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Abstract We study local and global properties of positive solutions of —Au = u?+M |Vu|? in a domain
of RY in the range min{p, ¢} > 1 and M € R. We prove a priori estimates and existence or non-existence
of ground states for the same equation.
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1 Introduction

This article is concerned with local and global properties of positive solutions of the following
type of equations
—Au = M'|ulP~ u 4+ M |[Vul?, (1.1)

in Q\ {0} where Q is an open subset of RY containing 0, p and ¢ are exponents larger than
1 and M, M’ are real parameters. If M’ < 0 the equation satisfies a comparison principle and
a big part of the study can be carried via radial local supersolutions. This no longer the case
when M’ > 0 which will be assumed in all the article, and by homothety (1.1) becomes

—Au = [ulP" u+ M |Vul|?. (1.2)
If M =0 (1.2) is called Lane-Emden equation
—Au = |ulPtu. (1.3)

It turns out that it plays an important role in modelling meteorological or astrophysical phe-
nomena [15], [13], this is the reason for which the first study, in the radial case, goes back to the
end of nineteenth century and the beginning of the twentieth. A fairly complete presentation

can be found in [18]. If N > 3, This equations exhibits two main critical exponents p = %
and p = M which play a key role in the description of the set of positive solutions which can

be Summarlzed by the following overview:

-If1l<p< N 5, there exists no positive solution if {2 is the complement of a compact set.
Even in that case solution can be replaced by supersolution. This is easy to prove by studying
the inequality satisﬁed by the spherical average of a solution of the equation.

2-Ifl<p< N 2, there exists no ground state, i.e. positive solution in RY. Furthermore any
positive solution u in a ball B = Br(a) satisfies

u(@) < e(R— |z — a) 7, (1.4)
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where ¢ = ¢(N,p) > 0, see [19].
3-Ifp= %—f% all the positive solutions in RY are radial with respect to some point a and endow
the following form

z

-2

(N(N —2)))
A+ |z —af?)
All the positive solutions in R \ {0} are radial, see [12].

4-If p > % there exist infinitely many positive ground states radial with respect to some
points. They are obtained from one say v, radial for example with respect to 0 by the scaling
transformation 7}, where k& > 0 with

u(x) == uy(z) =

(1.5)

2
N}

2

Too](z) = k7T (kz). (1.6)

Indeed, the first significant non-radial results deals with the case 1 < p < NL_Q They are
based upon the Brezis-Lions lemma [11] which yields an estimate of solutions in the Lorentz

space L%’Oo, implying in turn the local integrability of u?. Then a bootstrapping method as in
[21] leads easily to some a priori estimate. Note that this subcritical case can be interpreted using
the famous Serrin’s results on quasilinear equations [24]. The first breakthrough in the study of
Lane-Emden equation came in the treatment of the case 1 < p < %; it is due to Gidas and
Spruck [19]. Their analysis is based upon differentiating the equation and then obtaining sharp
enough local integral estimates on the term w¢~! making possible the utilization of Harnack
inequality as in [24]. The treatment of the critical case p = %, due to Caffarelli, Gidas and
Spruck [12], was made possible thanks to a completely new approach based upon a combination
of moving plane analysis and geometric measure theory. As for the supercritical case, not much
is known and the existence of radial ground states is a consequence of Pohozaev’s identity [22],

using a shooting method.

The study of (1.2) when M # 0 presents some similarities with the one of Lane-Emden
equation in the cases 1 and 2, except that the proof are much more involved. Actually the
approach we develop in this article is much indebted to our recent paper [6] where we study
local and global aspects of positive solutions of

—Au = uP |Vul?, (1.7)

where p > 0, 0 < ¢ < 2, mostly in the superlinear case p + ¢ — 1 > 0. Therein we prove the
existence of a critical line of exponents

(£) :={(p,q) € Ry x[0,2) : (N =2)p+ (N —1)g = N}. (1.8)

The subcritical range corresponds to the fact that (p,q) is below (£). In this region Serrin’s
celebrated results [24] can be applied and we prove [6, Theorem A] that positive solutions of
(1.7) in the punctured ball By \ {0} satisfy, for some constant ¢ > 0 depending on the solution,

u(z) + |z| |[Vu(z)| < c|z)*™™  for all z € By \ {0}. (1.9)

When (p,q) is above (£), i.e. in the supercritical range, we introduced two methods for
obtaining a priori estimate of solutions: The pointwise Bernstein method and the integral Bern-
stein method. The first one is based upon the change of unknown v = v=?, and then to show
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that |Vu| satisfies an inequality of Keller-Osserman type. When (p, q) lies above (£) and verifies

(i) either1§p<%andp+q—1<ﬁ7

.. 2
(iJor0<p<landp+¢g—1< Iff’ﬁ)l),

we prove that any positive solution of (1.7) in a domain Q C R¥ satisfies

IVt (z)] < ¢ (dist (z,00)) " 7T for all & € Q, (1.10)

for some positive ¢* and a depending on N, p and ¢ [6, Theorem B]|. As a consequence we prove
that any positive solution of (1.7) in RY is constant. With the second method we combine
the change of unknown u = v~ with integration and cut-off functions. We show the existence
of a quadratic polynomial G in two variables such that for any (p,q) € R4 x [0,2) satisfying
G(p,q) < 0 any positive solution of (1.7) in RY is constant [6, Theorem C]. The polynomial G
is not simple but it is worth noting that if 0 < p < %, there holds G(p,0) < 0, which recovers
Gidas and Spruck result [19].

For equation (1.2) we first observe that the equation is invariant under the scaling transfor-
mation (1.6) for any k > 0 if and only if ¢ is critical with respect to p, i.e.

_ %
1= p+1
In general the transformation T} exchanges (1.2) with

2p—q(p+1)

—Av ="+ Mk 1T |Vov|, (1.11)

hence if ¢ < 1%’ the limit equation when & — 0 is (1.3). We say that the exponent p is
dominant. We can also consider the transformation

2
S[v](z) = ke tv(kz), (1.12)
when ¢ # 2, which is the same as T}, if ¢ = 1%, and more generally transforms (1.2) into
9—r(2—q)
—Av=Fk 1 o+ M|Vu|. (1.13)

Hence if ¢ > 1%’ the limit equation when k& — 0 is the Riccati equation

—Av = M|Vv|l. (1.14)

It is also important to notice that the value of the coefficient M (and not only its sign) plays a

fundamental role, only if q = I%. If ¢ # ]% the transformation

2 —
w(z) = av(y) with a =|M| D2 and y = " (1.15)

allows to transform (1.2) into
—Av = |v|Ptv £ |Vol?. (1.16)
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The equation (1.2) has been essentially studied in the radial case when M < 0 in connection
with the parabolic equation

O — Au + M|Vul? = |uP~ u, (1.17)

see [14], [16], [17], [25], [27], [30], [31]. The studies mainly deal with the case ¢ # 1%, although

not complete when ¢ > ]%. When ¢ = % the existence of a ground state is proved in
dimension 1. Some partial results that we will improve, already exist in higher dimension. The

case M > 0 attracted less attention.

In the nonradial case, any nonnegative nontrivial solution is positive since p,q > 1. We first
observe, using a standard averaging method applied to positive supersolutions of (1.3), that if
M=>0,1<p< 2whenN>3 anyp>11f]\7—1 2, then for any ¢ > 0 there exists no
positive solution in an exterior domain. When 0 < ¢ < + the equation endows some character
of the pure Emden-Fowler equation (1.3) by the transformation Tj. In [23] it is proved that if

0<g< p+1’ l<p< N+2 and M € R, any positive solution of (1.3) in an open domain satisfies

u(z) + |Vu(x)|ﬁ < CNpg M (1 + (dist (z, 89))_1)%1) for all x € Q. (1.18)

Note that this does not imply the non-existence of ground state. In [1] Alarcén, Garcia-Melidn

and Quass study the equation
—Au = [Vul? + f(u), (1.19)

in an exterior domain of RY emphasizing the fact that positive solutions are super harmonic
functions. They prove that if 1 < ¢ < 1 and if f is positive on (0,00) and satisfies

limsup s ?f(s) > 0, (1.20)

s—0

for some p > %, then (1.19) admits no positive supersolution. The same authors also study in
[2] existence and non-existence of positive solutions of (1.19) in a bounded domain with Dirichlet
condition.

The techniques we developed in this paper are based upon a delicate extension of the ones
already introduced in [6]. Our first nonradial result dealing with the case ¢ > o 7 is the following:

Theorem A Let N > 1,p>1 andq> ot
domain Q C RN satisfies

=P Then for any M > 0, any solution of (1.2) in a

_ +1 _ 1
IVu(z)] < enpa (M Grham 4 (Mdist (z, 99)) q—l) for all z € Q. (1.21)
As a consequence, any ground state has at most a linear growth at infinity:

+1
Vu(@)| < enpgM 0% for all z € RY. (1.22)



Quasilinear elliptic equations with mixed reaction terms 6

Our proof relies on a direct Bernstein method combined with Keller-Osserman’s estimate
applied to |Vu]2. It is important to notice that the result holds for any p > 1, showing that, in
some sense, the presence of the gradient term has a regularizing effect. In the case ¢ < ]% we
prove a non-existence result

Theorem A’ Let N > 1, p> 1,1 < q < z% and M > 0. Then there exists a constant

CNp,q > 0 such that there is no positive solution of (1.2) in RN satisfying

2
w(x) < enpgM 2= ra for all z € RY. (1.23)

When g is critical with respect to p the situation is more delicate since the value of M plays
a fundamental role. Our first statement is a particular case of a more general result in [1], but
with a simpler proof which allows us to introduce techniques that we use later on.

Theorem B Let N > 2, p>1if N=2o0r1<p< 5 if N=3,q= 224 and M > —p*
where

N-(N- 2)p>”“, (1.24)

2p

Then there exists no nontrivial nonnegative supersolution of (1.2) in an exterior domain.

ph=pt(N)=(p+1) <

In this range of values of p this result is optimal since for M < —pu* there exists positive
singular solutions. The constant p* will play an important role in the description developed in
[7] of radial solutions of (1.2). Using a variant of the method used in the proof of Theorem B
we obtain results of existence and nonexistence of large solutions.

Theorem B’ Let N > 1,p>1 and g = 1%'

1- If Q is a domain with a compact boundary satisfying the Wiener criterion and M > —u*(2)
there exists no positive supersolution of (1.2) in Q satisfying

lim u(z) = oo. (1.25)
dist (z,00)—0

2- If G is a bounded convex domain, Q = G and M < —p*(1) there exists a positive solution of
(1.2) in Q satisfying (1.25).

We show in [7] that the inequality M < —p*(1) is the necessary and sufficient condition for
the existence of a radial large solution in the exterior of a ball.

Concerning ground states, we prove their nonexistence for any p > 1 provided M > 0 is

large enough: indeed

Theorem C Let Q C RN, N > 1, be a domain, p> 1, ¢ = Z%. For any

Mo g e (P LY (N 1)) 7 (1.26)
= \p+1 4p ’ '
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and any v > 0 such that (1 — v)M > M, there exists a positive constant ¢y, such that any
solution u in § satisfies

+1

|Vu(z)| < enpo (1 —v)M — MT)f% (dist (z, 89))75?1 for all z € Q. (1.27)

Consequently there exists no nontrivial solution of (1.2) in RV,

The next result, based upon an elaborate Bernstein method, complements Theorem C under
a less restrictive assumption on M but a more restrictive assumption on p.

Theorem D Let 1 < p < %, N>21<q¢qg< % and Q@ C RN be a domain. Then there

exist a > 0 and cn pq > 0 such that for any M > 0, any positive solution u in 2 satisfies

IVus(2)] < enpg (dist (z,0Q) 7T for all z € Q. (1.28)

Hence there exists no nontrivial nonnegative solution of (1.2) in R .

It is remarkable that the constants a and ¢y 4 do not depend on M > 0, a fact which is
clear when ¢q # 1% by using the transformation T}, but much more delicate to highlight when
q= ]% since (1.2) is invariant. When |M] is small, we use an integral method to obtain the
following result which contains, as a particular case, the estimates in [19] and [7]. The key point
of this method is to prove that the solutions in a punctured domain satisfy a local Harnack

inequality.

Theorem E Let N > 3,1 <p< %, q= z%' Then there exists eg > 0 depending on N and

p such that for any M satisfying | M| < €p, any positive solution u in Bg \ {0} satisfies
u(z) < cnp \x!fﬁ for all z € Br \ {0}. (1.29)
2

As a consequence there exists no positive solution of (1.2) in RYN, and any positive solution u in
a domain §) satisfies

2

u(z) + |Vu(z)|[7+1 < ¢y, (dist (x,@Q))_% for all z € Q. (1.30)

Note that under the assumptions of Theorem E, there exist ground states for |M| large
enough when 1 < p < %, orany p>1if N =1,2.

If u is a radial solutions of (1.2) in RY it satisfies

, N-—-1

u = ulP e+ M || (1.31)

r

on (0,00). Using several type of Lyapounov type functions introduced by Leighton [20] and
Anderson and Leighton [3], we prove some results dealing with the case M > 0 which complement
the ones of [25] relative to the case M < 0.

Theorem F 1- Let p > 1 and q > 1%' Then there exists no radial ground state u satisfying
u(0) = 1 when M > 0 is too large.
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2-Letl <p< N+2 If 1 < q < p there exists no radial ground state for any M > 0. If ¢ > p
there exists no mdzal ground state for M > 0 small enough.

3- Let N > 3, p > Ni‘Q andq>p
enough.

- Then there exist radial ground states for M > 0 small

We end the article in proving the existence of non-radial positive singular solutions of (1.2)
in RV \ {0} in the case ¢ = —1 obtained by bifurcation from radial explicit positive singular
solutions. Our result shows that the situation is very contrasted according M > 0 where a

bifurcation from (M, X ) occurs only if p > N +1 and M > 0 and M < 0 where there exists a
countable set of bifurcations from (M, Xy, ), k > 1, when 1 <p< ¥ +1

In a subsequent article [7] we present a fairly complete descrlptlon of the positive radial

solutions of (1.2) in R \ {0} in the scaling invariant case q = ]%.

Acknowledgements This article has been prepared with the support of the collaboration
programs ECOS C14E08 and FONDECYT grant 1160540 for the three authors.

2 The direct Bernstein method

We begin with a simple property in the case M > 0 which is a consequence of the fact that the
positive solutions of (1.2) are superharmonic.

Proposition 2.1 1- There exists no positive solution of (1.2) in RV \ Br, R > 0 if one of the
two conditions is satisfied:
(i) M >0, g >0 and either N=1,2 andp>1 or N >3 and1<p§%
(i)) M >0, N >3, p>1landl<q< 55
2-IfN >3, ¢q>1,p> % and w(x) = u(r,o) is a positive solution of (1.2) in RN \ Bg,
R > 0. Then there exists p > R such that
1 _ 2
/ u(r,o)dS :=a(r) < cor »-1 for all > p, (2.1)
Nwpy Jgn-1

1

with cp := (ﬂ)ﬁ and

p—1
1 _ _pkl
Nw/ up(r,0)dS| = [u,(r)] < (N —2)cor™ »-1 for all > p. (2.2)
N JgN-1
S-If M >0,p>0, and g > % there holds for
1
—1)(N—-1)—1\eT __1_
wel < (gl )T et (2.3
and .
1 (N —1) =1\ 7T o«
u(r) < (g — q> <(q (q)(— l)M) )q 1 ’I“ZT? for all r > p, (2.4)

Furthermore, if R = 0, inequalities (2.1), (2.2) and (2.3) hold with p = 0.
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Proof. Assertion 1-(i) is not difficult to obtain by integrating the inequality satisfied by the
spherical average of the solution and using Jensen’s inequality. For the sake of completeness, we
give a simple proof although the result is actually valid for much more general equations (see
e.g. [8] and references therein). In this statement we denote by (r,0) € Ry x SV~! the spherical
coordinates in RY, by wy the volume of the unit N-ball and thus Nwy is the (N-1)-volume of
the unit sphere S™V—!. Writing (1.2) in spherical coordinates and using Jensen formula, we get

—r! N (PN ) > wf + M [, (2.5)
It implies that 7 + w(r) := —rV~1%, is increasing on (R, c0), thus it admits a limit £ € (—oo, 00].
If £ <0, then @,(r) > 0 on (R, 00). Hence u(r) > u(p) :==c> 0 for r > p > R. then

N-1 - N
TN )
which implies @, (r) — —oo, thus u(r) — —oco as r — —oo, contradiction. Therefore ¢ € (0, co]

and either @, (r) < 0 on (R, 00) or there exists r, > R such that u,(ry) = 0, u is increasing on
(R,7¢,) and decreasing on (ry,00). If u,.(r) < 0 on (R, c0), then we have for r > 2R

(erlﬂr)r < -Vl =7, (r) <

3
=2
L
g
5
i
2
|
2%
T

L " N-1p rNaP (1) —1—p (p—1r - 2N w1
—rN g, (r) > / () dt > — e = (@), > S = () < ((19_1)7«2> ’

which yields (2.1). If we are in the second case with ry > R, we apply the same inequality with
r > 2rp and again (2.1) for r > 2r,. Since @ is superharmonic, the function v(s) = @(r) with
s =2~V is concave on (0, R2>~") and it tends to 0 when s — 0. Thus

2

p+1

vs(s) < % = |u,(r)| < (N — Z)ZLY) < (N = 2)cor »1.

This implies (2.1) and (2.2). Note that the case r, > R cannot happen if R = 0, so in any case,
if R=0 then p=0.
If M > 0, we have with w(r) = —rV =17,

We have seen that w(r) > 0 at infinity with limit ¢ € (0, cc|, hence, on the maximal interval
containing oo where w > 0, we have (w'~%), < (1 — q)MrN-10=9)_ We have for r > s > R

wl_q(r) — wl_q(s) < MlIn (g) ,

ifq:%and

wlfq(,r_) o wlfq(s) < M(q — 1) (Tlf(qfl)(]\/fl) - Slf(qfl)(N71)>
(—DIN-1)-1

if ¢ < %, and both expressions which tend to —oo when r — oo, a contradiction. This proves

1-(ii). If ¢ > %, the above expression yields, when r — oo,

o-a _ wl—q(s) < (¢— 1M gl=(a=1)(N-1)

T o (g-HIv-1)-1
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This implies

w(s)

)

(g

and (2.3). O

Remark. The previous is a particular case of a much more general one dealing with quasilinear
operators proved in [8, Theorem 3.1].

2.1 Proof of Theorems A, A’ and C

The function u is at least C3t% for some a € (0,1) since p,q > 1. Hence z = |Vu|* is C?+°,
Since there holds by Bochner’s identity and Schwarz’s inequality

—fA + N(Au) (VAu,Vu) <0, (2.6)
we obtain from (1.2),
1 |u’2p 2M p—l q M2 q p—l M q _
—iAz—i- N +T|ul uz? + =z — plul 2—7 227 H(V2, Vu) <
Since for 6 > 0,
1 2
2271 [(Vz, Vu)| < ‘z 2Vz‘z T |Vu| = ’z 2Vz’z2 <629+ 46‘VZ| ,
z
we obtain for any v € (0, 1), provided ¢ is small enough,
1 [u 2M 4 MP(1-w)? - IV z|?
_Z il Sl AN < it .
2Az—|— ~ +N\ ulP"ruz2 4+ N 21— plulf~z < ¢ o (2.7)

where ¢ = ¢1(M, N,v) > 0.

2.1.1 Proof of Theorem A

We recall the following technical result proved in [6, Lemma 2.2] which will be used several times
in the course of this article.

Lemma 2.2 Let S > 1, R > 0 and v be continuous and nonnegative in Br and C' on the set
Uy ={x € Bg :v(z) > 0}. If v satisfies, for some real number a,

[Vol?

—Av+0¥ <a—- (2.8)

on each connected component of U, then

0(0) < en.gaR 5. (2.9)
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Abridged proof. Assuming a > 0, we set W = v* for 0 < a < this transforms (2.8) into

+1’
1

—AW 4+ —WweES=DH < (2.10)
«

and then we apply Keller-Osserman inequality. U
Proof of Theorem A. Suppose T <q. Wesetr= 2_—”, r’ = I3, then, for any € > 0

7, [(p—1)r r’ r| |2p 21’2%
p-1, < € [u AN 1
plufP™ 2 < Tt =)t D)oo
We fix n € (0,1) and € so that ¢ = ]%,((1]:71)) and get
1 Jul?P 2P
Pl ™z < (1= )8 + ez

pt1

where ¢y = B 451 (ggf:;;) "' We perform the change of scale (1.6) in order to reduce (1.2) to

2 _ -1
the case M = 1 by setting u(x) = ar-Tv(ax) with @« = M ®@+Ds=2r. Then the equation for
1

z = |Vol|* is considered in Q4 = af2. Choosing now 7 = 5 we obtain

251 < 1 q
CozP z C
2 N T e

where c3 = ¢3(N,p, q) > 0, hence

—fA —1—12);1;4— ?qu <63+01E
Put z = (z - (4N03)%>+, then
—fAz + ﬁzq < ¢ |V§|2
hence, from Lemma 2.2, we derive
(y) < e (dist (y,024)) 77
where ¢4 = c4(N, q,c1) > 0 which implies
Vu(y)| < ¢ <1 + (dist (y,@Qa))fq%l) Vy € Qq. (2.11)

Then (1.21) and (1.22) follow.

Assume now that there exists a ground state u. Fix y € RY and consider {y,} C RY such
that |yn| = 2n > |y|. We apply (2.11) with Q, = B, (y»). Then

.
Vo)l < ¢ (1+ 120 — [yl 771,
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and letting n — oo we infer
Vo(y)| <, VyeRY. (2.12)

Hence, by the definition of v and y we see that
___p¥+l
Vu(z)| < M T Vo eRY

which is exactly (1.22 ). O

2.1.2 Proof of Theorem A’
Suppose 1 < ¢ < %. By scaling we reduce to the case M = 1 and we replace u by v defined

—1
by (1.6) as in the proof of Theorem A with a = M= @i, From (2.7) with v = 1 the function
z = |Vu|? satisfies

1 1 Ve
—2Az+v+zq—pvplz§cl| i .

1
N 2N z (2.13)

By Holder’s inequality,
1 / /
poPlz < —4qu + p(4Np)? ~tyP=Dd’,

Since (p — ]_)q/ =2p+ w we derive

1 2p ’ ’ ; 2p—(pt+1) 1 \V4 2
—2Az+zv<1—4q_lquqqufl q>+4qu§c1|j.

__g=1 .
If maxv < cypg = (4q/*1pq/Nq/) 2p-(+a  we obtain

1 1 |Vz|?
——A 1< -
5 z—|—4Nz < o

which implies that z = 0 by Lemma 2.2, hence v is constant and thus v = 0 from the equation.

g

Remark. If u is a positive ground state of (1.2) radial with respect to 0, it satisfies u,(0) = 0
and it is a decreasing function of r. The previous theorem asserts that it must satisfy

2
u(0) > ey pgM 2=@+Da, (2.14)
2.1.3 Proof of Theorem C
Suppose 1% =¢q. For A > 0 we consider the expression

(uP + A|Vu|?)? = Npup~t |Vu|?
= (up + A|Vul? — VNpu'T ]Vu\) (up + A|Vul? + JNpu'T \Vu]) :
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Now the function Z +— ®4(Z) = uP + AZ9 — \/Np u"z Z achieves its minimum at Zy =

p+l
1 p+1
(—%’) P w2 and

p
—1 /Np+1)2\r T ot
B4(Zo) = |12 < (p+)>p AES | e,
p+1 4p
Thus setting

p—1 _p_

—1\»t /N 1)2\ p+1

M, = <P>P <(P+)>p , (2.15)
p+1 4p

we obtain that if A > My, then ®4(Z) > 0 for all Z. Put M, = (1 —v)M for v € (0,1) such
that M < M, we derive from (2.7)

1 P M a\9 M2 _ MZ 2
_2AZ+(U+NT22)_pup—1Z+”NTZq§61|VZZ|’ (2.16)
which yields
1 M2 o M2 2
7§AZ+ ViTZ(I S Clﬁ-
Using again Lemma 2.2 we obtain
IVu(z)] < ¢, (1 — v)M — My) "7 (dist (z,92)) a1, (2.17)
which is equivalent to (1.27). O
2.2 Proof of Theorems B and B’
2.2.1 Proof of Theorem B
Since the result is known when M > 0 from Proposition 2.1, we can assume that M = —m < 0

and N =1,2or N > 3 with p < %, u is a nonnegative supersolution of (1.2) in EE and we
set u = v® with b > 1. Then

2
—Av>(b—1) [Vl + %v“b(f’—l) U vt L (2.18)
v
Here again g = z%’ setting z = |Vo|? we obtain
CAes 22
bv
where 2p  24b(p=1) _p

O(z) =b(b— 1)z —mbr+iv prl zpHl 4 p2To(-1)

Thus ® achieves it minimum for

_ 1
- ( mpbi—1 >p+ pp—1,,2+b(—1)
b-1p+1)
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and

p
@(ZO) = U2+b(p_l) <1 - (p +pf)p+1 <b E 1) mp+1> : (219>
N

In order to ensure the optimal choice, when N > 3 we take 14 b(p — 1) = {5, hence b =
which is larger than 1 because p < % Finally

“%*”MLH<“‘@+BWJ(N—;%—m)z“ﬂ>'

2
(N=2)(p—1)

Hence, if
p
N —p(N —2)\ rt1
m< 1) (FEEEEE) T ), (2.20)
we have for some ¢ > 0,
N
—Av > dvN-2, (2.21)

and by Proposition 2.1 that is no positive solution in an exterior domain of RV,
If N =2 for a given b > 1 we have from (2.19) that if

p
b—1)\prt+t
1 -
then, for some ¢ > 0,
—Ap > gultbe=D), (2.22)

The result follows from Proposition 2.1 by choosing b large enough. O

2.2.2 Proof of Theorem B’

1- We assume that such a supersolution u exists and we denote u = €%, then
—Av > F(|Vu]?), (2.23)

where - ,
F(X)=X 4PV 4 Merrt"X w1,

Clearly, if M > 0, then F/(X) > 0 for any X > 0. Next we assume M < 0, then

p+1 p+1
F(X) > F(Xp) = e (1 - (5 ) _ ot (1 - () ) |

Hence, if |[M| < p*(2), v is a positive superharmonic function in 2 which tends to infinity on the
boundary. Such a function is larger than the harmonic function with boundary value k& > 0 for

any k (and taking the value lrr‘lin v(z) for R large enough if €2 is an exterior domain). Letting
z|=R

k — oo we derive a contradiction.
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2- Let R > 0 such that Q¢ C Br and let w be the solution of

—Aw — aelP~Dw = in BRNQ
lim w(zr) = —00
dist (z,0Br)—0 (2.24)
lim w(z) = oo,

dist (z,00)—0

p+1
witha=1— (}J%B) < 0, obtained by approximations. By the argument used in 1,

aeP Vv < |Vw|? 4+ @D — | M| eFIY \Vw]% ,

hence - 2
—Aw < [Vw|? + e — | M| eri® [Va|p+1

Therefore v = €% is nonnegative and satisfies

“Av— P+ M| [Vo|#T <0 in B0
v=0 on 0Bpr (2.25)
lim v(z) = oo.

dist (z,60)—0

Next we extend v by zero in Bf; and denote by © the new function. It is a nonnegative subsolution
of (1.2) which tends to oo on 92. For constructing a supersolution we recall that if M < —p*(1)
there exist two types of explicit solutions of

—u = P 4 M || (2.26)

defined on R by Uj a(t) = oo for t <0 and Ujap(t) = ijMf%, j=1,2, for t > 0 where Xy 5/
and X» ps are respectively the smaller and the larger positive root of

_2
XP~1 — | M| B e A+ (2.27)
p—1 (p—1)

Since Q€ is convex it is the intersection of all the closed half-spaces which contain it and we
denote by Hq the family of such hyperplanes which are touching 9. If H € Hq let ng be the
normal direction to H, inward with respect to Q, H, = {z € RY : (ng,z —ng) > 0} and we
define Up in the direction ng by putting

Un(x) = Uppr((npr, @ — npg)) = Xonr ((ng o —npg) 71 forall @ € Ay

Hence and set, for x € Q := Ngey,Hy,

ug(z) = Hlen?l-ctg Un(x). (2.28)

Then ugq is a nonnegative supersolution of (1.2) in 2 and

un(z) > Xoar(distz, Q)77 Vaoe Q.
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Next vg = Inug blows up on 912, is finite on dBg and satisfies
—Avg — aeP~v >0 in Br NS (2.29)

By comparison with w since a < 0, vp > w. Hence ug > v in Br \ Q°. Extending v by zero as ¢
we obtain ug > v in €. Hence ug is a supersolution in 2¢ where it dominates the subsolution
0. It follows by [29, Theorem 1-4-6] that there exists a solution u of (1.2) satisfying v < u < uq,
which ends the proof. 0

3 The refined Bernstein method

The method is a combination of the one used in the previous proofs. It is based upon the
replacement of the unknown by setting first u = v=? as in [19] and [10] and the study of the
equation satisfied by |Vv|. However we do not use integral techniques. Since u is a positive
solution of (1.2) in Bg, the function v is well defined and satisfies

\W\

—Av+ (14 8) =+ o' 0 4 M |72 pul DI |yt = 0 (3.1)

in Br. We set
z=|Vol*, s=1-q-Blg-1)=(1-q)(B+1), c=1-B(p—1),

and derive 1
Av:(l—i-ﬁ)E BU + M |B|972 o2t (3.2)
v

Combining Bochner’s formula and Schwarz identity we have classically
fAz > N(Av) (VAv, Vv).

We explicit the different terms

2 20
(Av)? = (1 + ﬂ) S+ M2BHa D220 4 B— +2M(1+ B) |87 pus— 1zt 3
VAv = (1+ 6)2 - (vav + 3 v Vo + Ms|B|97% Bus 122V
+ ? 181972 Busz3 V2,
2
(VAv, Vv) = <1—Zﬁ Mq 181772 Busz3~ ) (Vz,Vv) — mﬂf)z + %v"_lz
+ Ms ]5\‘172 BUS_IZ%H.
Hence
1 M
—fAz—l— (AU) < —Zﬂ 24 181772 Bus 23— > (Vz,Vv)
(3.3)
— 7( t}f) + Eva_lz + Ms|B|72 g2zt <.
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3.1  Proof of Theorem D
We develop the term (Av)? in (3.3) and get

(1+B)2 i2 M252(Q71) 25 ,q 2(1+B) q—2 s—1,1+2
T B ) S R M (s S |BI*7 B 2T
UQG 1+6 Mq q—2 s, 211 NU+2(1+/B) o—1 2M|ﬁ’q72 s+o
+W+<’U+2‘B| ,81) z2 ><VZ,VU>+MU Z"—T’U ¥4
<0.

(3.4)

1
—2Az+<

q
2

Next we set z = v *Y where k is a real parameter. Then Vz = —kv *"1Y Vo + v *VY,

(Vz,Vv) = —kv " Y2 + o7 H(VY, Vo) = —kv 2 71Y2 4 v ¥(VY, Vo),

V2 V0) _ _py2k-2y2 ko1 (vy, vo),
v
gk _ %

Mvz3 1 (Vz, Vo) = —kMv*=2 -1y st 4 Mos~ 2 Y3 1(VY, Vo),

—Az =div (kv_k_lYVv — ’U_kVY)
= kv " YAy — k(k + Do F2Y 2 + 2kv P 1(VY, V) — v FAY
= kv " 1Y Av — k(k + 1)v=2k72Y2 4 250~ F~1(VY, Vo) — v FAY.

From (3.2)
1
Av=(1+ B 1y + BUU + M B9 B Fiy s,

therefore

k
—Az = k(B — ko 2y 2 + Buff—’f—ly + kM |B|172 pus TR holy 34
+ 2kv~F"YVY, Vo) — v FAY.

Replacing (Vz, Vo) and Az given by the above expressions in (3.4) and z by v™*Y, leads to

p2o+k M2l82(q71)

_ 2

,U25+k:—quq

—2
2M ’ﬁ|q pStotk—kdyd

k 1 Mq|p|"?
+ ﬁ + + q ’/8| Bverkfk%Ygfl <v}/7 V’U> 4

v 2 N
2(1 k(g—1 1 [k 2(1
+(s+ (;ﬁ)— (q2 )>M|6]q26v5k31Y1+g+ﬁ<2+0+(;ﬂ)>v"_1YSO.
For €1,e9 > 0,
1 e 1 |VY
~ (VY. < k=2y2 4 =
S VY, Vo) < e t ey
1 |VY?

Us-l—k—kgyg—l |<VY, VU>| < 62U28_kq+kyq + I -
€2
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Hence
VTR MBI oikkgyy  (MPBPTD Mge|Bh
o stot+k—ksv 5 _ s+k—kqyvq
AY + NP + N v 2Y 2 + N 5 v Y
E(B—k) (1+3)?
+< (52 ) 4 NB) —(k+1)(ﬁ+1)—|k+ﬁ+llel>v"“‘2Y2
1/k 2(1+P) 1 20+p8) k(g—1) —9 _Ra_ a
I o S o—ly _ M q s—k 1Y1+
+B<2+O'+ N )v tlst—% 5 |67 v~ 2 2
q—1 2
(kB Mgl [TV
- €1 2€9 4Y
(3.5)
-1
We first choose €3 = M‘(’Zl\; , then
vt (R(B—k) | (1+8)?
_ _ 1 1) — 1 —k—2v2
Ay 2 (MR P ey ) — 5+ 1] ) ooty

1(k 2(1 M2p2aD) 2M |87
_|_ B <2 +O'+ ( ;B)> UU—1Y+ gN ,U25+k—k‘qu+ |]\€| US+O'+I€*]C%Y%

+ (s L2048 ka- 1)) M |B|772 By ki -1y 1+3
N 2
2 2
(B NG [VYP
- €1 2 4Y

(3.6)
In order to show the sign of the terms on the left in (3.5), we separate the terms containing the
coefficient M from the ones which do not contain it. Indeed these last terms are associated to
the mere Lane-Emden equation (1.3) which is treated, as a particular case, in [6, Theorem B|

where the exponents therein are ¢ =0, and p € (1, %) We set

vt k(B—k)  (1+5) e
He = N2 +< 5t —(k:+1)(ﬁ—|—1)—|k:+ﬁ—|—1|61>v k=2y2
l ﬁ w o—1 (3.7)
) + 3 <2 + o+ N )v Y
— U2o+kH€1’1(Uflfkfay)’
where " . )
~ — 1
o) = (MO B sy - i s ala ) 2
3.8
+l ﬁ—i— +2(1+B) t+ ! .
ACER N N2
and M2,82(q_1) 2M |B|q72 p q
HM,Z — o U2s+k—quq + N Us+a+kfk5Y§
(3.9)
+ <S+ 2(1; 5) o k(qz_ 1)) M|6‘Q*2 5vsfk%flyl+%.
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Then

~ 2 2
_AY'_'_v2<7+k];16171(vflfkfay')_'_I{]V[72 < <‘k+5+1| + Nq ) ‘VY‘ )

€ 2 4Y

The sign of E[el’l depends on its discriminant D,, which is a polynomial in its coefficients. Then
if for €; = 0 this discriminant is negative Dy is negative, the discriminant D, of PNIEIJ shares
this property for € > 0 small enough and therefore H, ; is positive. The proof is similar as
the one of [6, Theorem B] in case (i) but for the sake of completeness we recall the main steps.
Firstly

2
Djy := N?5*Dy = (Z\;k +oN +2(1 +6)> 4 (N’“(ﬁ—"’)

S 1 - N+ DB D)

Then

D) = <N(p4_1)—1> (20 + k)2 +2(p—1)20 + k) + L

where L = (p — 1)k% + p(A+2)? > 0. Put

522/:j2k:1_2ﬂ/39+_21) and T(S) = (W—l)SQ—i-(p—l)S—l—p.

After some computations we get, if k # —2,

— 1D k S\ 2
D = (fk - ;)20 =(p—1) (M — 2) +7(9). (3.10)

We choose S > 2 such that kiw — g =0, hence g = 2(2%7]"1). If p < % the coefficient of S? in
T(S) is negative. Hence T(S) < 0 provided S is large enough which is satisfied if £ < —2 with
|k + 2| small enough. We infer from this that 8 > 0, Dy < 0 and H, 1 > 0 if €; is small enough.

In particular H, 1(t) > cs(t> + 1) for some cg = cg(N, p, q) > 0, which means
VIR (07 R OY) > g (vfquQ 4 U20+k> . (3.11)

Secondly the positivity of Hjso is ensured, as 3 and M are positive, by the positivity of

., 20+8) k(g-1)
A:i=s+ N 5

Replacing s by its value, we obtain, since 1 < ¢ < % and 3+ # > 0, which can be assume
by taking |k + 2| small enough,

1+ k k
A—2T—(q—1) <ﬁ+1+2> >_N
Then we deduce that
Y 2
—AY + cq (v_k_2Y2 + v20+k) < 67& (3.12)

Y )
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and ¢; = ¢7(N,p,q) > 0 is independent of M. Since S =1 — % =1- % = ,f—fQ > 0, we
have
Y2 \SH gizs Y2 Y2
k+2)S _ 20+k .
2YS+1_2(I<;+2> v S+1 SW—FU( ) _W—H) . (313>
From this we infer the inequality
VY|?
LAY 420y Er < o [VYI (3.14)
Then we derive from Lemma 2.2 that in the ball Br there holds
(k+2)
Y (0) < RS = R 2 R (3.15)
From this it follows
‘vu_%(o)‘ [k + 2‘\ﬁR_1+ﬂ<p 1) (3.16)
etting a = > 0 we get that for any domain 2 C any positive solution in {2 satisfies
Setti B2 >0 hat f d QCRY 1 Q satisfi
a ‘k —+ 2‘ . —1--2a_
|[Vu®(z)| < Ty Ve (dist (z,00Q))” ~r-1 for all z € Q. (3.17)
The non existence of any positive of (1.2) solution in RY follows classically. U

Corollary 3.1 Let Q be a smooth domain in RN, N > 2 with a bounded boundary, 1 < p < N+3

N-1’
1<g< N+2 and M > 0. If u is a positive solution of (1.2) in Q there exists dy depending on

Q and cg = CQ(N,p, q) > 0 such that

u(z) < ¢y ((dist (x, 89))_?%1 + max u(z)) for all x € Q. (3.18)
dist (z,00)=dy

Proof. Tt is similar to the one of [6, Corollary B-2]. O

4 The integral method

4.1 Preliminary inequalities

We recall the next inequality [9, Lemma 3.1].

Lemma 4.1 Let Q C RY be a domain. Then for any positive u € C?(Q), any nonnegative
n € C3°(Q) and any real numbers m and d such that d # m + 2, the following inequality holds

A/ nu™2 |Vul* da — N_l/num(Au)zdcc - B/ nu™ " |Vul? Audz < R, (4.1)
0 N Ja Q
where
1 1
= — (2(INV — — (N = 1)(m? + d? = —1
A= 1% (2(N —=m)d — (N —1)(m*+d?)) , B sy GV = Dm+ (N +2)d),
and

m+d

R= /um1 \Vul? (Vu, Vi)dz +/
Q

1
u" Au(Vu, Vn)dx + /um \Vul? Andz.
2 0 2Ja
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It is noticeable that d is a free parameter which plays a role only in the coefficients of the integral
terms. The following technical result is useful to deal with the multi-parameter constraints
problems which occur in our construction. It was first used in [10] under a simpler form and
extended in [9, Lemma 3.4].

Lemma 4.2 For any N € N, N >3 and 1 < p < % there exist real numbers m and d
verifying

(i) d+m+2,
g 2(N—=1)p
(i) "Nz o
(4.2)
(7i7) max{—Q,l—p,W}<m§O,
(iv) 2(N —m)d — (N — 1)(m? + d?) > 0.

4.2 Proof of Theorem E

Step 1: The integral estimates. Let n € C5°(2), n > 0. We apply Lemma 4.1 to a positive

solution u € C%(Q) of (1.2), firstly with ¢ > 1 and then with ¢ = z%'

N-—-1
A/ ™2 |Vul* dz — /77 (um+2p + 2Mu™ P |Vaul? + M2u™ |Vu|2q> dx
0 N Ja
(4.3)
- B/ nu™ 1t |Vul|? Audz < R.
Q
We multiply (1.2) by nu™*P and integrate over Q. Then
/n (um™ 2P + Mu™ P |Vul|?) do = —/ nu™ P Audz
Q Q
= /um+p(Vu, Vn)dx + (m +p)/num+p—1 |Vul|? da.
Q Q
We set
F = /num_2 \Vul*dz, P = /num_1 \Vu|T 2 de, V = /num+2pd:1:,
Q Q Q
T = /num+p—1 \Vul? dz, W = /num+p |Vul|de, U = /num \Vul* dz,
Q Q Q
S = /um+p<Vu, Vn)dz,
Q
so that there holds

N-1
AF — —— (V +2MW + M2U) + BT + BMP < R, (4.4)
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and
V+MW = (m+p)T+S. (4.5)
Eliminating V' between (4.4) and (4.5), we get
N-—-1 N -1 N -1
AF + ByT + M | BP — W — MU|<R———8 4.6
+ BoT + ( N ~ ) < N (4.6)
where N-1 N+2 N-1
BO:B—T(WH—p): 5N d— NP
Also

m|vu|2 q m |V’UJ‘4 2q
2P =2 [ nu"——— |VulTdx < [ nu 5— + |Vul* | de = F +U.
Q u Q u

We fix now g = 1%, then

2 [Vl \ 1 4-2
U= /num|Vu\ Tdy = /num <) w4 | Vo' da
Q Q Vu

-1 2
< L nu™=2 |Vul* da + /num+p_1 \Vul? da (4.7)
p+1/q p+1/g
-1 2
<Pop4
p+1 p+1

T,

hence | ) )
p
P<-F4+-UK< F T 4.
-2 +2 T p+1 +p+1 (4.8)

and
2W = 2/ nu™ P | Vul? de < /num+2pda: + /num \Vu|*de =V +U
Q Q Q
<U+(m+pT+S—MW.
Next we assume that |M| < 1. From (4.7), (4.9), it follows that

W<<U+m+pT+S<F+(m+p+1)T+S. (4.10)

From now we fix m and d according Lemma 4.2. Therefore A > 0 by (4.2)-(iv) and B > 0 by
combining (4.2)-(ii) and (4.2)-(iii). Furthermore By > 0 by (4.2)-(ii). Hence, from (4.7), (4.8)
and (4.10) we derive, since 25 < 1 and m < 0 from (4.2)-(ii)

N

-1 N -1
BP — W —
N N

MU‘ SBF+T)+F+(p+1)T+S+F+T,

<(B+2)F+(B+p+2)T+S5.

Plugging these estimates into (4.6) we infer

N-1
AF+BOT—|M|((B+2)F+(B+p+2)T+S)gR—TS. (4.11)
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Since A and By are positive, there exists 1 € (0,1) such that for any |M| < uq,

A= A-|M|(B+2)> 5 and Bye= By~ |M|(B+p+2)> 2.
Set Ay = min{ Ay, By}, then, and whatever is the sign of S,
A(F+T) < |R|+|S].
Using (4.7) and (4.8) we have
Ay(U + P) <2A5(F +T) <2(|R| +|9)). (4.12)
In the sequel we denote by c; some positive constants depending on N and p. Then

U+P+F+T+W <c(|R|+]9]). (4.13)

On the other hand, we have
Rl < ex [ (™ (Fuf (9] + 0™ (9] [V 0" [Vaf?* (Vo] + ™ [Vl [ 5] da
Q

Since

q 2 2
[Vu|? = (W) us < [Vl tura = [Vul? +uP,
Vu u u

we deduce
/um]Vu|q+1|V17da: < /um_1|Vu|3\V17|dx—|—/um+p|VuHV17|dx.
Q Q Q
Thus we derive from (4.13)

U+P+F+T+W <2c3 (/um_1|Vu|3|V77|dm+/um+p|Vu|V77|dm
Q Q

+/um IVul? |An| dac) .
Q
From this point we can use the method developed in [10, p 599] for proving the Harnack inequality

satisfied by positive solutions of (1.3) in Q. We set n = & with ¢ € C§°(Q2) with value in [0, 1]
and A > 4. For € € (0,1) we have by the Holder-Young inequality

(4.14)

/um_1|Vu|3|V£/\|d:U < €/um_2|Vu\4£)‘d:U—l— Ce, 03)/um+2|V£\4£)‘_4d:v, (4.15)
Q des Jo 0

/umW\VUHVﬁpld:c < G/umﬂ’l\VuPﬁpda: + C(e, 03)/um+p+1]V§|2§>‘2dx, (4.16)
Q 43 Jo Q

and

Jamivupiagrias < £ [ um=2i9ulierds + Cle,ea) [ 0 (611 + |A¢E) €,
) o ’ (4.17)
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Hence

U+ P+F+T+W <cy </ a2 (V€] +[ALP €2) - da + /um+p+1|v€|2§x—zdx
Q Q)

(4.18)
Let us denote by ¢4 X the right-hand side of (4.18). Combining (4.5), (4.16) and (4.18) we also
get

S = /um+p|VuHV§p|dx <X = V= /um+2p£pdm < X, (4.19)
Q Q

and we finally obtain
U+V+P+F+S+T+W <crX. (4.20)

Finally we estimate the different terms in X, using that m + p > 0 from (4.2)-(iii). For ¢ > 0

L2 (10t +18€R @) o < o [ wreras

Q

m-+2p (421)
+Cle,cr /5 (|vgy4+ IAg] )2‘“” dz,
and
(m )
/ W TE A2y < ¢ / WP 1 Ce, o) / AV e e, (4.22)
Q Q
At end we obtain
+
U+VA+P+F+S+T+W < CS/gA 25 (|V§]4+ |AE] )“ D s, (4.23)

Step 2: The Harnack inequality. We suppose that Q = Bg \ {0} := B}, fix y € B}, set r = |y,
2

then B, (y) C By. Let £ € C§°(Br(y)) such that 0 < £ <1, { =11in Bz(y), [V < er—! and

|AE] < er™2. We choose A > max {4 m+2p} then

2(m+2p)

=
[ @5 ((vet o jagR) Y do < oo™
Br(y)

and hence N
/ WP <V < eygr T T (4.24)
Bz (y)
We write (1.2) under the form
Au+ D(x)u + M(G(z).Vu) =0, (4.25)

with ,
D(z) =uP™' and G(z)=|Vu| 7 Vu.



Quasilinear elliptic equations with mixed reaction terms 25

Set o = ";ﬁp, then o > % by (4.2)-(iii) and

2(m+2p)
/ Do)z < V < exrV U N2, (4.26)
Br(y)

Next we estimate G. For 7,w,v > 0 and 6 > 1, we have with ¢/ = %,

|Vu\<q_1)7 =u¥ |Vul| T u™¥ ]Vu|(q_1)7_7 < u? |Vu"? 4 u? ]Vu|((q_1)7_7)0/ .
We fix
2-m)(p+m—1) p+1

2
p+m:2o’,w: and 0 = —.
p—1 p+1 2—m

Then w > 0 and 6 > 1 from (4.2)-(iii), w > 0. Then u*? |Vu|?’ = wt™1|Vu* and
e | 7DD = =2 7|, thus

J

This implies

T=2

m—+2p

(Ivel* +1a¢€?) Y da.

‘Vu|(q_1)T de < F+T< 611/§A2TZ+21P
) Q

z(y

/ G™(z)dx < c197N 7T, (4.27)
Br(y)

with 7 > N. Using the results of [28, Section 5], we infer that a Harnack inequality, uniform
with respect to r, is satisfied. Hence there exists cj3 > 0 depending on N, p such that for any
r € (0, 4] and y such that |y| = r there holds

max u(z) < ez min wu(z) Y0<r <& vy st. =,
ZEBg)((y) () < 132635(1/) (=) =2 W v (4.28)

which implies

R
u(z) < cyqu(a’) Vr,o' € RY st |z| = 2| < X (4.29)
and actually c14 = ¢[5 by a simple geometric construction. By (4.24)
m—+2p ( :
2(m+2p
rNoyr¥ [ min u(2) < 4N010TN_ =1
z€Bz(y)
where wpy is the volume of the unit N-ball. This implies
2
u(z) < cq|x| -1 Vz € Bky. (4.30)
2
The proof follows. O

Remark. Using standard rescaling techniques (see e.g. [29, Lemma 3.3.2]) the gradient estimate
holds -
|Vu(z)| < 5 |z »—1 Vr € Bk. (4.31)
3

And the next estimate for a solution u in a domain ) satisfying the interior sphere condition
with radius R is valid

(4.32)

w(@) < eiq (dist (z,00)) 7T Vo e Q st dist (z, 09) < g.
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5 Radial ground states

We recall that if g # % and M # 0, (1.2) can be reduced to the case M = +1 by using the
transformation (1.15). Since any ground state u of (1.2) radial with respect to 0 is decreasing
(this is classical and straightforward), it achieves its maximum at 0 and the following equivalence
holds if v is defined by (1.15)

, N-—-1

u = |[ulP 'y M|u | st maxu=u(0)=1
r

— (5.1)
N -1

"

2
v = |v[P o £ |u|? s.t.  maxv =v(0) = |M|@FDa-2r,

Hence large or small values of M for u are exchanged into large or small values of v(0) for v and
in the sequel we will essentially express our results using the function w.

5.1 Energy functions

We consider first the energy function

up—i—l ’LL/2
— H(r)= —_. 5.2
P Hi) = (5.2)
Then N_1
H/(T‘):M|u/}q+l— - u/2.
T

Hence, if M < 0, H is decreasing, a property often used in [25]. This implies in particular that

a radial ground state satisfies
/()] < 4/ —— (u(0))"%". (5.3)
“Vp+1

A similar estimate holds in all the cases.

Proposition 5.1 Let M >0, p,q > 1. If u is a radial ground state solution of (1.2), then the
function H defined in (5.2) is decreasing and in particular (5.3) holds.

Proof. Let u be such a radial ground state. By Proposition 2.1 we must have ¢ > % and

_ N-1)¢-N 1
%H’:Mr\u’\“H—Ng—( )g +1-N=—-—-,
U qg—1 q—1

this implies the claim. O

5.1.1 Exponential perturbations

As we have seen it in the introduction, if ¢ < ]% equation (1.2) can be seen as a perturbation of

the Lane-Emden equation (1.3) while if ¢ > 1% it can be seen as a perturbation of the Ricatti
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equation (1.14). Two types of transformations can emphasize these aspects.

1) For p > 1 set

1
u(r) =r v ia(t), W(r)=—r s iy(t), t=nr, (5.4)
then
— 2 _
BT L (5.5)
Yy = —Ky+ 2P + Me @4
with N o N
k= WN=2p=N (5.6)
p—1
and . )
po Ptha—2p (5.7)
p+1
If ¢ > 1% (resp. q < %), then w > 0 (resp. w < 0) system (5.7) is a perturbation of the

Lane-Emden system
2
Tr=——T —yY
p—1 (5.8)
Y = —Ky+a”,

at 0o (resp. —oo). The following energy type function introduced in [20] is natural with (5.8)

N = £(at) y(1) = 52 = T = )M‘”” (2 —y)2, (5.9)

p—1" p+1 \p-—1 g+1 2\p—-1

and it satisfies

Vo= (o) [ (o) e () o)

5 ¢ o (5.10)
+w <> Me wt—,
p—1 q+1
4 2 . ]
where L =N — 2 — 1= K — T Relation (5.10) will be used later on.
p—= b=
2) For p,q > 1 set
_2-¢q 1
u(r) =r qflf(t% UI(T') = —r gq-1 n(t), t=1Inr, (511)
then )
—4q
§6 = ——&—1
v (5.12)
N—-1)¢q— N _ .
ne = ( q—)ql n+ P + Mn?
where )
e (5.13)
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Note that if ¢ < i1 7 this system at oo endows the form

2—q

S=—-"E—n
-1 (5.14)
(N-1)g—N ¢ '
N =—————n+Mn"
qg—1
It is therefore autonomous and much easier to study.
5.1.2 Pohozaev-Pucci-Serrin type functions
Let «, 7,0, k be real parameters with o, x > 0. Set
ul2 up+1 u
Z(T‘):TH<2_|_p+1—}-ar—’yu |u}> (5.15)

This type of function has been introduced in [25] in their study of equation (1.2) with M =1
with specific parameters. We use it here to embrace all the values of M. We define U by the
identity

Z 40| Z = (5.16)

Then

/ 0 _
U= (;+a+1—N)u'2—|—<j_l—a)up“—&-a(n—N)qf—|—<p+1—’yq>rup+1‘u"q !

+ (M o+ 9) r |7 4 (((N —1)g—r)y—a(f + M)> wld[* = (0 + gMyru [

2
(5.17)

5.2 Some known results in the case M < 0

We recall the results of [14], [25] and [23] relative to the case M < 0.

Theorem52 1- Let N > 3 and1<p<i
1-(i) If ¢ > p+1, there is no ground state for any M < 0 ([25, Theorem C]).

1-(i1) If 1 < q < =B there exists a ground state when |M| is large [14, Proposition 5.7] and

there exists no ground state when | M| is small ([23]).

N+2

2- Assume N 5 <p < N5 and let G be the unique root in (pgfl,p) of the quadratic equation

(N=1)(X =p? = (N+2—(N=2)p)((p+1)X - 2p)X =0.

2-(i) If g < q < p there exists no ground state for any M < 0 ([25, Theorem CJ).

2-(ii) If 2 p+1 < q < q, there exists no ground state for |M|. It is an open question whether there
could exist a finite number of M for which there ezists a ground state ([25, Theorem 4]).
2-(iii) If 1 < ¢ < 1%’ there exists a ground state for large |M| ([14, Proposition 5.7]) and no
ground state when |M| is small ([23]).
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N+2 N-1)
3- Assume p > 712 and ¢ > 1 and let Qn, = Q(N-T-ﬁ-zl) € (p+1,p)
3-(1) If Qnyp < q < p there exists a ground state for |M| small.
3-(11) If 1 < ¢ < Qnp there ezists a ground state for any M < 0 ([25, Theorem AJ).

4- Assume p = M_ There exists at least one M < O such that there exists a ground state if

and only zf 1 < q < p. More precisely:
4-(1) If < q < p there exists ground state if |M| is small ([25, Theorem BJ).

4-(ii) Ifq > m there exists a ground state for any M < 0 ([25, Theorem AJ).

Remark. It is interesting to quote that when M < 0 and ¢ > there holds [25, Theorem 3],

+17

u(r) — O(Tﬁﬁ) and u’(r) = 0(7’7%) when r — oo.

5.3 The case M >0

The next result is a consequence of Theorem A.

Theorem 5.3 Let M > 0,p>1 andq > o 7 then there exists no radial ground state satisfying
u(0) = 1 when M is large.

Proof. Suppose that such a solution u exists. From Theorem A and Proposition 2.1 there holds

sup‘u ‘ < CN,pq’M‘ (p+1)¢1 2r  and Supfrp 1 ‘u ‘ < CN p- (518)
r>0 >0

As a consequence, if r > R > 0,

1= u(r) =u(0) —u(r) = u(0) — u(R) + u(R) — u(r) < cnpg

___pl e
(r+Da—2p B + |ul(5)| ds
R
___p+l , __2
p—1 .
with ciy , = p%lcNJ,. Since u(r) — 0 when r — oo, we take R = |M|®+Ds=2r and derive

2
1< (CN,p,q + clN,p) | M|~ FtDa=2p, (5.19)

and the conclusion follows. O

Remark. If we use Proposition 5.1 we can make estimate (5.19) more precise.

5.3.1 Thecase M >0,1<p< %

It is a consequence of our general results that there is no radial ground state for large M or
for small M when 1 < ¢ < 2p Tand 1 <p< N +2 Indeed, if 1 < g < 1% is a consequence of
the equivalence statement between a priori estlmate and non-existence of ground state proved
in [23], and if ¢ = 1% it follows from Theorems C and E. Actually in the radial case, the result
is more general.
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Theorem 5.4 Let M > 0 and 1 < p < % If 1 < q < p, there exists no radial ground state

for any M. If q > p there exists no radial ground state for M small enough.
Proof. By Proposition 2.1, we may assume N > 3 and

N_2 P>NT3

and ¢ > (5.20)

N-—-1

(i) Assume first ¢ < %. We use the system (5.5). Then w, defined by (5.7) is negative.
Hence the Leighton function N defined by (5.9) is nonincreasing since L < 0 when p < %
Furthermore since (z(t),y(t)) — (0,0) when t — —oo and e ! — 0, we get N'(—o00) = 0 it
follows that A/ (¢) < 0 for ¢ € R. Moreover, by Proposition 2.1,

_2—q Mt
u(r) =0(r 1) asr — oo <= x(t) = O(e?-D-1") =0o(1) ast— o0

.. . —wt 1 9.4(p+1)=2p ; o .
This implies e~ %zt (t) = O(e"P=D=1") = o(1) as t — oo and N(c0) = 0, contradiction.
(ii) Assume next % < g < p. We consider the function (5.15) with the parameters

2 (N -1 2M 0
p+3 gp+1)+2  qlp+1)

already used by [25] when M = —1, and we get with ¢ defined by (5.16),

2 uld| 2 . p+3 r19-1
U= 2 A+ BMy +CM thy = :
(p+3)2 r (A+ X+ x°)  with x 2+q(p+1)r‘u‘
where
A=(N-1)(N+2—-(N-2)p), B=2(N-1)(p—¢q), C=q(qglp+ 1) —2p). (5.21)

By our assumptions A > 0, B > 0 and C' > 0. Hence U > 0. This implies

T T
Z(r) = e~ Jo O ds (0 1 / O ST o g6 gis = / =0 ST o g6y s,
0 0
2

since Z(0) = 0. If u is a ground state, then «'(r) — 0 as r — oo, thus u|u/|? <u ]u’|PTpl Hence,

+1
from Proposition 2.1, u?(r) = 0(7“—2%) as 1 — o0o. The other terms uPT1(r), r~Lu(r)u'(r) and

2

ulu’ |P% satisfy the same bound, hence

2041 2p3)(N=1) _ 2(p+1) 2p+1) (N—2)p— (N+2))
K
Z(r)=0("" »1)=0(r »¥ ) =0(r 6D

Then Z(r) — 0 when r — oo, contradiction.
(iii) Suppose ¢ > p and u is a ground state. By Proposition 5.1 and (5.18), there holds

-1 2p
rne—=1 _ Neg |, 195
T = TR < en

Then y = ﬁpﬁl)r \u’|q_1 < ¢np. Hence, if M < My, for some My, > 0, U is positive as A

is. We conclude as above. O
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5.3.2 The case M >0, p > ]NV+2

We recall that in Theorem C if ¢ = ;Tpl and p > 1 there is no ground state whenever M > My,

see (1.26). In Theorem A’ if 1 < ¢ < % and p > 1 there is no ground state u such that
u(0) =1 if M is too large. In the next result we complement Theorem 5.3 for small value of M
in assuming q > p2+1
Theorem 5.5 If p > Nf2 and q > o 7 then there exist radial ground states for M > 0 small

enough.

Proof. First we consider the function Z with kK = N and obtain

2 p+1 /
N [Uu u uY /q

The function vanishes at the origin. We compute ¢ from the identity 2’ + 6 |u/|7 ' Z = rN-1yy
and get

N-2 N 0 B
U= <a - 2) u? + <p+1 _ a) uPtl (4_1 — fyq> rubt1 |u/|q 1

9)MwW“+{«N—1m—on—aw+A@]www—vw+qMVuw”“P

+<M+7+2

If v=0and § = —2M, then

N -2 N 2M
“‘(“‘2>“”%QH»—“>““‘ o LA M UL A

If u is a regular solution which vanishes at some 79 > 0, then Z(rg) = 27 '72u/N(rg) > 0. As
p > %'@, by choosing o = 3 (%4—%) we have % < a< ¥ We define £ > 0 by

2
(N —=2)p—(N+2)=4(p+ 1), then%—a:a—m—éandthen
U< =0 +uP™) + Mau v
Assume first ¢ < 2, we have from Hoélder’s inequality and 0 < r < rg where u is positive

q 2 —

2 2
o e =t

[\3

and

U+ (- M) < Mau? 7 — buP+! = fup+! (Aio‘u”?”f” — 1) < P! (M;‘ - 1>

since q > % and u < u(0) = 1. Taking M < g = ((N Dp-N=2 714 negative implying that

W,
7 e~2M Jg 1w ds Z (1) is nonincreasing. Since Z(0) = 0, Z(r) < 0, a contradiction.
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If ¢ = 2, then U < —£(u? + uPT!) + Mau'? since u < 1 on [0,79]. We still infer that & < 0
if we choose M < é.

___p¥l
Finally, if ¢ > 2, we have from Theorem A, v < Cyp M D=2, Therefore, using again
the decay of u from u(0) =1,

) _9 _(pt1)(g—2) _9 2
Maou ‘u"q < Mou ’u'|q u'? < MozC]qu qM (rFDa—2p /2 — aCpr qM<p+1)q—2p u?.

2
Hence U < — (6 — aC?V_quM@“)q—?p) u/?. Taking

s (N—2p—N-2
MGa2 < 024
T = UNea (N 2)p £ 3N — 2

we conclude that ¢/ < 0 which ends the proof as in the previous cases. O

Theorem F is the combination of Theorem 5.3, Theorem 5.4 and Theorem 5.5.

6 Separable solutions

We denote by (r,0) € Ry x SV~! the spherical coordinates in RY. Then equation (1.2) takes

the form .

N -1 1 1 2
—Upy — TUT — ﬁA/U = |’U;‘p71 + M (U% + 7472 |V/u|2> 5 (61)

where A’ is the Laplace-Beltrami operator on SV~1 and V’ the tangential gradient. If we look
for separable nonnegative solutions of (1.2) i.e. solutions under the form u(r,o) = ¥(r)w(o),

2p

then ¢ = 35, ¢(r) =r -1, and w is a solution of

2K 2 \? pi
—A’w—i—ilw:wp—k]\/[ <<1> w2+|V’w|2> , (6.2)
p— p—

where K is defined in (5.6). Throughout this section we assume

2p
>1 and g = ——. 6.3
p 1= (6.3)

6.1 Constant solutions

The constant function w = X is a solution of (6.2 ) if
2p
1 _
X1y M 2\ i _ 2K = 0. (6.4)
p—1 p—1

For N=1,2andp>1lorN>3and1<p< %, we recall that p* = p* (V) has been defined
in (1.24). The following result is easy to prove
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Proposition 6.1 1- Let M > 0 then there exists a unique positive root X s to (6.4) if and only

if p > N]\i2' Moreover the mapping M — Xj; is continuous and decreasing from [0,00) onto
1

0, ().

2-Let M <0, N>3 andp > % then there exists a unique positive root Xy to (6.4) and the

1

mapping M — Xy is continuous and decreasing from (—oo, 0] onto [(%) Pt ,00).

S-Let M <0, N=12andp>1o0orN>3andl <p< % then there exists mo positive
root to (6.4) if —u* < M < 0. If M = M* := —u* there exists a unique positive root Xy~ =
1

(p(zyfll))pj. If M < —p* there exist two positive roots X1y < Xo . The mapping M +—

X1 m is continuous and increasing from (—oo, u*| onto (0, Xpr+]. The mapping M — Xo s is
continuous and decreasing from (—oo, u*] onto [Xpz+, 00).

Abridged proof. Set

2 \»1 _p1 2K
fM(X) = prl +M <p—1> " )(eri _ (65)

, p—2 -1 2 ptl 2
then f3,(X) = (p— 1) XP™* + M1 p— X o1,

1- If M is nonnegative, fjs is increasing from _pszl = —W to oo; hence, if p > %

there exists a unique Xjp; > 0 such that fy;(Xp7) =0, whileif 1 < p < %, far admits no zero
on [0,00). Since fas > far for M > M’ > 0, there holds X; > X7, By the implicit function

1
theorem the mapping M + X is C' and decreasing from [0, o) onto (0, (%) "', Actually
it can be proved that (see [7, Proposition 2.2])

p+1

—1 K —1
Xy = pT (M) ! (I+o0(1)) as M — oc. (6.6)
p+l 2
2- If M is negative, fys achieves it minimum on [0, 00) at Xy = (;T]Vl[> pp=b) (%) "~ and
p 2 \? i1 2K
Far(0) = ——L o (22) (a2
(b+1)5 \P- P

{2\ P (N-2p-N
B <p—1> (@H)”il( T )

Since K > 0, there exists a unique X; > 0 such that fa;(Xs) = 0 and X > Xo. The mapping
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_1

M +— Xy is O and decreasing from (—oc, 0] onto [(%) "' 00). The following estimate holds

_1 _2
max{<2K>p47< 2 >p_1|M|P(p;_11>}§XM
p—1 p—1
_1 _2
1 —1 1
<ot (2507 (C2)) ).
p—1 p—1

3IfN=12andp>1lor N>3and1l<p< 5, then fr(0) > 0. Hence, if frs(Xo) > 0
there exists no positive root to fi;(X) = 0. Equivalently, if —p* < M < 0. If fy(Xo) = 0,

1

X is a double root and this is possible only if M = —p*, hence X_,» = (pa]ﬂ)>pj. If

fu(X) < 0, or equivalently, if M < —u*, the equation fp/(X) = 0 admits two positive roots
X1,m < Xo < X3 . The monotonicity of the X ps, j=1,2, and their range follows easily from
the monotonicity of M — fi;(X) for M < 0. Actually the following asymptotics hold when
M — —o0,

p—1 (K = 2 T _p+l
Xiy=2—"(2 (14+o0(1))and Xop = [ —— (=M)?#=1 (1+0(1)). (6.8)
k 2 M ’ p—1
O
6.2 Bifurcations
We set
2K 2 \? o
Aw)= -Nw+ ——w—-w —M[[|——) ?+|Vuw| ) (6.9)
p—1 p—1
If n € C°(SN~1) and if there exists a constant positive solution X to A(X) = 0 we have
2
d 2K 2p 2 P+ p-1
LAX o= A S pxrt o P 2 )T x|,
G AX A1) [0 n+<p_1 p p+1<p_1> 2 )n
Hence the problem is singular if
K 2p
1 —1
—L+po_l+M27p <2> . X1 = A, (6.10)
p—1 p+1i\p—1

where A\, = k(k + N — 2) is the k-th nonzero eigenvalue of —A’ in H'(SN~1). The following
result follows classically from the standard bifurcation theorem from a simple eigenvalue (which
can always be assumed if we consider functions depending only on the azimuthal angle on S™V—!
reducing the eigenvalue problem to a simple Legendre type ordinary differential equation) see
e.g. [26, Chapter 13] and identity (6.4).
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Theorem 6.2 Let My € R and Xy, be a constant solution of (6.2). If Xy, satisfies for some
k € N*,

2p
2 \pt1 _ 2 p+1
M()( ) Xt =~ — (2K — \p), 6.11

there exists a continuous branch of nonconstant positive solutions (M,wyr) of (6.2) bifurcating
from the (Mo, Xnr,)-

9 \#T el 2K o
Since M ] Xt = P XP" by (6.4) the following statements follow imme-
D _

diately from Proposition 6.1.

TR
Lemma 6.3 Set ®(M) = M (L) PXPTT when X is uniquely determined, and ®;(M) =

p—1
2p p—1
M (pzl)pH XJPX/} , j=1,2, if there exist two equilibria. Then

1- If N > 3 and p > 5, the mapping M — ®(M) is continuous and increasing from [0,00)

2K
onto [0, 7).

2- If N >3 and p > 5, the mapping M +— ®(M) is continuous and increasing from (—o0, 0]
onto (—o0, 0].

3 If N = 1,2 (mdp>10rN23and1<p<NL_2, the mapping M +— ®1(M) (resp

2K0

M — ®9(M)) is continuous and decreasing (resp. increasing) from (—oo, —u*| onto [p 7,0)

(resp. (—o0, ]%])

If we analyse the range R[®] of ® or R[®;] of ®;, we prove the following result.

Theorem 6.4 1- Let N > 3 and p > %

1-(i) There exists a continuous curve of bifurcation (M,wpr) issued from (Mo, Xpr,) for some
My = My(p) > 0 if and only if p > XEL and k = 1. Furthermore Mo({55) = 0.

1-(ii) The bifurcation curve s — (M (s),war(s)), is defined on (—eo,€o) for some ¢g > 0 and
verifies (M(0),war0)) = (Mo, Xa)-

2- Let N >3 andpz%

2-(i) For any k > 1 there exist My < 0 and a continuous branch of bifurcation (M,wyr) issued
from (M, X, ), with the restriction that p < N“ if k=1.

2-(ii) The bifurcation curve s — (M(s ),wM(S)), is defined on (—e€p,€0) for some ¢y > 0 and
verifies (M (0), war(0)) = (Mo, Xar,)- Finally My — —oo when k — oo.

S-let N=1,2 andp>1, or N >3 and1<p<%

3-(i) There exists no M < 0 such that 7 < ®1(M) <0, and a countable set of My, <0, k > 1,

such that ®o(My) = p(f’;;r_ll) (2K — )\k).

3-(ii) There exist a countable branches of bifurcation of solutions (My(s),wnr,(s)) issued from
(M/CaX2,Mk)-
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0 2K
) p 1
what condition on p > % one can find £ > 1 such that

Proof. Assertion 1. Since from Lemma 6.3, R[®] = | ) for M > 0, we have to see under

1 2K 2K
0< P ok - M) < g e o < 2K,
p(p—1) -1 p+1
Since K < N and /\k > 2N for k > 2, the only possibility for this last inequality to hold is & = 1.
The inequality 2 > +1 < N — 1 always holds since p > 1, while the inequality N —1 =X} < 2K is
equivalent to p > %—f;} Therefore My = 0 and Xy, = <pZK1) . If we consider only functions
on the sphere S™V~! which depend uniquely on the azimuthal angle § = tan™!(zx|gn-1), the
function v (0) = xx|gn-1 is a eigenfunction of —A’ in H'(SN~1) with multiplicity one. Hence
the bifurcation branch is locally a regular curve s +— (M(s),wpr(s)) with 0 < s < ¢ and we

SNfl

construct the bifurcating solution on using the classical tangency condition [26, Theorem

13.5],

wWar(s) = Xago + 5(P1 + Cs) (6.12)
where (; € HY(SN™1), is orthogonal to 11 in H1(SV1) and satisfies |||l o1 = o(1) when s — 0.
This implies the claim.
Assertion 2. Since R[®] = (—00,0) for M < 0, we have to find k£ > 1 such that

_p+l
p(p—1)
Asin Case 1, K < 2N, then inequality 2K < Ag holds for all £ > 2, and if k£ = 1 this is possible

only if p < N +1 The construction of the bifurcating curve is the same as in Case 1.

Assertion 3. We have R[®4] = [EKI ,0) for M < —p*. If we look for the existence of some k > 1
such that

(2K — X\) <0 <= 2K < A

2K P g a0 <0 e 2K < A < 2B

p—17"pp-1) p+1

we get an impossibility since K < 0. Hence there exists no My < 0 such that (Mo, X1 a,) is a
bifurcation point. We have also R[®2] = (—o0, p—] for M < —p*. Now the condition for the
existence of a bifurcation branch issued from (Mg, X2, n,) for some My < —p* is

1 2K 2K
P o M) S o N2
p

p(p—1) p+1
which is always true for any k > 1 and 1 < p < % 0
Remark. The exponent p = N—J_rl is the Sobolev critical exponent on SN~1. If one consider the

Lane-Emden equation with a Leray potential

N+41

—Au+ Az|” Qu:uT (6.13)

with A € R, then the separable solutions u(r,0) =1~ "2 w(o) verify

—Aw+ <(N_ %N_?’) - /\> w—w¥3 =0 on SN (6.14)
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It was observed in [10] that there exists a branch of bifurcation (A,wy) with A > 0 issued from
(0,wp), where wy is the constant explicit solution of (6.14).

Remark. In Theorem 6.4-1- and the above remark, we conjectured that on the bifurcating curve
there holds locally M(s) < My, and that for any p > % there exists My := My(p) such
that for M > My all the positive solutions to (6.2) are constant, furthermore M is defined
by (6.11). When p = %—fé, then M = 0 and there exists infinitely many positive solutions to
(6.2) [10, Proposition 5.1]. When % <p< %—i},’, it is unclear if the branches of bifurcation
(M(s),wnr(s)) issued from (Mo, wpy,) with Mo < 0 are such that M (s) keeps a constant sign. If
it is the case one could expect that if M > 0 and % < p < NEL all the positive solutions to

N—3>
(6.2) are constant.

The following statement is an immediate consequence of Theorem 6.4.

Corollary 6.5 1-If p > 1 and q = 2% there always exist nonradial positive singular solutions
of (1.2) in RN\ {0} under the form u(r,o) = rip%lw(a).

2-If N >4 and p > %, the functions are obtained by bifurcation from Xy with M > 0.
S-If N > 3 and % <p< %, the functions are obtained by bifurcation from Xy with
M < 0.

4-If N=12andp>1orN>3andl <p< %, the functions are obtained by bifurcation
from (M, Xo ) with My, < —p* and k > 1.
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