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RESUME. Dans ce travail, nous développons un modéle mathématique de la leucémie myéloide
chronique avec un traitement a effets instantanés. Notre analyse se focalise sur les valeurs du taux de
croissance « pour avoir la stabilité ou l'instabilité de I'équilibre sans maladie. Si le taux de croissance v
des cellules souches leucémiques sensibles est inférieur a un seuil v*, nous obtenons la stabilité d'un
équilibre sans maladie, ce qui signifie que la maladie sera éradiquée pour toute période de traitement
70. Sinon, pour v supérieur a v*, la durée du traitement doit étre inférieure a une valeur spécifique
75 - Dans le cas critique ol la période de traitement est égale & 7, nous observons une persistance
de la tumeur, ce qui signifie que la maladie est viable.

ABSTRACT. In this work we develop a mathematical model of chronic myeloid leukemia including
treatment with instantaneous effects. Our analysis focuses on the values of growth rate v which give
either stability or instability of the disease free equilibrium. If the growth rate v of sensitive leukemic
stem cells is less than some threshold v*, we obtain the stability of disease free equilibrium which
means that the disease is eradicated for any period of treatment 7y. Otherwise, for ~ great than v*,
the period of treatment must be less than some specific value 7. In the critical case when the period
of treatment is equal to 7, we observe a persistence of the tumor, which means that the disease is
viable.

MOTS-CLES : Solution périodique, Equation différentielle impulsive, Théoréme de point fixe, Bifurca-
tion.
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In this paper, we study a mathematical model of chronic myeloid leukemia (CML)
under treatment, the model studied here is inspired from [9] and [16].
Several recent works have been developed to study the dynamics of CML under chemo-
therapy treatment, see ([14], [15], [16] and [17]).
In this work, we consider the following mathematical model which is an extension of
the model proposed in [9]. In our model, we assume that normal (resp. leukemic) cells
differentiate through two stages of their life cycle, beginning with normal (resp. sensitive
leukemic) stem cells which produce normal (resp. leukemic) progenitor cells.
The mathematical form of the system we shall investigate is the following

&0 = (B — ag — Poxo — A(x1 + y1))xo,

1 = apTo — dy77,

1
Yo = (v — ay — 7Y — A@1 + ay1))yo, .
U1 = ayyo — day1,
with initial conditions
20(0) > 0,21(0) > 0,y0(0) > 0 and y;(0) > 0. [2]
Throughout this paper, we assume the following conditions
ay <1, (3]
and
a; < B. (4]

The conditions (3) and (4) are necessary to obtain the biological meanings of the state
variables xg, x1, yo and 1.

In [9], well-posedness of (1), (2) is proved and stability (local and global) of equilibria
is investigated. In fact, the disease free equilibrium Ef = (xa, ‘(’T“l”xz"), 0, 0) is locally
asymptotically stable for growth rate of sensitive leukemic stem cells v > v* := a, +
A= and unstable for v < y* where 2§ = éfd_l“if))\‘ii.

In this paper, we consider the model above including chemotherapeutic treatment. We
obtain the following model

to(t) = Fi(wo,21,Y0,Y1), [5]
i1(t) = Falzo,21,90,41), [6]
9o(t) = Fz(xo, 21,0, Y1), (7]
n(t) = Fa(zo,21,%0,Y1), (8]



fort > 0 and t # t;, where ¢; is the time of the it" treatment,

Fi(zo,71,90,y1) = (B —az — Boxo — A(x1 + y1))Zo,
Fy(wo,21,90,51) = g0 — dia1,
F3(wo,71,90,y1) = (v —ay — 7% — A(z1 + ay1))yo, and
Fy(zo,z1,90,%1) = ayYo — dayi.
For t = t; we have
zo(ty) = O1(xo(ti), z1(ti), yo(t), y1(t:)), (9]
w(t) = Oa(wo(ts), wa(t:) yo(t:) y1 (1)), [10]
vo(ti) = Os(zo(ts) z1(t) yo(ts), v (t:)), [11]
vi(t) = Ou(zo(ts), z1(t:), yo(t:), v (ti)), [12]
where z;(t}) = lim t st z;(t) and y;(t;) = lim PN y;(t), ( = 0,1) are the
t>t; t>t;
size of x; just after the i'" treatment. In our case we have
O1(wo(ti), x1(ti), yo(ti), y1(t:)) = xo(ti),
Oa(zo(ti), z1(ts), yo(ts), yr(t:)) = z1(ts),
Os(xo(ti), z1(ti), yo(ti) y1(t:)) = Toyo(ts),
Ou(wo(ti), x1(ti), yo(ts), y1(t:)) = Tiyi(ts).

The variables and parameters are
To
Ty
Yo
hn
Bo
7o

: biomass of normal progenitor

: biomass of the normal stem cells,

cells,

[ : growth rate of normal stem cells,

~ : growth rate of sensitive leukemic stem cells,

: biomass of sensitive leukemic stem cells,
: biomass of sensitive leukemic sensitive progenitor cells,
: death rate of the normal stem cells,
: death rate of sensitive leukemic stem cells,

A : competitive parameter of the stem and progenitor cells,

a, : produce rate of the normal ste
y
di
do
« : competition parameter (0 < «

m cells,

<1,

: produce rate of the sensitive leukemic stem cells,
: death rate of the normal progenitor cells,
: death rate of the sensitive leukemic progenitor cells,



To(< 1) : survival fraction of sensitive leukemic stem cells,

Ty (< 1) : survival fraction of sensitive leukemic progenitor cells, and

T : is the time of the first treatment, it’s the period between two successive injections, that
ist; =1471,1 € N.

We obtain a special kind of differential equations called impulsive differential equations
(see [1]-[6] and [8]).

Our aim is to study (5)-(12), more specifically to study the existence of the healthy steady
state and its stability. Moreover, we study the existence of bifurcated periodic positive
solutions which represent the persistence of the disease as in [7] and [11]-[13].

1. Stability of the disease free equilibrium £,

—agz)d1 Aaz(B—ag .
We can show that C.(t') = (o = .(éfdﬁ;awv ﬁodﬁAaw),o,O) = Ey is a constant
equilibrium of (5)-(12), it is called trivial solution.
To study the stability of ( we use the same approach of fixed point process than in [7] and
[11]-[13].

Since solutions of (5)-(8) exist globally in R and are nonnegative (see [9]) we have

X(t) = ®(t, Xo),t > 0 [13]

where X (t) = (zo, %1, Y0, y1)(t), X (0) = X, and ® is the flow associated to (5)-(12).

The term X (77) denotes the state of the population after the treatment, X (77) = O(X (7)) =
0(@(r, Xo)).

To have periodic solution we must have X (77) = X thatis X = O(®(7, Xo)).

Let U be the operator defined by

U (T, Xo) = O(2(7, X0)) [14]

and denote by Dx ¥ the derivative of ¥ with respect to X. Then X = ®(., Xj) is a
T-periodic solution of (5)-(12) if and only if

\I/(T, X()) :Xo, [15]

i.e. Xy is a fixed point of ¥(7,.), and it is exponentially stable if and only if the spectral
radius p(Dx ¥(r,.)) is strictly less than 1 (see [10]).



We have Dx ¥ (7, Xo) = DxO(®(r, XO))ag

Xo).
ax (7 %0)
Then, for Xy = (p and 7 = 79 we have
Dx¥(r5,l0) = DxO(®(10,¢0)) 2% (10, o)
9®1(10,60)  9®1(70,60)  9Pi(70,80)  9P1(70,C0)
1 0 O 0 dxo Jx1 9yo 9y1
B 01 0 0 8{)2(5;27(0) !3@26(;'(17(0) 0 0
- 00 T, 0 0 0 B‘Pséfo,Co) 0
00 0 T 0 0 Bl 9%i(roo)
9yo Iy1
9®1(10,60)  9®1(70,40) 0®1(70,60) 9®1(70,40)
odxg oxq dYyo Jy1
9®2(10,60)  9P2(70,40) 0 0
— 0{£0 Bx1
0 0 T, ()‘I’J(TOaCO) 0
0P, (To Cg) 0P, (7' CO)
0 0 By L=,

The equilibrium ( is exponentially stable if and only if the spectral radius is less than one.
We have

det(Dx¥(70,C0) — pl) = ( 8%5:;: ) _ M) (T18<I>4(§7;, ) _ N) x(w) [16]

where

o0d o0d 0P o0d 0P,
x(p) = p*— <8x; (10,¢0) + 81:12 (TO,CO)) /Hr(ax; (70, <o) axf (10,¢0) — N ( o,CO) (T07C0))

[17]
From (16) and (17), the equilibrium ( = E; is exponentially stable if and only if
(%(TOKO)JFZE (TO,CO)):E\/Z

To ’ (7'0,(0)‘ <1,Ty ‘d‘b“ (7'0,(0)’ < land|p4| < 1. Where iy =

2
and )
0P, 0Py 0P, 0®s
A= i 70, +4 70, i . 18
(G0 0) = G2 )) 450 (0 o) G (o). 118
From the variational equation % (Dx®(t, () = ((O)B—X(t, o), we have for all 0 <
t S T0
0®1(t,60) _  ditus ezt _ di4uy eut
o Us— Uy Uz — UL ’
9®y(t,60) ag (e’u.gt - eult)
69;0 - U2 —Uq ’
091 (t,60) . _ ditus dituy (euzt N eult)
Oz U2—uU1  ag ’
8<I>(23(t,<o) —  _ditur eu2t 4 ditus eult’
xr1 U2 —uUq am * U2 —Uuq
8@:5(150,(0) _ e(’y ay—)\ )t and
84)4&)(0) — €7d2t

0y1



where u; = % VAL 0 gy = % VAL~ (gand A, = (Boats — d1)? —
4Aagzxf > 0 for either

(Body + Aaz)[(Bodr + 2XMaz) — 2\/)\%(50d1 + Aag)]

0 —a,
<fB-a; < B2d,

or

(Bodr + Aaz)[(Bod1 + 2Aaz) + 24/ Aag (Bodi + Aay)]
Bid

B_aw>

(see Appendix, Subsection 4.1).
Then, we obtain A = (e2t — e®1%)? ;i = e"1™ € (0,1) and gy = e¥2™ € (0, 1).
Let (Hl) Sy < B < ag + (Bodi+Aax)[(Bodi+2Xaz)—24/Aaz (Bodi+Aaz)] or

B3 d1
(Bodi4Xag)[(Bodi+2Xay)+24/Aax (Bodi+Aaz )]
8> a; + B, .

We deduce the following results.

Theorem 1.1
Let (HI) be satisfied.

1) If v < ~v*, then the trivial solution ( is exponentially stable for all 9 > 0.

2)If v > ~*, then the trivial solution ( is exponentially stable for 1o < 135 =
. *

W and lnstablefor’r > To-
REMARK. —1
f(H1) is satisfied and v > ~* we have T} %;I;f (70, Co)) < 1formy < 75 and Tj
1 for 79 = 7. That is we have a critical case at 7y = 7.
REMARK. —F
rom theorem 1.1, if (H1) is satisfied we show that in case of low growth rate of leukemic
sensitive stem cells (< v*) we can choose any period 7 of treatment to have eradication
of the disease. Otherwise, for high growth rate of leukemic sensitive stem cells y(> ~v*),
the eradication of the disease is acquired only for period 7y less than some threshold 7.

%(TovCo)’ =

2. Bifurcation Analysis of nontrivial periodic solution

In this section, we analyze the bifurcation of nontrivial periodic solutions of system
(5) — (12) from ¢ at 79 = 7. This case is possible if (H1) is satisfied and v > v* (see
theorem 1.1). The bifurcated solutions means that the disease is installed.

Let 7 and X such that 7 = 70 +7and X = (o + X. The equation (15) is equivalent to

M(7,X) =0, [19]



where M (7,X) = (My(7,X),..., My(7, X)) :=Co+ X — U(r0 +7,{0 + X).
If (7, X) is a zero of M, then ({y + X) is a fixed point of U(7§ + 7, .). Let

a b ¢ d
ooy e [ * x
* h i
For (7, X) = (0,(0,0,0,0)), we have
ag bO Co do
_ eo fo *
DxM(0,(0,0,0,0)) = . g x
* ho g
1-— 9%, _ 9% _ 0%, 0P,
Bibo 811 ayO 6y1
__ 0%y 0% 0 0
— dxo oz (T* C)
0 0 1—T0g§3 0 0-,50) -
0
9% el
0 0 - Byg 1-T 6,7;;1
Then ap = 1 = G237, o). b = =G, ) 0 = ~ (75 o). do = — G2
€0 = — azg (TJ)CO>’
fo=1=52(15.). 90 = 1 = To52(75,C0)s ho = —T1 534 (75. o) and dg = 1 —

Tl 8@4 (TO ) CO)
We have the critical cases if and only if det D x M (0, (0,0,0,0)) = (ao fo — boeo)goio =
0. That is

go=10 [21]

since ig = 1 — Tye~%70 € (0,1) and ag fo — boep = (1 — €270 )(1 — e“170) € (0, 1).

We have M (0, (0,0,0,0)) = 0. Let DxM(0,(0,0,0,0)) = E, then dimker(F) =
codim R(E) = 1. Denote by P; and P, the projectors onto ker(E) and R(E) respecti-
vely, such that P, + P, = Idgs, P,R* = span{Yo} ker(E), with Yy = (g1, ¢2, 1, q4),

0 = ) o = G = 5
P,R* = span{(1,0,0,0),(0,1,0,0), (0, )} ( ).
Then (I — P;)R* = span{(l,0707 0), ( 0) (0,0,0,1)} and
(I — P,)R* = span{(0,0,1,0)}.
Equation (19) is equivalent to
Ml(f,O'YO—f—Z) = 0,
My(7,0Yy+2Z) = 0, [22]
Ms(7,0Y9+2Z) = 0,
M4(7_',O'Y0+Z) = 0,



where Z = (21, 22,0, 24), (7, X) = (7,0Yo + Z) and (0, 21, 22, 24) € R*.
From the three equations of (22), we have

9M,1(0,(0,0,0,0))  9M,(0,(0,0,0,0))  9M,(0,(0,0,0,0))

o971 022 922 ag by do
det 3M2(0(79(3170,010)) 3M2(Oé(32»07010)) 3M2(0a8(34107070)) = det €o fO 0
AM4(0,(0,0,0,0))  OM4(0,(0,0,0,0))  AM4(0,(0,0,0,0)) 0 0 i
0z1 Ozo 0z4

= io(aofo — eobo) # 0.

From the implicit function theorem, there exist a unique continuous function Z*, such
that
Z*(i—v J) = (ZT ('T_a 0)7 25(7_—7 0)7 07 ZZ (’T_a ))? Z*(Oa 0) = (07 07 Oa 0) and

M; (7, (1o + 25 (T,0),q20 + 25(T,0),0,q40 + 2} (T,0))) =0, [23]
fori =1, 2, 4, with ¢ and 7 small enough.

z*
We have 88 (0,0) = 0 and 62 —(0,0) = (— foco c0co_— (,0) (see Appendix,
T

ao fo—eobo’ aofo—eobo

subsection 4.3).
Then M (7, X) = 0 if and only if

w(7,0) = M3 (7, (q10 + 2{(7,0), 020 + 25(7, 0), 0, qa0 + 25(7,0))) = 0. [24]

We find w(0,0) = 0 and w = w = 0 (see Appendix, subsection 4.4).

Let A= w ,B= % and C = %. It’s shown that .4 = 0 (see Appendix,
subsection 4 5). Hence

2
g
w(7,0) = Bro +C? +o(lo]* +|7%)

where
B = 803 8%®3(70,¢0)
- dyo  07T0yo
= _(V_Gy_)\dlfo)<0
and
_ 20 9%®3(70,40) 9z] (0 0) 9%®3(70,¢0) (0 0)
¢ = % {2 Frodyo (q +=% )+2 w1050 (92 +2
9% ®3(70,60) 22 ¢3(T0,C0)
+2 dyody: 14 + Ay
— o)\ e270-1  e“170_1\ fo(doho—2coio)
- ug—u1 uz uy i0(ao fo—boeo)

+2) (d1+u2 (eu2m—1> _ ditus (eulm—l)) ep(doho—Qcoio)

U2 —U1 U2 U2 —u1 w1 i0(aofo—boeo)

+22a (£2=) B oy (

—agy =&z
(v—ay )\dl :00)7—0_1

— @, — N2 ¥
YAy —AGTEG

+ a’y—ay—)\%xs—&-dg Y—ay—AGEa; + da :




For A = 0, we have

c = 2v (%) <0

Y—ay
We have the following theorem.

Theorem 2.1 Let (HI) be satisfied and v > ~*. There exist \y > 0 such that for A €
(0, Ao) we have a supercritical bifurcation of nontrivial periodic solutions of (5)-(12) with
period T(0) = 1§ + 7(0) starting from (o + oYy + Z*(7(0), o) for o(> 0) small enough
where T(o) = —%0 + o(o).

REMARK. —F

rom theorem 2.1, we deduce that for high growth rate of leukemic sensitive stem cells
(> «*) and period of treatment dose 79 = 7 there is lost of stability of the disease free
equilibrium and we note the presence of nontrivial periodic solution which means that the
disease is installed for period 7o (o) close to 7.

3. Conclusions

In this work we have analyzed a mathematical model of chronic myeloid leukemia
(CML) which is an extension of a model developed in [9] in the case without medical
treatment. In our work, we considered the case of a treatment with instantaneous effect
described by discrete equations called impulses. We have studied the stability of the heal-
thy equilibrium (trivial solution), it becomes stable if the growth rate of resistant stem
cells v does not exceed a certain threshold v*, if it reaches this threshold we obtain a cri-
tical case which gives bifurcations what we want say that is the tumor persists and remains
viable.

4. Appendix

4.1. First derivatives of ®

For all t € (0, 7], we have %DX@)(t, Co)) = g—f;(go)g—i(t, o) with the initial condi-
tion Dx (®(0, ¢p)) = Ir4, where

021 (t.¢0)  O0Pi(t,Co) 9Pi1(t,Co)  9P1(t.Co)
dxg Oxq dyo 9y1
d d 0%3(t,60)  9P2(t,C0) 3‘?‘2&50) 3‘?2&,(0)
0. 0. o o
an((I)(t,(jo)) = dt 54)380&0) 5‘1’3(%1,40) 5‘1’3%3(0) 3‘1’3&17(0) )

dzq GEEY 9yo 9y
0B4(1C0)  OBa(tco)  DBaltio)  OBalisco)
9z oz 9yo 9y1




and

From Cauchy Lipschitz theorem (uniqueness of solution) we obtain that

QJ‘Q)
|
o
N
Il

0P

87X(t7 CO) =

%é(zt;co) =0, i€ {0, 1} and %;fo) = 0. Moreover, we have

023(t,¢0) _
Ox; -

d <a<1>1(t,<o))
dt 8%‘0

d (924(t, )
dt 8x1

i (a‘bl(t,CO))
dt 8yo

d <a<1>1(t,<o))
dt 8y1

d (8<I>2(t,co>)
dt 81'0

i aq)Q(t)CO)
dt (91'1

i <8(D3(t740))
dt 8y0

i <8q)4(t740))
dt 8y0

i (8‘I>4(t,CO))
dt ayl

OFL(C(t)  OF(C() OFI(C()  OFL(C®)
Oz oxq Yo Oy1
OF(C(t) R C()  OF(e(r)  OFa(c(t)
dxg Oxq Yo 9y
OFs (1))  OF3(C(t)  OFs((t)  OFs(e(t)
dxg ox1 dyo dy1
OF, (1))  OFi(C()  OFi((t)  oFs(e()
2 oz 9yo 9y1
—Boxy —Axp 0 —Azg
(e —dl O 0
0 0 Y —ay — AFExg 0

0 0 Ay —d2
9P (t,¢0) 9% (t,¢0) 9% (t,¢0) 9% (t,¢0)
0 Oz dyo 9y1
P2 (t,¢0) 9%®2(t,¢0) 54)2&1(0) 34)285,(0)
dxg dx1 dyo 9y1
0B5(1ce)  O®3(tco)  OBaltio)  0Psltce)
dzxg Oz dyo 9y1
004 (1C0)  OBa(t:Co)  OBaliCo)  0Baltao)
dxg Oz 9yo dy1

OF1(C(t)) 0P1(t,Co) " OF1(C(t)) 0P2(t, Co)

0P2(t,¢o) __
Oy

o [25]

0xg Oxg 0xy

_ OF((t) 091 (t, o) | OF1(C(t)) 0Pa(t, (o)

o 8:1:0 8171 + 8x1 ’ [26]
_OF1(C(t) 091(t,Co) | OF1(C(t)) 0Pal(t, (o)

- Oz Yo * oy ’ [27]
0P (C(t) 091 (2, o) | OF1(C(t)) 0Pa(t, (o)

B Oz o * o 1281
_ OF(C(t) 094(t,Co) | OF2(¢(t)) 0Pa(t, Co)

o 81‘0 82130 + 8x1 ’ [29]
_ OFy(C(t) 091(t,Co) | OF2(C(t)) 0Pa(t, (o)

o 8%0 3%1 + 8%1 ’ [30]
_ OF3(C(t) 093(t, o)

B Yo dyo (31
_ OF(C(t) 9%3(t, ) + OFy(¢(t)) 0%a(t, Go) (32]
Yo Yo oy ’

_ OFy(C(1)) 094(t, Co)_ (33]

oy

oy



%3 (t,¢o) (vy—ay—AgEzg)t

From (31) we obtain g =€
0 024(t,C0) _ ay (y—ay=AgEag)t _ —dat
From (32) we obtain Bye = v—ay—/\?yl—fx3+d2 (e y = AT %o e~ t),
From (33) we have %ytfo) = ¢t
021 (¢,¢0) 9%1(0,¢0) 1
From (25) and 29) we have | 55070 | =€ | 0alicy | =€ ( 0 ) , where
dxo Oxo
OF1(C(t))  OF1(¢(t)) * *
_ oz dx _ [ —Boxs —Azy | _ -1 (w0
A= ( oF (1) oFa (<) > = ( @ 4 > =PVP ', V= ( 0w >
dzxg oxq
di+uy di+ug 1 __Gg ditus
U2 —Uuq U2 —Uq

*pdi—VA st di VA
where u; = w, Uy = w, A = (Boxy — d1)? — 4Aa,xy and

etA — PetVP71
dy+uy di+usg eu1t 0 __ag ditug
— ag ag ug—uy ug—ul
1 1 0 eu2t ax _dituy
Uz —ug uz—uq
di+uq eult dy+us elat __ag dytug
— . ag ug—u1 U«é*ul
eult euzt ag _dituy
ug —u1 ug—uU1
di+uso euzt _ dituy eult _ditus di+uy (eugt _ eult)
— Uz —u Uz —uq uy—ui ag
- L(euﬁ _ eult) _ 31+u1 ezt | ditug juit
ug—uy ug—uy uz—uq
We obtain
9®1(t,¢0) _  ditus elzt _ dituy eurt
610 - u2—uy u2—uy ?
0Py (t,60) ag ugt _ Luit
2 = (e evt).
o U2 —uq
64)1(t,4'0) 84’1(0’40) 0
oz _ tA Ox1 _ tA
From (26) and (30) we have DD (L-Co) =e 9D (0-Co) =e E We
8:701 8211
obtain
9% (t,¢0) —  _ditus dituy (euzt _ eult)
oxq Us—U1 Qg ’
0P (t,C0) - _ di+uy euzt 4 di+us eult
Ox1 Uo — UL Uy —U1 N
From (27) we have
—Boxk —ay—AGE ] o)t x_
8@1@, CO) )\ay$6€ Boxyt e("f ay—=Agrag+Poxg)t 1 e(Boxg—d2)t _ |

Yo Y—ay —Nexp+dy \ v —ay — Aeag+ foxy  Povg — da

From (28) we have

OBG) e (20 21)
ayl ’ ﬁoxf_‘) - d2 ’



4.2. Second derivatives of ®;

The second partial derivatives of ®3 can be obtained from the following differential
equations,

a4 (22230¢0) | — 2F3(c(v) 2221 (8¢ 2F3(C(1)) 0%®5(t,¢o) | oF3(C() o225(t.¢0) F3(C() 9204(t,¢0)
d 8m2 CED) 812 L aﬂ 9y 812 dy1 812

62F3<<<t>> 9®1(t.¢0) | 82F3<<<t>> a@z(t,co) 4 62F3(<<t>) 2%®3(t.¢0) 62F3<<<t>> 894(t,¢o) | 221 (t,¢0)

+ 81 dx( dxgdx dxndyq dxq dxndyq dx( dxq

i 82F3<<<t>> 01 (t:o) | 62F3<<<r>> a@z(t o) 4 82 F3(¢(1) 823(t,¢0) i 82 F3(¢() 8%4(t,¢0) | @22 (t,¢0)
dxgdxq ECED) 3, EED dx10yg dxq dxqdyy dxq dxq

I 92 F3(¢(t)) 891 (t,¢q) 4 62F3<<<t>> 225 (t:¢0) 02F3(c(t>) 0@3@ ) 92 F3(C()) 894 (¢,¢0) | 225(¢.¢0)
dz00yQ dz( dx10yg I 032 zo 9y0 oY1 dz( I

I 82 F3(¢(t)) 891 (t,¢0) n 82 F3(¢(1) 85 (¢,¢0) 4 62F3(<<t>) 223(t:¢0) | 62F3<<<t>> 8P4 (t,¢0) | P4 (t.C0)

920001 GED) 9710y1 GEn 9Y00Y1 GED) 0y? GED) GCETS

2
with the initial condition -22(3:<2) — 0, then
0

d (a%g(t,co)) _ OFs(((1) 9% ®5(t, Co) (34]
dt azg Yo 8903
2
with the initial condition % = 0. From (34) we have
0
2
0 q)f’y(ta CO) -0
Ox2 e
Lo
a4 [ 8%23(t,¢0) |\ _ 8F3(<(t) 8224 (t.¢q) I 6F3(<<t)> 82®5(t,¢0) 4 6F3<<<t>> 9225(t,¢0) 4 3F3(C(t)) 8224 (t,¢0)
dt dz0T] = I dx0w] Oz FERCER Y0 dx0w 9y dz0x]
o[ 22Fa@) 921 (t:e) | 92F3(C() 8<1‘2(t o) 4 P2F5(C(1) DR (t.cn) | D2F3(S(1) D4 (tiCn) | OB (ki)
612 dxq dzgox] CERCET dzq IR dxq dxq
n 82F3<<<t>> 01 (t:60) | 92 F3(S(1) 923 (t:¢o) 4 O2F3(S(1) 9P3(tCo) | 02 Fa(C(t) O%4(t:do) | 223 (t:G0)
dxgdxq dxq 8.7:% dxq dx10yg dxq dxqdyy CESY dxq
n 82 F3(¢()) 89 (t,¢q) i 82 F3(¢(1) 805 (¢,¢0) 4 82F3(c(t>) 8«1>3<f ) | 82 F3(C(1) 804 (t,¢0) | 225(¢.¢0)
LN GEY 1 0y0 GEZY 42 GETY 3y00y1 GETY GET
I 92 F3(¢(t)) 891 (t,¢0) 4 82 F3(¢(1) 9®5(¢,¢0) 4 62F3(<<t>) 223(t:C0) 82F3<<<t>> %4 (t,¢0) | 8P4 (t.C0)

920001 LR 9710y1 GER Y00Y1 CER 0y? oz CET

2
with the initial condition Z522%:¢0) — () then
rodTq

d (92®3(t, o)\ _ OF5(¢(t)) 9732, Co)
dt dx0011 T dyo Oxodx1

with the initial condition £;22(0:%0) — 0. From (35) we have
82 @3 (ta CO)

8x08x1 =0



a [ 9%23(t.¢o) | _ 2F3(c(1) 9221 (¢.¢o) N 6F3<<<t)> 82®4(t,¢0) i 8F3<<<t>> 82®3(t,¢0) 4 6F3(<(t>> 8224 (t,¢o)

dt 9x00Y0 = GED) 9w 0YQ 8x0 v0 dyg dxdyg dy; 9z 9yg

+ 82F3<<<t>> 01 (t:60) | 82 F3(¢(1) 892 (t,¢0) 4 92 F3(<(1)) d<1>3<t 0 4 82 F3(¢(1)) 0%4(t,C0) | 821 (t,¢0)

8T 9yo ECETYES 9yo 9z 9yq 9w9yy 9yo EE)

n 82F3(<<t>> 02y (tio) | 82 F3(¢(1) 805 (¢,¢0) 4 82 F3(¢(1)) 8<1>d<f ) | 82 F3(¢(t) 8%4(t.¢0) |\ %2 (t:¢)
GENCEE I 02 dyo dx10y0 Bz, 0y I GET

I 92 F3(¢(4) a<1>1<t 0 62F3<c<t>> 22 (t:¢0) 82 F3(¢(1) 9@3(¢,¢0) I 62F3<c<t>> 8P4 (t,¢0) | 823(.¢0)
dzgdyg dx19yq dyo 6y2 dyo dyp9dy1 dyo ZE)

1 22Fa(c)) 021 (hic0) | 92 F3(¢(9) 9R3(t.Go) 62F3(<<t>) 0®5(t.¢0) | 92F5(4(1) O%4(t:¢a) | 24 (t:C0)
dz00y1 9y EEFRITY dyo dyody1 9yo By% dyo EER

2
with the initial condition Z22(0:¢0) 0, then

0x00Yo
d (92®3(t, o)\ _ OF5(¢(1) 9°@3(t, Co) | O2F5({(1)) 9P5(t: Go) P2(ts Co) 36]
dt Ox00y0 T 9yo Ax00y0 8x10yo Ayo Oz

ith the initial condition 2-2(%:%) — () From (36) we h
W1 € 1ni1tial condition dz00yo = U. rrom Wwe nave

O*®s3(t, o) o B, L 02 F5(¢(s)) 54’2(8740)61
821?08y0 0 8.’131(9340 81‘0

d (6%3&«0)) _ 9F3(c(t) 8224 (t,¢) n 8F3<<<t)> 8% @5 (t,¢0) 4 2F3(6() 82®3(t,¢0) 4 2F3(6() 8224 (t,¢0)
dt dxgdy] - dxq dxgdyy dxq dxgoyq dyg dxndyq 9y dxgdyy

82 F3(¢(1) 9% (£,¢0) + 92 F3(¢(1) 9®5(t,¢0) + 92 F3(<(1) 9®3(t,¢0) + 92 F3(¢(1) 0%4(t:¢p) | 891 (t:C0)

+ 023 y1 EETY:r EIT F20000 Fu1 B200u1 D1 F20

L 62F3<<<t>> 0%y (1,¢0) | 92 F3(¢(1) 8®5(¢,¢0) 4 62F3(c(t>) 223(t:C0) 92 F3(C()) 8@y (¢,¢0) | 222 (t,¢0)
CEREES] dy1 auf dy1 dx19yq dy1 dz10y1 dy1 oz

1 22Face 6<b1<t Co) | 22F3(C(1) O®a(t:Go) | OZF3(S(1) 0P3(h,Co) 4 92 F3(C(1) 9Pa(t:Co) | OP3(t:Co)
CENCET) dy 9z19yg dy1 dyg 9y1 9y dy1 dy1 EER

4 22Esce) 0%y (1:Gn) 92 F3(¢(1) 0®3(t:o) | O2F3(C(1) D23 (t:Go) 4 82F3<<<t>> 834(t,¢o) | dP4(t:¢0)
9z dy1 Z 9z19y1 dyq dypdy1 9y1 8y Z CED)

with the initial condition Z22(0:%0) — 0 then
00Y1

[37]

a (82¢3(t7€0)) _ OF3(¢(1) 9% @3(t, Co)
dt Ox00y1 - Yo O0x00y1

with the initial condition 9°25(0.00) _ 0. From (37) we have

0x00Y1
82 (I)3 (ta CO)

0zo0y1 =0

a
&

d [ 92e3(t.¢o) | _ 9F3(<(t) 624>1<t 0 4 6F3<<<t>> 02<I>2(t o) | 2F3(¢(1) a2<1>3<t C0) | 2F3(¢(1) 924 (t.¢n)
8m2 9z Bw ES 83: 9y fm dy1 8w2

82F3<<<r>> 0%y (t:60) 62F3<<<t>> 2% (t:60) 62F3(<<t>) 223 (t:¢o) 82F3<<<n>> 894(t,¢o) | 221 (t.¢o)

+ 023 LT EETY:EE] ErE) 370050 CET) CERYCIT CETY day

i 82F3(<<t>> o2y (t:o) | 82 F3(¢(8) 805 (¢,¢0) n 82 F3(¢(1) 8<1>3<f 0 4 82 F3(¢(1) 804 (t,¢0) | 222 (t,¢0)
dxgox] dxq 312 oy dx10yQ 9z, 0y] Oz oy

L 92 F3(¢(#) a<I>1<t ) 62F3<c<t>> 225 (t,¢0) 82 F3(¢(1) 923(¢,¢0) I 62F3<<<t>> %4 (t,¢0) | ®3(.¢0)
CENEE) 9x19yo EER oy CESY 9y 9y CZE CES

62F3<c<t>>6¢1<t<o> 82 F3(¢(1) 9%5(t,¢n) 62F3<<<t>)64>3<t<o> 82 F3(¢() 8%4(t,¢0) | 824 (t,¢0)
+ | “oz00u1 t 571001 e T “ouoou: ey T oy3 Dxy dw1



2
with the initial condition Z-22{3:2) = 0, then
1

[38]

da (32@3@40)) _ OF3(¢(t) 9°®3(¢, Go)
dt Ox? - dyo Oz?

2
with the initial condition %«3’40) = 0. From (38) we have
1

2
0 (I)3(ta CO) -0
—F5— =0.
Oz
a4 [9%®s(1.¢0) | _ 2F5(c(1) 921 (t.Go) 6F3<<<t)> 9%y (t.¢0) | oF3(C(1) 9%®5(t.6o) | oF3(C() 8224 (t,¢0)
dt 9z19yg EETS) Oxz10yq 9wz 0y 9yg Oz dyq 9y 9xz10yq
+ 82F3<<<t>> 01 (t:60) | 82 F3(¢(1) 892 (t,¢0) 4 92 F3(<(1)) d<1>3<t 0 4 82 F3(¢(1)) 0%4(t,¢0) | 821 (t,¢0)
8T 9yo EEREES 9yo 9z 9yg 9wp9yy 9yo CES
n 82F3(<<t>> 02y (t:e) | 82 F3(¢(1) 805 (¢,¢0) 4 82 F3(¢(1) 8«1>d<f 0 | 82 F3(C()) 8P4 (t,¢0) | 222 (t.¢0)
GERCEE I azz dyo dx10y0 9z10y1 I GET)
I 92 F3(¢(4) a<1>1<t 0 62F3<c<t>> 22 (t:¢0) 82 F3(¢(1) 9@3(¢,¢0) I 92 F3(C()) 8®4(¢,¢0) | 223(¢.¢0)
dzgdyg dx19yq dyo 6y2 dyo dypdy1 dyo dxq
1 22Fa(c)) 021 (hic0) | 92 F3(¢(9)) 9R3(t.Go) 62F3(<<t>) 0%®5(t.¢0) | 92F5(4(1) D%a(t:¢a) | 24 (t:C0)
EETYXETY 9yg 9z 0y 9yg 9yp9y1 9yg oy 9yg CES

2
with the initial condition &22(0:¢0) 0, then

327183!0
a4 (32‘1’3@7(0)) _ OF3(C(1) 9 ®s(t,Co) | 92 F3(C(t) 9Ps(t, Co) OPa(t, Co) [39]
dt dx10Yo dyo dx10yo 0x10yo dyo Oz
with the initial condition 632(;1;3’17(3?;?) = 0. From (39) we have
O*®a(t, Qo) _ orycn, [ 9 Fy(C(s)) OPa(s, o)
—_— = e 0
8x18y0 0 8%18]]0 8%1

al
By

a4 [ 9%2@3(.¢o) | _ OF3(C(+) 82®y (¢,¢g) I 6F3(<<t)> 82®5(t,¢0) 4 6F3<<<t>> 9223(t,¢0) | OF3(C() 82®y4(t,¢o)
Ox19y1 - CED) Ox19yy CESY 9w 0yy dyo EFEIT 9y CEFEITY

92 F3(¢(1) 91 (4,¢0) | 22 F5(C(1) d%a(t:6e) | 92 Fa(C(1) 9%3(h.co) | 92 F3(C(1)) 9al(t,Co) | Oy (t:¢o)

+ 512 dy1 CEREES dy1 EEREET 9y1 EERECIT dy1 ESY

+ 82F3<<<t>> 01 (t:60) | 82 F3(¢(1) 822 (t,¢0) 4 82 F3(¢(1) 9®3(t,¢o) n 82 F3(¢(1)) 0®4(t,C0) | 82 (t,¢o)
ERES 9y T2 9y1 EEFEIT 9y 9w 0y1 9y CESY

n 82 F3(¢(t)) 891 (t,¢q) n 82F3<c<f>) 225 (t:¢0) | 82 F3(¢(1) 823(¢,¢0) n 82 F3(C()) 824 (t,¢0) | 225(¢.¢0)
LN CIT) Bz, 0y0 dy1 ayg o1 3y00y1 EIT) GETE

I 92 F3(¢(4) a<1>1<t 0 82 F3(¢(8)) 85 (¢,¢0) 4 62F3(<<t>) 223(t:C0) 92 F3(¢()) 8P4 (¢,¢0) | 8P4 (t,¢0)
EERECIT 0z 0y dy1 9yo9y1 9y Gy% 9y1 CES

. . .. 82 ®3(0,
with the initial condition M = 0, then
0x10y1 ’

[40]

dt ayo a.'L‘l Byl

d (32¢3(t7€o)> _ 9F3(c(®) 9% ®3(t, Co)
9x10y1

with the initial condition P 25(0.00) _ 0. From (40) we have

0x10y1
62(D3 (ta CO)

0z10y1 =0



a4 (9%®s(1¢0) | _ 2F5(C() 921 (tG0) | 2F3(6(1)) 9%®3(t,¢0) | or3(C() 9%®5(t,¢0) | oF3(C() 8224 (t,¢0)

dt dy2 dz( dyg CES dyg dyo 8y§ 9y1 dyg

+ 82F3<<<t>> 01 (t:60) | 82 F3(¢(1) 892 (t,¢0) 4 92 F3(<(1)) d<1>3<t 0 4 82 F3(¢(1) 0%4(t,¢0) | 821 (<o)

8T 9yo EEREES 9yo 9z 9yq 9w9yy 9yo 9yo

n 82F3(<<t>> 02y (tio) | 82 F3(¢(1) 805 (¢,¢0) 4 82 F3(¢(1) 823(¢,¢0) n 82 F3(C() 804 (t,¢0) | 222 (t.¢0)
GERCEE I 02 dyo dx10y0 5vo Bz, 0y 9o dyo

I 82 F3(¢(4) a<1>1<t 0 62F3<c<t>> 22 (t:¢0) 82 F3(¢(1)) «9<I>3<t 0 4 92 F3(¢(t)) 8@4(t,¢0) a@g(t )
dzgdyg dx19yq dyo 6y2 dyp9dy1 dyo dyg

1 22Fa(c)) 021 (hicn) | 92 F3(¢(9)) 9R3(t.Go) 62F3(<<t>) 0®5(t.¢0) | 92F3(4(1) O%4(t:¢a) | O%®altC0)
dz00y1 9y EEFRITY dyo dyody1 9yo ayf dyo dyo

2
with the initial condition 6%37;2’&’) = 0, then
0

d (32<I’3(t7C0)) _ 9F(C(®) 9 ®3(t, Co) (32F3(€(t)) 0®3(t, o) n 9’ F3({(1)) 34’4@740)) 9®3(t, Co)

dt oy o oy oy o Yo Oy Yo dyo
[41]
with the initial condition 8‘1)57153’(0) = 0. From (41) we have
Yo
P®3(t,¢0) o, [*(PF5(((s)) OPs(s, o) | 9*F(¢(s)) Pa(s, o)
—s = vo 5 + d
g 0 g o 9yoOy Yo

Iy
&

d [ 92253(t.¢o) | _ OF3(<(t) 8221 (t,¢g) n 8F3<<<t)> 8% @5 (t,¢0) 4 2F3(6() 82®3(t,¢o) 4 2F3(6() 8284 (t,¢0)
Oyp9oy1 - ZETS) 9ypoy1 9yp9y1 dyo 9yp9y1 9y1 9ypoy1

02 F3(¢(1) 8% (t,¢q) | 02 F3(<(t) d%a(t.¢0)

82 F3(¢(1) 825(t,¢0) I 92 F3(¢(1)) %4(t,¢o) \ %1 (£.¢0)

+

+ +

312 EIT) GERCEE CIT GERCIT) o1 dx( 0yl 9y dyo

L 82F3<<<t>> 0% (1:¢0) | 52F3<c<t>> 5¢2(t w0 4 82 F3(¢(1) 8@3(¢,¢0) I 92 F3(C()) 8P4 (¢,¢0) | 2P2(t,¢0)
CEREES] dy1 61_ dy1 dx19yq dy1 dx1 0y dy1 dyo

o[ 22Esc)) 221 (1.60) | 82F3<<<t>> a®5(t.¢0) 62F3(<<t>) 2%3(t.a) | 82 F3(¢() 8%4(t,¢0) | 825(¢.¢0)
9w 9y 9y CEFRET 9y1 Byo Y1 9ypoy1 9y 9yg

o 22Fa(c)) 221 (4.¢0) | 92 F5(C(1) O3(t¢e) | D2Fa(C(1) O®a(tide) | OZFa(S(1) Pa(t:Go) | O%alt:Cn)
9z dy1 Z 9z19y1 dyq dypdy1 9y1 81,% Z dyo

with the initial condition 2-230:C) _ () hen
0yYoOy1

d (62@3(t,co)) _ OFs(C(t) 9 ®s(t,Co) | O?F5(C(1) OPa(t, Co) OP3(t, Co) (42]

dt 9yo9y1 9yo 9yo90y1 0yo0y1 9y1 9yo

2
with the initial condition 852‘:’)7%?0) = 0. From (42) we have

P®3(t, o) o L0 F3(¢(s)) 8¢4<37§0)d

0yo0y1 0o 0Y0y1 oy

a
&

d [ 92e3(t.¢o) | _ 9F3(<(t) 8%1@ 0 4 6F3<<<t>> a2<1>2(t o) | 2F3(¢(1) a%s(t o) | 2F3(4(1) 8%4@ <o)
ayf 9z ay ES Byl 9y Byl dy1 ayl

82 F3(¢(t)) 81 (t,¢0) n 62F3<<<t>> 803 (t.¢o) | 92F3(C(t) 8®3(t.Co) n 82 F3(¢(1)) 0%4(t,C0) | 82y (t,¢0)

+

+

8:r2 Z EEREES dy1 EEREET 9y1 dz0dy1 Z dy1

+ 82F3(<<t>> 91 (t.C0) | 2273 (¢(1) 9%3(t:4g) | 92 F3(¢(1) 2%3(¢.¢o) I 82 F3(¢(1) 804 (t,¢0) | 222 (t,¢0)
GERCLEN 5y, 02 Jy1 dx10y0 oy w10y oy, GITY

L 82 F3(¢(t) a<I>1<t ) 62F3<c<t>> 225 (t:¢0) 82 F3(¢(1) 923(¢,¢0) I 92 F3(C()) 8P4 (¢,¢0) | 225(¢.¢0)
9z 9y 9z 0yg dy1 Oyg 9y 9y 9y1 dy1 dy1

o[ 22Fac)) 021 (hic0) | 92 F(C(1) 93(4:¢0) | 22 Fa(C(1) DP5(tide) | 92 Fa(S(1) P4 (,G0) | 2%a(t:¢n)

EERECIT dy1 EEFEITY dy1 dypdy1 9y1 dyf dy1 dy1



2
with the initial condition Z22(5<) — 0, then
1

d (32‘}3(@(0)) _ 9r(C(®) 9% ®3(t, Co) 43]

dt oy? Ayo oy}

with the initial condition 5‘11;7;0@ — 0. From (43) we have
1

62@3(75) CO) -0
Oy} '

4.3. First derivatives of 7*

Letn(7) = 7o+7,m(7,0) = 25+ qo+2{(7,0),n2(T, 0) = gEag+qo+25(7,0),
n3(7,0) = o and N4 (7, 0) = quo + 25 (7, 0).
From (23) we have

%(771 - 61 © cb(na N1, 72,73, 774))(0a O) = 07
%(ng — ©3 0 ®(n,n1,7m2,13,14))(0,0) = 0,
5= (14 — ©4 0 ®(n,11,72,73,74))(0,0) = 0.
Therefore
927(0,0) 801 (P(70,40)) <8<I> 1(r0:G0) | 9% (mco) 3z1 <0 0 4 a%(m@) 622 (0,0)
orT dxq Oxo Oxy ot
rompdassen) g
923(0,0)  902(®(10,(0)) (8@2(7’0,@) I %4 (10,¢0) D21 (0,0) n 8@2(7’0,(0) 823 (0,0)
or oz, or Oxo oT Oz or
+8¢)25§;?,<0) dZ48(7(') ,0) =0,
925(0,0)  804(®(10,40)) <8<I>4(To,<o) 4 9%a(r0.0) 92{(0.0) | 9®a(r0.Go) 923(0.0)
or Oy o Oxo oT Oxy ot
+3<1>48(;'t1),C0) 8248(79 O)) =0.
Since a‘plgﬁ)’&’) = B%gP,Co) = a‘b“gP’CO) = (, we obtain

a I(00)+b 8228(00)+d 824(00) o,

o7
60a*a(o + o 322(00) o,
i 6z46(;)70) -0
That is
6z1 (O 0) _ O,
824(0,0) _

or = 0.



In the same way as above, we obtain

ai(nl - @1 o @(77,7717772»773#74))(070) = O’
35 (112 — ©2 0 (1, m1,7m2,73,14))(0,0) = 0,
3 (4 — ©4.0 (1, 71,m2,13,74))(0,0) = 0.

=

Therefore
8z%<£,0) _ ael(zizogo)) (8@ 1(70,60) (q n 6z1(0 0)) I 3<I>16(;'¢;,Co) (q n 6z2(0 0))
a<1> (10,¢0) | 9®1(70,60) az 00
+ ldyg 0 + layfll 8] <q + 4
Bz%(:m _ 8@2(‘39(67(;0,(0)) (3‘1’26(707%) (q + az1<0 0)) + acbzgro,co) (q + 6z2(0 0))
8<I> (70,¢0) 0P5(70,C0) Bz (0 0)
o) 4 D0l (g, 4 2400
8z18<£,0) _ 694(§izo,<o>> <a<1>46(m o) (q i 6z1 (0, 0)) 4 a<1>4§2,co> <q i 822 (0 0)
+8<I>4(§;)),Co) + 0<I>48(TU,C0) (q + 824(0 0))) = 0.
We obtain
ao Ozl(OO) + bo 8z2d(00) T o+ do 8z4(00) =0,
€o 821(0 0) +f 8z2(0 0) -0,
ioiazgg 0 _ .
That is
82;(0,0) — _ foco
5 9(% 0) ao fo—boeo’
23 = aofoo—goeo’ [45]
9z3(0,0) -0

do

4.4, First derivatives of w

‘We have

Ow
or

= Z(ns—O30Q(n,m1,72,73,74))

_ 095 ((0%3(n:m102:5m4) | OL3(0:11.12:15.04) 321 4+ 05 (m.m1.1205.14) Oz3

9yo oT dx0 0x1 o7

+ w 923
Y1 or )

At (7,0) = (0,0) we have W = 0, then we obtain

32(0,0) =

ow 9

oo %
2093 ( 0®3(n,m1,m2,m3,M4) 321 0®3(n,m1,m2,13,M4) 322
- ( BCL‘U q + + Bm q +

_ 0993 (8<I>3(7—0,(0) 921 (0,0) + 9%3(70.60) 925(0,0) + 9%3(r0.C0) 5Z1(0,0)> -0

dyo oxg oT Oxq oT oy1 or

(13 — O3 0 (10, M1,M2,713,74))

9yo

Yo dy1

+6<I>3(n 771,772,773,774) + 8®3(n,Mm1,m2,13,M4) (q + 324 )) )



At (7,0) = (0,0) we obtain

92(0,0) = 1-9% (8%8(82,40) g+ 200 | acbaé;ol,(o) <q + 22 0))
+3<1>3(§;’2,€0) 4 8¢3a(;?’<0) (q I 6z4<0 0)))
1 _ 995 9%35(10,60)
9yo 9yo
go =10

Therefore D+ ,yw(0,0) = (0,0).
4.5. Second derivatives of w

2 2 2
Let A= 2 gg,o)’ B= 88“;(;;0) and C = %.

4.5.1. Calculation of A.

2 2
We have 5% = 2 (3 — ©3 0 ®(1, 71, 72,73, M4)), then

92w _ _ 803 [ 0°®3(n,m1,m2,m3,m4) + 232‘1’3(17,711m277737774) 84‘ + 232‘1’3(177711»772,7737774) 9z;
o722 T dyo o072 970z 7 070x1 ot
2
+23 P3(1,m1,M2,m3,M4) ‘924 + %2 ®3(n, 771,772,7737774) 9z7 + 23 ®3(n,m1,m2,m3,m4) 977 025
TOY1 Bzo of x0T or 0T
+23 ®3(n,m1,m2,13,m4) 027 82) + 8%3(n.m1.,m2,m3,m4) 07 927 | 9%®3(n,m1,m2.mzma) [ 9%
Oxp0y1 or oT 0o 72 azl or
2
+23 ®3(n,m1,m2,m3,m4) 025 a24 + 9%3(m.n1.m2.m3.m4) 3 Zz + %2 ®3(n, 771,772,7737774) 923
Ox10y1 of Oxq ayl or
_|_<9<1>3(?7,Tl1,7127773m4) o 24
oY1 oT :

At (7,0) = (0,0) we have %%CO) = 0. Then
A=0.

4.5.2. Calculation of C.
We have 3% = 2 (113 — O3 0 (1), 111, 72, M3, 74)), then

2w _ 005 [ 2°23(n,m1,m2,m3,m4) 821 02 ®3(1,n1,M2,03,M4) 927 822
o2 — Ao Oz @+ + 2 0001, @+ do G2 +
9> ®3(n,m1,M2,M3,7m4) 021 524 9% ®5(n,m1,m2,M3,m4) f)zl
+2 89008311 ql + W q + + 2 onayo q +
dPs3(n,m1,m2,m3,m4) [ 0°27 32{’3(77’77177721?73,774) 322
+ Oxo Oo? + E)wl 72+
92®3(n,m1,M2,m3,M4) 0z3 824 2? <I>3(77ﬂ7177727773,774) 622
+2 Ox10Yy1 72+ Do g4+ +2 OyoOx1 72+
. «\ 2
_|_6<I>3(?7,?71,n27n3m4) %25 + 32@3(77,771,772,?73,774) 9z 23 23(n, mmz,ns,m) + 62’4
oz 60 81/1 Jo 0yoOy1 qa

+8‘I’3(U1771,772-,7737774) 2z + 9*®3(n,m1,m2,m3,M4)
Y1 802 Y2 :



At (7,0) = (0,0) we obtain

_ Jle) 82®3(10,C0) dzF (o 0) 8% ®3(70,¢0) 023 (0 0)
¢ = _WS{Q oDy (q + =% )*2 10y (q T e )
3% ®3(70,$0) 0? ¢3(T0,C0)
+2 dyody: 14 + Ay }

4.5.3. Calculation of 3.
We have 29 = 2 (2 (13 — O30 D(1, 11,12, 13,74))) , then

2w _ 003 [ 8*®3(n,m1.n2,m3,m4) 8Z1 92 ®3(1,n1,M2,n3,14) 622
o700 — oo { 7070 @t + 701 2 +
92 ®3(n,n1,m2,n3,14) 22 ®3(n, 77177727773;774) 8z4
+ TOYo + 0T0y1 s+
9> ®3(n,n1,m2,m3,m4) 921 321 9> ®3(n,m1,m2,03,14) 821 322
+ a2 o \t 5. ) F 000, 2+ 3
> ®3(n,m1,m2,n3,m4) 921 22 <I>3(77777177]2»773,774) 0z
+ AyoOzo 7 + Oy10z0 o7 \d4t+ 60’
+8‘1>3(77,771ﬂ72ﬂ7377]4) 9’z + 92 ®3(n,n1,m2,n3,14) 822 631
Oxg 0700 Oxo0x1
> ®3(n,m1,m2,m3,m4) D23 622 2? ‘I>3(7177117712,7l31774) 8Z2
+ 922 or (2t 355 )+ 01 0yo o7
2 ®3(n,m1,m2,13,m4) 823 324 9P (1,11,m2.,13.m4) 9°23
+ 911 0y1 or \ et 5, )t O+ 9700
92 ®3(n,n1,m2,n3,m4) Oz} 321 92 ®3(n,n1,m2,n3,m4) Oz}
+ 9y1 00 o7 (1t + Y101 oo (42 + 52
92 ®3(n, 77177727773,774) 9z] 324 > ®3(n,m1,m2,m3,m4) 02}
+ oy? o7 \da T + Byody1 or
4 0%5 (0.1 m2.m3.14) 8%z;
oY1 0700

At (7,0) = (0,0) we have P@s(r0,60) _ &®s(r0.G0) _ O 4)3(870’40) = (), then we obtain

070z 0T0x1 0T0y1
B— _ 993 9% ®3(70,¢0)
- dyo O0T9yo :
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