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POSITIVE NONLINEAR CONTROL VOLUME FINITE ELEMENT
SCHEME FOR AN ANISOTROPIC SEAWATER INTRUSION
MODEL WITH CROSS-DIFFUSION IN AN UNCONFINED
AQUIFER

AHMED AIT HAMMOU OULHAJ AND DAVID MALTESE

ABSTRACT. We consider a degenerate parabolic system modelling the flow of
fresh and saltwater in an anisotropic porous medium in the context of seawater
intrusion. We propose and analyze a nonlinear Control Volume Finite Element
scheme. This scheme ensures the nonnegativity of the discrete solution without
any restriction on the mesh and on the anisotropy tensor. Moreover It also
provides a control on the entropy. Based on these nonlinear stability results,
we show that the scheme converges towards a weak solution to the problem.
Numerical results are provided to illustrate the behavior of the model and of
the scheme.

Keywords. Unsaturated porous media flow, seawater intrusion, nonlinear discretization,
entropy stability, convergence analysis, cross-diffusion, unconfined aquifer

AMS subjects classification. 65M12, 65MO08, 76505

1. INTRODUCTION

1.1. Presentation of the continuous problem. In this paper, we are interested
in degenerate nonlinear parabolic cross-diffusion systems modelling the so-called
seawater intrusion over general mesh, with anisotropic and heterogeneous diffusion
tensors. The model we are interested in is derived by Jazar and Monneau in [33],
with isotropic tensor. The authors consider the Dupuit approximation of an un-
saturated immiscible two-phase (freshwater and saltwater) within an unconfined
aquifer assuming that the interface between both fluids is sharp (the fluids occupy
disjoint regions), see also [25, 44] for alternative derivations of the same model. This
yields a 2D reduced model obtained from a full 3D model where the unknowns are
the heights of the fluid layers. More precisely the impermeable interface between
the saltwater and the bedrock is set at {z = b(z)}, whereas the height of the fresh-
water (resp. saltwater) layer is denoted by {z = f(t,z)} (resp. {z = g(t,x)}), see
Figure 1. We refer to [9, 10, 11, 43, 42, 5] for more details about this approach.
In the literature, there exists other modelling approaches (see [19, 40, 41, 20, 21] ).
The model proposed in [33] with anisotropic tensor is
1) Ohf—V.(WAfV(f+g+b) =0 in Qx(0,t),
o9 —V.(AgV(vf4+g+0b) =0 in Qx(0,ty),
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2 A. AIT HAMMOU OULHAJ AND D. MALTESE

where  C R? is a polygonal open bounded subset and ¢y > 0 is a finite time
horizon. The parameter v is given by
2) v=""c(0,1),

S
where p, (resp. py) is the mass density of the fluid saltwater (resp. freshwater)
(assumed to be constant with 0 < py < ps).

z=b+g+f dry soil

z=b+g freshwater

saltwater

bedrock /

FIGURE 1. Description of an unconfined aquifer

It is supplemented with no-flux boundary conditions on 9Q x (0,ty)

(3) fAV(f4+g+Db) - n=0, gAV(vf+g+b)-n=0,
where n is the unit normal to the boundary 9. Initial data are
(4) Jit=0 = fo,  gjt=0 = 9o,

where fo and gg are two mesurable functions such that

(5) fos90 >0, fora.ex e

The permeability tensor A belongs (LOO(Q))QXE, and it is supposed to be symmetric
and uniformly elliptic on €, i.e, there exists (A, A) € R% x R% such that

AV <AX)V-v <AV YveR? forae xcQ.

In the isotropic case, let us mention that the problems of kind (1), have been the
object of several studies. The authors in [25, 26] studied the classical solutions of
the system (1) (with b = 0). Moreover, nonnegative weak solutions are established
under different assumptions in [24, 34, 35]. We recall (see [24, 34, 35]) the definition
of entropy functional :

E(f,9) = /Q [F(g) + %F(f)} dx, where T'(s) =slogs— s+ 1.

1
Multiplying (formally) the first equation of (1) by > log f and the second equation

by log g, integrating over {2 and summing both equations

%Qf(f,g)+/QA(a:){|Vf\2+\Vg|2] dcc+(z/+1)/QA(w)Vf~ngzc

- f/ A@)Vb- (Vf + Vg) dz.
Q



NONLINEAR CVFE FOR A SEAWATER INTRUSION MODEL 3

Since A is symmetric and positive, using the Holder inequality and the Young
inequality one has

—/QA(:c)Vb~(Vf—&-Vg)dw:—/Q\/A(a:)Vb-\/A(:c)(Vf—FVg)da:
< IVA@ b2 VA (VS + Vo) 20
= x 2dx 1 T 2 ) da 1 x . T
<5 [ A@IVHPdz 5 [ M) (V42 +1V9R)do+ - [ A@)VF-Vgde,

1
for € > 0. We choose € = I yields the classical entropy/dissipation property :

d 1—v A
©)  geUo+ 57 [ A@)[VrE+IVeR]de < pmrs | wta

Let us mention that the cross-diffusion systems are extensively presented in different
domain as ecology, biology, chemistry and others. In [30] the author propose and
analyze a finite volume scheme for the Patlak-Keller-Segel (PKS) chemotaxis model.
Moreover, a finite-volume scheme for a PKS system with additional cross diffusion
and discrete entropy dissipation property was investigated in [12]. We refer to [7]
for the analysis of a finite volume method for a cross diffusion model in population
dynamics. See [39, 37] for the numerical analysis for a seawater intrusion problem in
a unconfined aquifer with finite element method approximation. In [1] the authors
propose a finite element method and a finite volume method and compare the results
given by these two methods. In [22] the authors address the question of global
existence for the sharp interface approach. For an analysis of a finite volume scheme
for two-phase immiscible flow in porous media, used in petroleum engineering, we
can refer to these papers [38, 29]. An upwind two-point flux approximation was
used in [2, 3] for a seawater intrusion cross-diffusion model. An implicit Euler finite-
volume scheme for a degenerate cross-diffusion system describing the ion transport
through biological membranes is analyzed in [13]. We refer to [17] for a positive
nonlinear CVFE scheme for degenerate anisotropic PKS system.
The method we study here was designed on the following specifications:

(a) to handle anisotropic and heterogeneous anisotropy tensors;
(b) to preserve the nonnegativity of the discrete solution;
(c) to preserve the control of the entropy;
o conserve loca e mass of fluid;
d) t locally th f fluid
e) to converge towards the solution to the continuous problem.
t t ds th lution to th ti bl

The scheme we propose belongs to the family of the so-called Control Volume Finite
Element schemes introduced in the context of porous media flows by Forsyth [31,
32]. Roughly speaking, it consists in an interpretation of Finite Elements with mass
lumping as a locally conservative method on dual cells. This is an extension of the
one studied in [14, 15, 4]. Especially, the diffusion terms are discretized by means
of a conforming piecewise linear finite element method on a primal triangular mesh
and on a suitable upwinding of the mobility that allows to preserve the physical
bounds (but not the monotonicity as in [32]). Moreover, we show that our method
provides a control on the entropy and that this control is sufficient to perform a
convergence proof based on compactness arguments.
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2. THE NUMERICAL SCHEME

2.1. Discretization of Q,.

2.1.1. Discretizations of 2. The CVFE method requires the introduction of two
different space discretizations of Q: a primal triangular mesh and a dual barycentric
mesh.

The primal triangular mesh is denoted by 7. It is a conformal triangular dis-
cretization of the polygonal domain €2, consisting in open bounded separated tri-
angles satisfying Upc7T = Q. For T € T, we denote by @7 the center of gravity
of T, by hr the diameter of the triangle T', and by pr the diameter of the largest
ball inscribed in the triangle T'. Then, we define the mesh diameter h and the mesh
regularity 6+ by

h=maxhr, 67 = max h—T
TeT TET pr

We denote by V the set of the vertices of the discretization T, located at positions
(xx)xey. The set € of the edges of T is made of straight segments ¢ joining two
vertices of V. Given T,T' € T, we assume that T N7’ is either empty, or it is
reduced to xx for some K € V, or it consists in an edge o belonging £. For
T € T, we denote by Er the set of the edges of T" UUESTE = JT. We assume
that & = Uper - Given two vertices K, L € V of a triangle T, then the edge
joining xx and x, is denoted by ox. For K € V, one denotes by Tx the subset
of T made the triangles admitting K as a vertex, by £k the set of edges having the
vertex K as an extremity, and by Vg the subset of V such that, if L € Vg, then
[Kk,x] is an edge of Ek.

Once the primal triangular mesh has been built, we can define its dual barycentric
mesh M as follows. To each K € V, we associate a cell wg whose vertices are the
isobarycenters @ of the triangles T' € Tk and the isobarycenters ., of the edges
o € Ek. Note that Q = UKev wg. We refer to Figure 2 for an illustration of the
primary and dual barycentric meshes. The 2-dimensional Lebesgue measure of wg
is denoted by my.

Let us now introduce some useful functional spaces. The space V- C C(Q) is
made of piecewise affine functions on the primal mesh, i.e.,

Vi ={feH"Q)]fi, is affine, VT € T}.

For all K € V, we denote by ek the unique element of Vi such that ex(xy) =1
and ex(xr) =0if L € V\ {K}. The geometrical construction of wx ensures that

/eK(m)dm:/ de =: mg, VK e V.
Q WK

We can also define the set of the piecewise constant functions on M, X ¢, by

Xm ={f:Q — R measurable | f., € Ris constant, VK € V}.

Given a vector (ux)rxey € R#Y, there exists a unique ur € Vi and a unique
up € X such that ur(zg) = upm(@k) = ug for all K, L € V. Let us note that
uT = ) ey Ukex. Moreover, for all ¢ € [1,00), there exist C; and Cy depending
only on ¢ and on #7 such that

(M) Cillurllza@ < llumllpa@) < Collur|La@. VY (uk) ey € R*Y.

A proof of the above inequalities can be found for instance in [16, Lemma A.6].
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FIGURE 2. The triangular mesh 7 (solid line) and its correspond-
ing dual barycentric dual mesh M (dashed line).

2.1.2. Space-time discretizations. In order to avoid heavier notations, we restrict
our study to the case of a uniform time discretization of (0,¢). However, all
the results presented in this paper can be extended to general time discretizations
without any technical difficulty. In what follows, we assume that the spatial mesh
is fixed and does not change with the time step.

t
Let N be a nonnegative integer, then we define At = N—J;— L and t, = nAt for
all n € {0,..., N + 1}, so that tp =0, and tny11 = ty.

We define the space and time discrete spaces Vi a: and Xaq ¢+ as the set of
piecewise constant functions in time with values in V7 and X respectively:

Vrar ={f: Qi = R fz,t) = fla, t"T) € Vi, VEE (tn, tnsa]},
XM7At :{f : Qtf — @ | f(x7t) = f(xatn+1) S XM: Vt S (tnatn-&-l}}-

For a given (u?(J”l)ne{o,__.’N}’Kev € RIV+D#V we denote by ur a; and upm,A¢ the
unique elements of Vi A+ and X a; respectively such that

(8) uT,At(mK7t) = uM,At(xKvt) = unK+1a VK € Va vt € (tnatn—i-l]'

2.2. Finite elements. The method we propose, and more generally the CVFE
method, is based on P;-finite elements. We introduce in this section the technical
material that is needed in order to define the scheme and to perform its analysis.
We define the transmissibility coefficients

(9) arr = —/ AVeg -Verdx =ary, VT €T, V(K, L)€V
T
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and
(10) aKL:aLK:—/AVeK-VeLd:c: Zafﬂ, V(K,L)EVQ.
Q2 TeT
Note that axy, = 0 unless o € €. Moreover, since Y, Vex = 0, we have that :
Key
(11) —AQKK = Z agr > 0.

L#K

As a consequence of (10)-(11), given uy and vy two elements of Vi, one has
(12) / AVur - Vorde = Z axr(ux —ur)(vg —vr)
Q

OoKLEE
= Z Z akr(ugx —ur) (v —vr).

TeT oxrL€ET

The following lemma plays a crucial role in the numerical analysis carried out in
this paper. We refer to [15, Lemma 3.2] for its proof.

Lemma 2.1. There exists Cs depending only on 67, A and A such that, for all
ur € Vr, one has

S laxclux —ur)® < > Y afepl(ux —ug)® < 03/ AVur - Vur de.
oKxLEE TeT ok €EET @

We will need the following control of axr, .

Lemma 2.2. There exists Cy depending only on 67 and A such that, for any
oxr € € where (K, L) € V? one has

lakr| < Ch.

Proof. Using classical properties of the affine change of variable between simplexes,
one has for any a € V and for any T' € T

(13) HveaHL?(T) <2

s
"ﬂ

We have also for any a € V

suppeq C UreT, T
Let (T,T") € T? such that ok, =T NT’. In the case where T and 1" are distinct
we have
aKLz—/AVeK~VeLdm— AVBK'VGLd.’B.
T T
Consequently using (13) and Holder’s inequality we obtain that

).

mo

—m
lakr| < 4A(72T +
T T

In the case where T and T” are equal we have

A = 7/ AVeK . VEL d:I}7
T
which gives using also (13) and Holder’s inequality

|aKL| § 4Km72T
Pr
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By virtue of the definition of 67 one has for any T' € T
i
ZP% <mr < 7T92TP?P,
which gives the expected results where Cy = 87||A[| Lo (22607 O

The following Lemma and its proof can be found in [15].

Lemma 2.3. Let ur € Vg, then one defines the piecewise constant functions ur
and ur mapping 2 to R by

ur(x) = 81611; u(x) for any x € T,
€

ur(x) = ing u(zx) for any x € T.
e

Then there exists a constant Cs only depending on 1 < p < co such that

a7 — urlze) < Cshl|Vur|Lr ()
The following Lemma is a consequence of the previous Lemma.

Lemma 2.4. Let (ur)xey € R*Y. Let ur € V& and up € Xpq be the corre-
sponding piecewise linear and piecewise constant reconstructions defined in §2.1.1.
Then there exists a constant Cg only depending on 1 < p < co such that

lur = umllio ) < Cohl|Vur ooz

2.3. The nonlinear CVFE scheme. In this section, we explicit the discretization
of the problem (1) we will study in this paper. The time discretization relies on
backward Euler scheme, while the space discretization relies on finite elements with
mass lumping and a suitable upwinding of the mobility.

The discretization s, € X of the initial data is defined by

1
(14) s9 = —/ so(x) de, VK eV, with s=forg.
mg WK

and we denote (bg)key the family given by
bg = b(xk) for any K € V.
In the sequel, we set

u=f+g+0, v=vf+g+b.

Let us 1noW introduce the scheme. For all n € {0,..., N}, a solution ( I@H)Kev
n+

and (gK )Kev to the scheme at the time step n 4+ 1 have to satisfy the following
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equations : for all K € V,

n+1 o f
(152) et Y vl e i - ) =0
OKLEEK
b 9?{“ 9K n+1 ntl _ndly
(15b) A7 mg + Z 9% orn(VE v ) =0,
oKLEEK
(15(3) n+1 _ n+1 +g"+1+bK,
R
mn + : n n
(156) n+l _ ( K+1)+ if aKL(uKJrl ’LLL+1) > 07
KL ( E«‘,»l lf aKL( n+l n+1) <0’
n + : n n
e T P
(gz+l) if aKL( }L{+17 Z+1) <07

with 7 = max(x, 0).
This scheme, whose construction is based on finite elements via (10), can be
interpreted as a finite volume scheme. Indeed denoting by

n+1 n+1 n+1 n+1 n+1 __ n+l/ n+1 n+1
Frp =vakcfrp (ug —up™), Gip =akxrggy (Vg —vp ),

the scheme (15) can be rewritten under the locally conservative form on the dual
cells wg :

Fpit + it =0, for all oy € Ex
n+1l f
o + > Fppl=0, forallK eV,
(16) oKLEEK
Gyt + Gt = for all ok € €k
gi ' — gk
KTth K+ Z G}?Ll =0, forall KeV.
oKLEEK

As a straightforward consequence, we can claim that the scheme (15) is globally
conservative, i.e.,

(17) Z my st = Z mysy = / so(x)de, Yn >0, withs= forg.
Key Kev @

2.4. Main results. The scheme (15) amounts to a nonlinear system to be solved
at each time step. The existence of a solution to this system is therefore non trivial.
The first result we highlight is thus the existence of a solution to the scheme (15)
and the stability in terms of the discrete entropy defined as follows :

e = (iR gk) = 3 muc(STUR) +ToR)),

KeV

Theorem 2.5. There exists (at least) one solution ( "H,g%ﬂ)KEv nefo,..N} O

the scheme (15). Moreover, i > 0, g > 0 for all K € V and for all n €
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{0,..., N} and there exists C depending only on 2, fo, go, v, tf,K and b such that

N
sip €4S A Y [ - Y g - g <

ne{0,...,N} n=0 orLEE

+1 4l
K 9K )KEV,nE{O,m,N} at hand for all

meshes and all time discretizations, then we can study the convergence of the scheme
when the discretization parameters tend to 0. More precisely, consider a sequence
(Tm)m>1 of triangulations of § such that

Once we have the discrete solution (

(18) hm = max diam(7T) — 0,

TETm m—so0

and such that there exists * > 0 such that
(19) Or., <60*, Ym>1.

A sequence of dual meshes (M,,),>1 corresponding to the triangular meshes
(Tm),,>1 is built as in §2.1.1. Let (N,,)m>1 be an increasing sequence of integers,
then we define the corresponding sequence of time steps At,, = # tending to
0 as m tends to oco.

Theorem 2.6. Let (Tp,),,~; be a sequence conformal triangular discretization of

Q such that (18) and (19) hold. Let (fat,, Ato> YMo,Ats ),y bE @ sequence of

solutions to the scheme (15). Then there ewists f : Q, — Ry and g : Q4 — Ry
two mesurable functions such that (f,g) € L>(0,tp; LY(Q)) N L2(0,t5; HY()) and
such that, up a subsequence

. at, — f weakly in L*(0,tp; H(Q)),

M, AL, — g weakly L*(0,t5; H'(Q)),

o at, — f a.ein(0,t5) X Q,

IMon AL, — g a.e in (0,t5) x €,

and (f,g) € L*(0,ty; H'(Q))? is a weak solution to (1)-(3) in the following sense

ty
(20) /0 /Q(fatw—quV(f—kg—kb)~V1/))dxdt+/ﬂfow(.,0)dx:0,

t
(21) /Of[)(gat¢—gAV(uf+g+b)-vw) dzdt+/ﬂgow(.,0)dw:0,

for all test functions 1 € C§° (2 x [0,t5)).

The paper is organized as follows. The existence of nonnegative solution is
shown in Section 3. Discrete counterpart of the entropy/entropy-dissipation (6)
is established in Section 4. Section 5 is devoted to the convergence proof of the
scheme. This proof is based first on the compactness of the sequence of approximate
solutions and then on the identification of the limit. We finally present numerical
experiments in Section 6, to illustrate the behaviour of the model and of the scheme.
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3. EXISTENCE OF A NONNEGATIVE DISCRETE SOLUTIONS

First all, we prove the positivity of the discrete solutions. This estimate allows
to prove the existence of a solution to the nonlinear system (15).

Proposition 3.1. For all K € V,n >0,

(22) fk =0, g =0,

hence

(23) > omcfie =Y mfi = ol
Kev Kev

and

(24) > migie =Y mrgk =lgollzr @)
Kev Kev

Proof. The property (22) clearly holds for n = 0 thanks to (5). Assume now that
(22) holds at time step n. Let us assume that

wtl <0, for some K € V.

In view of the definition (15¢) of fi+" one has that

VAL +
wH= — E <(f172+1)+ {GKL(UTIL{-H - “TLLH)}
K N——
OKLEEK

=0
~ U o (e — )| ) 20

yielding a contradiction, ensuring that
et >0, VK eV,vn>0.
Proving that g} > 0 for all K € V,Vn > 0, is similar. O

Now, one can apply the same strategy as in [3, Proposition 2.2] for proving the
existence of a solution to the scheme (15).

Proposition 3.2. Given (%, g% )kev such that fas ac(.,nAL) and g acl., nAt)
are nonnegative. There exists (at least) one solution (f1, g™ ) key to the scheme (15).

Moreover fasac(., (n+1)At) and g, ac(., (n + 1)At) are nonnegative.

The proof of Proposition 3.2 is not detailed here since it mimics the one of [3,
Proposition 2.2]. Let us just mention that we follow the methodology proposed in
[27], using a topological degree argument [23, 36].

4. ENTROPY ESTIMATE

The goal of this section is to establish discrete counterpart to the entropy /entropy-
dissipation estimate (6) that appears to be sufficient to establish Theorem 2.6. In
what follows, (f%, 9%)kev,ne{o,..,N+1} denotes a solution to the scheme (15). We
recall the discrete version of entropy functional :

& = (/o) = S mic (LT + T(0R) ).
Kev
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Proposition 4.1. (Entropy stability) For all n € {0, ..., N}, one has

1-v
€n+1 _en g § : aKL |:( n+1 sz—l)Q + (g%ﬂ _ gz+1)2
oxL€EE
At )
<— - .
(25) S+ D) > laxrl(bx —br)

oKLEE

Proof Let us assume momentarly that f”+1 > 0 for any K € V. We multiply (15a)
n+1
by At28 K

over K € V provides that :

and summing over K € V and (15b) by Atlog g"Jrl and summing

A=B+C,
where

1 n n n n
A=3 muc [ = filog £t + (g = gic) log g™,
Key

= —At Z Z GKL n+1( }?H TLL—H) 10gf17§+1a

KeVorgr€€k

C = _At Z Z CLKLQ?(EI (U}z(ﬂ n+1> loggn+1.
KeVokgr€EEK

By the convexity of I', we find that

1
Az Y |- (D) = T(R) + Dlgi™) —Tlg)| = e —en.
Key
We perform a summation by parts and using the symmetry of axy, :

B=—At Y arcfiiy (i —up)(log fi! —log f1)

oxLEE
=—At Y (i arr (it =t = agp (uitt —up )
oK LEE

x (log it —log f7).

The Taylor expansion around f}}“ shows that
—Zn+1 n n n n
(26) Ficr, (og fiett —log ff*1) = fiett — fi*,

where fKL =t fitt 4+ (1 —tgp) fp T for some trr € (0,1). Tt is shown in [30,
p. 468] that

n+1
B<-At Y agp(uptt —uft)Fiy (log fitt —log fith).

oKLEE

Using (26), one has
B < -At Z CLKL(U}?H uf“)(f}?rl - fE—H)'

oKLEE
In the same way, we have

C<—At Y agr (Wit =Pt (gi — it

oKLEE
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B+C < At Z aKr [( ;—H _ fZ-H)Z + (g?{-&-l _gz+1)2:|

oxrL€EE
~ A YT arnlbre —bo) [ - S5+ (R - 0]
oKkLEE

—(v+1)At Z ar(f™ = i — 91 ™).

oKLEE

Using the Young inequality, we have

Di= At 3 akr(br —bo) [(FF = FF) + (g5 — g1 h)]

oKLEE

€ n n n n
< o5 Z |aKL‘(bK_bL)2+§At Z |aKL|[( K+1_ L+1)2+(9K+1_9L+1)2}

oKkLEE oKkLEE

+eat Y Jarn(Fptt = 1) (gt - gt

oKLEE

We choose € = v + 1, then since |z| = © 4+ 22—, with 2~ = max(—=x,0), one has

V+1 n n n n
D < 5 At Z CLKL[( K+1— L+1)2+(9K+1_9L+1)2}
oxL€E
F DALY ar [ A4 (g - gt
oxLEE

+ W4+ DAE Y arn(f = @R - gt

oxL€EE

2+ DA Y Jarc (T = 2GR a1

oKLEE

At

+ T D) Z larr|(bx —br)?,

oKLEE

concluding the proof of Proposition 4.1. In the general case that is f};“ > 0 for
any K € V and for any n € {0,..., N 4+ 1} we introduce f2° = fit + e. Following
the previous proof on obtain that for any n € {0, ..., N},

n+1,e n,e 1-v n n n n
(27) enihe—em TAt Z KL [( [ AR R (/SR AR

okrL€E
—eAt Y axr(uit = upT ) (log(fRT) — log(£1)
oxrL€E
—eAt Y agp(vit = opt)(log(gr™) — log(gr )
oxrL€E
At
< br — 2.
<oy 2 lwellx —br)

oxLEE
where the entropy ™€ is given by
1
en’g — (7 n,e n,e ).
Z mg VF(fK )+ T(gr")
Key
Passing to the limit when ¢ — 0 in (27) gives the expected result. O
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Remark 4.2. We define the L*(0,t¢; H' () semi-norm on Vi by :
N 4
ulf 7 = ZAt Z arr (Ut —upth)? / / AVur - Vur de dt.
n=0 oKLEE

Corollary 4.3. There exists C7 depending only on tf,Q,fo,go,l/,b,GT,K and A
such that

1—
(28) sup €™t v (
nef{0,...,N} 2

7)<Cr

Proof. Summing (25) over n =0, ...,m where m € {0, ..., N} provides
@WH4,< eq

Summing (25) over n =0, ..., N provides

N
1-v "
eVt L S TAE Y arn [ - S (0 - gt

oKLEE

N
1
<efr— S A S by — by )2,
= +2(1/+1)n20 s |(bx = br)

oxLEE
As a consequence of Jensen’s inequality, one has

€ = 3 mie [T + Tk < [

A [%F(fo) + F(go)} dz < +oo.
Key

Moreover

N
ZAt Z |aKL|(bK_bL>2§C4tfHVb||<2>o Z |£L'K—£L'L2

oKkLEE oKkLEE

Using the fact |z — x|? < 407-mT for ok € Er we have

12
Z ler —xp|* < ?G%mg.

oKLEE

Consequently

N
12
AA _ 2 < ZC, 2 2
nE t Y lakcl(bx —br)® < Wcltf"m@THVwa

oKLEE

concluding the proof of Corollary 4.3 where C7 = &(fo, go) + tyma6%|| Vb2,

O

(V+1)
Corollary 4.4. There exist Cg and Cy depending only on ts,Q, fo,go,v,b, 07,
A and A such that

(29) | fr.atllze s ) + 97,atl L0452 2)) < Cs,

and

(30) I fr.atllzzo.5m1 ) + 197.atll 220,551 () < Co.
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Moreover for any 1 < r < 3 there exists Chg only depending on ty,Q, fo, go,v, b, 0T,
A, A and r such that

(31) If7.adler@.,) + l97.acllLr @) < Cro
Proof. By virtue of Corollary 4.3 and the following inequality
t—1<T(t) forany t > 1,
one has
Il fmatllLoe (0,52 @)) + lgm,atllLoe (0,501 ()) < 2(2ma + C7).

Using (7) we obtain (29). Using the fact that A is uniformly elliptic we have

(32) 1—v

AV Fracllizo,,.2)2) + VT80 2(04,502(002)) < Crs
which gives (30). O

5. CONVERGENCE TOWARDS A WEAK SOLUTION

The proof of the convergence properties stated in Theorem 2.6 is based on com-
pactness arguments. As a first step, we show in §5.1 the appropriate compactness
properties on the reconstructed discrete solutions. Then we identify in §5.2 the
limit value (whose existence is ensured thanks to the compactness properties) as
the weak solution to the problem (1).

5.1. Compactness properties of discrete solutions. As it is classical for un-
steady problems, we need to prove some time-compactness for the approximate
solutions. We make use of the time-compactness result for degenerate parabolic
equations proposed in [8], as an alternative to the classical technique that consists
in estimating the time-translates (see [6] in the continuous setting and [28] in the
discrete setting). In particular we use [18, Theorem A.1] which is an adaptation
to the discretization considered in this article. To this end, we need the following
lemma.

Lemma 5.1. There exist C11 and C12 depending only on ts, fo, go, v, b, ... such that

N
(33) > > mr(fi™ = f)e(@r,tar1) < CuillVeli=(a,,)  © € C ()
n=0 KeV

N
(34) DD mrlgp — gk)e(@r, tnn) < CoalVeli=a,,), ¢ € CZ(,).
n=0 K€V

Proof. We only establish (33) since the proof of (34) is similar. For the sake of
readability, we denote by 4,07;(“ =¢(xg,tps1) forall K € T and all n € {0, ..., N}.
We multiply the scheme (15a) by Ate’k™ and sum for K € V, for n € {0,...,N} .
This yields :

A =B,

where

A=Y mi(fE = fert
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and

N
B=—vY At Y axufif i —upt et - o).

okLEE

We have

N
B <12 At Y ok —xpPlaxcl(fi])7 X

n=0 oxLEE

N
oAt Yy faxrl(ui —upt Vel e, )
=

okxLEE

Using Lemma 2.2 we have

N
|B|2§C4V22At Z ‘:I)K—:EL| ( n+1) X

n=0 oxLEE

N
oAt Yy laxrl(u —upt Ve, ).

n=0 oKkLEE

Using (fih)? < 2((ftH)? + (g5 h)?) and |zx — xp|? < 202.m, for a € {K,L}
we have

N N
24
DAL Y ek —w (S < ;9272& D (m(fE)? +mu (%)
n= oxLEE n=0 oKkLEE

Moreover we have

Do () ma () = 3 card(Tiomuc (£t +

oxrLEE KEVint
Y (card(Ta) + D)(Ti)mrc (fzH)?
K€EVert

Let us remark that there exists C13 depending only on 7 and such that card(7,) <
C13, where T, denotes the subset of 7 made of the simplices admitting a € VV as a
vertex which gives

n n 24
HTZAt S (i (fE)? + mi(fpth)?) < ?9%—(013 + 1)||fM,AtH%2(Qtf).

oKLEE

Consequently using (7) and (31) one has

N
24
(35) V2 Z At Z lex — CCL| larr|( n+1) < ?VQCgcle]?O(ClB + 1)9%—
oxLEE
Using Lemma 2.1 we have

At Z lagp|(up —uf ™) < Oy AV (fr.at+97.a0)- V(T a0 +97,a0) dT dt.

oKLEE Sy

Consequently using the fact that A is uniformly elliptic we have

At > Jagr)(uitt —upth)? <2057 AMIVIradlizo,,) + 1Voradiz,,)-

oKkLEE
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Using (30) we obtain that
(36) At Y Jago| (it —upth)? < 205AC3.

oKLEE

Therefore (33) holds with C?, = 2812A02C2C,C%,(C15 + 1)C5C3.

We can now state the expected compactness properties.

Proposition 5.2. There exist f : Q;, — Ry and g : Qy, — Ry two measurable
functions such that, up to an unlabeled subsequence, one has

froma, = [ aein(0,ty) xQ and g7, A,, — g a.e in (0,t7) x Q,
froa,, — f weakly in L*(0,tp; H(Q)) and g7, A, — g weakly in L*(0,t;; H'(Q)).
Proof. We only establish the convergence results for the sequence (fr,, A,.)m>1
since the proof for the sequence (g7, A,, )m>1 is similar. From (29) we obtain that

the sequence (fr., A,,)m>1 is uniformly bounded in L%(0,ts; H'(2)). Therefore,
there f € L%(0,ts; H'(2)) such that up to an unlabeled subsequence

(37) fro.a,, — f weakly in L*(0,ts; H' ().
Thanks to (31) and Lemma 5.1, we can apply [8, Thorem 4.1] to obtain up to an
unlabeled subsequence

fro.a, — faein (O,tf) x Q.
By virtue of (22) one has

fMoat, 2 0aein (0,t7) x Q,
which gives

f>0a.ein (0,tf) x £,
which conclude the proof of Proposition 5.2. ([l
(fTn.Am Jm>0 and (g7,,.A,, Jm>0 are bounded in L"(€;,) with 1 < r < 3 thanks
to (31). Hence (f7,, A,,)m>0 and (97, A, )m>0 are equi-integrable in L"(£2,).
Applying the Vitali’s convergence theorem we deduce that
Lemma 5.3. Keeping the assumption and notations of Proposition 5.2 , one has
T, — f, strongly in L"(Qy,), for all v <3,
m——+00

and
9T A T}oo g, strongly in L" (%), for all r < 3.

™ m—
5.2. Identification as a weak solution.
Proposition 5.4. Let (f,g) be as in Proposition 5.2, then f and g are a weak
solution to (1)-(3) in the sense of (20) and (21).

Proof. Let 1 € C§°(Q x [0,t7)) be a test function and ¥} = ¥ (zk,t,) for all
K €V, and n € {0, ..., N,,, + 1}. We first establish (20) from (15a) and to obtain
(21) from (15b) is similar. In order to prove that f is a weak solution, we multiply
(15a) by At} and sum over n € {0, ..., N, } and K € V,,,, we obtain

Ay + By =0,
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where
N
_ n+1 n+1
Ay = mK( K ) K7

n=0 KEV,,

N,
n+1 1+1 n+1
By =v E Aty E Vi E aKLf ( 7K’ —ug )

n=0 KeVm oKLEEK

Note that 1/)%’”“ =0 for all K € V,,, then a discrete integration part yields

N, ’I’LJrl

fszt Zm wan+1 Zme?(w%
n=0

KeVn, KeVy,

ty
—/ /me,Atm&/}Mm,Atm dwdt_/f'gz/wm(wo) dx
o Ja Q

n+1 wK

At

Thanks to the regularity of v, the function d%a,, A, converges uniformly towards

Oyp on €2 ,. Moreover by virtue of Lemma 5.3 we have

where the function 69, ar, (K, t) = , if (T, t) € wi x (E7, 7).

Mo, — fin LY(Q,) as m — oo.
Therefore
(38)
tr ty
/ / I, At (00) M, AL, daedt — / / ft, )0 dedt asm — oo.
0o Ja o Ja

Moreover, (f2),>1 converges strongly in L!(Q) towards the initial data fo and
(Y., At,, (-;0))m>1 converges uniformly towards ¢(.,0). Therefore, we get that

(30) / f&,,”mmwM,n,m,,x.,o> do— [ fo@(00de m— o,

We deduce from (38) and (39) that

nd (
t
(40) Ay — — /f/ftwatwdwdt—/fo 0)de m — .

Let us now focus on the term B,, and prove that
B,, — vfAV(f +g+0b)- Vi dadt.
O

To do this, let us introduce the term B], defined by

B’:Tl = / Vfﬂrz7At7n AV(fTNL)At’NL + g’rr7l7At’"’L + bTm) : VwT’l’YL)At’NL (.7t - Atm) dm dt.
Q

tf
where me At,,, 1S a piecewise constant function (on the triangular mesh) such that
for any x € T and for any ¢ € (t",t"+1)

[T, (@ t) = f1 (= Z et

KEVT

Clearly one has

(41) 1T = FTmam 2200, ) %) < BT IV £ 8 122 (0, ) %) -
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By virtue of the strong convergence in L?(Q,) of (f7;,,at,. )Jm>1 towards f and the
weak convergence in L?(€,)? of V(f7., at,. +97,.At,, +b7,,) towards V(f +g+b)
which are consequences of (31) and Lemma 5.2 we have

(42) Bl — vAfV(f+g+0b)- Vi dadt.
Qi

It remains to prove that R,, = B, — B}, — 0 as m — oo. To do this we remark
that

By = uZAt Y arnfipt it =t Wk — v).
oxkLEE

and using the properties of the family (ax 1)k, 1)ev> one has

m_uzmm S ek it -t i — v

T€Tm oxLEET

The term B, can be written as follows

_yzm Do Y dknluitt —upt Wk — o).

TETm okLEET

Indeed we can write

—uZAt > /f;e“Av 4 g by ) VY dadt.

TETm
One has for any T € 7,
/ v QHAVu”Jrl Vi dedt = —vf" (@) Z ulhtt Z Yrat ;.
T Kev Ley
As a consequence of (10)-(11) one has for any T € T,
DoouRtt Y Ypakr=— Y akp (Rt —uft @R —97),
KeVn, LEVm oxkLEET

which gives the expected result. Consequently

N
Bl =v) Atw Y D aip(Fip' = 7D —up @k — o).

TETm oxLEET

We remark that for any 7' € 7, and for any (K, L) € V2 such that ox € E7 we
have

2
FiE! = F77 < 5 (max [ (@) — min £ () = A7

and following the proof of Lemma 2.1 (cf. [9, Lemma 3.2]), we can prove that

S okl @k — 1) < CRIVYIB e,

OoKLEET
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Consequently by virtue of Holder’s inequality and Lemma 2.1 we have

N,

|By, — B, |2<1/22At STAFE N lafellvk — w7

TE€Tm oKLEET

« ZAt Z Z ‘aKL”un—i-l n+1|2

T€Tm okLEET

< ng?KHV'I/J”Loo(Qtf)z(Z At,, Z mT(Angrl)Q) ‘/Q AVUTM,AM-VUTm,Am dx dt.
tf

n=0 TETm

Moreover using [15, Lemma A.1] there exists C14 such that

N
> Aty TXT: mp(AH)? < Cuh IV f1,, At QLQ(Qtfy
€Tm

which gives

|B — By,|? < CL%VQKvaan(Qtf)2014]7’2m||Vf77mAtm||%2(Qtf)x

/ AVUTM,AM . VuTm’Am da dt.
Q,

Consequently using (30) we have

(43) Bpn— B, =0

From (40), (42) and (43) we obtain that f and g satisfy (20). O

6. NUMERICAL RESULTS

Let us provide some illustrations of the behavior of the numerical scheme (15).
The nonlinear system (15) is solved thanks to Newton Raphson method. In our
test case, the domain is the unit square, i.e., Q@ = (0,1)2. We consider an admissible
triangular mesh made of 7297 vertices. An illustration of a mesh type used here is
given in Figure 3. These triangle meshes show no symmetry which could artificially
increase the convergence rate. All angles are acute, so that, in the case of an
isotropic tensor A, the coefficients ax are all non-negative. This is no longer the
case when A is chosen to be anisotropic. To be more precise concerning the diffusion
tensor, we have considered constant diagonal tensors

Apz O
= (% )

where A, and A, are chosen constant in 2.

The numerical analysis of the scheme was carried out for a uniform time dis-
cretization of (0,ty) only in order to avoid heavy notations. In order to increase the
robustness of the algorithm and to ensure the convergence of the Newton-Raphson
iterative procedure, we used an adaptive time step procedure in the practical im-
plementation. More precisely, we associate a maximal time step Aty = 0.00001
for the mesh . If the Newton-Raphson method fails to converge after 30 iterations
—we choose that the £°° norm of the residual has to be smaller than 10~7 as stop-
ping criterion—, the time step is divided by two. If the Newton-Raphson method
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converges, the time step is multiplied by two and projected on [0, Atyax]. The first
time step At is equal to Aty in the test case presented below. We perform the

FIGURE 3. Mesh type used in the numerical test

numerical experiments with the following data taken from [2, 3]

b(x,y) = max (O7 % (1 —16(x — 1/2)2) ((cos(ﬂy) + 2)), v =0.9.

As an initial condition we take

1 1 1 1 1
— ifxr < -, b(f,O)—bx, —(x—f) ifx <=,
0 elsewhere, 0 elsewhere.

Let us provide some illustrations of the behavior of the numerical scheme (15).

Figure 4 and 5 show the evolution of b(z)+g(z,t) (red) and b(x)+g(z,t)+ f(z,t)
(blue) in the case isotropic and anisotropic. There is convergence towards a steady
state, with horizontal interfaces as expected (see [24]).

Figure 6 shows the control of the entropy in the case isotropic and anisotropic.
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