1 — sf(k)e™) dk , (C4)

ot | (k—ie)(k —iN)

where the last line follows from

oo dk
/Oo (k—ie)(k—i\) 0 (C5)
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for €, A\ > 0. Using then
A—e€ 1 1
(k—ie)(k—i\) A+ik e+ik
in Eq. (C4), one finds that the formula obtained by Spitzer in (C1) can be rewritten as

Z]E (e_’\MC(”)) st = ! exp | — /+O° dk In(1 — sf(k)e™)
1-s A +ik

(C6)

n>0 —00
X lim e / T _dk In(1 — sf(k)e™*) (C7)
im ex -
e—0t P oo € —+ ik ’
or, in a more compact form, using in (C7) the expression of ¢(°)(\, s) given in Eq. (43),
_ 1 ¢\, s)
E (e M) s = —. C8
2 B )" = 1m0 )

n>0
To show that this formula (C8), derived from the Spitzer’s result in (C1), coincides with our

result given in Eq. (55), we need to establish the following identity

$9(0, )69 (0, 5) = lim ) (¢, 5)8 (e, 5) = —

e—0 1—s°

(C9)

To this end, we write the product ¢ (e, )¢~ (e, s) explicitly by using the expression given
in (43), i.e.,

¢(c)(67 S)¢(_C)(€7 3) =

1 [t In(1 — sf(k)e*) 1 [ In(1 — sf(k)e %)
- dk — — dk | . (C10
exp( 2%/_00 €+ ik 271'/_00 €e+1ik (C10)
In the second integral we perform the change of variable k — —k and use that f (k) = f (—k)
to obtain
P9 (e, 5)p " (e, 5) = exp ! /+OO dh—— In(1 — sf(k)e™) (C11)
’ ’ 7). @ E+k?

It remains to make the change of variable k& = eq on the right-hand side of (C11) and let
¢ — 0 to get (using f(0) = 1)
1 [T d 1
61_1)% (e, )" (€, 5) = exp (—; /OO Z j_ ] In(1 — s)) =1’ (C12)
which demonstrates the identity (C9). Finally, using this identity (C9) in Eq. (C8) estab-

lishes that the Spitzer’s formula (C1) coincides with our result in Eq. (55).
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