N

N

Sharp Schauder Estimates for some Degenerate
Kolmogorov Equations
Paul-Eric Chaudru de Raynal, Stéphane Menozzi, Igor Honoré

» To cite this version:

Paul-Eric Chaudru de Raynal, Stéphane Menozzi, Igor Honoré. Sharp Schauder Estimates for some
Degenerate Kolmogorov Equations. Annali della Scuola Normale Superiore di Pisa, Classe di Scienze,
2021, 22 (3), pp.989-1089. hal-01906573v1

HAL Id: hal-01906573
https://hal.science/hal-01906573v1
Submitted on 26 Oct 2018 (v1), last revised 7 Dec 2020 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01906573v1
https://hal.archives-ouvertes.fr

Sharp Schauder Estimates for some Degenerate
Kolmogorov Equations

Paul-Eric Chaudru de Raynal’ Igor Honoré! and Stéphane Menozzit
October 26, 2018

Abstract

We provide here some sharp Schauder estimates for degenerate PDEs of Kolmogorov type when the coef-
ficients lie in some suitable anisotropic Holder spaces and the first order term is non-linear and unbounded.
We proceed through a perturbative approach based on forward parametrix expansions.

Due to the low regularizing properties of the degenerate variables, for the procedure to work, we heavily
exploit duality results between appropriate Besov spaces.

Our method can be seen as constructive and provides, even in the non-degenerate case, an alternative
approach to Schauder estimates.
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1 Introduction and Main Results

For a fixed time horizon T' > 0 and given integers n,d € N, we aim at proving Schauder estimates for degenerate
scalar valued Kolmogorov PDEs of the form:

Opu(t,x) + (F(t, x), Du(t,x)) + %Tr(Dilu(t, X)a(t,x)) = —f(t,x), (t,x) €[0,T) x R"?, (11)
u(T,x) = g(x), x € R™, ’
where x = (x1,- -+ ,X,) € R™ and for all i € [1,n], x; € R?. Above, the source f and the terminal condition

g are bounded and scalar value mappings and the bounded diffusion matrix a is R? ® R%valued. Also,
F(t,x) := (F1(t,%),--- ,F,(t,%)) is a vector of R%valued unbounded mappings F; which have, for i € [2,n],
the following structure:

V(t,x) € [0,T] x R™, Fy(t,x) := Fy(t,x" 1), x50 = (%1, ,%xp). (1.2)

The notation D = (Dy,,- -+, Dy, ) stands for the full spatial gradient and Dy, denotes the partial gradient
w.r.t. to x;. For notational convenience we will denote the spatial operator in (1.1) by (L¢)¢ejo,1), i-e. for all
¢ € C3(R™ R) (space of twice continuously differentiable functions with compact support):

1
Lip(x) = (F(t,%), Dg(x) + 5 Te(DZ, p(x)a(t, ). (13)
In this work, this operator is supposed to be of weak Hormander type, i.e. we suppose that the diffusion matrix
a is uniformly elliptic and that the matrices (Dx,_, Fy(t,-)), c2.n] DAVE full rank.

Under suitable regularity assumptions on a, F it can be shown that the martingale problem associated with
(1.3) is well posed, see e.g. [Menll], [Menl8], [CARM17]. In that case, there exists a unique weak solution to
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the stochastic differential equation

dX; =F1(t,X;,...,X")dt + o(t, X{, ..., X})dW,,
dX? =Fy(t, X}, ..., XM)dt,
dX? =F3(t,X2,..., XM)dt, t>0, (1.4)

dX? =F,(t, X! XM)dt,

where (W})¢>0 is a Brownian motion on some filtered probability space (€2, (F;)t>0,P). The operator (L;)i>o
then corresponds to the generator of the process in (1.4) where o is a square root of a. The well posedness
of the martingale problem in particular implies that (1.1) admits a solution in the mild sense on a suitable
function space (see e.g. Kolokoltsov [Kolll]).

Starting from this framework and assuming that the coefficients a, F', the source f as well as the terminal
condition g lie in appropriate Holder spaces, we here prove that the Cauchy problem (1.1) is well-posed in the
weak sense and that its unique weak solution satisfies some appropriate Schauder estimates.

These Schauder estimates allow in particular to quantify precisely the parabolic bootstrap associated with
(L¢)t>0, hence emphasizing its intrinsic regularization properties. In [CdRM17], the authors show how in a
Holder framework for the coefficients F', o, some minimal thresholds allow to guarantee the well posedness of the
martingale problem associated with (L;);>¢ and how such thresholds depend on the level ¢ € [1,n] of the chain
and the variable j € [(¢ — 1) V 1,n]. Adding to these thresholds some suitable regularity (depending also on
the level and on the variable) allows to derive Schauder estimates. They provide accurate quantitative bounds
associated with the global smoothing effect of (L;);>o and reflect how the additional regularity propagates
through the operator. From another point of view, which relies on the associated stochastic system (1.4),
such estimates quantify the regularizing properties of the Brownian motion when propagating through the
aforementioned system. In any case, they underline the degenerate structure of the operator (L;);>o (or
equivalently of the system (1.4)) which leads to more tricky smoothing effects than those exhibited in the
non-degenerate setting.

It is indeed known from the seminal work of Lunardi [Lun97] on the topic that Schauder estimates for
degenerate Kolmogorov equations differ from those in the usual non-degenerate setting (see e.g. [Kry96] or
[Fri64]). They reflect in some sense the multiple scales in the systems (1.1) and (1.4) (see Section 1.1 below)
and are stated in terms of anisotropic Holder spaces. In particular, those spaces emphasize that the higher is
the index of the considered variable in [1,n], the weaker is the associated regularity gain.

Mathematical background. Let us shortly describe particular cases of dynamics of type (1.1) for which
some Schauder estimates have already been proved. We again mention the work by Lunardi [Lun97], who
considered the special case of a homogeneous linear drift F(x) = Ax satisfying the structure condition (1.2).
Precisely, the matrix A writes in this case:

al,l “ e e e al’n
a2)1 P P P az)n
A=| Odsa ass - e an ||
04,4
Od7d e Od,d Anpn—1 Apn

where the entries (a;;);jef1,nj2 are in R @ RY s.t. (a;,-1) are non-degenerate elements of R? @ R?

i€[2,n
(which expresses the weak Hormander condition)*. Also, the lgom]]ogeneous diffusion coefficient a belongs to
an appropriate anisotropic Holder space and asymptotically converges when |x| — oo to a non-degenerate
constant matrix of R? ® R?. The assumptions on the asymptotic behavior on the diffusion coefficient have
then been relaxed by Lorenzi [Lor05b], in the kinetic framework, i.e. n = 2 with the notations of (1.4), up to
additional regularity assumptions on a which could also be unbounded.

Priola established later in [Pri09] Schauder estimates, without dimensional constraints for time homogeneous

drifts of the form -
F(x) = Ax + ( Fi (x) ) , (1.5)
O(n-1)d,d

*Actually the non-zero entries (a; ;) of A can be non-square and simply have full rank in [Lun97]. We restrict here to square
matrices for the sake of simplicity.



for a non-linear drift F, acting on the non-degenerate variable in the expected anisotropic Holder space. The
underlying technique consisted in establishing bounds on the derivatives of the semi-group of the perturbed
degenerate Ornstein-Uhlenbeck process (i.e. with F;) from the usual unperturbed one (with (Ax); only)
through the Girsanov theorem assuming first that F, is smooth. This initial smoothness of F; is required in
order to compute the associated tangent flows. Through the continuity approach, the author then managed
to obtain the estimates for a bounded variable diffusion coefficient lying in the natural expected Holder space
similar to the one of [Lun97] with the same asymptotic conditions. The smoothness of F; is then relaxed
through an approximation procedure viewing the difference between the Holder drift and its mollification as a
source term and exploiting the estimates established for the smooth drift.

Finally, we mention the work of Di Francesco and Polidoro [DFP06] who derived Schauder estimates for a
linear drift of the previous type using an alternative notion of continuity regarding the diffusion coefficient a,
which somehow involves the unbounded transport associated with the drift.

Hence, in the current framework of degenerate Kolmogorov equations, focusing on the drift, the Schauder
estimates hold, to the best of our knowledge, for either linear drifts or Holder perturbations on the non-
degenerate variable of a linear drift.

Mathematical outline. There will be two main difficulties to overcome in order to prove Schauder
estimates in our framework: the degeneracy as well as the non-linearity and unboundedness of the drift.
Concerning this second issue let us also mention that, in the non-degenerate setting, Schauder estimates for
unbounded non-linear drift coefficients were obtained under mild smoothness assumptions by Krylov and Priola
[KP10] who heavily used the flow associated with the first order vector field in Ly, i.e. 8,(x) = F(t,8,(x)), to
precisely get rid of the unbounded terms.

In this work, we will prove, in the framework of Holder spaces for the source f, the terminal condition g
and the coefficients a, F, Schauder estimates similar to those of the previously quoted works ([Lun97], [Lor05b],
[Pri09]). The diffusion coeflicient a and the source term f will have, as in the non-degenerate case, the same
regularity. We mention that, in contrast with the non-degenerate case, this will not be the case for the drift
F for which some additional smoothness on the degenerate entries (F;);c[2,»] is needed to guarantee the well
posedness of (1.4). In particular, the Holder indexes of F will be above the minimal thresholds appearing in
[CARM17]. The flow associated with the drift term will again play a key role in our setting. Eventually, we do
not impose any particular spatial asymptotic condition on the diffusion a.

To prove our result, we will here proceed through a perturbative approach. The idea is to perform a first
order parametriz expansion (or Duhamel expansion) of a solution of (1.1) with mollified coefficients around
a suitable linearized Ornstein-Uhlenbeck type semi-group. The main idea behind consists in exploiting this
easier framework in order to subsequently obtain a tractable control on the error expansion. When applying
such a strategy, we basically have two ways to proceed.

On the one hand, one can adopt a backward parametriz approach, as introduced by McKean and Singer
[MS67] in the non degenerate setting. This technique has been extended to the current degenerate setting,
which involves unbounded coefficients, and successfully exploited for handling the corresponding martingale
problem or density estimates of the fundamental solution of (1.1) in [CARM17] and [DM10]. Unfortunately, this
approach does not seem very adapted to our framework involving a non-trivial terminal condition especially
because it does not allow to easily deal with gradient estimates which will, at least along the non-degenerate
variable x1, be necessary to establish our result.

On the other hand, the so-called forward parametriz approach is better designed to deal with gradient
estimates. It has indeed been successfully used by Friedman [Fri64] or I'in et al. [IKO62] in the non-degenerate
setting to obtain pointwise bounds on the fundamental solution and its derivatives for the corresponding heat-
type equation or in [CdR17] to derive strong uniqueness for kinetic SDEs of type (1.4) (i.e. n = 2 with the
previous notations). Especially, this approach is better tailored to exploit cancellation techniques which are
crucial when derivatives come in, as opposed to the backward one.

The perturbative approach is not usual to establish Schauder type estimates. The standard way is to
proceed through a priori estimates to establish for a given solution of the PDE in a suitable function space,
the expected bound. Existence and uniqueness issues, in the considered function space, for the solution of the
equation are addressed in a second time. We can refer to [Kry96] for a clear presentation of this approach and
to [KP10] for an extension of this method to non-degenerate operators with unbounded drift coefficients. We
will here obtain that the solutions of (1.1) with mollified coefficients satisfy, uniformly w.r.t. the mollification
parameter, a Schauder type estimate (see Sections 3 to 5 below). From the well posedness of the martingale



problem established in [CARM17] under our current assumptions, we will then derive that the martingale
solution to (1.1) actually itself satisfies the Schauder controls. Since we want to be in the sharpest possible
Holder setting for the coefficients, source and terminal functions, we will need to establish some subtle controls
(in particular we have no true derivatives of the coefficients) which will heavily rely on duality results for Besov
spaces (see Section 4.2 below and e.g. Chapter 3 in Lemarié-Rieusset [LR02]).

Let us emphasize that the perturbative approach developed here provides, even in the non-degenerate case,
a new alternative to establish Schauder estimates. It can be seen as a constructive one in the sense that, from a
sequence of smooth solutions, that uniformly satisfy the expected control, we will extract through convergence
in law arguments a limit solution which also satisfies the bound. Uniqueness of the solution in the considered
class then again follows from uniqueness in law of the underlying limit process.

The drawback of our approach is that, for the parabolic problem (1.1), we first have to establish our esti-
mates in small time. This is intuitively clear since the perturbative methods (expansions along an ad hoc prozy)
are precisely designed for small times. To obtain the result for an arbitrary given time, we then have to iterate
the estimate, which is precisely natural since Schauder estimates provide a kind of stability in the considered
function space. We are therefore far from the optimal constants for the Schauder estimates established in the
non-degenerate setting for time dependent coefficients by Krylov and Priola [KP17]. However, to the best of
our knowledge, our approach is the only one allowing to derive Schauder estimates for a parabolic degenerate
Kolmogorov equation with fully non-linear drift in Holder space. Also, we think the strategy developed in the
current work should apply for the elliptic degenerate Kolmogorov equation with good potential term, i.e. the
negative sign of the potential would allow to integrate on an infinite time horizon (getting therefore rid of the
small time constraint) or for unbounded sources f that would need in that cases to be somehow controlled by
an associated potential as in [KP10].

To conclude with this outline, we come back to the stochastic counterpart of (1.1): system (1.4). In con-
nection with the strong regularizing properties of Brownian motion, the perturbative approach we develop here
allows as well to address the problem of strong well posedness for the SDE (1.4) in a Holder framework for the
coefficients. This was done by Chaudru de Raynal in [CdR18] for n = 2 (let us mention as well in this kinetic
case the works of Fedrizzi et al. [FFPV17] and Zhang [Zhal8] who derived strong uniqueness for L? drifts on
the non-degenerate component and a linear degenerate dynamics in (1.4)). Namely, in the companion paper
[CARHM18], we establish through a similar approach strong uniqueness for the full chain for some suitable
related Holder thresholds for the drift. Indeed, from a PDE viewpoint, strong uniqueness for the associated
SDE is heavily related to pointwise controls of the gradient of the solution of the PDE in all the directions
(including the degenerate ones). These controls hence require some additional regularity and are then obtained
under some slightly stronger Holder regularity assumptions on the coefficients (which for strong uniqueness
issues then in turn become the source term in the PDE with the Zvonkin approach). Some related issues were
also considered under additional smoothness conditions by Lorenzi [Lor05a] in the case of a linear drift.

Before stating our main results, we recall some properties associated with the system (1.1). We first
describe in Section 1.1 how the intrinsic multi-scales of the degenerate Kolmogorov like equations appear. We
then introduce the appropriate setting of Holder spaces to consider in Section 1.2. We eventually conclude the
introduction stating in Section 1.3 our main results concerning Schauder estimates associated with (1.1).

1.1 Intrinsic scales of the system and associated distance

Let us now briefly expose how the system typically behaves. To do so, consider the following operator:

Oug -+ = - Ogaq
) Igq
L = 8t+<A0X,D>+§Ax1, Ay = Od,d Id,d s (16)
0dga -+ Oga Tgaq Og4q

which can be viewed as a typical model for the operator in (1.1). Introducing now, for A > 0, the dilation
operator dy : (t,x) € RT x R" s §,(t,x) = ()\Qt,)\Xl,)\3X2,~'- ,AQ"_lxn) € Rt x R™, ie. with a slight
abuse of notation, ((5,\(t,x))0 := A%t and for all i € [1,n], (6x(t,x)), := A?""'x;, we have that

%

Lov=0 — .,Sﬂo(vo&\) =0. (].7)



This hence leads us to introduce the homogeneous quasi-distance corresponding to the dilation operator dy.
Precisely, setting for all 0 < s <t < +o0, (x,y) € (R*?)2:

d
dP((t7X)’(S’y)) = (S_t)% Z‘Yi_xilﬁv (18>

we indeed have dp(8x((t,x)),0x((s,y))) = Adp((t,x), (s,¥)). In our current setting we will mainly use the
spatial part deriving from the parabolic homogeneous quasi-distance dp in (1.8). We set accordingly,

- (1.9)

d
d(x,y) = lyi —x
=1

From a technical point of view, these (quasi-)distances express the spatial homogeneity associated with the
intrinsic time scales of the variances for the Gaussian process with generator .%,. From a more probabilistic
viewpoint the exponents in (1.9) can be related to the characteristic time-scales of the iterated integrals of the
Brownian motion (see e.g. [DM10], [CARM17]).

The non-degeneracy and boundedness assumption on a as well as the Hérmander condition on the (F;);c[2,n]
that we assume for (1.1)-(1.4) (see assumptions (UE) and (H) below) will allow us to consider for our analysis
the previous quasi-distances associated with the simplest yet typical equation in the class described by (1.1)-
(1.4).

1.2 Associated Holder spaces

We first recall some useful notations and spaces. We denote for k € N, 8 € (0,1) by || - [[ck+s@m re)y, m €
{1,d,nd}, ¢ € {1,d,d? nd} the usual homogeneous Holder norm, see e.g. Krylov [Kry96]. Precisely, for
Y € CFHA(R™ RY), denoting by ¥ = (91, ,¥,,) € N™ a generic multi-index and |9 = 7" | ¥;, we define
the semi-norm:

k

[llorre@m ey = Z sup || D] oo (g ey + sup [DV4)],
1 Ivl=i |9=k
D19 _ D19
Doy = s IR =DWWI L)
(#y)E®™)2 2y |z =]
where | - | denotes the Euclidean norm on the considered space. We will also need to consider the associated
subspace with bounded elements. Namely, we set:
k m m
CbJrﬂ(R ,RY) = {y € CHP(R™,RY) : 9]l oo mm rey < +00}.
We define correspondingly the Holder norm:
||¢||cg+ﬁ(Rm,R2) = [[Yller+s @m rey + 1] Loo (e e)- (1.11)

We are now in position to define our anisotropic Holder spaces with multi-index of regularity. Let ¥ :
R™ — R’ be a smooth function. We first introduce, for i € [1,n], € R? the perturbation operator that
writes:

Vz € R T8 () (2) := (21, ,2i + T, ,Z). (1.12)
We then define for all 7 € [1,n], the mapping
(z,z) € R™ x R — (2, ) := 1% (¢) (). (1.13)

Let us introduce the following anisotropic Holder space in d-quasi-metric: given a parameter v € (0,1), and
k € N, we say that ¢ is in Cg"'” (R", RY), if

n
H’L/)||C§+'Y(R"d7Rf) = ;zilﬁl&gd‘Wi(z, ')HC%(R(I’RZ) < +o00. (114)

Tthe triangle inequality holds up to some multiplicative constant.



For the sake of simplicity, we will write:
[Pl = 19l e e rey, and [[¢flrrr = 1] ox v (gna pey -

The subscript d stands here to indicate the dependence of the Holder exponents appearing in the r.h.s. on the
underlying quasi-distance d reflecting the scale invariance of the system (see equation (1.9) and the comments
above for details). Note in particular that, for k = 0, there exists C := C(n,d) > 1 s.t.:

C_l[¢]77d < H"/)Hcs‘*W R7d RY) < C[w]%da

[y,a = sup M, (1.15)

x#x’,(x,x’)€(Rnd)2 d” (Xaxl)

see also e.g. Lunardi [Lun97].
From (1.11) and (1.14), we write that 1) € Cp " (R",RY) if

I¥llogs s ZZIZ;;&W Mot gy <+

From now on, we will denote:

1¥lley , = I¥lley ,mna rey-
Finally, through the article, we use the following notation for all ¢, € LOO([O,T],C,ﬁJéV(IRm,RZ)) and ¢o €
L= ([0, 7], C5TY(R™, RY)):

lerll Lo sy = S ler (@ M ops @m meys and @2l oo orery = S P2t )l e (o ey

1.3 Assumptions and main result

With these notations at hand we can now state our assumptions and main results. In the following, we will
assume:

(UE) Uniform Ellipticity of the diffusion Coefficient. There exists x > 1 s.t. for all (t,x) € Ry xR, 2 €
R4,
R < (alt %)z, 2) < Al

where | - | again denotes the Euclidean norm and (-, ) is the inner product.

(H) Weak Hérmander like condition. For all i € [2, n], there exists a closed convex subset £_1 C GL4(R)
) €

(set of invertible dxd matrices) s.t., for all ¢ > 0 and (x;_1,...,X,) € R(n—i+2)d Dy, [ Fi(t,X;i—1,...,Xn
Ei—1. For example, &_1 may be a closed ball included in GL4(R), which is an open set.

(S) Smoothness of the Coefficients. Fix v € (0,1). We suppose the following conditions hold.

(i) Smoothness of the diffusion coefficient. We assume that a is measurable in time and that
a € L>([0,T7, C;d(R"d,Rd ®RY)).

(ii) Smoothness of the drift in time. We only assume here that the drift is bounded measurable in
time at the origin, i.e. the measurable mapping ¢t — F(¢,0) is bounded.

(iii) Smoothness of the drift in space. We now state, for each level i € [1,n] the smoothness
assumptions on the drift component F; (see the remark below for more explanations):

F, € L>([0,T], CY VO (R((n-it2An)d gy (1.16)

For a fixed parameter v € (0,1), we will say that (A) is in force as soon as (UE), (H), (S) hold.



Remark 1. Let us come back to assumption (S)-(iii), which may seem difficult to understand at first sight.
Namely, we here explain a little bit how the particular thresholds appearing in this assumption come from as
well as the precise reqularity imposed on each component of the drift F w.r.t. any space variables.

e Note first that for i = 1 assumption (S)-(iii) readily says, with the previous notations for Hélder spaces,
that Fy € L>([0,T], C(R™,R%)).

e For each level i € [2,n] of the chain in (1.2), we shall consider different types of assumptions on F;
depending on the variables x;_1 and x*" = (x;,++ ,X,) respectively. Let us now fix i € [2,n].

The component X;_1 is hence the one which transmits the noise. Coherently with the usual Hormander
setting, we need some differentiability of F; w.r.t. x;_1. In order to have a global coherence, in terms of time-
space homogeneity, for all the considered variables, the specific smoothness to be considered for that variable
is that F(t, -, x"") is in C'F DT (R4, RY). Recalling now the previous definition of d and of the associated
Hélder spaces, we have Cl+2<i*7W1>4(Rd,Rd) = C%(Rd,Rd) = CY (R, RY).

Now, at level i, the components x*™ are above the current characteristic time-scale, i.e. the vector of their
associated time rescaling, which writes according to the homogenous quasi-metric dp in (1.8) as (ti’%,t(”l)*%,

. ,t”fé), has in small time entries that are actually smaller or equal than the time rescaling of the current
variable x; in t*=1/2. We recall as well that, in order to have the well posedness of the martingale problem
associated with the operator (Li)¢>o in (1.3), some natural minimal thresholds of Hélder continuity appear for
these variables. Precisely, at level i, F; must be Hélder continuous in x;j, j € [i,n], with index strictly greater

than g;:‘i (see [CARM17] for details). Here, still to have a global coherence, in terms of time-space homogeneity,

for all the considered variables, we assume that F; is 5;:?1’ + 2]7_1 Hélder continuous in its j*" wariable.
This precisely corresponds to the minimal threshold required to which we add the intrinsic v-Hélder regularity
w.r.t to the associated scale appearing in d for the considered entry. Thus, with a slight abuse of notations,
2= Fi(t, X1, X5, ,Xj—1, 2, Xj41, - ,Xn) 05 supposed to be in C%+2’J%1(Rd,Rd) = C§i73+7(Rd,Rd).

o “Gathering” the regularity conditions assumed on each variable for each component of F hence gives
assumption (S)-(iii).

We are now in position to state our main result.

Theorem 1 (Schauder Estimates for degenerate Kolmogorov Equations with general drifts.).  Lety € (0,1)
be given. Suppose that (A) is in force and that the terminal condition g and source term [ of the Cauchy
problem (1.1) satisfy: g € C’i‘g'y(R"d,R) and f € L“([O,T],C’;d(R"d,R)).
Then, there exists a unique weak solution u in C’EE’Y(R"CI,R) to (1.1). Furthermore, there exists a constant
C1:=C1((A),T) s.t.
el o2ty < (gl + 17 llm(cg.)- (117)

Section 2 below is dedicated to the presentation and description of the various steps that we perform to
obtain Theorem 1. From now on we will denote by C' a generic constant that may change from line to line
but only depends on known parameters in (A) and the considered fixed final time T, i.e. C' := C((A),T). We
reserve the notation ¢ for generic constants that may also change from line to line, depend on (A) but are also
independent of T, i.e. ¢:= ¢((A)).

2 Detailed Guide to the proof

The various steps of our procedure could be roughly summed up as follows: we first mollify the coefficients in
equation (1.1) in order to work with well defined objects. In the following, we will call, with a slight terminology
abuse, by regularized or mollified solution of (1.1) the solution of (1.1) associated with the regularized or
mollified coefficients.

We then derive the estimate of Theorem 1 in this framework but uniformly in the mollification parameter.
To do so, we will expand the regularized solution of (1.1) around a well chosen proxy. This expansion will
allow us to obtain an explicit representation of the mollified solution of (1.1) for which we will derive the
desired estimates in small time. A key point is that such a representation is of implicit form, so that, when
applying our strategy, the upper-bound of the Holder estimate will involve the Hélder norm of the smoothed
solution itself. To overcome this problem, the main idea consists in using a circular argument, bringing together
the Holder norms of the solutions on the same side of the inequality. This strategy then requires to obtain
constants in front of the bounds depending of the solution as small as needed. This property will be fulfilled
when working with an appropriately rescaled version of the smoothed solution. We can then transfer estimates



on the (regularized) rescaled version of the solution to the original (regularized) one and then extend it to
arbitrary time length intervals by using a chaining argument. We then conclude the proof of the estimates
in Theorem 1 through a compactness argument, allowing us to get rid of the regularization parameters, and
eventually show that the mild solution of (1.1) is a weak solution thanks to suitable controls deriving from our
analysis.

The main objective of this section is to introduce the approach shortly described above. Especially the
derivation of the estimates in Theorem 1 for the regularized solution in small time, involving norms of the
solution itself. This part is actually the core of the paper (we refer to Section 6 for the last steps of our
procedure: scaling arguments, finite time issues and weak solution property). The main point is thus to
emphasize the various difficulties arising when applying our strategy and to introduce the adapted tools that
can be used to circumvent them.

2.1 The mollifying procedure.

The first step of our strategy is to mollify equation (1.1) in order to get a well-posed Cauchy problem in the
classical sense. Precisely, for ¢ € C2(R"®, R), m € N and ¢ € [0, T] we define the operator:

Li"o(z) := (Fm(t, x), Dp(x)) + %Tr(DilsD(X)am(%X))v (2.1)

where F,,,, a,, are mollified versions in space of the initial coefficients F,a in (1.3), i.e. F,,(¢,x) = F(t,-) %
G (X), am(t,x) = a(t,) * ¢m(x), where for all z € R" ¢,,(z) := m"p(zm) for a smooth, i.e. C°°, non-
negative function ¢ : R" — R¥ s.t. Jgna #(z)dz = 1 and the previous convolutions are to be understood
componentwise. We introduce correspondingly the stochastic differential equation with generator (Lj")i>o.
Namely, for fixed (¢,x) € [0,7] x R"® and s > t,

xtx =t [ B XSt [ B X, 22)
+ t

where oy, is a square root of a,, and B = (14,4,04.4, - - -,04,4)* is the embedding matrix from R"? to R%. The
dynamics in (2.2) is similar to the one in (1.4) up to the mollification of the coefficients. It can be deduced
from the well-posedness of the martingale problem, which holds under our current assumptions from [CARM17],
that (X{")icio,r] =m (Xt)te[o,r] (convergence in law on the path space) where (X¢)c(o,7] is the unique weak
solution of (1.4) (see also [SVT79]).

Consider now mollified versions f,, g, of the source f and the final condition g in (1.1). It is then rather
direct to derive through stochastic flows techniques, see e.g. Kunita [Kun97], that

T
um(t,x) = E[Qm(x¥7t7x)] +/t E[fm(stT’t’x)]dsv (2-3)

belongs for any given m to Cg°(R", R) (space of infinitely differentiable functions with bounded derivatives)
and precisely solves:

Oyt (£, %) + (Fi (£, %), Dy (£, %)) + T0 (D2 (8, X)am (t,%)) = — fin(t,x), (t,x) € [0,T) x R, (2.4)
u’m(Ty X) = dm (X); X € R .

2.2 Proxy and explicit representation of u,,.

The idea is now to obtain controls of the norms ||y, || ; « (cz+v) which are uniform w.r.t. the mollifying parameter

m. To this end, we will use a perturbative method by expanding w,, around a suitable Ornstein-Uhlenbeck
like Gaussian proxy corresponding to an appropriate linearization of the dynamics in (2.2). Consider first the
deterministic dynamics deriving from (2.2) obtained setting o, to 04,4, i.e.
- 1M
B’U,T(E) = Fm(vvezf‘r(g))v v E [OvT]v 0:,17(5) = £v (25)
where (7,€) € [0,T] x R™® are freezing parameters, respectively in time and space to be specified.
Fix 0 <t < s < T and x € R"™. The typical linearization of (2.2) on the time interval [¢, s] around

(67 -(&))velt,s) Writes:

X (€)= x + / U[Fm(r, 07" .(€)) + DF(r, 0, (€)) (X8 — 0" (&))]dr + / ’ Bo (1,077 .(£))dW,,
t t
(2.6)



where for all z € R™?,

044 04,4
DZl Fm72(U7 Z) Od,d T ce 0d7d
DFm (U, Z) = Od,d Dz2 Fm,g (U, Zg;n) Od,d Od,d (2.7)
: Od,d .
04,4 e 04ad Da, Frun(v,2n-1,2,) 044

denotes the subdiagonal of the Jacobian matrix D,F,,(v,-) at point z. From our previous assumptions (non-
degeneracy of o and Hoérmander like condition), the Gaussian process with dynamics (2.6) admits a well
controlled multi-scale density p™ (7€) (¢, s, x, -) (see e.g. Section 3.1 below and for instance [DM10], [CARM17]).
Namely, there exists C' := C((A),T) > 1s.t. for j € {0,1,2} and all k € [1,n]?, £ € {0,1}, forall 0 <t < s <
T, (x.y) € (&)

C

¢ i o=my(r€) < (7 —1/. —1 . m,(7,§) _ 2)
‘kaDx1p (t,s,x,y)\ — (3 _t)l(kfé)%»%Jr# exXp C (5 t)‘Ts—t(ms,t (X) y)‘

_ ¢ ()
=: Wpc,l (t,s,x,y), (2.8)

where mgft’(T’E)(x) stands for the mean of X7(™%) and for all u > 0, T, is the intrinsic scale matrix:
ulgqg 0Ogaq - Oggq
T, — 0?7d Iz 0g4q ’ (2.9)
04.q XK Od,.d Unid,d

that is, the 3" diagonal entry of u~ 2T, reflects the time order of the variances of the (i — 1)*" iterated integral
of the standard Brownian motion at time u. Observe as well that the time singularities in (2.8) precisely reflect
the typical scale of the associated variable, i.e. differentiating in xj, yields an additional time singularity in
(s — t)*2 where (s — t)*~2 is exactly the order of the standard deviation of the (k — 1) iterated integral
of the Brownian motion.

Denoting by (ET’(T’s))UeMT] the generator of (2.6), it also holds that:

(0 = (L)) O (2, 5,3, y) = 0,5™ 9 (2, 5,%,) —ap 0x(),
(80 + L) O (b 5.3, y) = 0.5 O (85, 5) et by ().

The above equations are respectively the forward and backward Kolmogorov equations. In the first one, the
operator (LZ”’(T’@)* acts on the forward variable y whereas in the second one, L;”’(T’g) acts in the backward

variable x. We will use the notation 15;" t’(T’g) for the corresponding semi-group, i.e.

P g, (x) = / T X, y) gm(y)dy,
Rn

as well as

T
o - / ds / O (L, 5,5, ¥) (5, 5)dy, (2.10)
t Rnd

for the associated Green kernel (with fixed final time 7" > 0).
For fixed (t,x) € [0,T] x R and the above Gaussian proxy, for which (7, &) still remain to be specified,
we recall that Duhamel’s formula (first order parametrix expansion) yields that:

T
U (8, %) = P;?t’(T’E)gm(x) + GO £ (%) +/ ds/ Ot s, x, y) (LT — L™ Ty, (s, y)dy. (2.11)
¢ Rnd

Note for instance that the superscript (7, &), which stands for the freezing parameters, does not appear in the
regularized solution w,,. This is because the smoothed solution does not depend on the freezing parameters.
Hence, the above representation is valid for any choice of (7, ).



2.3 Estimates of the supremum norm of the second order derivative w.r.t. the
non degenerate variables: introduction of the Besov duality argument.

Recall from the statement of our main Theorem 1 that we have to give bounds on ||uy,]| Lee(c2tmy- For this

introduction to the proof, we will focus on the contribution Dilum, that already exhibits almost all the
difficulties and for which we want to establish a control in time-space supremum norm and for the y-Hdélder
modulus associated with the distance d.

Differentiating in D2 equation (2.11) gives:

Dilum(t7 x) = Dilp}rg(tg)gm(x) + Dilém’(T"i)fm (t,x)
T
+/ ds | D3 7™ Ot 5, %, y) (L] — LT T8 ) (s, y)dy. (2.12)
t n

Concentrating on the last term, which turns out to be the most delicate, we see that the choice of (7, &) must
be made in order to equilibrate the time singularities coming from D2 . pro(m8) (t,s,x,y). Let us first consider

_ f];’%(ﬂ&))

the non-degenerate part coming from the difference (L7 Um (s,y) which explicitly writes from (2.1)

and (2.6):

(P 1(5,3) ~ o (5,67 (€)), Dyt (5,3)) + 5 Tr((@n(5,3) — (5, 07 (€) D (s, )
=t A1F,0.(7:8,Y,00(£), un), (2.13)

and can be upper-bounded from the Holder continuity assumption (w.r.t. the underlying homogeneous metric
d) on F; and a as:

|A17F'rn7o'nL (T7 S, y7 0?}7’ (5)7 U’m)'

< (P25 Nl Dys (s, M+ 5lals, a0 umn s, o= ) d7(y, 07 €)). (2.14)

The contribution d”(y,87".(£)) in the above r.h.s. must then equilibrate the time singularity in (s — )~

coming from D2 p™ (™€) (t, s,x,y) (see (2.8) and Proposition 3 below). This is possible if d(y,07.(§)) is

compatible with the off-diagonal bound (s — t)|?1’;_1t(m:t’(7’5) (x) — y)|? in (2.8). This is precisely the case

considering (7, &) = (¢,x) which gives

m 78 ()] (6 —(e.x) = OT4(%), (2.15)

)

as it can readily be checked from (2.5), (2.6) (taking the expectation) and the Gronwall’s lemma. Therefore,
observing precisely from the metric homogeneity (see equations (1.8) and (1.9)) that:

d7(y,074(x)) = (s—0)7d (s — )3T, Ly, (s — )2 T, 2,074 (x))
< Cl=0F (Xl =0T (v - 67,677,

we get that the terms of last contribution in the above r.h.s. can precisely be absorbed by the exponential
off-diagonal bound in (2.8).
We therefore eventually derive for the non-degenerate contribution with the notation of (2.8):

T
’/ ds Dilﬁm’“@(ta&XJ)ALFm,am(ﬂS,BZt(ﬁ),y,um)dy‘
t R4

(T7€):(tax)

< [ [ el IR P x.y)
> \ (S—t)l_% - L>=(C3) LllL>=(C3) P11 8,X,Y

% (11 Dyytim (5, )2 + D2, (s, )|~ ) dy

2A N )
< @03 1Dy unllzs + 15 um 1)

2A 5
S T(T — t) 2 Hum”LOC(Cf:n)' (216)
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Remark 2 (Constants depending on the Hélder moduli of the coefficients). In equation (2.16), we denoted
A= C(HCLHLOO(C;) + IlFl”Loo(C;f)), i.e. A explicitly depends on the Holder moduli of the coefficients a and F1
on the time interval [0,T]. Importantly, in the following, we will keep the generic notation A for any constant
depending on the Hélder moduli of a, F, but not on the supremum norms of a and (DF;),c2,n] and such that
A — 0 when the Holder moduli of a, F1 and for any i € [2,n], F; w.r.t. to the variables i to n, themselves
tend to 0. In other words, A is meant to tend to 0 when the coefficients do not vary much. In the computations
below A may change from line to line but will always enjoy the previous property.

Equation (2.16) thus precisely yields a time smoothing effect corresponding exactly to the Holder continuity
exponent vy of the coefficients. The previous choice of (7,&) is known as the forward parametrix and seems
adapted as soon as one is led to estimate derivatives of the solution. This was for instance already the choice
performed in the non-degenerate case by Il'in et al [IKO62] or Friedman [Fri64] in relation with Schauder
estimates or by Di Francesco and Polidoro [DFP06] in the current degenerate Kolmogorov setting with a linear
drift.

Let us mention that, as far as one is concerned with density estimates, which formally amounts to replace
Um(8,X), Um(s,y) in (2.11) with p™(¢,T,x,z), p™(s,T,y,z) (density at some fixed point z € R*@ of X
starting from x at time t), or with the well-posedness of the martingale problem, another choice, consisting in
freezing in (7,€) = (s,y) in the above equation, could also be considered. Note that the freezing parameters
would here depend on the time and spatial integration variables. This backward approach was first introduced
by McKean and Singer [MS67] and led successfully to density estimates and well-posedness of the martingale
problem for the current model (1.4) in the respective works [DM10], [Men18], [CARM17].

However, when dealing with derivatives, the forward perturbative approach appears more flexible since
it allows to exploit cancellation techniques whereas this is much trickier in the backward case for which
pro(sy )(t,s,x, y) is not a density w.r.t. y. Some associated errors associated with this approach are thor-
oughly discussed in [CARM17].

Let us emphasize that, in view of the above calculations, from now on, the choice of the freezing parameters
(1,€) will by default be (1,€) = (t,x). We will hence sometimes forget the superscript on quantities that
depend on these parameters for the sake of clarity and assume implicitly this choice. It may happen in the
following that another choice for the freezing space point & will be done. If so, we will specify it. In any case,
when the regularized solution wu,, will be evaluated at point ¢ in [0, T], we will choose 7 = ¢ so that this choice
shall be assumed in the following.

Let us now turn to the contributions associated with the degenerate variables in the difference (L7* —

flT’(T’g))um(s, y). They precisely write:

((Funi(5:%) = Foni(5,072(6)) = D Fona (5. 02-(€))(y = 07-(€))i1 ) Dy, tm(5,y))

-

=2

[
-

I|
N

<A75:Fm (TvSaegt(£)7Y)7Dyium(svy>>' (217)

K3
Under the current assumptions, we do not expect to have uniform controls w.r.t. to the smoothing parameter
m for the derivatives (Dy, tm)ic[2,n] in the degenerate directions. Our strategy will first consist for those terms
in performing an integration by parts leading to:

n T
[ s [y DO (s ) B (5. O34 (€).3). Dyt (5.3)|
=2

(r,8)=(t.x)

(m.8)=(t%)
(2.18)

no LT
< > [ af /R CdyDy, - (D250, 5,%.9) © Aip, (7,5, 074(6).)) Jum(s,y)
i=2 71 "

where the notation “®” stands for the usual tensor product. In particular, the term (Dilﬁm’(T’é)(t, 5,X,y) ®
Air, (1,5,07,(£),y)) is a tensor lying in (R?)®3. Furthermore, Dy, refers to an extended form of the diver-
gence over the i*! variable (y; € R?). Precisely, from (2.18), we rewrite for all i € [2,n], (s,y) € [t,T] x R":

Dy, - (D259t 5,%,y) @ A, (7,5,074(6), ) )

= >0, (D29 (s, y) (A, (75,074(6). ) ).

Jj=1

11



withy; = (yl, -+ ,y?). In other words, this “enhanced” divergence form decreases by one the order of the input
tensor. As a particular case, if d =1, A; g, (7,5,0"(£),y) is a scalar and the divergence form corresponds to
the standard differentiation, i.e. Dy,- = 0y, .

Introduce now for notational convenience, for a multi-index ¢ € N¢ the quantity:

GT(,:X) (57 y) = Dﬁﬁm,('r,ﬁ) (t7 8, X, Y) ® Ainrn, (Tv S, egft (6)7 Y)'

With this notation at hand equation (2.18) rewrites:

n T
) Z/ ds ana dyDilﬁmV(T’g) (ta §, X, Y)<Ai7Fm (Ta570’2?t(£)7y)7Dyium(say)>‘
i=2 71t "

(7,€)=(t,%)

n_oeT
= Z/t ds’ /Rnd dyDy, - (@ﬁ’fx)(s,y))um(s,y)’ , (2.19)
= (r.&)=(6%)

with ¥ = (2,0,---,0), i.e. the multi-index here involves the second order derivatives of the frozen heat-kernel
w.r.t. to its non-degenerate components.

In view of our main estimates in Theorem 1, we will use the duality between suitable Besov spaces to
derive bounds for the spatial integrals in (2.19). Introduce, for all fixed i € [2,n] and any spatial point
(yla o Yi-1 Yirls 7yn) = (y1:i717yi+1:n) S R(nil)d the mappings

U%S)ylziil)yprlm) tyi Um(saylzifl,yiayiqu:n)a
0 . 0
g (yi — Dy, - (@T(nx)(s,y)). (2.20)

4,(t,%),(8,¥1:4—1,Yit1:n)

The underlying idea is that we actually want, for the i*? variable, to control uniformly in m the Holder modulus

[ui}fs’y”’l’y”l:")]% uniformly in (s, y1.i-1, Vit 1:n) € [t, T] x R4 To prove this property we recall that,
setting &; = 22:71, CY (R R) = B% o (R% R) with the usual notations for Besov spaces (see e.g. Triebel
[Tri83]).

Let us now recall some definitions/characterizations from Section 2.6.4 of Triebel [Tri83]. For & € R, q €
(0,+00],p € (0,00], B, (RY) := {f € S'(R) : 1f I35, < +oo} where S(R9) stands for the Schwarz class and

1 1
d’U m—2 m a
£, = (D)l + (| o200 b5 F1 ) (2:21)

with ¢ € C5°(R%) (smooth function with compact support) is s.t. ¢(0) # 0, @(D)f = (¢f)Y where f and

(pf)V respectively denote the Fourier transform of f and the inverse Fourier transform of ¢ f. The parameter
~ 2

m is an integer s.t. m > § and for v > 0, z € R?, hy(z) := (27;)% exp ( — %) is the usual heat kernel of

R<. We point out that the quantities in (2.21) are well defined for ¢ < co. The modifications for ¢ = +o0 are

obvious and can be written passing to the limit.

Observe that the quantity | f ||;_Lg.q7 where the subscript H stands to indicate the dependence on the heat-

kernel, depends on the considered function ¢ and the chosen m € N. It also defines a quasi-norm on B; q(Rd).

The previous definition of Bg‘,q(Rd) is known as the thermic characterization of Besov spaces and is particularly
well adapted to our current framework. By abuse of notation we will write as soon as this quantity is finite
1l = /1l

As indicated above, it is easily seen from (2.21) that C{ (R%, R) = B% (R%,R). It is also well known that
B% (R%R) and Bff (R4, R) are in duality (see e.g. Proposition 3.6 in [LR02]). Namely B!  is the dual
of the closure of the Schwartz class S in Bff‘ But S is dense in Bf? (see for instance Theorem 4.3.3 in
[AH96]). We will therefore write from (2.18) and with the notations of (2.20)

noT
g/t dS‘ /Rnd dyDyl . (@Zl(’zx)(s,y))um(s’y)‘

(r:8)=(t.%x)

n_ T
) ) m,J _ 4,(8,Y 10— 15Yit1m) || -
S ;/t dS /R(n—l)d d(Y1:1—17YZ+1:7E)||\D'L,(tx),(s,yl:i_l7yi+1m)HB;;’%’ um ! ! + ||B§CZ,DO
n T
m,9 ~
< ol 35 [ G0 I 222)
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Exploiting the thermic characterization of Besov spaces (see again (2.21) and Section 4.2), it will be shown
in Lemma 11 below that there exists a constant A := A((A),T') as in Remark 2 s.t. for all ¢ € [2,n] and all
m € N:

A
m,9
. . o e, < —— .
/]R(?L*l)d d(YLZ_l’ yH—l'n)H\1117(7573()7(3,}’1:7:717yri+1;n) HBl,ll = (S _ t)l—% (2 23)
Therefore: -
E m,¥ ol
L S 1. L) _as < — .
P ~/t ds /R<n71)d d(yl'lfl’yl+1‘n)H\IIZ7(txX)7(5>Y1:i71,yri+1;n) B, " — A(T t) * (2 24)

which plugged into (2.22) eventually gives the following global smoothing effect for the degenerate contributions.
Namely,

n T
’ Z /; dS/]R ; dyDilﬁm7(T7£) (t> S, X, y)<Ai,Fm (T, S, 02:}(5), y)Dyz'um(S7 y)>‘
i=2 "

(m,€)=(t.x)
X
< AT =2 lumll oo 24y, (2.25)
which is precisely homogeneous to the bound obtained for the non-degenerate variables in (2.16). In both
cases, the contribution (T — t)? derives from the assumed smoothness of the coefficients a, F w.r.t. d which

exactly leads to the same global control for the a priori most singular part of expansion (2.12).
From the previous bounds and (2.12) we thus obtain:

|D>2clu771(tv X)| < (|D)2(1 P%’:(r,&)gm(x)‘ + |D,2(1 ém,(‘r,ﬁ)fm(t,xﬂ)

£ AT = )2 |Jtin || oo 2ty (226
(1) (T = )2 fJumll Lo 24y (2:26)
Since ]5}7;“’5) is a true semi-group, and G™ (7€) the associated Green kernel (precisely because we used a

forward perturbative expansion), it will be derived in Lemma 12 (thanks to cancellation techniques) that there
exists C' := C((A)) s.t. for all (¢,x) € [0,T] x R"%:

(1P% PR gm0l + 102, GO fute)l)| < Cllgmllezy + (T = 0F iz )
< Cllgllozts + (T =02 fl1=(cp )
(2.27)
Equation (2.27) eventually leads to the following estimate on | D2 w,,(t,x)]:
D2, (t%)] < € (gl + (T = DF (1= ey ) + AT = O umll e - (2.28)

For T small enough, this equation would be compatible with the estimates of Theorem 1. Equation (2.28)
might even seem too strong since it also exhibits, additionally to the control of the term associated with the
perturbation, a small contribution (in (7" — t)% for a small enough T') w.r.t. to the source f,,,. This is precisely
because || D wm(t,-)||L is not one of the critical terms in the Holder norm [|upn, (t, ')”Cz?ff’ i.e. the regularity

of the coeflicients still gives that it can be viewed as a remainder at first sight.

2.4 Estimates on the Holder modulus of the second order derivative w.r.t. the
non degenerate variables: introduction of the various change of regime of the
system.

Now, a typical critical term of the Holder norm, for which we precisely exploit totally the spatial regularity of
the coefficients, is [D2 un (t,-)]] (see assumption (S) and (1.15)). Let us now detail how we can handle it and
in which sense it can be viewed as critical.

Of course, if g = 0, for ¢ € [0, T] and given spatial points (x,x’) € (R"?)? we can assume w.l.o.g. that, for

some constant cg to be specified later on and meant to be small, ¢g d(x,x") < (T'—t) 2, i.e. the spatial points are

close w.r.t. the characteristic time scale (T'—t)? for the homogeneous metric d. Indeed, if ¢ d(x,x') > (T'—t)2,
equation (2.28) readily gives:

D2t (t,%) = D2yt (8|

IN

| Dt (£,%)] + [ D3, (£, )|
< AT =0} (Cf ey + Ml o czi)

IA

265 7%, %) (CI| g + Ml 25 (2.29)
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Note that the above bound is now critical in the sense discussed above. Let us now focus, as before, on the

1
Holder control associated with the perturbative contribution in (2.12) when ¢2d(x,x’) < (T —t)z. Namely,

T
D2 ALES (1, T,x,x) = / ds | DLt s, y) (L = LI )um (s, y)dy
t Rn

S

T
*/ “ I DR (b5, X y) (LY = LT ) (s, y)dy,  (2:30)
t n

where we recall that a priori the spatial freezing points (£, &) in (2.30) (see also (2.12)) should be different
for x and x’ and depend on the position of d(x,x’) w.r.t. the current characteristic time scale in the time
integral. Following the terminology of heat kernels, we will say that at time s € [t,T] the points x,x’ are in
the diagonal regime if cod?(x,x’) < s —t, i.e. their homogeneous distance is small w.r.t. the characteristic
time for a parameter cg to be specified later on.

We insist again that we have the usual equivalence between time and space, i.e. time has to be compared
with the square of the spatial metric d. Similarly, we will say that the off-diagonal regime holds when
cod?(x,x’) > (s —t). Observing that in the diagonal case s > t + cod?(x,x’) (and in the off-diagonal one
s < t+cod?(x,x’)) we split the time integral in (2.30) as:

ATEE (4T x,x) = ATEE (t,T,x,x") + ATEE (t,x,x"),

m,diag m,off-diag
with
, t+cod?(x,x") 5
Arramg(txx) = [ s [ Oy ) (I = E9u (5.5 dy.
t n
t+cod?(x,x") , B ,
_/ ds/ P (¢, 5, %, y) (L = LT Ju (s, y)dy,
t R”d'
! T ~
At Txx) = [ ds [ O sy (L L) (s, 5)dy
t+cod?(x,x’)JRnd
T ’ ~ !
[ s [ O X )L = L sy,
t+cod?(x,x’)JR"d
(2.31)
Intuitively, for the term D A;’lﬁ’)ﬁ_diag(t,x, x'), since x,x’ are far at the characteristic time scale (s — t)%,

there is no expectable gain in expanding Dilﬁ’”’(ﬂgl)(t, s, x',y) — D,Q(I;ET”’(T"E)(t7 $,%,y). One therefore writes:

|D>2c1 A:rf(’)%‘-diag (tv X, X/)|

t+cod? (x,x") -
<1/ ds [ DL sk ) (L~ L s y)dy
t n

t+cod? (x,x) , B ,
+|/ ds/ D,Q{lﬁm’(“£ (L, s,x', y) (L™ — L8, (s, y)dy|.
t Rnd
Now, provided & = x, ¢’ = x’ one derives from the previous equation, similarly to (2.22), (2.23), that

ds

e t+eod?(x,x") .
2 & 2
1Dy, AT S ding (t X, X)| < A||um||Lw(C§;~)/t s ; < A||um||Lx(C;T)cg d7’(x,x'). (2.32)

_ t)l—f
For ¢y small enough, we obtain again an estimate that would be compatible with the global bound on
||Um||Loo(Cz+7) stated in Theorem 1.

b,d

;i’fi;g(t, T,x,x’) one would therefore be tempted to carry on the analysis with the

previous freezing points & = x,£& = x’. Intuitively, in the diagonal regime this should not have too much
impact. This is only partly true, since if we proceed so we will be led to investigate the difference of operators
at different freezing spatial points and this leads to compare quantities like 67", (x) — 6", (x’) for which we want
a uniform control w.r.t. m. Since the initial (unmollified) coefficients a, F are only Holder continuous in space,
this quantity is typically controlled (see Lemma 7) as:

Turning now to D2 A

d(67,(x),07,(x')) < C(d(x,x) + (s — 1)2), (2.33)
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where the time contribution is precisely due to the quasi-distance d (see the proof of Lemma 7 in Appendix
A1.1).

Unfortunately, this approach would lead to a final control of order (d(x,x’) + (s — t)%)7 < CO(d(x,x') +
(s — t)%) which is not enough on the considered integration set. Recall indeed that, in the diagonal regime
cod?(x,x') < (s—t) and the term (s—¢)? in the previous r.h.s. is too big. This means that for A;’f(’fi;g(t, T,x,x'),
it would be more appropriate to consider the same spatial freezing point. In that case, takingf =¢ =xand
expanding the difference of the derivatives of the frozen Gaussian densities yields:

A:ngdglag (t,T,x,x)

n T 1
- -3 ds [ dy [ duDy D25 s x4l = %)) (6~ ),
: t+cod? (x,x’) Rnd 0
(LY = LT )up(s,y)
n T
= - Z/ dS/ dy/ dpD, DZ, ™ T (8, 5,5 + p(x =), y) - (< = x);
Rnd

=1 t+cod? (x,x’)

n
<A1;F7nao7rz(t7870 y7um +Z 71Fm;0'1n t s ggnt( ) )DYium(S’Y)>>’
1=2

(2.34)

using the notations introduced in (2.13) and (2.17) for the last equality. In the previous identities (2.34)
and from now on, the symbol “” between two tensors means the usual tensor contraction. In particular
Dy, Dilﬁn’(T’g) (t,s, x4+ pu(x' —x),y) - (x' —x); is a d x d matrix.

In the current diagonal regime, it can be shown from (2.8) and the homogeneity of the distance d that
there is C' > 1 such that for (7, &) = (¢,x):

D, D2 PO (¢ s x + p(x! — x),
e R

e t)jOéHMZ,d exp(~C (s = OIT 2 (mI Tkl =) =3P
- (s—t)jcé+1+"§d exp(C™ (s — )|T5 2, (m5 7 (x — x') )
-1 m,(T,g) 2
xexp(=—5—(s = O mITO00) =y
" t)J'Cé+1+"§d exp(~ (s - DT 02400) 1) (25%)

using for the last inequality that m ’( "S)( X)|(re)=(t.x) = 054(x) and the fact that, from the linear struc-
ture of ODE satisfied by m (T E)( ) (which can be read from system (2.6) taking the expectation), (s —
83T, (m] 7)) (x — )\2<C(sft)l|’ﬂ‘:1t(xf x')|. Since ¢od?(x,x') <'s —t & cod?((s — )3T, 4, (s —
H2T;, x') < 1, we readily derive from the definition of d in (1.9) that (s — ¢)|T,,(m ’(T’s))( x)? <.

These points are thoroughly discussed in Sections 3.
From (2.34), (2.35) reproducing the previously described analysis, we finally derive:

D2 A;fdglag(t T,x,x)

ds ,
s AHumHLOC(C%—’Y)Z/ +cod?(x,x’) (5 t)1+(‘j_%)_% ‘(X_X)jl
|(x —x');]
< A Um oo Y 1_ 7
< lumll (e )j; (cod2(x, x'))/—3—%
Al & (x,x) (2.36)
~ n_%_% m Loo(cl?;’Y) 5 5 .

Co

using again the definition of d in (1.9) for the last inequality and where A is an in Remark 2. We have again

globally gained, thanks to the smoothness of the coefficients, a power 3 in the time singularities of equation
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(2.35).

From the previous discussion we now have to specify how to modify the freezing parameter depending on
the position of the current time variable w.r.t. to the homogeneous spatial distance between the considered
points. This can actually been done from the Duhamel formulation up to an additional discontinuity term.
Restarting from (2.11) we can indeed rewrite for given (¢,x’) € [0,T] x R" and any r € (¢,7],¢ € R

um(t,x’) = Pm(TE)um(rx)—&—G (Tg)f (t,x")

r,t

+/ ds/ dyp™ 8 (8,5, % y) (LT = L8 g (s, y),
t Rnd

VO<v<r<T, G f, (t,x) = / ds / dyp™ "€ (¢, 5, X', y) fm(s,¥). (2.37)
v Rnd
Differentiating the above expression in r € (¢, T yields for any & € R™4:

0= GTP:;’(T’S N (r, %) + , dyp™ ") (1, X y) fm (1Y)
]R’Vl

+ dyp™ (T8 )(t r,x,y)(L" Lm (T8 ))um(r y)dy. (2.38)
Rnd

Integrating (2.38) between t and ty € (¢,7T] for a first given &' and between to, and T with a possibly different
~/
£ yields:

to
0 = BT (to,x') — u(t,x) + / ds [ dyp™ ") (t,5,xy) fun(s,y)
t Rnd
to !’ ~ ’
+/ ds/ dyp™ € (t, s, %' y) (LT — L™, (s,y)
Rnd

-, T -,
+ BT g (1) = BT, (b, x') + / ds [ dyp™ ) (t,5,%,¥) fm(s,¥)

to Rnd
/ dS/ dyp™ T (t, 5, y) (L — LTy, (s, y).
Rnd

Recalling that u,, (T,x") = g, (x’) (terminal condition), and with the notations of (2.37) the above equation
rewrites:

U (¢, X') = ]57717(7,5 ) m (X ) + Gto tT &) fm(t b'e ) + GT ;E(L)T7£ )fm(t7 X/)

+P T g (o, x’)—Pﬁ““um(to, )
/ds dy (Luceod™ ") (15,5 y) (L7 — L74))
]Rnd
Haoto 5 (b, ) (L = L) (5, ). (2.39)

We see that for &' # E’l we have an additional discontinuity term deriving from the change of freezing point
along the time variable. Of course expression (2.39) can be differentiated in space and taking then

to =t + cod?(x,%'), (2.40)

i.e. to precisely corresponds to the critical time at which a change of regime occurs, and &’ = x’, é/ = X precisely
allows, when expanding D3 up, (t,x) — Dz um(t,x") using (2.12) for the first term and (2.39) for the second
one, to exploit the previous analysis that led to (2.32) and (2.36) and which relied on the suitable choice of
freezing point. We again insist on the fact that, in the analysis, ¢y is an additional freezing parameter, which
is a posteriori chosen according to (2.40) as a function of (¢,x,x’). In particular the parameter ¢y does not
intervene in the various possible differentiations of the considered perturbative expansions.

This approach eventually leads to:

D2, (£, %) = D2, (8, %)
-n+3i+3
< @xx)[Cllgllezs + 1 li=cg ) + Ales ™ F 4 6§ ) umll o )|

+| (02, B (10,5 = D2, B (10, %

to,t

)) |t0:t+cod2(x,x’) . (2.41)
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The last contribution can be controlled through cancellation techniques and the key estimate (2.33) on the
difference of the flows. The specific choice of tg = t + cod?(x,x’) then precisely provides the required order
leading to:

|D)2€1um(t7 X) - Dilum(t7xl)|
—n+i+3 3 T
< @xx)[Cllgllezy + 1= cg ) + (A +ed) + C ) lumll e oz |-

We refer to Lemma 17 for results associated with the discontinuity term in (2.41).

2.5 Conclusion and outline of the derivation of estimate in Theorem 1.

We have detailed up to now what happens with the second order derivatives w.r.t. the non-degenerate variables.
The previous procedure can be applied as well to control the Holder moduli w.r.t. the degenerate ones. We
therefore end up with the following kind of estimate:

—n+i4+d 1 el T
||UmHLoo(C§j;’Y) S C(HchST + Hf”LOO(C;,d)) + Hum”LW(Csfj’Y) |:A(CO Ty -+ 002 +T2) + CCS 1].

(2.42)

Equation (2.42) would provide exactly the expected control if A and ¢g are small enough. On the one hand, the
final parameter ¢y can always be chosen small enough (cutting threshold). On the other hand, it will appear
from the proofs that the constant A in (2.42) actually depends on the Holder norms of the considered coefficients
(see again Remark 2). If these quantities are small, i.e. the coefficients do not vary much and the components

—ptlyr 2 5 v
that transmit the noise are almost linear, then A will be small. For [A (co mhats +c3+T72) —l—ch”*l} < ko <1,

we eventually derive:
C
HumHLoo(cgy) < m(”gﬂcﬁ; + 1 f ey ) (2.43)

which is precisely the expected control. The general case, is proved through a scaling argument which also
allows to balance the opposite effects of ¢y (meant to be small, in particular ¢y < 1) in the above bounds. This
last point will be discussed in Section 6.

2.6 Organization of this paper.

The remaining part of this article is organized as follows. We prove in Section 3 various properties for the
density of the linearized Gaussian proxy: precise pointwise estimates for the density itself and its derivatives (see
equation (2.8)) and some useful controls allowing cancellation arguments in our perturbative analysis. Section
4 is then devoted to the control of the supremum norms of the non-degenerate derivatives, corresponding to
the previous equation (2.28). Section 5 addresses the issues of Holder controls. Section 6 is concerned with
the above mentioned scaling issues and we also conclude there the final proof of Theorem 1. Eventually, some
auxiliary, but crucial, technical results are proved in Appendix A for the regularity of the flow and the mean, in
Appendix B for the regularity of the resolvent and the covariance, and in Appendix C for the technical points
related to the scaling analysis.

3 Gaussian proxy and associated controls

We first aim here at proving the control of equation (2.8). We recall that our point is to control the density of
(XT(8)) qy satisfying (2.6).

WARNING: for notational simplicity, for the rest of the document we drop the sub and superscripts in
m associated with the regularizations. We rewrite, with some notational abuse, for fixed (7, &) € [0, 7] x R"4,
the dynamics in (2.6) as:

dxgﬂg) = [F(v,0,-(€)) + DF (v, 9v,r(€))(Xff’£) = 0,,-(§))|dv + Bo(v,0,,.(§))dW,,
Yo et s, X\ =x, (3.1)

keeping in mind that F, 0,0 in (3.1) are smooth coefficients. We will give in the next subsection some key-
controls to investigate the terms appearing the perturbative expansions (2.11) and (2.12).
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3.1 Controls for the frozen density
We explicitly integrate (3.1) to obtain for all v € [t, s]:

X&) — ROO (0, 1)+ / TR (0, ) (F 11,04+ (€)) = DF (1, 0,,7(€)0ur(€) ) du
t
o [ RO B0, (),
t
om0+ [ RO 0B 0, (€,

where (R(T €)(v,u))t<u.v<s stands for the resolvent associated with the collection of partial gradients in
(DF(v,0,,7(§)))ve[t,s], introduced in (2.7), which satisfies for v € [t, s]:

O,R™8) (v,t) = DF (0,0, . (£)R™E (v,t), RO (t,t) = Ly na. (3.2)

Note in particular that since the partial gradients are subdiagonal det(R(™4) (v,t)) = 1.
Also, for v € [t, s],we recall that m( ’E)( ) stands for the mean of X and corresponds as well to the

solution of (3.1) when ¢ = 0 and the starting point is x. We write:

X6 = m(9) (x) 4 / RO (0, 1) Bo(u, 0, (€)) AW, v € [t,5]. (3.3)
t

v,t

(r, E)( ) is affine w.r.t. the starting point x. Precisely, for

Importantly, we point out that x € R™ + m,
x,x € R

( §)(X+X) R(Ti)(v t)x' _|_m(7'5)( ). (3.4)

We first give in the next proposition a key estimate on the covariance matrix associated with (3.3) and its
properties w.r.t. a suitable scaling of the system.

Proposition 2 (Good Scaling Properties of the Covariance Matrix). The covariance matriz of X8 in (3.3)
writes: v
K9 = / R™8 (v, u)Ba(u, 0, ,(€))B*RTE (v, u)* du.
t
Uniformly in (,€) € [0,T] x R* and s € [0,T), it satisfies a good scaling property in the sense of Definition
3.2 in [DM10] (see also Proposition 3.4 of that reference). That is, for all fired T > 0, there exists C35 :=
C35((A),T) > 1 st forall0<t<v<s<T, (1,€) €0,T] x R*:

W ER™M, Cad(v— )Ty P < (KG¢,€¢) < Cas(v — )7 Ty oL, (3.5)
where for all u > 0, we denote by T, the intrinsic scale matriz introduced in (2.9). Namely:
ulgq  0Ogaq - 04,4
2
T, = 04,0 u'lga Ogq
04,4 o 0gaq ulgg

The proof of the above proposition readily follows from Proposition 3.3 and Lemma 3.6 in [DM10]. We now
state some important density bounds for the linearized model.

Proposition 3 (Density of the linearized dynamics). Under (A), we have that, for all s € (t,T] the random

variable XEI’@ in (3.3) admits a Gaussian density p78 (t,s,x,-) which writes for all'y € R™:
1 1/ -
5O (1 5. %,y) = ox (_ KOO 50) — vy m ™8 (x >> 16
PrOsxy) 1= o R 5 (KT 7 00 = y).m () -y (3.6)

with K ;,5) as in Proposition 2. Also, there exists C := C((A),T) > 0 s.t. for all multi-index ¥ =

(D1, ,9,) € N", |[9] <3 and denoting by DY := DU' --- DI we have:
(7 C _ _ - 2
|D£p( ’5)(t787X7y)‘ < ( t)z 0 (i— 1)+ n2d 2g XP ( C 1(8 - t)|Tsflt(mi,t€)(X) - y)| )
s — i=1
c T
= P8 (¢, 5,%, ), (3.7)

(s — =i i-H o
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with [p,.q dyﬁg’ﬁ) (t,8,%,y), up to a modification of the constants in (3.7).

Remark 3 (A slight abuse of notation). To ease the reading we denote, when there is no possible ambiguity,

-1 (tv 5, X, Y) = p(ct'Lxl) (ta 5, X, Y)

Remark 4 (Regularizing effect of the quasi-distance). From equation (3.7), we derive from the definition of
d in (1.9) that for any given B > 0, there exists Cj s.t.

T 1. ~(T C _
d(( ) T, ltmg tE)( ); (5 — t)QTsjtY)‘sz( ’5)@»3»){7 y)l < (s — t)ziglﬁﬁi(iff)fép(c E)(t $,%,y), (3.8)

i.e. equation (3.8) quantifies the regularizing effect of the scaled arguments in the quasi-distance.

Proof. Expression (3.6) readily follows from (3.2) and (3.3). Differentiating w.r.t. x recalling from (3.4) that

X > m(ftg)( ) is affine yields:

Dy 8915, %,5) = —[ [R5, )] (KEG) ™m0 ) )] 5795, x.7). (3.9)

The point is now to use scaling arguments. We can first rewrite
(R (s,)] " (KGY) ! = (s — 1) [ROO(s,0)] T, (K3 T, (3.10)

where K‘i’t is the covariance matrix of the rescaled process ((s — t) 2T Xt = at time 1. From the

t+o(s— t))vG[O 1]
good-scaling property of Proposition 2, it is plain to derive that K a non-degenerate bounded matrix, i.e.

there exists C' > 1 s.t. for all ¢ € R™, (C)~1¢]? < (K tC ¢) < C|¢[?. A similar rescaling argument yields on
the deterministic system (3.2) of the resolvent yields that R(™) (s, ) can also be written as:

- = ~(7,€),s,t *
RO, =T 4[RO (1,0)] Tooy, (3.11)
~(7,8),8,t
where again R (1,0) is the resolvent at time 1 of the rescaled system

. = (7,8),s,t
(T.8) - *T, ! = )
(TS,t[R (t+ U(S t)at)] Ts—t>’u€[071] ([R (’U,O)] )UG[O,I]

associated with (3.2). From the analysis performed in Lemma 5.1 in [HM16] (see also the proof of Proposition
3.7 in [DM10]) one derives that there exists C; s.t. for all ¢ € R™?

= (7,€),5,t

R (1L0)]°¢l < il (3.12)
Equations (3.9), (3.10) and (3.11) therefore yield:

Dy, 579 (t, 5, %, )]
S (7€)1t P — , .
(R o) & (- 0irtmi 0 -v))

< O(s—t)7+5(s — )3T (m¥ (%) — y) [T (¢, 5,x, y).

(s—t)7I+s

IN

POt s, x,y)
J

From the explicit expression (3.6), Proposition 2 and the above equation, we eventually derive:

| D, 578 (8, 5,%,¥)|

(Sf)j_;(( 0T (m G (x) - y>|)(51t)"§dexp (~C7 s = IT 2t mTE () - y))
< L,lﬁc—l(t,s,x,y),
(s—t)y~=

up to a modification of C', which gives the statement for one partial derivative. The controls on the higher
order derivatives are obtained similarly (see e.g. the proof of Lemma 5.5 of [DM10] for the bounds on
D2 571, 5,%,y)).

O
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As a direct consequence of Proposition 3 we have the following result for the semi-group P(m8) associated
with (3.3):

Lemma 4. For~y € (0,1), under (A), there exists C := C((A),T), s.t. for all function i) € C;d(R”d,R), and
any given multi-index 9, 9] € [1,3], for all0 <t <s<T, x € R":

2
2 .

IDYPTE )|y < Clivlley (s — 1) i 1Pl

x* s,t

(3.13)

Proof. Tt suffices to write:

DY) = | dyDipTO(tsxy)i(y) = | dyDipT(t s x y)[(y) —w(mE ()],
Rn Rn

so that from Proposition 3 and the smoothness of :

9 plr€) ¢ (r8) (r8)
IDLGON < s Wl [ P9 s v, ml )

which yields the result thanks to Remark 4 recalling from the homogeneity of d that d”(y,mg;’s)(x)) =

[(s —1)2d((s — )2 Ty, (s — )2 T ,m{® (x))] . O

Note carefully that in the above lemma [9] > 1. Indeed, if || = 0 we cannot benefit from any regularizing
effects which are precisely due to cancellation techniques.

We now give some useful controls involving the previous Gaussian kernel which will be used in our pertur-
bative analysis. The main interest of the estimates below is that they precisely allow to exploit cancellation
techniques.

Proposition 5. For all0 <t <s<T, (x,&) € R" x R", the following identities hold:

[ sx )y - mi O oty = K, (314
DT s x )y - m P hdy = 0, (3.15)
[ DD s %) (3 m® (x)hdy = 044, k€ [1,n], (3.16)
RndDilﬁ(T"S)(u 8, X, y)Tr(M(y - mi?gg)(x))?Q)dy = 2M, McR!@R?, (3.17)

[ DD (s y) T (Mly =m0 6)P*)dy = Ouaa k€ [l MER @R,
(3.18)

Where, in (3.14), we define for all (i,j) € [1,n]*> and M € (R"))®2 | [M];; is the d x d block matrix
corresponding to the entry of M on the i*? line and the j* column.

Proof. First of all remark that equation (3.14) simply follows from a direct covariance computation.

Observe now that from Proposition 3, we have [p,. pTE(t, s, %, y)(y — mgt’s)(x))ldy = 04. Differentiating
twice this expression w.r.t. x; and using the Leibniz formula (recalling as well the identity (3.4) which yields

Dy, [mgfgg)(x)]l = [RT8)(s,1)]1,1 = Iq4) gives (3.15). Tterating the differentiation w.r.t. Dy, then yields
(3.16) (observing again that Dy, [m{7% (x)]; = [RT8) (s, 6)]14, .. D [m{G¥(x)]1) = Lya if k = 1 and 044
for k > 1). Observe that Dy, fRn,d Tr (M(y — mgf)(x))?z)ﬁ(“s) (t,8,x,y)dy = Dy, Tr (M[Kgf}]l’l) = 0y.
Differentiating again w.r.t. Dy, , the Leibniz formula and identity Dx, [mgt’g) (x)1 = [R(T’g)(s,t)]l)l =TIg4

yield (3.17). Eventually, (3.18) can be derived again from derivation or observing that the sum of the length
of the multi-derivation index, here 3, and the power integrated, here 2, is an odd number. O
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3.2 Additional sensitivity controls : covariance, (mollified) flow, mean

We now state three important estimates associated with our proxy. The first one concerns the sensitivity of
the covariance w.r.t. the frozen point, the second and third one concern the linearization or sensitivity w.r.t.
the initial point for the frozen (mollified) differential system (2.5). For the sake of simplicity their proof are
postponed to appendixes A and B. We have:

Lemma 6 (Sensitivities of the covariance). There exists A := A((A),T) as in Remark 2 s.t. for given
(575/) S (R"d)z and 0 <t<s<T, (X, X/) c (R"d)2;

K0 — K00 < AGs— (A (€, €) + (s —1)F). (3.19)

Th proof is given in Appendix B.2.1. We importantly point out that, in Lemma 6, the constant A mainly
depends on the Holder norms of the coefficients and is small provided the coefficients do not wvary much.
Precisely, it can be shown that A writes:

n

A= C(allzmeg) + 30 IFill o oz (3.20)

=2

for some universal constant C', where, in the above equation, we write with the notation of Section 1.2:

HFiHLOO(C?if;Is-M) - (t7z)€[077§]1§<%(n—i+2)d ||(Dxi71Fi)i71(t7Z7.)”CW(R‘Z,R%@R‘”
n
+ sup F,;)(t z,- 203+ . 3.21
S5 (L2)€[0.T]xR(n—i+2)d IF:); .2l 51 (RY,RY) (3.21)

Namely, the quantity ||F;]| Loo (G255 gathers the Holder moduli of F; at the intrinsic associated scales accord-

ing to the distance d in the variables j € [i,n] as well as the Holder norm of the gradient w.r.t. the component
which transmits the noise (but importantly not its supremum norm). Said differently, the LOO(CCQIZ;IBJW) semi-
| 2i=84y

norm of F; gathers the Holder norms of the fractional parts of (Dx,” " "F;)

; . . 2i—34y | 2i—3+y
corresponding Holder index gy | 5T

that, with respect to the notation (1.14) of Section 1.2, |[Fi| o (c2i=3+) = [Fill oo (c2i-3+3) = [ Dx, . Fill oo ().
d,H d

jelio1,n 0 the §*" variable with

|, where |-| stands for the integer part. Eventually, observe as well

We again refer to Appendix A for a precise statement and proof of this assertion (3.20) (See also Lemma
19 below and its proof for similar properties).

The second result is the following.

Lemma 7. There exists C := C((A)) s.t. for all0 <t <s<T, (x,x') € R" x R™ and (x,x') € (R"9)2:
d(6..(x), 0,.0(x')) < C(d(x,x) + (s = 1)*).
The proof of Lemma 7 is postponed to Appendix A.1.1.

Eventually, this last Lemma concerns the impact of the freezing point in the linearization procedure.
Namely,

Lemma 8 (Sensitivity of the linearized flow w.r.t. the freezing parameter ). There exists C := C((A)) s.t. for
all T =t, (x,x') € (R")2 at the change of regime time to defined in (2.40) (i.e. to = (t + cod?(x,x')) AT):

’ 1
d(m{7Y (x), m{7 7 (x') = d(m{TY (%), 85,.4(x)) < Ccd™ Td(x,x).

Again, the proof of Lemma 8 is postponed to Appendix A.1.2.

4 Control of the supremum of the derivatives w.r.t. the non-degene-
rate variables

WARNING: for notational simplicity, we drop from now on the sub and superscripts in 7 associated with the
linearization since, as soon as the function w in (2.11) is evaluated at time ¢ in [0, T, we choose this parameter
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to be equal to t. For example, ﬁ<7a€>,m§ff),ew become respectively ﬁg,mitﬁu,t. Recall as well that we
decided to omit the dependence of such a function w in the regularization parameter m. This dependence is
implicitly assumed and we will derive the desired control uniformly in m.

The result we aim at proving in this section concerns the supremum norm of the derivatives w.r.t. the non
degenerate variables. Namely, we here prove the following Proposition.

Proposition 9.  Let v € (0,1) be given. Suppose that gA) is in force and that the terminal condition g and
source term f of the Cauchy problem (1.1) satisfy: g € C’b;’y(R”d,R) and f € L”([O,T],C’g)d(R”d,R)). Then,
there exist C := C((A),T) and A as in Remark 2 such that for all (t,x) € [0,T] x R™,

[u(t, %) + | Dx u(t, %)| + D2, u(t,%)| < C{llglloz o + (T = D3 1f (g ) | + AT =Dl oz (41)

Note first that the control for the function itself readily follows from (A) and the Feynman-Kac represen-
tation of the solution of (2.4) under (A), i.e. recall from (2.3) that u(t,x) = E[g(X5™)] + ftT dsE[f (s, X5X)]
and that T < 1.

For the derivatives, let us now start from (2.11) to control pointwise the second order derivative of u in the

non-degenerate variable, i.e. | D2 ul|z-. The first one can be controlled similarly and more directly. Write for
all (t,x) € [0,T] x R™:

D2 u(t,x)| < ||D2, P gl + 1 D2, G fllo

T
+’/ ds & dDilﬁg(t787X>y)A1,F,U(ta8705,t(£)7y’u)dy‘
t n

0o 2
+’ Z;/t ds | Dy ((Dxlﬁg(u 5,X,Y) ® Aip(t, s, 9s,t(§)>Y)))u(3aY)dy , (4.2)
where we recall from (2.13) and (2.17) that:
A po(t,5,05:(8),y,u) = (Fi(s,y) — Fi(s,05.(£))), Dy, u(s,y))
5T ((a(s, ) — as, 0,.4(6)) D3, u(s. ).
Air(t,5,05:(8),y) = Fi(s,y) —Fi(5,054(§)) — Dx,_, Fi(5,05:(§))(y — 05.4(§))i-1- (4.3)

This section is then organized as follows: we first estimate the non degenerate part of (4.2) (first term in
the r.h.s. of the equation) thanks to Lemma 10 in Section 4.1, we then estimate the degenerate part of (4.2)
(second term in the r.h.s. of the equation) thanks to Lemma 11 in Section 4.2 and eventually estimate the
remainder of (4.2) (third and fourth terms in the r.h.s. of the equation) thanks to Lemma 12 in Section 4.3.
Proposition 13 then follows from the previous Lemmas. O

4.1 Control of the non-degenerate part of the perturbative term

The aim of this section is to prove identity (2.16) appearing in the detailed guide to the proof. To this end, we
provide a general differentiation result, which will be useful as well in Section 5 to deal with the Holder norms.
Under the current assumptions on a, F, the following lemma holds.

Lemma 10. There exists A := A((A),T) as in Remark 2 s.t. for all multi-index ¥ = (91, ...,9,) € N4 |[9] < 3:
’ DIpE(t, 5, %, y) A1 ¥ o (t,5,05.4(€),y, u)dy” < AH“”LO@(CﬁW)(S — )" i 95 Gm)+T (4.4)
Rnd E:x ,

Proof of Lemma 10. We first recall the control (2.14)

1
A1t 050(6), )| < ([Filanl D uls, Ve + 5 las, an D2 us, ) )47, 040 (8)).
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From this control and Proposition 3, we directly obtain:

[ DR s )80 0,5,6.0(6) 3 00 |

< (/Rnd DY (t,5,%,y)| d7(y,05.6(€)) (IF 1 oo (o) 1 Dy ull oo + H@HLoo(cg)||D>2clu||Loo)d}’)L:
< AHuHLeo(cgjg)(s —t)” =i %50=3) o Po-1(s, 1, %, y)d7(05,¢(x), y)dy
< Al o gy (5 — £) 7 Zim BUTDTE,
with the notations of Remark 3 for the last but one inequality. O

Equation (2.16) readily follows from Lemma 10 taking ¢ = (2,0,...,0). Namely:

T
[ ds [ DUt x ) Buma(t5,0..4(6). v w)dy]
t Rnd

T
ds
< A 2 —_—
< ||u||Lm<cb,tn>/t (s—t)-3

< Al g (T = t)z. (4.5)

£=x

4.2 Control of the degenerate part of the perturbative term

The point is here to control the terms > , j;T ds [gna D2 95(t, 5,%,y)(Aip(t,5,05:(£),y), Dy,u(s,y))dy
appearing in equation (2.18) of the detailed guide to the proof We precisely want to derive equation (2.25).

The bound will actually follow from the more general following result, which will again be useful for the
Hoélder norm in Section 5.

Lemma 11 (First Besov Control Lemma). There exists A := A((A),T) as in Remark 2 s.t. for all multi-index
9= (1917 R 71971,) S Nda |19| < 3:

>

B t 57X7y)<Ai,F(taSaas,t(€)7y)7Dy-;u(s y dy” <A||uHLoo(CQ+’Y)(S _t) Z?/:lﬂj(jié)jL%.
R’n
(4.6)

Proof of Lemma 11. Let us first emphasize that from the Holder continuity assumption (S)-(iii) (w.r.t. the
underlying homogeneous metric d) on F; :

1A p(t,5,054(€),y)] < [Fi(s,)]d2i-3+,d> T (y,05.(£)). (4.7)

Similarly to (2.18), we define for all ¢ € [2,n],

Dy,- : (Dgﬁg(tv 5, X, Y) ® Ai,F(ty S, Gs,t(é)a y)) = DYi ! (@?7(757’() (87 Y)) . (48)
The contribution of the L.h.s. in (4.6) then rewrites:

Z’/R dDﬁ[)(t’ﬁ)(t,S,X7Y)<Az‘,F(t75793,t(€) y), Dy, u(s,y) dy” ‘/}R , Dy, - 7(tx)(s y))] (s,y)dy’.

(4.9)
The point now is to observe that for any ﬁxed i€[2,n] and z = (21, ,2i—1,Zi41," " ,2n) € R(m=1d the

£=x =2

.
mapping y; — u(S,21:i—1,Yi, Zi+1:n) 1S in C’Ql 1 (RY) = BZ olo(Rd) using the Besov space termmology, see e.g.
Triebel [Tri83], uniformly in s € [0,7]. We can hence put in duality the mappings y; — (8, ¥1:—1, ¥4, Yitin)
and

UY sy ryisan S Yi = Dy, - (07 (5,5)), (4.10)

see e.g. Proposition 3.6 in [LR02]. To do so, we thus have to prove that ‘I'Z(t’x) (

(S Y1:i—1,Yi+1in
2+

€ B;f‘i’1 (R%) and to control the associated norm We will

) lies in the

. 9
suitable Besov space, namely \Ili,(t7x),(57y1:i—17yi+1;n)
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actually prove that those norms provide an integrable quantity w.r.t. yi.,—1,¥i+1.n @s well as an integrable
time singularity. This will be done through the thermic characterization of Besov spaces, see e.g. Section 2.6.4
in [Tri83] as well as (2.21) above. Precisely, we recall that for a function 1 : R — R in Bl_‘li (RY), &; = ;‘H
a quasi-norm is given by:

1

(27v) 8

h being the usual heat kernel of R, x standing for the usual convolution on R¢ for ¢ € C5°(R%, R) s.t. ((0) # 0.
Taking ¢ = \I}?(t,x),(s,yl:i Yistm) in the above characterization and from definition (4.10), the main ad-

ki

%), (4.11)

||w||Bl_(1i‘(]Rd) = H@(D)wHLl(Rd,R) + (R4,R)> Vz € Rd, hU(Z) = exp (—

vantage of using (4.11) consists in rebalancing the derivative appearing in the definition (4.10) to the heat
kernel or to the smooth compactly supported function . Namely, focusing on the L! norm of the convolution
product in (4.11), we write:

J
”h” * \Ili,(th),(s,yu—l»yz‘+1:n) ”Ll(RdvR)
L] hale =50y, (0 s.3)dy:
Rd Rd

L | D25 s ) Bip(t,5.0.0(€). ). Dao= = )y

i,(t,%),(8,¥1:i—1,¥i+1: n)”B a“

dz

dz. (4.12)
]Rd

To estimate || ¥ we split the time integral in (4.11) into two parts writing:

dv &
/0 T’U 2 ||h *\Ill (£,%),(8,¥1:i—1,Yi+1: n)HLl(Rd R)

=% gy s, ! dv &
_ a; 9
- /O v (t x),(8,¥1:5—1,Yi+1: n)HLl(Rd R)—F/( s 7” 2 |[ho % ‘Iji,(tX),(S,yl:i_l7yi+1;n)HLl(RdJR)
(4.13)

for a parameter 3; > 0 to be specified. Precisely, in order to have a similar smoothing effect in time than for
the terms appearing in (4.5), we now want to calibrate 3; to obtain:

1
dv & A R
/(_t)ﬁ . 2 |y 0 (%), (5,31 1oy s 1L (R R) S (s )T 926 _%QC\i(t,S,K (Y1:i—1,Yit1n)), (4.14)

where introducing:

De—1(t,8,%,y) HNc(s )25 - 1 st(x )_Y)j)a

where for ¢ > 0, z € RN (2) = ( 1)d exp ( — %) stands for the standard Gaussian density of R? with
27g) 2
covariance matrix ¢I 4, we introduce:
Gevi(t, 8, %, (Y1:i-1, Yig1n)) = H Negs—ty2i-1 ((054(x) — y);)- (4.15)
jell,nl iz

To choose properly the parameter 3; leading to (4.14), we now write from (4.12):

1
dv &
/( —v 2 ||h * \I]z (t.%),(8,¥1:i—1,Yi+1: n)”Ll(Rd R)

s—t)Bi U

1
dv & ~
< /( v 7”7 dz‘ szs(tvsvxayxAi,F(taSaGS,t(£)7Y)aDzhv(Z_Yi)>d}’i
s—t)Pi g:x
< A/ 7’0 2 / dZ/ z) ﬁcfl(t,s,x,y) d2i—3+'y(0 (X) y)
- (s t)[%_ (% Rd Rd 2 (S_t)Z;'L=1"9j(j_%) sit ’
1 = )
< A 71]2/ dz [ ayfeE oY) Per(baXy) o mepe
(s—t)fi U R4 Rd v2 (s —t)2=i=1YU~3
1 Gy n - i—
< Adei(t s, %, (Y1:i—1,}’i+1:n))/ Clvlf%JrTZ(S*t)_zﬂ':“%(J_%)Jr2 .
(s—t)Pi
R 1y, 2i—34
< ch\i(t787x7 (Y1:i71,Yi+1:n))(S—t)[ ]Bl 27 vi( é)Jr 2 *
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using (4.7), Proposition 3 for the third inequality (see also Remark 4, equation (3.8)) recalling as well that
0<t<s<T issmall
To obtain (4.14), we then take:

g Pt e g = a= CERE g

The key point is now to check that the previous choice of §; also yields a bound similar to (4.14) for the

contribution in (4.13) associated with v € [0, (s — t)%]. To this end, we restart from identity (4.12), which
allows to exploit partial cancellations w.r.t. the integration variable y;. Namely, write:

hy(z —yi)Dy, - GZ(t,x)(SaY>dyi
Rd

- hv(z - yi)Dy,- : (@?,(t,x) (8, Y) - @g(t,x) (Sa Yii—-1:%, Yi+1:n))in

, DYpE(t, 5,%,y)(Fi(s,y) — Fi(s,¥1:-1, 2 Yit1m), D2ho (2 — yi) )dy;
R

+ /i (Dzﬁg(t7 57X5y) - Dzﬁg(t7 $,X,¥1:i—1, Z7yi+1:n))
R(
<Fz(57 Yii—1, Z7yi+1:n) - Fi(sa as,t(g)) - Dxi_lFi('S, ee,t(é))(y - es,t(g))i—la Dzhv(z - y1)>dY1
=: (91 + %) (v,t,8,%, (Y1:i-1, 2, Yit1m)), (4.17)

using the definition in (4.8) and (4.12) for the last decomposition. Write now from Proposition 3 and the
Holder regularity assumed on F; from (S)-(iii):

heo(2 — 5 pe—1(t,s,X, SRS
|<%(’U,t,S,X, (Y1:i—1aZ7Yi+1:n))| S A U( 1 yZ) P l(zn (3717 ‘ _yl| 21 de
RE V2 (s —t)Xi=1 %03
< A hcv(i; Yi) pcfl(t;s X Y) in- (418)
d Ii=s G 95— 2
R vi—z (s —t)&i=
We thus derive from (4.18):
|<%(Uat7saxa (yl:i—laZ7Yi+1:n))|
A
< = (Jc\i(t,87X7 (Y1:im1s Vit 1)) Nepp (s—t)2i-1 (2 — O5,1(X)5). (4.19)

VT (5 — ¢)2i=1 Y (i—3)

We now deal with the term |%(v, t, 8, X, (Y1:i—1, 2, yi+1;n))| in (4.17). From the Taylor formula applied to the
i*h variable for the difference of the derivatives of the densities we obtain:

|72 (v, t,8,%, (Y1:i-1, %, Yit1:n) ) |

hc’u —Ji ! Pe— t7 9 i—1 [ 'Y i m
< C Ay (zl y)/ d,upc 1(t,8,%, y1: i Z;_Hiy 253 Yitim)
R V2 0 (S_t)ijl i (G—2)+=5
X|y; — z| (‘Fi(sa}’l:ih 2, Vit1m) — Fi(8,¥1:-1,05 £ (X)i:n)
[P y1i-1,000(%)in) = Fi(s,0,.0(6)) = D Fils, 0,,0(x))(y — 0 (3))i1 D
1
Pe-1(t,8,%,Y1:-1, 2 + p(yi — 2), Vit 1:n)
< A d ihcv —J d
- /Rd Y (z—y )/0 (s—t)27 1950 — 2)+2121

x<|z—os,t<x> T [(00(0) = ¥)ima[ T 4 3T [(0ue(x) — 9 )

k=i+1

Writing, for any p € [0, 1],

2= 05,0 (x)il < plz —yil + 2+ p(yi = 2) = (05.4(x))il;
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we thus derive
|f% (U, tv S, X, (Y1:i717 Z, yi+1:n))|

1 -
-1 (1 —1 i T ) Yi+lin
dyihcv(z—yi)/ dule 1t 8% Y11, 2+ 1Y — 2), Yivtin)
0

(s — t)25=1 0;(i—35)+25+

2

< A
Rd
L s (g | .
X |Yz Z| i + s,t(X), (yln_l, z+ /vt(yz z)’ Yz+1:n)
1
S A/ dylhcv(z - yz) / duﬁc*I (ta $,X,¥1:i—1,% + ,u‘(yz - Z)ayi+1:n)
R 0
2i—34~
p2@i-1) 1
1y, 201 + ™ 1 7
j=1 V5 ( 7§)+T (S — t) j=1 9;( *E)‘Fl*g

X
(s —t)>i
1
Adori(ts 8%, Y1si—1s Vis1im) / A [ heo(z — yON-amipis (= 4 i = 2) — (0540))1)dy
0 R
(4.20)

IN

2i—3+~

p2@i-1) N 1

X
(S — t)zyzl 95(G—3)+ (S B t)z;;l 0,G-D+1-7 |’

From (4.17), (4.19) and (4.20) we derive, with the notation

2i—1
2

using again (3.8) for the second inequality.

IN

introduced in (4.15):
g
”hv * \Iji,(t’x),(S,YLthﬂ#l)HLI(RdaR)
2i—34+~
1 + p2(2i-1) + 1
(s — )Zi= 9=+ (5 — ) Eima U=+ -3

virt (5 — $)Xi=1 00— 3)
1
<At rimyien)) [ [ s [ dyiho(e = yONo oo Gl = 2) = (0400
0 R R

Adevi(t, 8,%, (Y1:i-1, Vit 1:m))
2i—3+4~

1 p202i—1) 1 )

* (S_t)E};lﬁj(j—é)Jr + (S_t)zyzlﬂj(j—%)ﬂ—% ’

X
(U“(s — t)2i=1 9;(G—3)
using the change of variable (w1, w2) = (2 — yi, 2 + p(yi — 2) — (65,:(x));) for the last inequality. From the

2i—1
2

above computations and with the notations of (4.13), we derive:

(s—t)Pi .
-1 9
/0 dvv’= ”h” * qji1(t7x)v(syy1:i—17yi+l) ”Ll(RdvR)

}

(s=t)% dv &
< Agevlts s, x, (ylzi—hyi-i-l:n))/ ?UT
0
1 = 1
X + — + e
v%(s_t)ii?:l 95603 (s —¢) P05 3)+ 25 (s — t)Zi=1 %3 G=2)+1-3
= Adc\i (t7 8, X, (Y1:i71, yi+1:n))81975i (ta 5)'
Let us now prove that for 8; = % defined in (4.16), we have:
By g, (t,s) < ¢ (4.21)
Db\ =) = (s — t)25=1 9(-3)-3%" '
To prove (4.21), we now write:
819,51’ (t7s)

< |: q}%*% v%‘kgl(zifjl’)y n U% v:(s—t)ﬁi

- (s —t)Zi=1%50=2) (5 - )EFadiG-D+5 (5 — ) Eim%iU-DH-3 Ju=o

< c[(s )G D008 g (5 — )P (FREE) - (S G- )+ B

+(s — t)Bi%‘Z?zl 0;(i—3)—1+3 |
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From the above equation, (4.21) holds as soon as 3; can be chosen so that the three following conditions hold:

a; 2—vy ¥ a;  2t—3+7y 21—1 ~ Q;
(- ) -2>0, B : 2 >0, B —12>
ﬂ(Z 42—2) 2*0 5(2—’_2(2@—1) 2 2 0 ﬁ? 0

- ¥
Recalling that G = ;:__21 and for the previous choice of 3;, the above conditions rewrite:

_ 142 1-2 P
(20 —3)(2i — 1) '+27 3 7120<:> (21 3)7
21 —3—v 21—-1 21-1 2 21 -3 -7
(-3 -1\ ( 2+ 2-3+9) _2-1 3,
-3—7 22 —-1)  2(20—-1)

l\D\Q

>0

)

2 2

2i—3
— (21— 14+ 2y) — (2¢ — 1 >0
= (g i 1429 - @i=149) 20,

((2i2i3)(2i1)>1+§ 150 e (M)(1+7)120.

—3—~4 J2i—1 2% —3—~ 2

All the above conditions are true for ¢ € [2,n], v € (0,1]. Note that the chosen f3; seems to be rather sharp in
the sense that letting v go to 0 the above constraints become equalities. This proves (4.21). We finally get:

& A .
/ —v kl ||h * \Ijz L(t,%x),(8,¥1:i—1,Yi+1:n) ||L (R4 R) (5 — t)Z}L:1 9; (j*%)*% qc\i(ta S, X, (yl:i—la yi+1:n))- (422)

Reproducing the previous computations we also write for a C*° compactly supported function ¢:

H(p( ’L (t X),(8,¥1:i—1,Yit+1:n) ||L1(Rd R)
< /IR ) / Dy, p(z = yi) - (DEp*(t,5,%,y) © Aiw(t, 5,05,4(8),y))dyi|dz .
pe(t d* (0, dy;
(S_t)2J:1 j( 75) /dec 1( 7S5X7Y) ( (,t(x)7y) y
< N it 5% (-1, ¥010)
S (5= )it D3y M S W Vit )
From (4.11) and (4.22), we finally obtain:
! < A j
” 4,(¢,%),(8,¥1:i—1,¥Yi+1:m) ”B “7 = (S _ t)Z;;ZI ,G-2)—2 QC\i(tv S, X, (y1:i717 YiJrl:n))a (423)
which together with (4.9) and (4.10) gives the result. O

Equation (2.26) now follows from Lemma 11 taking ¥ = (2,0, ...,0). Namely,

n T
S [ s [ DLy ) (Birlt:5,000(.9). Dyl | AT =07l (420
i=2 71 " £=x ’

4.3 Non-degenerate derivatives for the frozen semi-group : terminal condition
and source

The main result of this section is the following lemma.

Lemma 12 (Derivatives of frozen semi-group and Green kernel). There ezxists a constant C' := C((A)) s.t.
for all (t,x) € [0,T] x R"4,

D, PS90l|_ < ClIDE gl < Clalcay
|D§1é5f(t,x)|’£: < O =) flle(op -
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Proof of Lemma 12. Note first that,

D2 P atof| = | [ DL T aty) - atms, oy
< | [ PR T ) om0l |
# [ DRIy oty () g lay]| (42

The first term in the r.h.s. of the previous identity is readily controlled thanks to Proposition 3

[ PR Tx 5)la) ~ a3, (S, )y |

< Clalezy [ (0= o (0T ) S, (). 9)ay| < OT =0 gl gy (426)

The second term of (4.25) is more subtle. We need to expand g(y1, (mg ,(X))2:n) in its non-degenerate variable
to take advantage of the corresponding regularity of g. Namely, recalling from Proposition 5 that

/d dyD?clﬁm’g(tv Ta X, Y)<Dx1g(m§’7t(x))7 (y - mg’,t(x))1>‘£ = Od,d?
R =x

we obtain

[ PR Tx ) laon. (S, (0)20) — omS. ) |

[Ty (Dagtm ). (v - S (o)

[ = (2 mS. 9+l G0 om0 5 mf 0)) ]

£=x
ﬁC‘l(t7TaXay)
< CIDE gl [ PEEEE yomn (o)iPdy| < Clal gy (427

Gathering identities (4.26), (4.27) into (4.25), we obtain the stated control for |D,2(115§ tg(x)|’
. E—x
Let us now turn to the Green kernel. We directly get from Proposition 3:

T
|D,2(1G5f(t,x)|‘€ < ‘/t ds R"dDilﬁg(t,s,x,y)[f(s,y)—f(s,087t(£))]dyH£=

N

T
1 _
< Clflimicy [ ds [ —pe st y)d.00.y)dy

Cllf ey (T —1)2,

IA

which gives the result.

5 Holder controls

In this section, we aim at giving suitable controls on the Hélder moduli [DZ u(t, -)]y,a and sup,cga[u(t, 2, -)]24+,a
in order to derive our main Schauder estimate of Theorem 1. Namely, we want to establish the following result.

Proposition 13.  Let v € (0,1) be given. Suppose that (A) is in force and that the terminal condition g
and source term f of the Cauchy problem (1.1) satisfy: g € CgZW(R"d R) and f € L*>([0,T], C;’d(R"d R)).
Then, there exists C := C((A),T) and A := A((A)) as in Remark 2 such that for all ¢y € (0,1]:

(n— )+1 3 =
(D3, u(t Iy sup u(t 2, laira < oz I Numieg f+(Me " +e) 06 Yl ez
(5.1)
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To prove this result the point is to consider for a fixed time ¢ € [0, 7] and for fixed x € R the perturbative
expansion (2.11) and for another spatial point x’ € R™?, the possibly more refined version provided by equation
(2.39) which precisely allows to take into account the various regimes depending on d(x,x’) and (s —t)*/2,s €
[t,T] detailed in the previous detailed guide to the proof (see Section 2 paragraph 2.4).

Hence, we will address separately two cases. For a constant cg to be specified later on (but formally meant
to be small), we consider:

e The globally off-diagonal regime T' —t < cod?(x,x’). In that case, the spatial points x, x" are globally far for
the corresponding homogeneous distance d over the time horizon s € [t, T]. Hence, there is no specific need to
exploit (2.39). Expanding the quantities D u(t,x) — D3 u(t,x’) and u(t, z,X2.,) — u(t, 2, Xb,,,) with (2.11) is
enough to get the result.

Indeed, writing from (2.11) the for all (x,x’) € (R"#)? s.t. (T —t) < cod?(x,x’),

D2 u(t,x) — D2 u(t,x')
{Dilﬁé,tg@) — D3, Pfg(x') + D3, G4 f(t,x) — D3, G f(t,x') (5.2)

i

/ ds/ 4 (t,5,%,y)(Ls — LE)u(s,y) — chlﬁﬁ'(t,s,x’,y)(LS — Efl)u(s,y))dy}
Rnd
(€,€")=(x,x’)

and similarly, for all z € R¢,
U(t, (27 X2:n)) - u(t’ (Z7 X/2:n))

= {P7€“7tg(za X2:n) - Pé:tg(z, X/Q:n) + égf(t’ (z, X2:n)) - églf(ta (Z, Xl2:n))

’ /tT s / (B8t 5, (2, %20), ¥) (B = ES)u(s,y)

5% (b5, (2, X.0). ) (Ls — L Ju(s, y))dy}

(€.6)=((zx2:n).(2.%4.,,))
In this case, we derive from Lemmas 10, 11, 12 and equation (4.2) that:

\Dilu(t,x) - D2 u(t,x')]

< C[ID2, B 19(x) = D4 PE () ¢ e — ey + (Il (5 + Mlull e o)) (T = )7
< C[ID2, B 19(x) = D PE () ¢ ooy + (M 540 + Ml o et 6 47 (5, %),
and
lu(t, (z,%2:m)) — u(t, (2,%5.,))]
< (1P ateixan) = Pl g

Z,x2:n)7(zvx/2:n))
—‘,—‘é?f(t, (Z,X2:n)) _ G’V’E"]('(t7 (Z;X/Q:n))||(&E’):((z,xg;n),(zyxé;n)) + ||U||L°°(C5;’Y)C0%d7(x, X/)> .

Therefore, these equations give the expected controls up to appropriate estimates for the Hélder moduli of the
frozen semigroup and Green kernel (which are obtained below, for the so-called mized regime).

e The mized regime T —t > cod?(x,x’). In that case, up to the transition time to defined in (2.40), s —t <
cod?(x,x’), i.e. the off-diagonal regime holds for the times s close to t. Things are hence more involved. In
particular, it is then crucial to exploit the more refined perturbative expansion (2.39) to derive suitable bounds
for D2 u(t,x) — D2 u(t,x’) and u(t, (z,%2:n)) — u(t, (2,%h,,)). In particular, this leads to handle carefully the
additional terms appearing from the change of freezing parameter.
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To handle our controls in such a case, we will start from identity (2.39) for the expansion of u(t,x’), where
we have chosen ¢’ = x’ and E/ = x. Namely,

u(t,x') = Pfg(xX)+GE  f(t,X) + G5, f(t,X) + PE ju(to,x') — P u(to,x)

~ %t

T <7
b [ s [ (L (65X )L = ) 4 Lo (65X 3L = L) Jus,y),
t Rnd

Again, to must be here seen as a frozen parameter, which is a posteriori, i.e. after possible differentiation,
chosen as in (2.40).

According to the notations of the detailed guide to the proof (see eq. (2.31) and (2.30) in Section 2), the
terms to control then write for the Hélder norm of the derivatives w.r.t. the non-degenerate variables:

D3 u(t,x) — D2 u(t,x’)
- { (D2, P 19(x) — D2 P, 19(x)) + (D2,Gf, ,f(t.x) - D2,Gf, ,f(t.x))

+(D2, G5, F(t.%) = D2, G5, f(t,x)) + (D2, P ulto,x') — D2, P ulto, X))

0 0

+D}2(1 Atgifig(t7 T7 X’ X/) + DJ2(1 Agé-/diag(t7 X7 X/)} ’ (54)
(&.¢.&)=(x.x"x)
with
’ T ~
Agé-diag(t7x’xl) = / dS/R 4 dyﬁg(ta 8, X, y)HSSto (LS - LS)U(S,y)
t n
T 7 ~ &/
- / dS/ 4 dYﬁg (tv S, X/a y)Hs§t0 (Lc - Lg )U(S,y),
t R™
-, T ~
A Toxx) = [ ds [y xy s (L~ E)u(s.y)
t n
T bl ~ %l
—/ ds , dyp® (t,s,x",y)lest, (Ls — LS Yu(s,y), (5.5)
t R™
and

u(t, (Z, XQ:TL)) - u(t7 (Z’ X/Q:n))
- { (pé,tg(zax2:7l) - p;,tg(zﬂxé:n)) * (éfo,tf(t’ (Z7X2:")) - éft;’tf(t7 (Z’X/Qm')))
+<é§“,tof(t’ (Z, X2:n)) — éfo,tf(t’ (2’7 Xg:n))> + (ﬁti,,tu(to, (Z,XIQ:n)) - pt%,tu@m (Z,XIQ:TL)))

FAGE (6T (2, %20, (2,%h,)) + ASE giag (E (2, X2:0). <z,x’2m>>}

(575'75):((27’(2:71),(valz:n)»(zyxzzn))
(5.6)

for the Holder moduli w.r.t. the degenerate variables according to the previously introduced notations.

To derive the expected bounds we will then devote a subsection to the Holder controls for the frozen
semi-group (see Lemma 14 in Section 5.1), for the frozen Green kernel (see Lemma 15 in Section 5.2), for
the discontinuity term coming from the change of freezing point (see Lemma 17 in Section 5.4) and for the
perturbative contribution (see Lemma 5.3 in Section 5.3). Aggregating the previously mentioned Lemmas
directly yields Proposition 13. O

5.1 Holder norms for the frozen semi-group

We precisely want to establish the following result.

Lemma 14. There ezists C := C((A)) s.t. for all (t,x,x') € [0,T] x R"® x R"®_ taking

N ) (x X)), if (T —t)'/2? < cpd(x, %),
&&= {(x,x), if (T —1)Y2 > cod(x,%),
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one has:
| D2, P§ 9(x) - D2, Pf g(x)|

|P%,g(x) — P§,9(x)|

IA

C”Q”C?‘i}"’dﬁ/(xv XI)7

IN

Cligll gz d*7 (x,x'), for x1 = x}.

Before entering into the proof of such a result, let us emphasize that, as suggested by the above off-diagonal
and diagonal splitting, the constants C appearing in the r.h.s. of the above equations should depend on cy.
This is true, but since these terms are not planned to be passed in the r.h.s. of the final estimate, see (2.42)
and the associated comments, we do not keep track of this dependence.

5.1.1 Holder norms of the derivatives w.r.t. the non-degenerate variables

Let us deal with the first inequality of Lemma 14, i.e. the Holder norms of the derivatives w.r.t. the non-
degenerate variables x;. For the frozen semi-group, we say that the off-diagonal regime (resp. diagonal regime)
holds when T — t < ¢od?(x,x’) (resp. T —t > cod?(x,x)).

e Off-diagonal regime. If T — t < cod?(x,x’), like in (4.25), we write:
Dil pjs“,tg(x) - Dilﬁ%tg(x’)
= | [ DR T ey aly) ~ gty ()2l
R’n

- [ DR T ) l) ~ atalm ()|

+ [ | DR T xy)lgv, (mi, (0)2a) — g(ms, (x))ldy

’ ’

= [, DR (T )lg(va, (m (3))2i) - g(m%xx'))]dy}

= AyreeDi Pio(x,X) + Ay rge Dy, Pog(x,%)). (5.7)
The first term, which is associated with the degenerate variables, is controlled directly thanks to (4.26), which

again readily follows from Proposition 3 (see as well Remark 3.8), for (£,¢') = (x,x’). One hence gets:

~ J
|Avree D2 P, x)|| < 20(T = ) llgllcass < 2063 llgllozyd” (x,%). (5.8)

The second term is more delicate, we proceed like in (4.27):

At,T,S,ﬁ’Dilpﬂ](Xv XI)

1
Rnd 0

Tr([D2,g(m$,, (01 + ly — m. ()1, (m$, (3))2n) = D, g(m$, ()] (v — m$,,(0)) ;) dy

1
Rnd 0

Tr([Dilg(mi,t(X’)l +uly —m$, (x))1, (m$., (x))2:n) — D2, g(m$,(x))] (v — mgT/,t(X'))?z)dY]

1 _
+ 5 Rrd Dilpe(t,T,x,y)Tr(Dilg(m%t(x))(y — m%yt(x))?z)dy
1 g , ,
- 5 Red D)2c1p£ (t7 T, X/a Y)Tr(Dilg(m%t (X/))(y — m%,t (X/))(lgzdy‘|
= AyreeDi Pog(x,X) + Ay rge D, Paog(x,%). (5.9)
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The first contribution of the previous identity is handled exploiting the smoothness of Dil g and Proposition
3. Namely,

= dy [_
|Avree Dy, Prg(x,x)| < C[Dilg]l/ T (p'éfl(t, T.x,y)|(y — m§,, (x))1[**
R -

¢’ ! € Y2+
+p5 (T, x", y)|[(y — m> ,(x 7)‘ .
C 1( )|( T,t( ))1| (€.6)=(x,x")

Hence,

~ ~y 4
‘At,T,g75/D)2(1P21g(X7 X/)‘(e R <20(T —t)2 ||g||cé,riv <2C¢@ ||g||C§de(x,X'), (5.10)

Let us now decompose the last contribution of (5.9):

‘At,T,g,ﬁ/Dil pzzg(xv XI)’

(&:€)=(x,x")
< 1 dy £ (t T.x )|D2 (1’1’16 (X)) _ D2 (mE/ (X/))H( _mg (X)) |2
- 2 Jgpna (s —t)pc il 5 X% Y )1, S\ x Ty y Tt 1
5 ‘ » DZ p*(t, T, x,y)Tr (Dilg(m%t(x’))(y _ m%,t(x))‘?)

=D (07, ) Te (D, g(m )y m%’,t<x’>>?2)dy’}

(£,€)=(xx')

IN

O|D (mTt( ))_Di mTt H
 C{(D2,0) @ra) - (P ) @rat),

=(x,x’)

(5.11)
(5.12)

exploiting Proposition 3 and equation (3.17) in Proposition 5 to observe that the second contribution of the
first inequality above vanishes and recalling as well (2.15) for the last equality to identify the linearized flows,
respectively frozen in € = x, & = x’, with the initial non-linear ones.

From Lemma 7, we derive that for T — ¢ < cod?(x,x’):

At 1ee Dy, Poag(x,x') cermoeny < Clallez (d7(x,x') + (T —1)%). (5.13)

Plugging (5.8), (5.10), (5.13) into (5.7) yields the result.
e Diagonal regime. If T —t > cod?(x,x’), we directly write:
D%, P 9(x) = D3, Pf ,9(x')|

|/ 2 05T x,y) — D2 (8, T, %, y)]g(v)dy|

IN

IN

S| [ P PRI TN bt X)) (¢ Xl

This contribution is dealt through the cancellation tools of Proposition 5 (see equations (3.16), (3.18)). We get
from the above estimate that:

D2 P, g(x) — D2 P g(x))|

n

< > - Dy D, 05 (t, T, X' + p(x = X),y) - (x = X)i [g(y) —g(m§,, (x' + n(x —x)))
k=1 )
—<Dxlg(m§1’t(xl + IU,(X - X/)))v (y - m%t(xl + M(X - X/)))1>
—%T}(Dilg(m%t (X' + p(x — x/)) (y — rn%t(xl + p(x — X/)))?Z):| dy’. (5.14)
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Because g € C;? (R"d,R), we readily deduce, reproducing the Taylor expansion on g employed for equations
(5.7)-(5.9) above, that:

]g(y) —g(m§, (¥ + p(x — X)) = (D, g(m ,(x' + p(x — X)), (y — m&,, (%' + p(x — x')))1)

—%Tr (Dilg(m%t (x' + p(x = x))) (y —mf (X + plx - XI>));®2> ’

£=x
< ooz @7 (v m, (4 e = X)) | (5.15)
Plugging this inequality into (5.14) yields:
D2, P$ 9(x) — D2, P 9| _,
- —1-(k—3)J =€
< C||g||LW(C§;T)];And(T_t) ( ){pc,l(t7T7x’+u(x—x’),y)|(x—x’)k|
xd?t (y, mgTﬁt(x’ + p(x — x’)) } ’sz
—(h—1)42
< C”g”Loo(C;ti’Y) kZ(T —t) (k—3)+3 [(x — Xl)k|
=1
< Olgllez+,d7(x,x), (5.16)

using (3.8) for the second inequality and recalling that, since cod?(x,x’) < (T — t), we indeed have (T —
£~ k=243 | (x — x)| < (cod?(x, %))~ F-2)+3d2~1(x,x') < Cd”(x,x').This concludes the proof of the first
inequality of Lemma 14.

5.1.2 Hodlder control for the degenerate variables

We are here interested in proving the second estimate in Lemma 14 relying on the Holder regularity of the
frozen semi-group w.r.t. the degenerate variables. This proof is also based on the previous techniques. In
particular, we still take advantage of cancellation tools. For the whole paragraph we consider two arbitrary
given spatial points (x,x’) € (R"))? s.t. x; = x}, i.e. their first entry, corresponding to the non-degenerate
variable, coincide.

e Off-diagonal regime. If T'—t < ¢od?(x, x’), we proceed to an expansion similar to (5.7) for Dilpﬁtg(x).
In particular, with the notations introduced in (5.7), we write:

Pzé,tg(x) - pzé,tg(xl) = At,T,g,g’Plg(X,X') + At,T,{,ﬁpQQ(X,X/)' (5.17)
We directly obtain from the Proposition 3, similarly to (5.8), that:

2+

At,T,g’&/p]_g(X7 X/)H ) S QC(T — t)T ||g||cgji»y S 2C||g||cgtj.yd2+7<x, XI>, (518)

We indeed recall that the difference w.r.t. (5.8) is that we do not have anymore the time-singularities coming
therein from the spatial derivatives.

With the notations of (5.9), the second contribution of (5.17) writes:
AvreePag(xx) = Ayree Pug(x,X) + Ay e Poog(x,X).
Proposition 3 again yields, similarly to (5.10), that:

sy
<20(T = )7 |lgll gz < 20| gll gz d® ™7 (%, x). (5.19)

A /15 X, X/ ‘
t,T,6.8 519( ) (.6 =(x,&) ~

On the other hand, we readily get from Proposition 5 that:

~ &

~ 1 - ’
Auree Prglx,x') = 5Tr(D2, g(m , (x) RS, Ju.1 — D2, g(m$, (X )IKS, J1.1)-
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Write now:

- 1 / -
DureePrgxx) = STe(ID2 g(m$, (x) - D2 g(m§, ()]KS, ]v.1 )

5T (D2,g(m$. ()RS, J1s — RS 1] ). (5.20)

Since T — t < ¢pd?(x,x’), recalling as well that for & = x,¢" = x/, m%t(x) =071,.(x), m%t(x’) =0, (x'),
we readily deduce from Proposition 2 and Lemma 7 that:

3|02, 0(m. ) — D2, g(m, (<IRS|

IN

Cligll g2+ d7 (07,¢(x), 87,0 (x)) (T — t)

(£,€)=(xx')

IN

Cligllcad®™ (x,x). (5.21)
For the last contribution, we directly obtain from Lemma 6 (equation (3.19) for j = 1):

)“T”

1 - ot
302, g () (1KS, s — (K )ua) |

IN

Cllgll g+ (T =t

Clgll e (3, ), (5.22)

+ (T —t)d"(x,x’
(&,8")=(xx") ( a7 )

IN

using again that T —t < cod?(x, x’) for the last inequality. Plugging (5.21) and (5.22) into (5.20) gives

B¢ Paagx. )| < Cllgl s A2+ (x, ). (5.23)

(&.€)=(xx")
Bringing together (5.19), (5.23) and (5.18) in (5.17) yields the result.

e Diagonal regime. If T —t > cod?(x,x’), we write:
|PFg(x) — PF,g(x')]

[6°(t, T, x,y) — p*(t, T, X/’Y)]Q(Y)dy”g:x

IN

| -
\ [ [ DT = 50,90, 6= %) [g(y) ~ g(mS,, (¢ + plx — x)))
0 Rnd

—(Dy, g(m% ,(x' + p(x — X)), (y — m§,, (x + p(x — x')))1)

IN

— 5 Tr(D2, g (¢ 4+ o = X))y — . (¢ + G xf»);m)]dy‘

b

£=x

with the same cancellation argument as in (5.14). Observe anyhow that the cancellation involving the gradient
in the above equation is possible precisely because x; = x/ and therefore D¢ (¢, T, x' +u(x—x'),y) - (x —x') =
Dy, . p*(t,T,x' + p(x — x'),y) - (x — X')2.,. We then obtain thanks to the previous identity and (5.15):

|PE 19(x) — PF9(x')]

< HgHCf,T Z /Rnd|ka15§(t, T,x' + p(x = x'),y)|[xx — X, |2 (y, m%t (x' + p(x—x")))dy
k‘;Z O
< ol X [ e (T e X)) ) —
< Cllgllgad™ ™ (x,x), (5.24)

reproducing the arguments used to establish (5.16) for the last inequality. This concludes the proof of the
second assertion in Lemma 14.

5.2 Holder norms associated with the Green kernel

Let us recall that in (2.39), for a source f € L>([0,7], Cya (R"¥,R)), we have to control the Hélder norms of
the Green kernel which we split into two parts according to the position of the time integration variable w.r.t.
the change of regime time ¢y (see (2.40)) a posteriori chosen to be to := (t + cod?(x,x’)) AT. This is again the
splitting according to the off-diagonal and diagonal regime. The point is that for the Green kernel, if to < T
both regimes appear.
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Lemma 15. Under (A), for fized spatial points (x,x') € (R"@)2, we have that there exists a constant C' :=
C((A),T), s.t. forall f € L“([O,T],C;d(R"d,]R)):

s[%pT](\D (G f(t,x) = D2GE L f(t,X)| + D2, G5, f(t,x) — D2, G5, f(t,X)])
telo,

< CHf||Loo(c;)d)d7(X7X/),
and

tsgépﬂoéfo,tf(t,x) GS (X)) + |G, f(tx) — G5, f(8,X))])
<|0,

< CHf”L‘x’(C;”d)der’y(X? X/)v Zle = X/lv
where € = x,€&' = x',é/ =X.

Proof of Lemma 15. Let us begin with the statement concerning the second order derivatives of the frozen
Green kernel w.r.t. the non-degenerate variable x;.
For the off-diagonal regime, involving the term D2 Gfo J(t,%x'), we readily get from Lemma 4 that

|D2,GS, (%)= D, G5, ()|

to N
‘/dsD2 Qtfsx
t

(§:€)=(xx")

—|—‘/ dsD3 P ~stfs x')

¢/ =x’

~

to
C||f\|Loc(C;d)/ ds(sft)*lJrE

t
C||f\|Loc(cgyd)d7(X»X/)~ (5.25)

IN

IN

For the diagonal regime, involving the term chl@éT’tO f(t,x’), we have to be more subtle and perform again a

Taylor expansion of D2 P£ +f(s,-). Namely:

|D2, G5, £(t.%)~DL,GE., £t )|

(g’é,):(x)x)
< / ds‘/ duDDZ, Pgtf(s x +p(x —x)) - (x—x) ‘
to £=x
< Z|x7x \/ ds/ du‘DxlD PEthXJr/\(X X))H
£=x
< Olfllimiory S lx— / ds(s — )3,
i=1 to

using again Lemma 4 and the arguments of (5.16) for the last inequality. This finally yields, recalling the
definition of d in (1.9) (especially that |(x — x');] < d(x,x')?"!) and the fact that we chose now t; =
(t+ cod?(x,x')) AT

Cllf ooy d>ZI il(d®(x,x)"072*E

C||f||L°o(c;(d)d7(X7X )- (5.26)

|D2,G4.,, F(t.x)~ DL GE., f(t,x)]|

IN

(§:€")=(x%x)

IN

Gathering (5.25) and (5.26) gives the first estimate of the Lemma.

Let us now turn to the Holder controls on the degenerate variables. The idea is here again to perform a
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Taylor expansion at order one for x; = x}. Namely, from Lemma 4, the diagonal control is direct. We get

¢ _AE ’
|GT75 f(t,X) GTt f(t,X M‘(&é’):(x,x)

= / ds/ dpl{ DPgtf (,X' + px—x)), (x=x))|
< Clflimicr, | ds D[~ x)il(s — 1) D+
L>=(CY ) (t+cod?(x,x'))AT ;
< Ol fllmiep ) D10 =X )ild(x, x)2 im0+
=2
< Cllfllie(og 0d™ (). (5.27)

Now, for the off-diagonal bound, associated with the term Gfo’t f(t,-), we precisely need to exploit the
smoothness of f associated to the fact that the semi-group Pft has a density. Indeed, we cannot take advantage
of the cancellation tools of Lemma 4, but we have for all x,x’ € R™ s.t. x; = x:

‘/ ds Pgtfsx) Stfsx H (5.28)
(§:£)=(xx")

’/t dsl—:ﬁtf(s,x) — f(s, mfﬂ A ‘ _x-|- ‘/ dsP tf 5, %) — f(s,mf[:,t(xl)” ¢

to ,
o] [ aspsm, 00 = poom )| -
t (&,€)=(xx")

Note that the first two terms in the r.h.s. of inequality (5.28) are handled like in the previous section. Precisely,
we write for the first contribution:

[ sPSorton - f(s,mfo,t(x»dy(L_

’/ttOdS /HW (L Tx,y)[f(5,y) — f(s,etoyt(x)}”

£=x
to
< flimicgy [ ds [ BT x I 00y
4 R" =x
to 5
< Cllflumicy, [ dsts =1y
’ t
< COlfllpeeop @7 (x, %),

by definition of tg in (2.40). The second term of (5.28) is handled similarly. We thus obtain:

/

t(] t(J
‘/ dsP‘stf (s,x) — f(s, mtot dy” ‘/ dsP tf s,x') — f(s,mfo’t(x’
£=x

< Cllfllpe(ey pd* 7 (x,x). (5.29)

E/:x/

For the last contribution in (5.28), we have directly that:

’

[ dstms, () = f (s, () < Cllflumicgy) | 45 (01,160, 01,0(x)). (530

‘ ‘(&E’)‘(Xﬂ(')
Lemma 7 and (5.30) eventually yield:

to
| / dsf(s,m§, ,(x)) = [(s, mfo,t<x’>>H < Clflle=iop ) ((to =02 + (to — )d7 (x, %))
t (£,€")=(x,x") '
= 20||fHLoo(c;d)d2+7(X7X')-
This, together with (5.27) gives the second estimate of the Lemma. O
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5.3 Holder norms of the perturbative contribution

This section is dedicated to the investigation of the spatial Holder continuity of the perturbative term in (5.4)
and (5.6). Recalling the notations (5.5) introduced at the beginning of this section, we prove the following
Lemma.

Lemma 16. Under (A), for fived spatial points (x,x') € (R"®)2, we have that there exists a constant A =
A((A),T) as in Remark 2, s.t.

93 ¢
D3, Adiag (8 7% 3 [ ¢ 21— 0 + 1P31 Aoit-ating (6% X )| g 1)1
(n—1)y+x 2
< A(co( 2t3 cg)||u||Loo(C§T)d’Y(x, x'), (5.31)

and, if we assume in addition that x; = X7,

+ |A€’£/ (t,x,x

|A£7£ (t7T’ X, X off —diag

_(r,L_l)_;’_l
diag <A E +CU)d2+7(X7XI)”UHLW(CfZW)'

/)”(g,éﬁ:(x,x) /)”(s,s'):o«,x') =
(5.32)
As already successfully used to establish in the previous sections to derive the regularity of the semi-group
and the Green kernel we split the investigations into two parts: the first one is done when the system is in the
off-diagonal regime (i.e. for time s < tg) and the other one when the system is in the diagonal regime (i.e.
for time s > tg). We aslo recall that the critical time giving the change of regime is (chosen after potential
differentiation) to = t + cod?(x,x’) AT. We can assume here w.l.o.g. that to < T (otherwise there is a globally
off-diagonal regime and the analysis becomes easier).

e Control of (5.31). We decompose from definitions (2.31) and (2.39):

D2 A&E t,T,x,x' ‘ _
1D Adiag M(e,é):(x,x)

T
< | [ as [ ay[D2 s xy) - DR )] [(Pis.3) - Fa(s,0..4(), D)
t R™

%n((a(& ¥) = als, 054(€))) D2, ) | s ¥)Los,

E=x

n T
+‘Z/ dS/ dy|:D>2( ﬁs(tvsvan) 7D)2c ﬁg(t757X/7y)Hs>to:|
i—2 7/t Rred ' '

X <Fi(sa Y) - [Fl(sa es,t(é.)) + Dxi_lFi(Sa es,t(é))(y - es,t(s))i—l]a Dyiu($7y)>ﬂs>to

)

£=x

which readily yields with the notations of (4.3) that:

D? AE’;/ t,T,x,%x ’ N
oy Aag Mieer=eeon

T 1
S / dS/ dy/ d/.LDDilf)s(t,S7X+/.L(X/ _X)ay) : (X_X/)Al,F,O'(t757y7987t(£)7u)]18>t0
t Rnd 0 £=x
T 1
o [as [ dy [anDD2 (ks x = x0,9) - ()
t Rnd 0
X <Ai,F (t7 S, es,t (6)7 y)a Dyiu(87 y)>]18>t0
£=x
= }DilA}jiag(t,T,x,x/)‘ + |D,2(1A3ﬁg(t,T, X, x’)|. (5.33)

We will now control the first term of the above right hand side. In other words, we specify the control of (2.16).
We obtain directly thanks to the smoothness assumption (S) on the coefficients and Proposition 3 (see also
equation (3.8)) that for all k € [1,n]:

Fu(5.9) — Fi(s.04,(€)) 1D, DL (15,36 4 o =) 9)|

CIF1(s, ) leq @7 (v, 0(6)) ) x (5 = )71 E Dpos (8, 5,%,y)|

ClIF1][Lo(cy(s = t)_l_(k_%)ﬂmﬁc—l (t,5,%x,y). (5.34)

IA

E=x

IA
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Similarly,

la(s,y) — als, 05,4(€))|| Dx, D3, 75 (1, 8, % + p(x' = %), y)|
£=x

O (lla(s. Mezd” (v.0:4(€) x (s =)~ ¢Dpems (s, xy)|

Cllall o ey (s = ) B 2po (8, 5,%, y). (5.35)

IN

IN

We carefully point-out that the indicated bound only depend on the supremum in time of the Holder
modulus of the coefficients (denoted |[F1[|L(c7), [lallL=(cy) respectively) and not on their supremum norm.
In particular, we get from (5.34), (5.35):

n T
D2 Aliag(t, T,%x,X)| < Z/ ds/ ddy(s_t)—l—w—%m/z
to Rnd
X (IIDxluIILoollFlllmcc;) + ||D;2clu||L°°||aHL°°(Cd7)>pC*1(t7Syxa)’)|xk — X},
< A(|Dxyullp= + || Dy, ull=)d” (x, %), (5.36)

where again the constant A is small provided the coefficients do not vary much. Thanks to Lemma 11 and the
previous analysis of Section 4.2, we directly deduce:

D%, AGig (8, T, %, %)
< ‘Z/t ds /Rnd dy/ol duDy, - {(DDilﬁg(f,S,X—Fu(x' -x),y)- (x— x’))
®(Fi(57 y) — [Fi(5,05¢(€)) + Dx,_,Fi(s,05:(8))(y — es,t(E))i—l]) }U(S,Y)]I»to -
<

|xp — x}.|ds
Mol 3 [ P

0
C(n—1)42 n
S ACO (n—35)+3 ||u||L°C(C§J‘;’Y) Zd’v—@k—l) (X,X/)|X}€ _ X%
k=1
[p— ) (5.37)

l
2

< Acy (n=3)
Plugging (5.36) and (5.37) into (5.33) yields the stated control for the diagonal contribution.

Let us now turn to the control of [DZ, Agé diag(t, X, X)) in (5.5) (or (2.31) in the detailed guide). In the

off-diagonal case, we choose £ = x and &' = x’ and

‘DilAf)é'-diag(t7X7X,)H(&)g’):(x,x’) = ds an dyD P (t,s )(Lsig)u(&}’)"&
to .
+’/ ds/ dyD? ¢ (t,5,x,y)(Ls — L& )u(s,y)‘ . (5.38)
nd &/:x/
We readily get thanks to Lemmas 10 and 11:
D2, A58 iag 6% %) ¢ e ey _AZ / 1_,HuIILw(c2+v < A 47X [u o i) (5:39)

We point out from (5.37) and (5.39) that there are opposite impacts of the threshold ¢y on the constants,
depending on the diagonal and off-diagonal regimes at hand.
We eventually get the estimate (5.31) plugging (5.36), (5.37) into (5.33) and (5.39) recalling that ¢o < 1.
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e Control of (5.32). We proceed as above from definitions (5.5) considering spatial points (x,x’) € (R"?)2
s.t. x; = x}. In the diagonal case, we also choose & = El = x and we write similarly to (5.33):

AGE (0 Tx,x)|

(€:€)=(xx)
’ /t ds /R"d dy/o1 dp{ Dxp®(t, s,x + p(x' —x),¥),x — X )A1 5,0 (t, 5, ¥, 05+ (€))Ls>1, .
nor )
Jr’ 22/15 ds /RM dy/o dp{ Dxp®(t, s,x + p(x’ — x),y),x — x’)
XA p(t,s,04:(8),y) Dy, uls,y)les1,
- (5.40)

We have an expression rather similar to the one that appeared for the control of [D2 u(t,-)], but with a weaker
time singularity.
In other words, thanks to identities (5.34), (5.35) and Lemma 11 we obtain:

|A (t,T,X,x’)|

diag

n T
A”“”LOO(C?"S“’) Z/t ds(s — t)—(k—§)+§ |xx — X;C|

IA

< AT %Hunmcm)zdm “H+D) (x, ') [xp — X,
k=1

el e 2y @7 (3, %), (5.41)

N‘Q

< ACO_("_%)

where again the constant C is small if the Holder moduli of the coefficients are small.
For the off-diagonal contribution, we get for x; = x/}, £ = x and ¢’ = x’:

3 w0 xS gy my < | [ 5 [ it x ) (L utsny)|
n szx

+’/ ds/ dyp® (t,5,x',y)(Ls — L& Ju(s, y)
R

nd

¢'=x'
< AZ ds (s—1t)2 )2 |ull oo ()
k=27t
= ACOd2+’Y(X’X/)HUHLOO(CZI;’)' (5.42)

The last but one inequality is a consequence of Lemmas 10 and 11. Equations (5.41) and (5.42) yield (5.32).
This concludes the proof of Lemma 16.

5.4 Controls of the discontinuity terms arising from the change of freezing point

It now remains to control the contribution arising from the change of freezing point in equation (5.4). The
main result of this section is the following lemma.

Lemma 17 (Control of the discontinuity terms). There exists C' := C((A)) s.t. for all (t,x,%x") € [0,T] x
R x R™ taking &' = x',é/ =X,

’Dxl ~totu(toa ) D2 ptotu(t()v )|

IN

. S—
e Hu||L(,(,(lef;v)dv(x,X/)7

A

|BE julto, x') — BE julto,x)| <

CCOHU||L00(C§T)d2+V(x,x’), for x1 = x].
We prove the above statement in the next paragraphs respectively dedicated to the control of the derivatives

w.r.t. the non-degenerate variables (first estimate) and the control of the Holder moduli associated with the
degenerate ones (second estimate).
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5.4.1 Control of the derivatives w.r.t. the non-degenerate variables

As done in (5.7) and (5.9), we can write:

Dilﬁf +u(to, X/) - Dilptﬁ culto, X/)

0> 0

= l 4 Dilﬁg (ta th X/7 y)[u(t07 y) - u(t07 Y1, mfo,t(xl)zn)]dy
Rn

- 4 Dilp’ﬁ (ta t07 X/a y)[u(t07 y) - u(t07y17 mfg,t(x/)2in)]dy
R™

1
+ D2 ¥ (t,to, X', y) / dp(1 — p)
0

Rnd

’ ’ 7 ’ , ®2
Tr([D,QQU(to, mé ()1 + ply — mé ()1, mE (x)an) — D2, u(to, m ,(x))] (y — m§ ,(x)) )dy
- 1
- Dilﬁs (tat()ax/ay)/ dM(l — /J,)

Rnd 0

b

T‘I.([Di1u(t07 mtég,t(x/)l + M(y - mtgo,t(xl))h mfo,t(xl)2:n) - Diiu(tm mff;’t(X/))] (y - rnf()’t()(/))(g>2>6i}"|

1 ! ’ ’
3| [ DR (6 to X y)Tr(DZ ulto m () (v — mf, ()2 )y
= [ DR (b0, y) T (D, u(to, mf, () (y — mf, ()72 dy
A,y oo Dr Prulto, x,x) + A, o o Dx, Pou(to, x,x') + A, , oz Dz, Posu(to, x,x'). (5.43)

We first directly write from (5.8) and (5.10):

‘Atﬁto)g,,é/Dilplu(to, X, X/) =+ At,to,g',é/Di1p21u(to’ X, X/) ‘ ‘ _
(&",6)=("x)

IA

20(to — 1) ||ull 24

N

< Ccd llullaypd? (x, ). (5.44)

Let us now deal with the last term in (5.43). We proceed similarly to equation (5.11) (control of the frozen
semigroup). Write:
‘A é/DiIPQQU(to,X,X/))

t,t0.€’, (&,&)=(x"x)

’

1 dy ! ’ <7
= {2 / TP (b to X ¥)IDy ulto, mf, (x)) — D, ulto, mf, , (x))]|(y — mf ()

1 s & ’
5] [ D25t to X y) T (D2, ulto, m, ,())(y — S (x)5?)
RTL

D47 0T (D8, o, ) N |
€.6)=(x"x)

< CID,ulty,mf) ,(x) = D3, ulto,m, (DI
(€,€)=(x"%)
exploiting Proposition 3 for the first contribution and identity (3.17) in Proposition 5 for the second contribution
in the last inequality.
From Lemma 8, we derive that for tg — t = cod?(x,x’):
‘At,tmé,,é/Dilezu(to,x’ X/)‘(E',é’):(x’,x) < Clulto, Y zsreq™ " d(x,x). (5.45)
Eventually, from (5.44) and (5.45), we get the following control:

05 4

D2 P ult ,x') - D2 I:’é, u(to, x’ ‘ ~
’ 11 tg,t (0 ) 11 tg,t (0 )|(£,7£):(x7x,)

0
< chn_l ||U||Loo(c§f37)d’y(xa Xl)v
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which gives the first statement of Lemma 17 for the second order derivatives w.r.t. the non-degenerate variables.

5.4.2 Holder controls for the degenerate variables

Again, for the Holder norm w.r.t. the degenerate variables, the difficulty is that we cannot take any advantage of

cancellation tools. We adapt here the arguments employed in Section 5.1.2 for the frozen semigroup. Precisely,
~/

for all (x,x') € (R")? x; =x}, & =%/, € = x, we have similarly to (5.43) (but without the spatial derivatives

D)2(1 ) :

Pi,tu(to,xl) - Pfo,tu(to,x’) = At,tO,E’,E/Plu(tO’X/vxl) + At,tO,EQEIPQW(tO’X/’X/)
1 / ) ~ ’
+§Tr([D,2<IU(t07 m§, ,(x')) — D3, u(to, m§07t(x'))}[K§07t]1,1)
1 </ ~ o) ~ &/
+5Tr(DF utto.m, () (RS, iy~ KE, 1))
(5.46)

where accordingly with (5.43):

’

At’t07£/7é’plu<tﬂaxlaxl) = / dﬁs (tathX/7y)[u(t07y) - u(toaylamteo,t(xl)lﬂ)}dy
R’VL

_/ dﬁg (ta to,x',y)[u(to,y) - u(tovylamfo,t(X/)QIn)]dy’
R7l

and

Att o E /Pglu(to,x x')

1
= / tto,x y/d,ulf
lR”d 0

’ ’ ’ ®2
Te ([D2, u(to, mf, ()1 + ply = m, ()1, mS, ,(x)2:n) = DZu(to, m, ,(x))] (y — mf, ()7 )y
-, 1
_/ p{ (t,t07X/,y) d/’l’(l - //4)
R7d 0

</ e </ ®2
TT([DZ u(to,mf, ,(x)1 + ply — m$, ()1 m$, ,(x')an) — D2, u(to,mS, ,(x'))] (y — mf, ,(x')); )dy'
Reproducing the arguments that led to Equations (5.18) and (5.19), we derive:

A, o ~/]51u(t0,x’,x’) +A ,,E/Pglu(to,x/,x’)”

t,to,& € t,20,€

(&.&)=(x'x)
< Cltg—t) = HUHC2+W
24y
< Cg” ||U||Loo(cftg)d 2 (%, x). (5.47)

Let us now turn to the last two contributions in (5.46). As done in (5.21), from Proposition 2 and Lemma 8
we obtain:

1 / r ~ !
S |D2,ulto, mf) ,(x)) = D2, u(to, m§, ,(xN]KS, J1.4]|
< CHUHLOC(CSZ'Y)(to — t)dV(m?o_’t(X/)’ 0t07t(xl))

142
< Oy T ull ezt @7 (6, X). (5.48)

(&,&)=(x"x)

The last term of (5.46) is handled like in (5.22). Namely, by Lemma 6 (equation (3.19)), we obtain:

— t ,m K£ — Ké/ ‘ _
| 0 to, t( ))([ to,t ] [ to,t]1,1)| (€ &) =(x' )
24~
Cl|u(to, ')”C,ffﬁ ((to — )7+ (tg — 1) (x, x'))
Ceolull g (25 4> (%, %), (5.49)

IN

A
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Plugging (5.47), (5.48) and (5.49) into (5.46), recalling as well that ¢y < 1, we derive the second statement of
Lemma 17.

Remark 5 (Concluding remark concerning the a priori estimates). From the results of Sections 4 and 5,
i.e. Proposition 9 for the supremum norms and Proposition 13 for the Holder norms, we actually derive the
following bound. There exist constants C := C((A)) and A := A((A),T) as in Remark 2 s.t.

—(n—1)+2 ol 5 ﬁ
||U||L°°(C§jﬂ) S C(”g”cgtlw + ||fHL°°(C;’,d)) + (A((CO( 2) 2 —+ 602) + T;Y) + CCS )HUHLOO(CEji’Y)' (550)

The above estimate then readily yields (2.43) provided ¢ and A are small enough (also with A < cy). Recalling
from Remark 2 that A is small provided the coefficients do not vary much, the remaining delicate part consists
in getting rid of the small Holder moduli constraint. This can be done through suitable scaling arguments that
are exposed in Section 6.

6 Scaling issues and final proof of Theorem 1

The purpose of this section is to first introduce a suitable scaling procedure for the system with mollified
coefficients for which we will be able to show equation (5.50). This intuitively means that the scaling has to
make the Hélder moduli of the considered coefficients small. The expected control is then obtained going back
to the initial variables through the inverse scaling procedure. Also, once the estimate is established for small
final time horizon 7', it can be deduced through iteration up to an arbitrary given time precisely because it
provides a kind of stability for the solution in the space L*°([0, T7, C’i‘gw(R”d, R)). We then conclude the proof
of our main result, Theorem 1 through compactness arguments.

6.1 Scaling settings and controls

We start here from the smooth solution u to equation (1.1) with mollified coefficients (that we again denote
by a slight abuse of notation without the mollifying parameter m). For an additional parameter A > 0 to be
specified later (but meant to be small), introducing the scaled function u*(t,x) = u(t, \~'/?Tyx), it is then
clear that this latter satisfies

Opu (t,x) + (F(t, \"1/2Tyx), \V/2T} ' Dut (¢, %))
+%Tr(DiluA(t,X)a(t,)\_1/2']I‘>\x)) = —f(t, )\_1/2']I‘>\X), (t,x) € [0,T) x R*, (6.1)
uMT,x) = g(A\"/?Tyx), x € R,

This choice of rescaling is natural in view of the invariance by dilatation property (1.7), i.e. each single variable
x; is scaled by the parameter A according to its corresponding intrinsic scale.
We rewrite in short form the above equation as for all x € R™?

dur (t,x) + (Fa(t, x), Dur (t,x)) + 3Tr(D2 u(t, x)ax(t,x)) = —fa(t,x), t € [0,T), (6.2)
UA(Ta X) = gA(X)a .
where
fAtx) = f(EATY2Tox), ga(x) = g(A" 2 Tyx),
ax(t,x) = A la(t, \TV?Tyx),
Fi(t,x) := MN/2T'F(,AV2Tyx). (6.3)

Accordingly, we introduce the spatial operator (L))s>0 appearing in (6.2) which writes explicitly for all ¢ €
C2(R™ R) as:

1
LMo = (Fa(,-), D) + §Tr(a>\(t, -)Dilg0>7 A> 0.

The dynamics of the SDE associated with the second order differential operator (L?)te[(m appearing in
(6.1)-(6.2) writes for a given starting point (¢,x) € [0,7] x R™®:

XM* = x —|—/ F(u, X)) du + / Bo(u, XM X)dW,, s >t (6.4)
t t
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where (W,)y>0 is a d-dimensional Brownian motion on some filtered probability space (€2, F, (Fi)i>0,P) and
oy is a square root of the diffusion matrix ay introduced in (6.3).

Equation (6.4) then naturally leads to consider, for fixed (s,y) € [t,T] x R™, and with the notations of
Section 3, the corresponding linearized model

dX5A = [Fa(v,0,,(6) + DFA(v, 0, ,(€M))(X5™ — 67,(6"))]dv + Box (v, ,(€")dW,, Vo € [t, 5]
X8 = x, (6.5)

2Ty 10”(5 ), & = A"2T,&. The associated generator writes for ¢ € C2(R™ R) and
nd

- 1
L3(y) = (Fa(s,02,(67)) + DFx(s,05,(6M)(y — 05,(6). Dep(y)) + 5 Tr(ax(t, 05,(€1)) Dy, o(y))-
Observe from (2.6) and (6.5) that the following very important correspondence holds:
Vo € [t,T), X& = AV/2T1XE. (6.6)

We thus derive from Proposition 3 the following important correspondence for the densities. Denoting by
~ . < . . . . 1
pf\(t, 5,%,y) the density of X§* starting from x at time ¢ at point y in s, and x* = A"2Tyx, we have

n2
Bt s xy) = NFP (s, AT Tax ATETay)
N7 At e\ —1 L1 €% A L1 €% A
= ( )ndd t( /\)1 exp _T <[TA(Ks,t) TA] (/\2T)\ ms7t(X ) - Y)>/\2T)\ ms,t(X ) - Y>
e 2
In particular, for & = x one derives:
n?2 1 1
ﬁi(ta S, X, y) = )‘Tdﬁg)\ (t787>‘7§T)\Xa AiETAy)
n2d
AT AL
= e (< (MR 6 3,06 - v) ).
(27) = det(K3 ;)2
(6.8)
Equation (6.7) in turn yields the following important control:
¢ A i ﬂ'i(l_*)"‘n - ( 1 & 2
|D,€ﬁ/\(t7s7x,y)| < C (M) exp( c! |T (AQT mg t(X )_Y)| )
A Z?:l ﬁi(i_%) ¢
= C <(s — t)> ﬁc_lj)\(t,s,x, y)- (6.9)

In the following, we will also denote po-1 5(t, 5,%,y) := ﬁg,l Wt 8,%, y)’E in (6.9).

’ =x
Remark 6. We emphasize that (6.9) gives that, each derivation of the Gaussian kernel 13§ makes the small
parameter \ appear. Hence, up to the additional time singularities, the iterated derivatives become smaller and
smaller.

6.2 Scaling properties

The point is now to reproduce the previous perturbative approach for the solution of (6.2) in order to obtain
ad hoc versions of Propositions 9 (Section 4) and 13 (Section 5). Such versions then allow us to derive the
analogous control of (5.50) in this rescaled setting involving precisely a positive exponent of A in front of the

term Ac, (n=3)+3 . As underlined in Remark 5, this type of control will give the expected final bound provided

the scahng parameter A is small enough.
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We will mainly focus on the Holder norm of the remainder term (i.e. rescaled version of estimate (5.31) in
Lemma 16) associated with the second order derivatives w.r.t. the non-degenerate variables. It can indeed be
seen from the previous computations that the other contributions can be dealt similarly.

Holder estimate on the rescaled remainder. According to the notations introduced in the beginning
of Section 5, we denote for A > 0, (t,x,x’,x’) € [0,7] x (R"?)? the quantity:

D2,(ANE€ (1, x,x')
(t+cord? (x,x"))AT ¢ N - \
-/ ds [ (DL sx Ll - L9 sy)
t R

—D2 55 (t,5, %, y) (LY — LY )u (s, Y))dY>

(&,€")=(xx")

T
+( ds [ (DL sxy(Ld - L9 sy)
(t+coAd?(x,x"))AT Rnd

—D2 5% (t,5,%, y) (L) — i?’gl)'ﬁ(s,y))dy>

(£:€")=(x.x)

= D2 (AMEE e (%, %) + D2 (AMEE (1, %, %)), (6.10)

off-diag diag

using again as in (5.4) different freezing point according to the spatial regime w.r.t. integration time s. Note
however carefully that the cutting threshold here depends on the scaling parameter A. This is very important in
order to balance the various scales that will appear. Pay attention as well that the parameter ¢y also remains.
Actually, a subtle balance between those two parameters will be needed to derive the expected control.
Proceeding as in Section 5.3, we aim at showing that there exist constants C' := C((A),T) and A := A((A),T)
as in Remark 2 s.t. for all (x,x’) € (R"?)2:

| D3, (AM& (¢, x,x')]

te[0,7] d7(x,x')

—(n—3H)4+72 Iy
< (A(Co 3 2+05)A2)||UAHLW(03F). (6.11)

Proof. Let us first consider the diagonal term in (6.10) assuming w.l.o.g. that t+coAd?(x,x’) < T (otherwise
we only have the off-diagonal contribution) and recalling that in the diagonal regime we chose & = & = x.
Write:

D2 (AMEE,(t, %, X')]

¢=¢=x
T

ds [ dy[ DL (ks y) = DRt s xy)|[(Baa(tey) = Faa(.62,6). Dy)
t+coAd?(x,x’) Rnd

+5((@1(09) - o .63,€) D3, ) [ .y

2 £—x
n T
+‘Z/ dS/ dY{Dilﬁi(t?Saxay) _Dilﬁi(t?saxlvy)}
i—=2 Y t+cord?(x,x’) Rnd

(Fas(t.y) = [Fas(t.02,(6M) + DFx (1,02, (€))(y — 03,(6")ima]. Dy (s, y>>\L

T
/ / dy / duDD2. 7 (1,5, % + p(x' —x),y) - (x —x')
]Rnd

ds
t+coAd?(x,x’)

(Frat) = Faa(t. 02069003 ) + 5T((0r (1) = ax(e. 02, @) 5, ) )y

£=x
n T
+| > / @ | av / AuDD2, 5 (15, % + u(x —%),y) - (x — x)
(Fraty) = [Failt,02,(6") + DFai(1,62 (€M) (v — 02,(6")]. Dy, u*(5.¥) ) H
E=x
= { (ANgng(tx,X) + DI (AM§ER(t,x, x’)}’ : (6.12)

E=x
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We will now control the first term of the above right hand side. A key point for the analysis is to observe that,

on the considered diagonal regime, we actually have from equations (6.8)-(6.9), recalling that z — mgz (z) is
affine and using the good scaling property in (3.5) and (3.11), that:

) OAFR=3) " (x — x ). 12)\2-1
| Dy D2, 85, (t, 5, % + p(x' — x),y)| < mpc’l’A(t’ $,X,y) exp ( I 5= i;qu )
j=1
O\ F(k=3)
(S_t)l—Jr(kfé)pC*l»)‘(t’s’X’ y)- (6.13)

To obtain the last inequality, we indeed observe from the homogeneity of the metric (see (1.9)) that A\}/2d(x,x’) =
d(A712Tx, A71/2Tx') = > |(x — X’)j)\(Qj_l)/2|1/(2jfl). For the diagonal regime Ad?(x,x’) < (s —t) in
turn implies that for all j € [1,n], (s — )" (x —x); A%~ < 1.

Another key point is to observe that the contribution (s — )~1/2d(A~Y/2Tyy, A\"1/2T»0} ,(x*)) is homo-
geneous to the argument of the exponential term in pc-1,(t,s,x,y). Namely, for any given 3y > 0 and
B € (0, Bo], there exists Cg, s.t.

d(A" 2Ty, A\ 2T,0,
(s—1)2

)\’
> ﬁC‘l,)\(t» S, X, y) S Cﬁoﬁcﬁ_ol,)\(tv S, X, Y)v (614)

Equation (6.14) is a direct consequence of the expression of ﬁté’il ,, in Proposition 3 (see also (6.9)) and the
definition of d in (1.9).

Hence, from the definition of ay, F) in (6.3) equations (6.13) and (6.14), we derive that, under (A) for all
ke [1,n]:

{IBrs (1Y) = B (1,00 (€DIIDs D%, 5 (05 x +(x =) 9}

< C{ (VIR legd (A Ty AT () )N s - 0T E Ppon sy |
< COlIF g X (s =)D pe (8, 5,x, ). (6.15)
Similarly,

{lar(t.3) = ax(t, 02 (€)1 D DL B (1 5. x + ' =) 3|
O{ (A alt Dl egd” (A Tay, AET02,(€1) )X D (s = 1) g st s xy)

Cllall oAz (s = ) =D 2 po \ (8, 5,%,y). (6.16)

IN

=X

N

Observe that both r.h.s of (6.15) and (6.16) exhibit a positive power of A\. Hence, those quantities are
small provided X is. The key point in the above computations is that the potentially explosive Holder norms of
F 1, ax(when A goes to zero) are compensated by the derivatives of ;5§ (s,t,x,y) (see equation (6.9)). We again
carefully point-out that the previous bounds only depend on the supremum in time of the Holder moduli of
the coefficients (denoted [|F1|| o (c7). [lall > (c7) respectively) and not on their supremum norm. In particular,
we get from (6.15), (6.16) with the notation of (6.12):

1
D%, (ANt x|

n T
< / ds dy/\k_%(s—t)_l—(k—%)%y/Q
L1 Y ttcord?(x,x) Rnd

1 _
x[A2 ||Dx1UA||L°°||F1||L°o(c;) + ||D;2c1U/\HL°°H‘1||Loo(cg)]]90—l,,\(t,37X7 y)|xr — x|
—(n—1y+2 2
< oy TN Dy 1 + | D20 L) AR Y (x, %), (6.17)

Thanks to the inequality (4.24) and the previous analysis (to be performed according to the current scaling
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procedure replacing (s — ) in Sections 4 and 5 by (s —t)/A), we deduce:

n T 1
Z/ ds/ dy/ du
i—o Jt+coAd?(x,x’) Rnd 0

(Dy, { (Failt.y) = [Faalt, 02,(€") + DFxs(t, 62,(€)(y - 02,())

2:
D%, (AM§g (x| <

x(<x x', Dy D2 ;5>\(t s, x + p(x’ —x), y)>)}7u/\(3,Y)>’

£=x
Ne—3 |xk — X},
<A u>‘ oo ( 2+ / k
el a Z teord?(x, x,) (s — )33
S AHU ||LDQ(C§-;W) Z CO 2)+2 )\(k (k*%)+%d7*(2k71)(x7XI)‘Xk o X?C|
k=1
n

~y

,k,l+1 N —(n—41 +l v
< Aoz Do TN (%) < (Mg TR u | e i (%), (6.18)

=1

=

Plugging (6.17) and (6.18) into (6.12) gives a diagonal control which precisely matches the r.h.s. of the expected
final bound (6.11).

It therefore remains to handle the off-diagonal contributions. With the notations of (6.10), we deduce from
the analysis of Section 5.3 (recall that in that case we chose (£,¢') = (x,x’) as freezing points) and the previous
arguments that:

D2 A)\ g ‘
D5t (Ao ing X |<ss> (%)
N t+cord? (x,x") ds 3 . N ) ,
»
< Aoz / oo S < (A AT )| o i @ (5, X)), (6.19)

In some sense the controls in (6.18) and (6.19) can be seen as a mere consequence of the intrinsic scaling of
the system. This is indeed the case, but, in order to avoid any ambiguity, we provide in Appendix C a proof
of the rescaled key Besov Lemma 11.The bound of equation (6.19) completes the proof of (6.11). O

Now, using the notations of (6.10), it can be deduced from the same procedure (exploiting the control
(B.13) for the difference of the scaled covariances) that the following rescaled version of estimate (5.32) in
Lemma 5 holds:

[(AN)EE8 (2, %, %)

(&€ ,€)=(xx'x) ~(n=p)+3 | A
sup < AXZ (¢, 2 4 co)||ut|| foo g2ty (6.20)
te[0,T],(x,x’)e(R4)2, x1=x] d2+“/(x,x') L=(@a")

Holder estimate for the semi group at the discontinuity point. We would also derive from (5.46)
and the same previous arguments by denoting tg = t + coAd?(x,x’) and using the bound of (A.17) for the
difference of the scaled flows, that the analogous of estimates in Lemma 14 :

~ e
‘D to tU *to,x') — D Pto U (thX/)| <Ce™™! ||u)\||c§;7d7(xa x'). (6.21)

‘(5’,&’):(x,x’) o

and

|I5ti7tu>‘(to,x’) — ]5§J7tu)‘(t0,x’)| < C’co||u)‘||Lw(C§T)d2+'y(x,x'), for x; = x7,

hold. Note that above we denoted with a slight abuse of notation

~ !

B t0x) = [ ayif (10, %300 10,3,
Rn,

Holder estimates for the frozen semi-group and associated Green kernel. It easily follows from
(1.8) that, in this rescaled setting, the ad hoc estimates in Lemmas 14 and 15 remain valid (i.e. with fy, gx
intead of f, g and for the Green and frozen kernel associated with the rescaled system (6.1) therein).
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Estimates of the supremum of the derivates w.r.t. the non degenerate variable.

We importantly point out that for the Hélder moduli, we have benefitted from a regularizing effect in the
scaling parameter A\. Note carefully that this is not the case as far as supremum derivatives are concerned. We
indeed get, using the same previous arguments, that

T
D] = [ ds [ DR (k) = B2 sy )ay]

Clgllcztr + (T =DF [ fll=(cg ) + AT = 0)F [0 oo 2ty

IN

The difference w.r.t. e.g. equations (6.17), (6.18) is that we have no additional spatial differentiations and no
cutting threshold in time which precisely allowed to make the scaling parameter appear. Equivalently, we have
to integrate in time the control (6.19) of the previous off-diagonal regime but on the whole time interval [¢, T1.

Conclusion: Schauder estimate for the rescaled system. Gathering the above estimates, we even-
tually derive similarly to (5.50), recalling that ¢y < 1, that:

1, —(n—1) 2 x T
||u’\||L°°(Cb2£") < C(”g)\”cg;w A llpe(cp ) + [A()@ (cg " P +cg)+T?)+Cc 1} ||UA||L°°(C§£7). (6.22)

(n—3)

Hence, for T, ¢ := ¢o((A),T) and X := A((A),T) small enough, with A < ¢ , i.e. s.t ¢p := {A()\%(cg +
1
00%) + T%) + C’cé"‘l] < 1, the expect final control holds:
A < ¢ 6.23
[|u HLoo(cgy) > ﬁ(”%“ciy + \\fA||Lw(c;d))- (6.23)

7 Conclusion: final proof of Theorem 1.

Equation (6.23) provides the expected Schauder estimate for the rescaled system with mollified coefficients for
a small time horizon T' > 0. The scaling parameter A must precisely be tuned w.r.t. A (associated with the
Holder moduli of the coefficients, see Remark 2) in order that the above constant ¢y be strictly less than one.
Recalling that u*(t,x) = u(t, \"'/?Ty\x), we then derive from (6.23) and (6.3) that for 7 > 0 and X small
enough there exists Cy := Co((A), T, \) > 1 s.t.

lll e (e24y < Colllgllez s + 1 fllzeeg o) (7.24)

which precisely provides the required estimate for the initial system with mollified coefficients.

The point is now to extend the previous bound to an arbitrary fixed time 7" > 0 not necessarily small. The
stability resulting from estimate (7.24) allows to proceed by simple iterative application of the bound changing
the final condition.

7.1 Schauder estimates for the mollified system for a general time

Equation (7.24) is valid for all T' < Ty with Ty € (0, 4+00) sufficiently small. Now, for a given T > 0 (not
necessary small), we can solve iteratively N = (Tlo] (where [-] is the ceiling function) Cauchy problems in the

following way. Consider first:

), T) x R™,

2|~

Oy (t,x) + (F(t,x),Duy (t,x)) + $Tr(D2 ui(t,x)a(t,x)) = —f(t,x), (t,x) € [T(1 -
up (T, %) = g(x), x € R™,

In other words, our previous analysis, and the previous inequalities, are still available for T — (1 — %)T =
~+T < Tj small enough. Precisely, from (7.24):

1 _
||U1 (T(l - N)’ ')”03,th < C(O(”g”(]atlW + ||fHL°°([T(17%),T]’C§;"V ) (725)

=3
| —
2= |
2
L
SN—
[

Also, for mollified coefficients, it is plain from the Feynman-Kac formula to identify u; and u on |
where u solves (1.1) with mollified coefficients on [0, T]. Hence, (7.25) gives in particular that u; (T
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u(T(l — %), ) € C;'SW(R”"I,R) so that it is in particular natural to consider the following second Cauchy
problem for all x € R™¢:

Opua(t,x) + (F(t,x), Dug(t, x)) + 3Tr(D2 us(t,x)a(t,x)) = —f(t,x), t € [(1— Z)T, (1 — +)7T),

UQ((l - %)Ta X) = u((l - %)T7 X)'

Hence ug satisfies identity (7.24) for the corresponding time interval and the associated source and final
condition. It also coincides with u on [T'(1 — %), T(1 — +)]. We get:

_ 1
||U2|\Loo([T(1_%),T(1_f)] o < Co(Ju(T(1 - N)a ')ch{y + ||f||L°°([T(1—%),T(1—%)] 2*”))
< Co(Colllgllczsr + 1l o rr—4).my0257)
e ra-2yra-neztn)
<

Calglczr + 1l s o 37,0250

Repeating the analysis N-times, introducing for k € [3,n] the auxiliary Cauchy problems for all x € R"¢:

(1= 5T, %) = u((1 - 5HT, ),

{@wc( x) + (F(t,x), Du (t,x)) + 5T (D5, uk(t, x)a(t, x)) = —f(t,x), t,€ [[(1 - ), T(1 - 1)),
N

we derive that -
Hu”Loo([o T],Co8) < Cév(”gncf;‘* + ”fHLoc([o,T] 2+7)) (7.26)

This precisely gives our main estimate for the system (1.1) with mollified coefficients. Again, even though the
coefficients are smooth, all the constants appearing in (7.26) only depend on the Holder setting of assumption

(A).

Remark 7 (About the constants in the final estimate). We could actually have slightly better bounds than
those in (7.26). Namely a direct induction shows that the following control holds.

el e 0,770y < €0 llgllezn + 3 Cllf N poe rga— ity a5z, cy)- (7.27)

i=1

We chose to write the bound in the form of equation (7.26) for simplicity. Note however that in any case,
equation (7.26) or (7.27), we still have geometric constants coming from the iterative procedure. This is the
main drawback of our approach, which anyhow seems, to the best of our knowledge, the only available one to
consider degenerate Kolmogorov systems with non-linear drifts.

7.2 Compactness arguments

We now make the mollifying parameter appear again using the notations introduced in the detailed guide (see
equation (2.4)). Equation (7.24) rewrites in the following way. There exists a constant Cy s.t. for all m € N:

||um||Loo([o7T],c§;‘*) < CO(”Q”(;?K* + ||fHLoo([o,T]7c§t;f))~ (7.28)

From Ascoli’s theorem we deduce that there exists u € L*([0,T7, C’2+7) and a sequence of smooth functions
(Um, )k>1 solution of (2.4), with my — 400, satisfying (7.28) and s.t. w,, —k v where u also satisfies (7.28).

Since we also have from [CARM17] that w,,, (t,x) — E[g(X59)] —|—ftT]E[f(s7 X%x)]ds where (X%*) denotes the

unique in law solution to (1.4), we deduce that u(t,x) = E[g(X5™)] + ftTE[f(s,X?x)]ds corresponds to the
martingale, or mild, solution of (1.1) which satisfies the stated Schauder estimate (7.24).

7.3 From mild to weak solutions

Let ¢ be a smooth given function with compact support, i.e. ¢ € C§°(R"4 R). It is clear that for the solution
of (1.1) with mollified coefficients one indeed has:

/OT dt /Rnd dx fm(t,x)p(t,x) = /OT dt /Rnd dxo(t,x) (8t + L?)um(ux). (7.29)
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Indeed, both the solution and the coefficients are smooth. Integrating by parts yields:

/OTdt/Rnd dx fn(t, x) (1, x) = /OTdt/Rnd dx(—(’)t—f—(L;”)*)@(t7x)um(t7x)7

where (L{*)* denotes the adjoint of L}*. Write now:

/ dt/Rnddxfmtx (t,x) / dt/Rnddxftx (t,x) / dt/Rnddx 5, x)o(t,x)
/O dt /R dxf(t,x)p(tx) + Bn(T. ). (7.30)

It is clear that under (A), recall that f € LOO([O,T],C;d(R”d,R)), R, (T, f) — 0. On the other hand, we

now decompose:
T
/ dt/ dx —5}+(L;”)*>g0(t,x)um(t,x)
Rnd

/ dt/Rnddx ) (L)) ol X)u(t, ) + Ron (T, ), (7.31)

with
Ry / dt /]R dx )w(t )t (£, %) (7.32)
—i—/o dt /Rnd dx -0 + (Lt)*)ap(t,x)(um(t,x) —u(t,x)) = (R, + R2)(T,u),

where Ly is the formal adjoint of L;. Observe first that:

m

T
an,O(T, u) = / dt , dx0yp(t, x) (um(t,x) - u(t,x)) — 0,
0 R

since |ju — “m”Loc(c“V) — 0. For the terms of RZ (T,u) which involve the adjoint, the point is again to use
b,d m

the Besov duality to control the remainders. Namely, from the previous analysis we get that:

R o (T = |3 /O dt /R Dy (ol )R ) (i (1:%) — (t, )|

n_T
< dt/ dx;||Dx, (pF:(t, x\4, - 24y U — W) (T, X4, 2
2_)/ B 1 G T S e (R LI
denoting xX\; = (X1, -+, Xi—1,Xi41," " ,Xpn) and @F;(t,X\;,7) 1 X; € R? — @F;(t,x), (u — U ) (t, X\, 7) © X €
RY — (u — ) (t,x). Again ||u — um”L@O(CﬁT) — 0 and from the arguments of the proof of Lemma 11, there

exists C' s.t. for all i € [2,n], || Dy, (¢Fi(t, x\;,")) 24+
B

< Cy(t,x\;) where ¢; has compact support

1,2l71 (Rd,R)
on R(=D4 We thus readily derive |RZ, 5., (T, u)| — 0.
Eventually,
T
BTl = | [t [ D o008 1:3) + D2, (ot 0)alt ) i) = )

\/ dt/Rnd dx (¢ (t, x)Fy (¢, x))DXl—i—( (t,x)a(t,x)) D2 }(um(t x) — u(t,x))],

which again tends to 0 with m since |[u — um || o 27y — 0.
b,d m

The contributions involving ((L7*)* — L}) in R}, (T, u) defined in (7.32) can be handled as in the proof of
Lemma 11 exploiting that [[a —am|[cy  + [IF1 = Fmalley, + S IF — Fm7i||cgq‘,d—3+'y —m 0. We now deduce

from (7.31), (7.32) and the previous controls that Ry, (T, u) —, 0. The same computations also give that the
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term fOT dt [ana dx( -0+ (Lt)*)go(t,x)u(t,x) is well defined under (A). From (7.30), (7.31), we thus finally
derive:

/OT dt/ﬂw dxp(t, x) f(t,%x) = /OT dt/Rnd dx( = 0, + (L)) o(t, X)u(t, x),

which gives the statement.

A  Proof of technical results

A.1 Technical results associated with the flow

We begin this paragraph stating and proving a key result for the sensitivity of Holder flows, i.e. when the
coefficients satisfy (A). Those results are of course uniform w.r.t. a mollification procedure of the coefficients
as the one previously considered from Section 3 to 5. Also, Lemma 7 is a direct consequence of Lemma 18
below and Young/convexity inequalities.

A.1.1 A first sensitivity result for the flow

Lemma 18. Under (A), there exists C := C((A),T) s.t. for all (x,x') € (R")2,d(x,x') <1, 0<t<s<T
and i € [1,n]:

(85,1(x) — 05,4(x'))i < C((S — 1) 4 ad¥ (x — x')).

The previous bound can be interpreted as follows. We somehow have the expected bound involving the
spatial points, up to an additional contribution in time, which is precisely due to the quasi-distance d. Indeed,
this type of result already appeared (for Lipschitz drifts) in Proposition 4.1 of [Men18]. Through an appropriate
mollifying procedure, this result remains unchanged.

Proof. The main idea to prove this control relies on Gronwall’s Lemma. However, under (A), the function F
is not Lipschitz (solely Holder continuous). We have then to mollify suitably F. Let us denote by § € R™, a
vector with positive entries d; > 0 for i € [2,n]. Define as well for all v € [0,T], z € R", i € [2,n],

F?(’U7Zi_1:n) = F’i(va ) * s, (Z) = / Fi(va Zi1,2Z; —W,Zjt1 " 7Z’I’L)p5i (U))dw, (Al)
Rd
with ps, (w) = %p (%) where p : R? — R, is a usual mollifier, namely p has compact support and

Jga p(z)dz = 1. Finally, we define F°(v,z) := (F1(v,2),F3(v,2z), -+ ,F5(v,2)). In this definition, we make
a slight abuse of notation since the first component F; is not mollified. Due to the final control we want to
prove and the intrinsic scale of the first component, the sublinearity of F; (implied by its Holder property) is
enough and it is not needed to mollify this component.

To be at the good current time scale for the contributions associated with the mollification, we pick §; in
order to have C' := C((A),T) > 0 s.t. for all z € R u € [t, s]:

‘(3 — i1, (F(u7z) - F‘s(u,z))’ <C(s—t)L (A.2)

By the previous definition of F° and assumptions (A), identity (A.2) is equivalent to:

n 2i—3+7

Ss—1)775, T < Cs— )7L (A.3)
i=2
Hence, we choose from now on, for all ¢ € [2,n]:
§i = (5 — 1)~ DT (A1)
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Next, let us control the last components of the flow. By the definition of 85, in (2.5), we get:

[(05.6(x) = Os2(x))n

< =l [ (P00 — (0.0,
H|FD, (1, 00,4(%)) = Fr(v, 0,,4(x))] + [Fy (v, 0,,1(x")) — Fn(vﬂu,t(xl))\)dv

< J(x-x) |+C/ —0,,60), 0 (0,400 — 0,4(x), |
(s gt

Hence by Gronwall’ s Lemma, we get:

[(0s.6(x) — 03>t(x/))n|
_ 2n 3+~ 2n—3+~
< Cexp (C(s —t)0n H

=itk )(I(x—x) |+ (s —1)8, """ / | (B0,1( vt(x’))n_1|dy)
Cexp (C(s—t)%)(|(x—xl)n| +(s—t)" 2 +/t (60,4 (x) *9@,t(X/))n_1|dv), (A.5)

IN

using (A.3) for the last inequality. We proceed similarly for the (n — 1) component, but in this case we have
to handle the non-Lipschitz continuity of F¢_; in its n*® variable.

For the rescaled flows see e.g. Lemma 2 in [CARM17] this difficulty could also be circumvented through
mollification, the situation is here slightly different and it seems that Young type controls are more appropriate.
Write:

[(05,4(x) = 05,4 (x") )1

1420 =D =3+~ 2(n—1)—3+~

Cexp (C(S—t)5n 1 2(n—1)—1 ><|(X_Xl)n71|—l—(s—t)énf(f"”‘l

IA

2(n—1)—3+4y

100009 = 0u.()), |+ 1010030 = 0040x), |5 o)

IN
Q
@
e
o
—~
Q
—
w0
|
~
~—
[N
~—
S
—
»
"
S~—
3
=
_|_
)
I
=
3
Nl
_|_
\m
—N
—
)
<
=
»
~—
I
)
<
=
x\
=
3
|
v

2(n—1)—3+y

2(n—1)—3+vy 2(n—1)—3+~ 1) 3+ 2n—1
oo T 4 (0 1) / (02400 = 01 >)n71\dw) bav).
(A.6)
The last inequality is a consequence of our choice of d,,—1 in (A.4), identity (A.5) and convexity inequality.
We aim, now, to proceed with Gronwall’s Lemma. To do so, first of all we need to use a Young inequality.

Namely, we write for all Sn—l,n > 0 (where the two indexes in the subscript respectively denote the level of the
chain, i.e. n — 1, and the considered variable, i.e. n):

Mo
/| wit( wt(x)))n_1|dw) :

(( / (0us) - 0us0D), )T 15,
t

In order to obtain the suitable time scale, we choose O S.t.

2171 2(n—1)—34~ ~ (2(n=1)—3+~)(4—7)

gn:f,n = (U — t)f — 6n—1,n = (’U _ t)W7

which also yields that

(/tv Kew’t(x) - 0w’t(XI)))”_1|dw> ~” W = (_/tv |(0w,t(x) - ew,t(X,)))n—1|dw) (v— t)fél_Tw.
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Hence we get from (A.6) and the previous controls that for all § € [¢, s]:
|(05,1(x) = 5,1(x") 1]
< Cexp(C(58— t)%)(|(x —x )| + (5= t)”*§ + / {|(9U (%) — 9U7t(x')))n72|

2(n—1)—3+~ 2(n—1)—3+~ 1) 3+ _4—y
o= )T L (o ([ 100160 = 00,690 — 75 Lo
The point is now to take the supremum in § € [s,t] in the above equation. This yields:

sup |(0,1(x) — O5.4(x)) 1|

S€(t,s]

Cexp(Cls = 1)) (| =X )oa| + (s = )"~ F + / (80100 — 8,,¢)), o

2(n—1)—3+~ 1+2(n—1)—3+7
2

= )T (5 = )+ (5 - 1

+(/t sup |(6,0(x) —ow,t(x’)))nlw—t)lTdv)).

wEt,v]

IN

We get then by Gronwall’s Lemma:

[(05,4(x) = 05,4 (x") )1

< Cexp(C(s— t)%)<|(x =X V1| + (s — t)”_% + /ts ‘(Bv,t(x) — 0u,t(X/)))n_2‘dU
e =), [FFT (s ) (A7)
< Cexp(C(s— t)%)<|(x =X V1| + (s — t)"_% + /ts ‘(Bv)t(x) — BU)t(x’)))nd‘dv

+l(x = x)n 5251)’)7 (A.8)

. . . . , 2(n—1)—3+v n3 , 2(n—1)—34v 2n—3
using again the Young inequality |(x —x'),|” =7  (s—t) < C((s—t)" 2 4+ |(x—%),|~ 2»-T  2»=5) for the
2(n—1)—34~

last identity, recalling as well that d(x,x’) < 1, and therefore |(x — x'),,|” 2»—5 < |(x — x'),|, for the last
identity. The purpose of (A.8) is that each entry of the difference of the starting points appears at its intrinsic
scale for the homogeneous distance d.

Plugging the above inequality into (A.5) we derive:

[(054(x) — 054(x)n| < Cexp (C’(s_t)%)o(x_x/) |+(5_t)n7%+|(X—x’)n_1|(5_t)
+H(x—x)n |2” T (s —1t) / / ‘ wt( wt(X))n_2|dwdv)
Cexp (C<s—t>f)(|<x—x>n|+<s—t) 4 (= K | B

Jr/ts /tv |(O,(x) — 9w,t(xl)))n_2}dwm)’

using again the Young inequalities |(x —x)n|5=1 (s —t) < C(|(x —x )|+ (s — )"~ %) and |(x — X )n_1|(s —t) <
C(l(x— X/)n_1|% + (s — t)"_%) for the last bound. Iterating these computations, we obtain:

(05,(x) — Bs,t(X/) nl

< C((s—t)nE+Z|(x—x’)j|";?_%+/ 7dvn,1..‘/ dv1|(0v1,t(x’)—evl,t(x))1|>. (A.9)
t t

IN

—~
D
»
~
—~
"
~—
D
»
T~
—~
»
<
N
~—
S

< C’((st)ié+2|(xx’)j|%}+/ dvi_l.../ dvl|(0m,t(xl)0U17t(x))1|>. (A.10)
¢ ¢
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Remark 8. We importantly point out that equations (A.9) and (A.10) actually hold not only for the fized time
s but also for any v € [t,T).

The term for i = 1 is treated slightly differently. Namely, for all § € [t, s], write:
n 3 5
|(05,6(x) = 5,6 (x')1| < [(x = x)1| + CZ/ [(00,¢(x) = 00,4(x)) ;|7 dv,
j=1"%

which in turn implies, using (A.10) and Remark 8,
sup |(65,:(x) — 05,4(x"))1]

o,
<@—fm+00w%xgﬁy&xm—mawnW+§:[mem—maw»whm)
< o=+ € (= s 1810 = 0,6’
+]§:C] (s —1) ((s — 1)y 4 g:z (x — X )| =T 4 (s — )31 Usg[lfs] [(0,.¢(x) — gv’t(x/))ll) 2_,»11>
s@—xhuw(@—wgyﬁumam—ew@wnﬁ
+§}M&*N“—ﬂz+§;@—f%*”+@—w“”ﬁlgﬁwagw—em@wuﬁq)

using as well convexity inequalities for the last bound. We now write,

sup |(05,(x) — O5.4(x))1]

S€E[t,s]
< (IRl (508 4 (=) 3 fox = xnlP
k=2
+Z(S _ t)1+(j—1)2ﬂ7_1 sup |(0y.4(x) — ev,t(X/))1|2f{_l)
j_l ’UE[t,s]
< Ol =3l + (s =)+ [(x —x)p|7T) (A11)

k=2
recalling that (s —t) < T is small, and using again Young inequalities for the last bound. Namely,
(s — t)lJr(jil)ﬁ sup |(0y,¢(x) — 01J,t(X/))1‘2ﬂj <C(s—t) (1 + sup |(6v(x) — gv,t(xl))1|)’
vE(t,s] vE[t,s]
and o 1 1
(5 = DIk = Xl T < C((5 =77 + |(x = Xl 77).

We eventually derive from (A.11) that:

p |(81.0(x) =00 (x| < O((s = )% +d(x,x),

velt,s
which gives the stated bound for ¢ = 1. It now remains to plug this control into (A.10). We obtain for all
i€ [2,n]:

(0,0(x) = 0,,0(x))il < C((s = )72 +@" (3, %)+ (s = 1)1 sup |(Bu,4(x) = B (X))

vE(t,s]
C'((s — 1) TE 4 A2 (x, %) + (s — 1) (s — £)F +d(x, x’)))
C((s — t)i_% +d¥ 1 (x, X’))7

IN

IN

using again the Young inequality to derive that (s —¢)*~'d(x,x’) < C((s —)""2 +d?~'(x,x’)). The proof is
complete. O

Again, Lemma 7 is a direct consequence of the previous Lemma 18 and Young/convexity inequalities.
We are now in position to prove the sensitivity results for the linearized system w.r.t. the freezing parameter.
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A.1.2 Sensitivity results for the mean

Proof of the Technical Lemma 8. We assume w.l.o.g. that d(x,x’) < 1. The idea of the proof is to separate
the term to control into two contributions. Namely, we write:

X

my (x) = 054 (x) = [m,(x) = 054(x)] + [05.4(x) — 054 (x)]. (A.12)

The definition of the proxy (3.1) yields that the mean value of XT’ﬁ, mé, is s.t.

m’;t(x') —0,:(x) =x"—x+ /ts dvDF (v, 9U7t(x))[m§7t(x’) — 0, :(x)]. (A.13)

The sub-triangular structure of DF yields that for all i € [2,n]:

S

(m¥, (X)) = 054(x)), =X} — x; + / dvD;1Fi(v, 0,¢(x))[m7 4 (x')i—1 — 04(x)i-1].

t

Also, since m¥,(x')1 = x} + [ F1(v,0,,(x))dv, so that [m¥,(x')1 — 0,4(x)1] = x| — x1, we then obtain by
iteration that:

i V;=$§ Vg i
(m;t(xl) — Gs,t(x))i = Xg — X; —|— Z |:/t dUi,1 .. /t d’l)k,1 H Dj,le(Uj, 0%t(x)) [X;cfl — Xk,,l],
k=2 j=k

with the convention that for i = 1, ZZ:Q = 0. From the above control, equation (A.12) and the dynamics of
the flow, recalling that the starting points are the same, so that the contributions involving differences of the
spatial points or flows only appear in iterated time integrals, we derive:

|(mF, (%) = 0,.:(x)),|

i v;=8 Uk i
< Z {/ dvi,1 .. / d’Uk,1 H Dj,le(Uj, ij7t(x))} [X;971 — kal]
k=2 t t j=k
+ / IFi(0, 00.4(%)) — Fi(0, 0,4(x'))|dv (A.14)
t
i—1 ik . s n , 2634~ '
< (X ts 0 H — i) +/ (30 10uax) = 0ui)), | 7 +](Busx) = 8us(x),_, | ).
k=2 b=
From the previous Lemma 18, we thus obtain:
[(m, (x) = 05.4(x")),|
i—1 -
< c( (s — ) Fxp — x4+ (s —t) = F!
k=2
FAZ (X ) (5 — t) + (s — )07V 73 4 20D (x X)) (s — t)>. (A.15)

In particular, for s = to =t + cod?(x,x’) with ¢y < 1, the previous equation yields:

[(m3 (%) = 04,4 (")),

. i—i4 . i .
< C’(codm_l(x7 x') + (¢ A co)d® M (x,x") + (cp 2 + co)dQ’_l(x,x’)).
So, after summing and by convexity inequalities, for d(x,x’) < 1:

d(m:&(g,t(x/)a 014(x')) < Cef" " d(x,%).

54



A.2 Sensitivities for the scaled flows
For the scaling analysis of Section 6 we also need the scaled versions of the previous Lemmas. Recalling the
notations introduced therein, i.e. for A > 0,0 <t <v < T, Oiyt(x)‘) = )\%Txlev,t(x)‘), x* = ATy x, we
readily get:

AT (), 0, (7)) = A2 d (i (x7), 00,0 (x). (A.16)
Now, the discontinuity term leads to consider v = t + coAd?(x,x’) = t + cod? (XA,X’A). So, from (A.16), we
can readily apply Lemma 8 to the quantity d(m;‘; x™), 0, (x /\)) for the spatial points x*,x’* and the corre-

XA (A 2 T A /A Tty L /
(X, 0,4(x'7)) < Cefm T d(x, X)) = Ceg™ T Azd(x, %)

)

sponding critical time. This precisely yields d(m
which plugged into (A.16) finally leads to:
1
d(APT m,(x),0),(x)) < CeF" T d(x,x). (A.17)

In other words, Lemma 8 is invariant for the scaled flows.

B Sensitivity results for the resolvent and covariance

B.1 Sensitivity Lemma for the resolvent

Lemma 19 (Controls of the Sensitivities for the Resolvents). There ezists C s.t. forall0 <t < s <T,
(x,x") € (R")2, the following control holds. For all 1 < j < i < n, with the notation of (3.21):

[[RCX(t,5) =R (t,)],

il < Cls— t)m'(z ||FkHLOO(C‘§;;3+7)) ((s — )% +d7(x,x))
k=2

IN

As =)' ((s — )% +d7(x,%))).

Proof of Lemma 19. From the scaling properties of the resolvent, see e.g. the proof of Proposition 3 or Lemma
6.2 in [Men18], we have that:

2~ 8,t,x ~s,t,x

R*(s,t) =T,,R, T.%, R¥(s,t)=T,,R, T, (B.1)
~s,t,x  ~s,t,x
where R; , R, are non-degenerate bounded matrices. We define then:
~s5,t,x,x’ ~s,t,% ~s5,t,x
R, =R, —-R; . (B.2)

Hence, from (B.1) and the definitions in (B.2):

’ ’
~s,t,x,x ~s,t,x ~s,t,x

AR, | = Ry Ry [=[TL(R* - RY)(s, )T
;2 / (DF (0, 80,0 ())R*(v,) ~ DF(v,6,,0(x))R¥ (v,1) ) duT, |
t

= / |T;thF(U>Hv’t(x))Tsft”T;—lt(Rx _RX/)(vvt)Tsft‘dU
t
+ [ [T (DF (v, 0,0(x) — DF (v, tt)v,t(x')))qrH TS R (0, )T | dv
t
< O [ (=07 IDF(0.0,4(x)) - DF(0,0,.4(x) o
t

using the Gronwall’s Lemma and the structure of the resolvent for the last inequality.

Pay attention that we only know from our smoothness assumption (S) that for all i € [2,n],Vz*" =
(Ziy--- ,2n) € ROTHDD g s Dy Fi(zi_1,2"") is Cm(Rd,Rd ® R%)-Holder continuous for n > 0.
Hence, we proceed carefully like in [CdARM17] and we obtain, from the above bound, that

~s5,t,x,x’ n i
AR, | < C/ s—t)! Z (|Dz 1Fi(0,0,4(x)) = Di1Fi(v,0, +(x)i—1, (8,,:(x))"")]
=2
(D Bl (0B (%) = B ()i ) v
= (Rl + R2)(S,t7X,X,), (B3)
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where n; = ﬁ and the notation (Dy, ,F;);—1 indicates that Dy, ,F; is viewed as a function of its
variable (¢ — 1) and the supremum is taken over the other ones. From Lemma 7 and the definition of d (see
also Lemma 18), we readily get

n S _ io1—1 1) i
|Ra(s,t,x,y)] < C||DF||LOQ(CS)Z/ (s — 1) 1<(v—t)( 1-3) 4 @26-b) 1(x7x’)) dv
i=2 71
< C|IDF| poe(cp ((s = )7 +d7(x,x))), (B.4)

denoting with a slight abuse of notation || DF || (c7) := > i [[(Dx, 1 Fi)i-1ll L (c7)- To control the difference
of the gradients terms in Rj(s,t,x,%x’) in (B.3), we need the following result whose proof is postponed to
Appendix B.3.

Lemma 20 (Reverse Taylor expansion). There is a constant C' > 0 s.t, for all (z,2') € R™ xR v € [0,7] :

‘Dxi—lFi(U’ Z) - Dxif1Fi(v7Zl)} < CHFZ’HL“’(C?;{SH d(Za Z/)’Yv

)
with the notations of equation (3.21).
From the reverse Taylor expansion of Lemma 20 and the definition in (B.3), we obtain:

|R1(57tvxvy)| < C(S - t)_l/t d'UZ ||Fi||L°°(C§f;l3+'y)d’y(ev,t(x)vev,t(x/))

1=2

C D IFill g caizaiy (s = ) F +d7(x,x)), (B.5)

=2

IN

using again Lemma 7 for the last inequality. Gathering (B.4), (B.5) into (B.3) and recalling the definition in
(3.21), we obtain:

~s,t,x,x’ n ~
AR, | < 0(22 B3l o i) (5 = 1)F +d7(x,x)). (B-6)
The result follows from the previous bound, the definition in (B.2) and the scalings of equation (B.1). O

B.2  Sensitivity Lemma for the covariances
B.2.1 Proof of Lemma 6

Let us first explicitly write the covariance matrices

KS, = /t "R (s,u)Ba(u, 0,.,(€))B*RE (s, u)*du. (B.7)
So we have to control the term
K, —KS, = A (s,0)+ A5 (s,0),
ASE (5 1) — /:duf{qs,u)mua(eu,t(s),ou,t<s'>>B*R€<s,u>*,
Aya(0u,(8),0u4(8) = alu,0,(€)) — alu,0,.:(£)),
ASE (s,1) = /tsduAﬁ‘s’&/(s,u)Ba(u,Ouyt(E’))B*ﬁg(s,u)*

+ / duR€ (s,u)Ba(u,0,,,(&))B*AREE (s5,u)*,
t
ARSE (s,u) = RE(s,u) — RE (s,u). (B.8)

Hence, from the scalings of (B.1) and the definitions in (B.8), for all 1 < j <i <mn:

AT (5,1)]:s

< C(s—t)2 /SHTs—tBAua(eu,t(g)aau,t(gl))B*TS*t]Lj'du

< Als— )i+ /t d(0,4(€).0,4(€)) .
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We deduce by Lemma 7, that
1A (5, )] < Als =) (s — )% + d7(£,€)). (B.9)
Still from (B.1) and the definitions in (B.8), write now that:

~sué osut 25U,

(A5€ (5, 0)is] < c<s—t>2< [ (R =R ) Ba 0, B R T
~s,u,&’ , ~s,u,&’ ~s,u,&
TR, Ba(u,0,.(¢)B R, = -R, )*Ts_tli,ﬂ)du). (B.10)

Thanks to equation (B.6) in the proof of Lemma 19, we thus obtain:

(A€ (s.)]is] < Als =)™ (s —1)F +d7(€.€). (B.11)
Gathering (B.9) and (B.11) in (B.8) yields:

RS i — [KE )il < Als— )77 (s = 1)F +d7(£,€))), (B.12)
which precisely gives (3.19) for ¢ = j = 1 and then concludes the proof of Lemma 6. (]

B.2.2 Sensitivities for the scaled covariance.

In connection with Section 6, we recall the identity in law (6.6), i.e. X&* = /\1/211";1)2?, v € [t, T], which
readily gives:
K& — Cov(XE™) = \T-! € m—1
MARES ov(X5?) = AT, K; Ty .

In particular, we thus derive from the analysis of the previous paragraph:

IA

CAX (v —1),
A=) (d(€ €M) + (0 -n?F) <O - (M€ €) + (v —1)?),

)

KS7 )11
~ 7k ~ /,A
[KS M1 — [KS M|

AN

recalling that &\ = )\_%']I‘Aﬁ and using the homogeneity properties of d for the last inequality. Also, for
v =t+ coAd?(x,x’) and taking & = x, ¢’ = %/, the above controls rewrite:

[K§:?]1,1 < Cepd?(x,x'), [K§ZZ\]1,1 - [th

Mia| < Cooazd* ™ (x, x)). (B.13)

Note that the sensitivity of the scaled covariance yields a contribution of the scaling coefficient in AZ.
Unlike for the control of the scaled mean in (A.17), where, as previously noticed, we could not exploit the full
regularity of F; w.r.t. the (i — 1)'" variable, we can here precisely take advantage of such a regularity. Indeed,
this follows from the expression of the covariance (B.7) which only involves D;_1F; so that one can exploit the

. ~ N .
associated 5 1--Holder regulariry w.r.t. x;_1.

B.3 Reverse Taylor formula

Proof of Lemma 20. We assume here, for the sake of simplicity and without loss of generality, that d = 1 (scalar
case). When d > 1, the proof below can be reproduced componentwise. Let us decompose the expression around
the variables which do/do not transmit the noise. Namely, we write for all §; > 0:

Dxilei(/wZ) - sz‘lei(U7z/)
1
= / d:u’{Dxi—lFi(v3 Z) - DXi—lFi(v7 Zi—1+ Md(Z, Z/)ﬁi,zi:n)}
0

+{Dxi71Fi(U7 Zi—1 + Nd(zv z/)&" (z/)i:n) - sz‘AFi(vv Z/)}
+{Dxi71Fi(U’ Zi—1 + ,ud(z, Z/)éi’ Zi:n) - Dxi—lFi(U7 Zi—1 + /J,d(Z, Z/)éiﬁ (Z/)im)}

3
=: ZAFf(v,z,z'). (B.14)
=1
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The first two terms can be dealt directly. From (A) we get:
AR} (0,2,2)] < [[(Ds  Fi)ioall o (e d(z,2) 70T (B.15)
Similarly,

|AF?(v,2,2)|

IN

(D, Fi)i1ll oo () (d(z, 7)) 00T 4 |(z — 2'); 1 |20-01)
< CH(Dxi,lFi)iflnLoo(C;)d(zaZ/)(Si 2(i—ﬂ{1)71 . (B16)

For AF}(t,z,z'), we use an explicit reverse Taylor expansion which yields together with the smoothness as-
sumption of F; in (A):

|AF§’(7§7 z,z) = d(z, z’)_é"

[Fi(tvzifl +d(z,2')°,2"") — Fi(t, 2,1 + d(z,2)%, (2)"")
+F;(t,2i-1,2"") — Fi(t, 21, (z’)i:”)} ‘
< 2HFZ'||L°°(C§7?;IS+W)d(ZaZ/)Qi_3+’y_5i. (B.17)

Taking 0; s.t. 5ZW = 2i — 3+ v — J;, which implies that ¢; = 2i — 3, gives in (B.15), (B.16) and (B.17) a
global bound of order C||Fi||LOC(CC21'i;13+~/)dPY(Z7 z'). The result then follows from (B.14).
' O

C Scaling Control of the degenerate part of the perturbative term

This section is dedicated to the proof of the scaled version of the key Besov Lemma 11. We recall that, with
the definitions of Section 6, for all multi-index ¥ = (91, ...,9,) € R i € [2,n], we aim to control the terms

T
[ s [ D7D (s %y (AL (15.0.4(6)3). Dy (5. 3)dy.
t n
with

<F/\7i(37 Y) - F)\,i(sa Oi,t(é)) - DxileA7i(s7 0?,75 (5))(}’ - 0;\,15 (5))i—1? DYiU’)\(S? Y)>

o

||
N

<A2F(t7 S, 6?,t(£)> Y)7 DYi’U’)\(S7 Y)>7

I

/|
N

7

which appear in equation (2.18) of the detailed guide for the scaled system. We precisely want to specify how
the scaling procedure impacts the constants in equation (2.36).

This is exactly what equations (6.18) and (6.19) reflect. Those controls actually follow from the more
general following result, which will again be useful for the Hélder norm in Section 5.

Lemma 21 (Scaled Besov Control Lemma). There exists A := A((A),T) as in Remark 2 s.t. for all multi-index
9= (V1,...,9,) € N

5 dD”pA (t,s,x y)(M,F(t8,987t(£),y)7DyiU(s,y)>dYH

*1+Z]‘: 5= 3) || X943
< AX ! 2w ||Loo(c§jg)(5 t) ! 2R (C.1)

With Lemma 21 at hand, we indeed readily derive (6.18) and (6.19) taking ¥ = (2,0,---,0) 4 ej (where e,
stands for the k'" vector of the orthonormal basis) for each k € [2,n] and ¥ = (2,0,---,0) respectively. Let
us now turn to the proof of the Lemma 21.

Proof of Lemma 21. The analysis of singularities is identitc to the ones in the proof of Lemma 11. However,
here, we have to track the scalling coefficient A\ through the identites. Note carefully, we write the upper-
script/sub-script A to mean that we manage the scaled variables. In particular, we write:

1919(/\ )(S y) Dyi : (Dﬂﬁi(t7 57Xay> ® Af\,F(ta S, 08,t(£)7y)) = Dyi : 919)7(?;() (Svy)’ (02)
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and
9,2 . 9,A
\I/iv(tyx)a(&}ﬁ:ia7}’i+1m,) tYi > Dy, - (@i,(tvx)(s,y)). (C.3)

With these notations, we have:

Z’/ DBy Pyt s,x,y)<AﬁF(t,s,Gs,t(ﬁ),y),DyiU(S,y)>dyH
R™ £=x

Il
m: H

Dy, - (8] 5 (s:¥))u (8,.V)d>"- (C.4)

i—2 Rnd
The point is here again to control, for each ¢ € [2, n], the quantity || Dy, - (Gf(t x)(s Yii—1s" Yit1n)) HB&f , G =

221"'” with the indicated bounds in the scaling parameter A. Accordingly with what can be seen e.g. in (6.13),

the previous analysis of the proof of the (non-scaled) Lemma 11 can be adapted replacing (s — t) therein by
(s —t)/A in the computations involving the thermic characterization of Besov spaces.

We also point out that, w.l.o.g., we assume that T/\ < 1 so that in particular for 0 < t < s < T,
A71(s —t) < 1. Indeed, the parameter \ is meant to be small (at least A < 1) but macro as well. From
the previous analysis and the statement of Lemma 21 it can be seen that the optimal A, i.e. the largest one,
actually depends on the Hoélder moduli of the coefficients. Hence, the condition T/A < 1 is, up to a possible
modification of T, not restrictive.

Let us first introduce some notation:

qCA U (é )25 - 1((057t(x) 7Y)j) :ﬁcfl(tv‘SvX,y)a
where for ¢ > 0, z € R?, like before N_(z) = B 1)4 exp (— %) is the standard Gaussian density of R? with
TS) 2
covariance matrix ¢Ig, and:
(ic\i,x(t 8, %, (Y11, Yit1m)) = H NCA 2izd (s—t)2i—1 ((937,5()() - Y)j)- (C.5)
We recall from (4.16), that the parameter /3; = % The first contribution of the scaled Besov control
is:
/1 dv &
A-1(s—0)Pi U (), (8Y 1oy ) 1 (RER)
1
dv & -
< / —v2 dZ‘ DU (t 5, %, y)(A)g(t, 5,02 ,(€),¥), Dho(z — yi) ) dy:
At(s—p))fi U Rd £=x
1 i1 9i(—3)
SA/ —v?/dz/ yi) A Gea(t: 5, %,y)
(A-1(s—t)]8i U R JRd v3 (s — t)Z5=1%G—3)
X)\ﬂ'+%d2i73+7(>\71/2TA9;\,t(x) )\*1/2’11‘,\y)
1 5 .
< AAleﬂj(j—%)—(i—%)/ dv & / dx [ dy,; heo(2=i) ety s,%,y) (s — )"
B A-1(s—t)]f: U Rd Rd V3 (s — t)2i=1%0=3)
exploiting (6.13) for the last inequality. Then
[ Wy ||
A-1(s—t)]fi U (620, (v i1y 1n) I (RER)
L 2 n . 1 1—34+~
< A)\E?ZIﬂj(j_%)_(i_%)dc\i,)\(ta57X, (Y1;i1,}’i+1:n))/[ 1( . dUU_%Jr%(S _t)_zj:ﬂj(]_ipr%
s—t
S AAE;L:l 197‘(j_%)_(i_%)qAC\Z'7A(tvS7X7 (Y1:i—17yi+1:n))>\[ ]131( t)[ 2+ ]'BZ ;'Lzl 79]'(]_7)—"_ 2= 3+—Y
< ANZI= ﬁj(j*é)fl(jc\i,/\(ﬂ 8,%, (Y11, Yis1m))(s — )~ 2= Y5 iU=3)+3 (C.6)

the third inequality is a consequence of Proposition 3, and the last identity comes from the pick of §; which in

particular gives —(i — %) +[1-— az] Bi — 1.
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Let us now consider the second contribution of the scaled Besov control, i.e. we now take v € [O, At(s—

t)]ﬁ'i]. Write:
/ hv(z - Yi)DYi : (efft\,x) (57 y))dyz
Rd :
_ /d hy(z —yi)Dy, - (@Z*(?x)(s,y) — @Z"()t‘,x)(S,}’m:—l, Z,Yz'-s-l:n))d}’i
R
= Dﬂﬁi (t? S, X, y)<F)\,’Z('S7 y) - FA,i(Sv Yii—1,%, yi+l:n)7 DZhU (Z - y1)>dyl

Rd

+/d (Dﬂﬁﬁ(t,s,x,y) - Dﬂﬁﬁ(tasa)g yl:i—lazayi—i-l:n))
R

><<(FA,1'(57 Yii-1,% Yitin) — Fxi(s, gi,t(ﬁ)) — Dy, Fy (s, 9?,:&(5))()’ - gé\,t(ﬁ))i—l),Dzhu(z - Yi)>dyi

=: («7/\,1 + 9,\,2) (v,t,5,%, (Y1:i—15 2, Yit1m)) s
thanks to the definition in (C.2) for the last identity.

| Zan(v,t, 8, %, (Y1:—-15 2, Yit1m)) |
i—347

heo(z = y; AZ;lzl 95 (i-3) R gl 2ic1 2
A/d (v% )( £)2= ﬁ-(jf%)ch\(tvﬂxa)’)/\ FEONTT [z —yl) B dy;
R S — j=1"Y3

AAZ}Llﬁj(j—%>—(z’—%)+w/ hcv(ini) derlty 5, x,y) dy;.
Rd 17—

it (Sft)Z?’zlﬁj(j*%)

IN

AAZimr 95— H-1+3

Je\i t,s,x, =1, Yi+1: N
1)3;7—72 (5 ~ t)Z;L:1 0;(—1) qc\z,)\( (yl i—15 Yi+1 n))

2i—1
co+AT 2 (s—t

y2i-1 (Z - Hsvt(x)i) .

Write now from (C.7):

| T2 (v,t, 8, %, (Y1:-15 2, Yit1m)) |

< A dyiw /1 du AZj=1 ﬂj(j—%)"‘%qc,)\(t, 5, X, Y14:i—11, ij—lu(yi —2),Yitim)
R? v2 0 (s — ) Zim V3l —2)+ 2
x|y; — 2z|ATtE (‘Fl (s, A2 Ta(y1io1, 2 Yit1n)) — Fi(s, Ai%T)\(ylziflaas,t(x)i;n))’
+’F¢ (s, /\*%T,\(yl;i_hBS,t(x)i:n)) - F; (37)\7%71‘/\93,&5))
~ Dy, Fi(5,A72TA0,,(x)) (A2 Ta(y — 0,4(x))),_, D
< AT [ty | 1 du‘j@“t’&( N 1= ) Yisin)

2i 2i—34~ 2(i—1)—1

(V12 = 0,400 T+ AT (0u(x) — )iy

30 OO0 — y)e) ),

k=i+1
We have for all p € [0, 1],

2= 05t (x)il < plz —yil + ]2+ p(yi = 2) = (05,6(x))il
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(C.8)



we thus derive

|<%\,2 (U, ta S, X, (Y1:ze1, Z, yi+1:n))|

n j c t i—1 1+1n
< A/\ijlﬂ_j(J—%)/ dyihes(z — )/ dp de(t,s,X,y1: izl:r'u( 21)1}’+1 )
R4 0 (s,t)Z, 195G —3)+25+
2i— 3+ _ —
x(A yi -2 A W(A VAT (x), A 1/2Tx(y1:i_1,z+u(yi—z>,yi+1m>))
n 9 - 1 1
< ANZ=%073) /d dyihes(z — Yi)/ dpdge(t, s, %, y1:i-1, 2 + p(Yi — 2), Vi)
R 0
A\ 2i—3+ " ;7(2—134-1"; 1
X( n S 1 2i—1 + n -1 ol )
(s — t)ijl V5 (i—3)+%3 (s — t)2=i=1 ViU=2)+1=3
S AAZJ 195 0= q \ 2, )\(t S, X, ¥V1:6—1,Yi+1: n)

/ dp / w(z —yi)N
]Rd

Jﬂ 2i—3+4~

v2@i-1) 1 )

X ; -
((S PSSR O * (s — )S5=1 %3 G-D+1-3

( _t)2i—1(z + M(yi - Z) - (as,t(x)>i)dyi

From (C.7), (C.8) and (C.9) we deduce, with the notation of (C.5):

(VDN
[| Ay % ‘Piy(t,x)y(s,ylri_l,yiﬂ) ||L1(Rd,1R)

< A)\Z?:lﬁj(a‘f%)qc\ivk(t,&x? (Y11, Yit1m))
A1 \optn 2w )
X v |
(1)421 E 5 _ t)Z 1 9;G-3) + (S N t)EJ L0 (G- L)+ 2L + (3 —t)E;‘L=1 19;'(]—)+1—>

/ du/ dz/ dyihey( yl)_/\/
Rd Rd

,t)2i—1(z + lu‘(yi - Z) - (Bs,t(x))i)

< ANZG=1 950 2)(]c\i,)\(t,8,x, (Y11, Yitim))
X 2—v n a1 + n i1 2i—1 + po T —
’U4i—2(8—t)2j:101(]_2) (S—t)zjzlﬂJ(J 3)+5 (s_t)zj:lﬂj(] D)+1-3

The last identity is a again consequence of the change of variable (w1, ws) = (2 =y, 2+ p(y: — 2) — (05,1(x)):)-
We now write:

At (s=1)]%
/O d’UU B 1||h *\Ill (t x),(s, Y1:7‘,—17y1‘+1)HL1(Rd’R)

A" (s—1))P dv &
< ATl \(t,s,x,(yM,hme))/ a5
0
A y2og s 1
(27 n .1+ n 1 2i71+ "19'117>
’Um(s — t)2j=1 9;(i—3) (S _t)ijl 9(j—35)+5 (s . t)zj=l G-Dt1-2
=: A)\Z?:1 9 (j*%)Cjc\i,)\(ty S, X, (yl:ifla Yi+1:n))31)9"ﬁi (t, S). (ClO)

Let us now prove that
CA 1

. c.11
(S_t)Z}Lzlﬂj(j7%)7% ( )

819[3 (t,s) <

Integrating in v in (C.10) we derive:

By p(ts) < Cs— 1) Tim B0 ot oo - ¥ i)

2i—34~
2

PN D (s — ) F ) (s — 1) mF 4 N (s — )] (s — 1)1 F |
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Recall now from the proof of Lemma 11 that:

Q; 2—’}/ Y Q; 2i—3+’y 2;—1 Y Q;
il 5 — -520, 6i{ & . - —520,6i5-120,
6(2 4%—2) 2~ B(2+2(21—1) 2 2 ﬁQ

with 8; = (212237)%;1)’ a; = % Therefore, since (s —t)/A < 1:

B) 4 (t,s) < C(s — )~ 2= 030=3) [A_H;[)\_l(s B AT (s =) F N (s - 0))(s — 1)

which precisely gives (C.11).
Plugging (C.11) into (C.10) and from (C.6) we eventually get:

1 - > 95(G—3)-1
dv a; KDY AN&i=1Yi 2 R
7” 2 lho % \I/i:(tax)’(sgyl:i—lsyi+1:n) ”Ll(Rd*R) < (S - t)E?:1 9;(G—-3)-1% qc\iak(j57 8%, (Y1:i-1, Yit1:n)),

2

which is precisely the stated control. The term HQP(D)\II?’)(?;,X),(S,ylzi—I,yi+1:n)

norm could be handled similarly. The result is complete. O

L1(R4,R) appearing in the Besov
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