N

N

Efficient Estimation of Equilibria in Large Aggregative
Games with Coupling Constraints
Paulin Jacquot, Cheng Wan, Olivier Beaude, Nadia Oudjane

» To cite this version:

Paulin Jacquot, Cheng Wan, Olivier Beaude, Nadia Oudjane. Efficient Estimation of Equilibria in
Large Aggregative Games with Coupling Constraints. IEEE Transactions on Automatic Control, 2020,
10.1109/TAC.2020.3008649 . hal-01904546v3

HAL Id: hal-01904546
https://hal.science/hal-01904546v3
Submitted on 26 Mar 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01904546v3
https://hal.archives-ouvertes.fr

Efficient Estimation of Equilibria in
Large Aggregative Games with Coupling Constraints

Paulin Jacquot, Cheng Wan, Olivier Beaude, Nadia Oudjane

Abstract— Aggregative games have many industrial applica-
tions, and computing an equilibrium in those games is challeng-
ing when the number of players is large. In the framework of
atomic aggregative games with coupling constraints, we show that
variational Nash equilibria of a large aggregative game can be
approximated by a Wardrop equilibrium of an auxiliary population
game of smaller dimension. Each population of this auxiliary game
corresponds to a group of atomic players of the initial large game.
This approach enables an efficient computation of an approxi-
mated equilibrium, as the variational inequality characterizing the
Wardrop equilibrium is of smaller dimension than the initial one.
This is illustrated on an example in the smart grid context.

Index Terms— Aggregative Game - Variational Nash Equi-
librium - Variational Inequalities - Population Game

[. INTRODUCTION

a) Motivation: Aggregative games [1] form a class of noncoop-
erative games [2] in which each agent’s objective is a function of her
own action and the aggregate actions of all the agents. These games
find practical applications—in particular for the subclass of splittable
congestion games [3], in which resources are shared among agents,
with each resource having a cost function of the aggregate load onto
it—in various fields such as traffic management [4], communications
[51, [6] and electrical systems [7], [8].

The notion of Nash Equilibrium (NE) [9] has emerged as the
central solution concept in game theory. However, the computa-
tion of an NE is considered a challenging problem: indeed, re-
cent works have proved the theoretical complexity of the problem
(PPAD-completeness [10], [11]). In continuous games, NEs can be
characterized as solutions of Variational Inequalities (VI) [12], a
characterization we adopt throughout this work. The efficiency of
NEs computation depends on the dimension of these VIs, given by the
number of players and of constraints. In some applications (transport,
energy, etc), one may consider several thousands of heterogeneous
agents. At this scale, computing an NE can be intractable. In the
case where the game model involves coupling constraints between
agents’ actions, the concept generalizing the NE is simply referred
to as Generalized Nash Equilibria (GNE) [13], and can be even
harder to compute. The consideration of coupling constraints has
emerged from applications: for instance to model the capacity of
roads and communication channels or, in energy, to model the
maximal variations of production plants [14]. Estimating an NE as
the probable outcome of the model is of main importance for the
operator of a system: for instance, in order to control some physical
or managerial parameters and optimize the system (e.g. in bi-level
programming [15]).

In this paper, we consider aggregative games with a finite but
large number of players. We propose a method to compute an

Paulin Jacquot is with EDF R&D (OSIRIS), Inria and Ecole polytech-
nique, CNRS, Palaiseau, France.

paulin. jacquot@polytechnique.edu

Cheng Wan, Olivier Beaude and Nadia Oudjane are with EDF
R&D (OSIRIS), Palaiseau, France ({cheng.wan, olivier.beaude,
nadia.oudjane}@edf. fr).

This work was partially supported by the PGMO-ICODE project “Jeux
de pilotage de flexibilités de consommation électrique : dynamique et
aspect composite”.

approximation of Variational Nash Equilibria (VNEs) [13], a subset
of GNEs in the presence of coupling constraints. The main idea
of the proposed method is to reduce the dimension of the VIs
characterizing VNEs: players are divided into groups with similar
characteristics. Then, each group is replaced by a homogeneous
population of nonatomic (i.e. infinitesimal) players. Last, we compute
a Variational Wardrop Equilibrium (VWE) [16] in the obtained
approximating nonatomic population game. The quality of the NE
estimation depends on how well the characteristics (action sets and
cost functions) of each homogeneous population approximate those
of the atomic players it replaces.

b) Related works: The relation between NEs and WEs has been
studied in different contexts: [17] consider network congestion game
with each origin-destination pair having n players and show the
convergence of NEs to a WE when n goes to infinity. [18] generalizes
this result in the framework of composite games where nonatomic
players and atomic splittable players coexist.

A work particularly in line with the present paper is [19] where
the authors show, using a variational inequalities approach, that the
distance between a VNE and a VWE in aggregative games converges
to zero when the number of players tends to infinity. Their VWE
corresponds to an equilibrium of the game where each atomic player
is replaced by a population, as done in Sec. III-A of this paper. Their
quantitative results show that the self impact of each player on the
aggregate action is negligible when the number of players is large.
Our paper shows a different result: VNEs are approximated by a
VWE of a game with a reduced dimension. To this end, Sec. III-
A extends the results of [19] to the subdifferentiable case. In [20],
Jacquot and Wan show that, in congestion games with a continuum
of heterogeneous players, the VWE can be approximated by a VNE
of an approximating game with a finite number of players. In [21],
those results are extended to aggregative games with nonsmooth cost
functions. The approach developed in the present paper is actually
the inverse of the one taken in [20] and [21]: here, the VWE in the
auxiliary game serves as an approximation of a VNE of the original
large game.

¢) Main contributions:

o We define (Sec. III-B) an approximating population game, with
smaller dimension but close enough to the original large game—
quantified through the Hausdorff distance between action sets and
between subgradients of players’ objective functions;

e we show (Thm. 1) that VNEs are close to VWEs in large
aggregative games, extending [19, Thm. 1] to subdifferentiable cost
functions and general aggregatively monotone games;

o we show (Thm. 2) that a particular VWE of the approximating
reduced-dimension population game is close to any VNE of the
original game with or without coupling constraints, and we provide
an explicit expression of this approximation error;

o we provide a numerical illustration of our results (Sec. IV) based
on a practical application: the decentralized charging of electric vehi-
cles through demand response [22]. This example illustrates the non-
differentiable case through piece-wise linear functions (“block rates
tariffs”) and coupling constraints (capacities and limited variations).
This example shows that the proposed method is implementable and
reduces the time needed to compute an equilibrium by computing



its approximation (six times faster for an approximation with a
normalized distance to the actual equilibrium of less than 2%).

d) Structure: The remainder of this paper is organized as
follows: Sec. II specifies the framework of aggregative games with
coupling constraints, and recalls the notions of variational equilibria
and monotonicity for VIs, as well as several results on the existence
and uniqueness of equilibria. Sec. III formulates the main results:
Sec. III-A shows that a VWE approximates VNEs in large games
and then, Sec. III-B formulates the approximating population game
with the approximation measures, and gives an upper bound on the
distance between the VWE profile of the approximating game and
an original VNE profile. Sec. IV presents a numerical illustration in
the context of electricity demand response.

Il. AGGREGATIVE GAMES WITH COUPLING
CONSTRAINTS

A. Model and equilibria

We consider the model of atomic aggregative games: the cost
function of each player depends only on her own action and on
the aggregate action. The term atomic is opposed to the nonatomic
model where players are infinitesimal and have a negligible weight
[2]. As the aggregate action of players is considered in this model,
all players have their feasible action sets lying in the same space RT
with T € N* € N\ {0} fixed. The formal definition is as follows.

Definition 1: An atomic aggregative game with coupling con-
straints G(A) is defined by a finite set of players N  f
{1,...,n,...,N}, a fixed Te€ N* and:

o for each player n € A\, a set of feasible actions Xy, C RT;

o aset ACRT defining the aggregative coupling constraint: X € A
where X 4cf % >, n denotes the average action for individual
actions of players (Zn)nenr;

o for each n € N, a cost function fy: Xnx A — R, which defines
the cost fr,(@n, X) for individual action @, and average action X.
The game is written as the tuple G(A) %" (N, X, (fn)n, A).

We denote by X 4f X x - - x Xy the product set of action profiles,
and the set of feasible average profiles by:

XEIX eRT Ve N,z € X st 5 ey @n = X

Last, we denote the set of feasible action profiles satisfying the
coupling constraint 4 by:

XA L {zeX £, cp®n €A},

A particular class of aggregative games with many applications is
given by splittable congestion games [3]:

Example 1: A splittable congestion game is defined by a set of
resources 7 €8 {1,....7T} and a set of player N with actions
set (Xn)nen C (RT)N . Each player n € N chooses an action
(Tn,t)teT € Xn, where zy, ¢ is the load of n on resource ¢ € T.
Besides, each resource ¢t has a cost function ¢; : R — R, while each
player has an individual utility function u, : X, — R, which define
the cost function f, : X, x X — R of player n € N as:

V(@n, Y)EXnX X, fr(@n, V) > " 2 101(Ve) — un(@n). (1)

teT
In aggregative games, the action x, of player n appears both in

the first and second argument (through X)) of her cost function fi,.
This leads us to consider for each n € N, the modified cost function:

fn(mna}_f—n) def fn(mnvff—n_"%m")
for & €Xp and Y_, € X _,, &f {% >

In this paper, we adopt the following standard assumptions:

metn Tm : Tm € Xm,Ym}.

Assumption 1:

i) for each player n € N/, the set X, is a convex and compact
subset of RT" with nonempty relative interior. Besides, there exists a
fixed R > 0, such that max, e maxgex, ||[Zn| < R;

ii) for each n € N, the cost function fp, and modified cost function
fn are convex in the first variable;

iii) for each n € A, the cost function fr, : (n, X) — fn(Tn, X)
is Lipschitz continuous in X, with Lipschitz constant Lo independent
of n and xp;

iv) A is a convex closed set of R”, and X N A is not empty.

In particular, Asm. 1.i) implies that X has a nonempty relative
interior. Let us now consider the subgradient correspondences H:
X = RYT and H : X = RN7T, defined for any & € X as:

H(z) {(hn)nen €ERNT : hn €0y fu(@n, X 1), Vn € N'}

= HnEN alfn(mn,X_n) 5
H(z) < {(hn)nen € RYT : hy € 01 ful@n, X), Vn € N}

= HnEN 81fn($n,X) )

where 07 denotes the partial differential w.r.t. the first variable of
the function, while J],, denotes here the Cartesian product. The
interpretation of H () is clear: hp is a subgradient of player n’s
utility function fn w.r.t. her action x,,. Let us leave the interpretation
of H(x) until Def. 3. For the moment, let us establish a relation
between H and H:

Lemma I: For each @ € X, h € H(x) if and only if
there exists g1 € [[,cn O1fn(@n,X) = H(x) and gy €
Hne/\/ 02 fn(xn, X) such that h = g1 + %gg.

Proof: The proof can be obtained from [23, Prop. 16.6 and
16.7]. Details are omitted for brevity. |

In the presence of coupling constraints, the notion of Nash Equilib-
rium (NE) [9] is replaced by the one of Generalized Nash Equilibrium
(GNE). A profile € X (A) is a GNE if, for each player n:

fn(mnyan)S fn(yn7an)7 vynGXn S.t. (yﬁn‘i’an)E ?mA

For atomic games, Variational Nash Equilibria (VNE) [13], [24] form
a special class of GNEs with symmetric properties: in some sense,
the burden of constraint X € A is shared symmetrically by players
[13]. VNEs, in the subdifferentiable case, are characterized as the
solution of a generalized VI (GVI) (2) stated below.

Definition 2 (Variational Nash Equilibrium (VNE), [13]): A
VNE is a solution & € X (A) to the following GVI problem:

Jg e H(2) st (g,xz —a) >0, Vo € X(A). )

In particular, if X C A, a VNE is an NE. We refer to [25] for
further discussions on VNE and VI characterization. In this paper, we
adopt the notion of VNE as the equilibrium concept in the presence
of aggregate constraints.

As the first step of approximation, we define a nonatomic aggrega-
tive game G(.A)’ associated to G(.A), where each player n is replaced
by a continuum of identical nonatomic players. The set of nonatomic
players is represented by the interval [0, 1]. Each player in population
n has action set X, and cost function f,. In nonatomic games, the
concept of VNE is replaced by the concept of Variational Wardrop
Equilibrium (VWE). We refer to [21] for the formal definition of a
VWE and further discussions. In general, a VWE is characterized by
an infinite dimensional VI. Here, we only consider symmetric VWE,
characterized by a VI of finite dimension as defined below:

Definition 3: A Symmetric Variational Wardrop Equilibrium
(SVWE) of G(A)' is a solution * € X (A) to the GVI:

Jg € H(z") st. (g,x —x*) >0, Vz € X(A) . 3)



where for each n € N, x}, is the common action adopted by all
nonatomic players in population n. We denote by X* 4<f >onTn
the SVWE average action.

In addition to the population game interpretation, an SVWE can
be interpreted as an equilibrium concept in the initial game, where
the contribution of each atomic player on the average action X is
negligible [19]. Given an SVWE z*, the profile x;, of a player n
will not minimize her cost function fn(-, X*,,), but will minimize
fn(-, X*) considering X* as fixed.

The existence of an SVWE in the population game G(.A)’, with
players identical in the same population, is given in Prop. 1.

Proposition 1 (Existence of equilibria): Under Asm. 1, G(A)
(resp. G(A)") admits a VNE (resp. SVWE).

Proof: From [26, Prop. 8.7], we obtain that H and H are
nonempty, convex, compact valued, upper hemicontinuous correspon-
dences. Then [27, Cor. 3.1] shows that the GVI problems (2) and (3)
admit a solution on the finite dimensional convex compact X (.A). W

Before discussing the uniqueness of equilibria, let us recall some
relevant definition of monotonicity for correspondences:

Definition 4: A correspondence I' : X = RNT s said:
i) monotone if for all ¢,y € X, g € I'(x),h € I'(y):

Yonen(8n —hn,xn —yn) >0;

i) strictly monotone if the equality holds iff © = y;
iii) aggregatively strictly monotone if equality holds iff > @n=> yn;
n

n
iv) a-strongly monotone if o > 0 and, for all ,y € X:

Zn<gn -

v) [-aggregatively strongly monotone on X if 8 > 0 and, for all
acyGXthX—NZ T, —NZ Yn:

>on(gn —hn, n — yn) >Np||X — 17”27 vVgel'(xz), hel(y).

If T = 1, “monotone” corresponds to “increasing”. Besides,
(aggregatively) strict monotonicity implies monotonicity, while strong
(resp. aggregatively strong) monotonicity implies strict (resp. ag-
gregatively strict) monotonicity.

hnamn - yn>2a“m - yH27 Vger(m)vher(y)v

Prop. 2 recalls some results on the uniqueness of VNE and SVWE,
according to the monotonicity of H and H:
Proposition 2 (Uniqueness of equilibria): Under Asm. 1:

i) if A (resp. H) is strictly monotone, then G(A) (resp. G(.A)’) has
a unique VNE (resp. SVWE);
i) if H (resp. H) is aggregatively strictly monotone, then all VNE
(resp. SVWE) of G(A) (resp. G(A)”) have the same aggregate profile.
Proof: The proof can be adapted from [12, Chapter 2].

Except in some particular cases (e.g. ¢ linear [3], [28]), the operator
H is rarely monotone. The monotonicity of H, however, can usually
be obtained under simple assumptions: for a splittable congestion
game (Ex. 1), as stated in [19, Lemma 3], we have:

i) if for each t € T, ¢ is convex and nondecreasing, and for each
n € N, uyn, is concave, then H is monotone;

i) if in addition to i), for each n € N, un, is an-strongly concave,
then H is a-strongly monotone with o %f min,, e nr an;

iii) if in addition to i), for each ¢t € T, ¢t is [B¢-strictly increasing,

then H is S-aggregatively strongly monotone with 8 4<f min;c+ Gt.

In view of Prop. 2, the absence of monotonicity of H can result
in multiple VNEs [29]. However, the next section shows that, with
a large number of players, those VNEs are close to each other, and
are well approximated by an SVWE.

II1. APPROXIMATING VNES OF A LARGE GAME
A. Considering SVWE instead of VNE
Let Xy C RT be the closed convex hull of Une N Xn. Then, we

have from Asm. 1.i):

max ||z|| < R .
reX)y

Thm. 1 gives the first step of approximation of VNESs, by bounding
the distance between a VNE and an SVWE.

Theorem I (SVWE close to VNE): Under Asm. 1, let € X(A)
be a VNE of G(A) and * € X(A) an SVWE of G(A):

i) if H is a-strongly monotone, then =™* is unique and we have:

* Lo 1
z—z | < ——.
Iz —a”) < 2
From this bound and Cauchy-Schwartz inequality, we also have:
Lo
Y len—2hll < 22 and X - X7 < 22,
n

where Lo is the Lipschitz constant defined in Asm. 1;
ii) if H is B-aggr. str. monotone, then X * is unique and:

2RLoy

”X*stHg BN *

Proof:
i) We start by observing that for any y € A&, if go €
I1,, 2fn(yn,Y) then, from Asm. 1.iii) we get ||g2|| < VNLo .
By definition of & VNE (resp. «*), there exists h € H () (resp.
h* € H(z™)) such that:
<h,:1:—:z:*> < 0 and <h*,m* —m) <0.
Adding those two inequalities, we obtain:

<h*7h,w*7w>§0.

Besides, from Lemma 1, there exists g1 € H(x) and gy €
[1,, 0fn(xn, X) such that h = g1 + Ngg Then, using the a-strong
monotonicity of H, we have:
alle” — el < (" - g1,0" - @)
= <h* —h,z* — a:> + <%g2,w* — a:>
<0+ (fmse’ )
<yl fle” — 2| < % g2l |l — |,

using Cauchy-Schwarz inequality. We conclude by simplifying by
|lz* — || to obtain the first bound of Thm. 1.i).
Besides, by Cauchy-Schwarz inequality, we have:

Z lzn — 5 [1)? < NZ ln — a5 |

which gives the second bound of Thm. 1.i). Similarly, we have:
L
NX - X7 = HZ n— )| < y/Nllz —z|? < 2.

ii) The proof is similar, except that we exploit the 3-strong
monotonicity of H to get:

NL% I3
a?NZ ~ 2N

NB|X - X*|? §<h —gi,z" — )
< 3 llg2ll |lz* —=||
< 1 Lo x 2VNR

VN
which leads to the desired bound.



While VNEs are not unique in general (see Prop. 2), by applying
the triangle inequality to the results of Thm. 1 we observe that all
VNEs are close to each other when NV is large.

Thm. 1 shows that an (average) SVWE approximates an (average)
VNE of G(.A) when the number of players is large. However, this
does not reduce the dimension of the GVI to resolve, as the GVI
characterizing the VNE and those characterizing SVWE have the
same dimension. For this reason, the second step of approximation
consists of regrouping the similar populations.

B. Classification of populations

In this subsection, we shall regroup the populations of the game
G(A)" having similar strategy sets X, and utility subgradients
9(—un), into larger populations, endow them with a common strat-
egy set and a common utility function, so that the SVWE of this new
population game approximates the SVWE of G(.A)’. The similarity
between two sets X and ) is measured through the Hausdorff
distance:

X7 dﬁf d b b d 7X b
7 (X,Y) & max (maxd(, V) max d(y )

where d(,Y) < infycy ||z — y|| is the standard distance function.
Let us define the compact set M %f X+ By (8) , where By(d) is the
ball centered at 0 and of radius §, and § > max,, men di(Xn, Xm).
W.lo.g, we assume that for each n € AN, fn can be extended
to a neighborhood of M?, and is bounded on M?2. We make the
additional assumption:

Assumption 2: For each n € N and each X € X, fn(-, X) is
Lipschitz continuous with constant Lj,, and L f maxy L1y <oo.

At the SVWE of the game with reduced dimension, all the
nonatomic players in the same population play the same action, by
definition of an SVWE. Therefore, in order for this new SVWE to
well approximate the SVWE in G(A)’, a condition is that similar
populations in G(.A)" do play similar actions at the SVWE of G(A)":
this is obtained easily in the case without coupling constraint, as
shown in Prop. 3.

Proposition 3: Under Asm. 1, let x* € X be an SVWE of G'(A)
with A = RT (no coupling constraint). For populations n,m € N/,

if fa(,, X*) is an-strongly convex, dg(Xn, Xm) < 6, and if:
sup _ d(gm781fn(wrn7X*))) < dx
gm €01 fm (25, X*)
then:

e — @ ]|* < & ((Lin + Lim)6 + 2d«R).

Proof: Let g(x*) € H(x") satisfying the GVI (3). As there is
no coupling constraint for any xn € &), (resp. m € Xm ), one can
consider = 4f (a,,, 2* ) € X (resp. & &f (xy, 2 ,,,)) in (3) to
obtain:

mm> <0

—gm(@’)| <

(gn(@”),@n —an) <0 and (gm (), zm —

Let hy, (x*) € 01 fn(x),, X™) be such that [[hn (™)
d«. Then, by the strong convexity of fr (-, X™):

an |25 = @h||* < (gn (") = hu(2"), 2}, — 25
=(gn(x*) — gm(x*) + gm(x*) — hy(z¥), =), — x},)
<(gn(x") —gm(x"), 2 — @) + 2d«R .

Making use of the inequalities (3) on gy (x*) (resp. gm(x*)), we

obtain that the first part of this last quantity is bounded as:
(gn(x") —gm(x"),xn — Pu(a”) + Pn(x”) — @)
<0+ (gn(x"), Pn(x”) — Zm) + (gm(x"), Pm(zn) — =n)
SLln‘S + le(; P

where Py, (resp. Py,) is the projector on X, (resp. Xpm). |

In the presence of coupling constraints, a similar result is harder
to obtain: because there is a coupling in the admissible deviations
(zn)n € X4, the SVWE condition (3) cannot be translated into
individual conditions.

Let us now present the regrouping procedure. Denote by Gt (A) an
auxiliary game, with a set Z of p populations. Each population ¢ € Z
corresponds to a subset A; of populations in the game G(A)’, such
that | J;cz Ny = N and for any 4,5 € Z,N; N N; =0, i.e (N;)iez
forms a partition of A/. Denote p; = |N;| the number of original
populations now included in 7. Each nonatomic player in population
1 is represented by a point 6 € [0, p;]. The common action set of each
nonatomic player in ¢ is a compact convex subset of R”, denoted by
AX;. Each player 6 in each population 4 playing action xg, let

X ey / xgdb
i€l 0€[0,p;]

denotes the aggregate action profile. The set of aggregate action-

profile is a subset of RT given as:

BT (St focop 040 g € X, V0 € [0,p1), Vi € T}
All players 6 in population ¢ € 7 have a similar cost function denoted
by fi : (zg, X) — fi(xg, X), convex w.r.t. zg.

We are only interested in symmetric action profiles, where all the
nonatomic players in each population ¢ play the same action. Denote

the set of symmetric action profiles by xt = HieI AX;. Considering
the coupling constraint A4, let:

XA e ext X = LY, crpiwi € A}

We introduce two indicators to quantify the clustering of Gt

e § = max;c7 d;, where

6i d:ef maxXnpeN; dH (Xna XZ) ) (4)
o d= max;c7 d;, where
di ¥ max  sup  dy (01 fi(mi, X),01fn(zi, X)) . (5)

nENi :l:iEXZ‘,XEM

The quantity &; measures the heterogeneity in strategy sets of
populations within the group N;, while d; measures the heterogeneity
in the subgradients in the group N;.

Since the auxiliary game G is to be used to compute an approxi-
mation of a VNE of G, the indicators ¢; and d; should be minimized
when defining G. Thus, we assume that (X;); and (u;); are chosen
such that the following holds:

Assumption 3: For each i € Z, we have:

i) X; is a subset of X, the convex hull of Une/\f Xp, so that
maxgey; ||| < R. Moreover, for each n € N, aff X, C aff X;,
where aff S denotes the affine hull of S;

i) similarly, f; is chosen such that 9y f;(z;, X) is contained in the
convex hull of U,,ep;, 91fn(2i, X) for all € X; and X € M,
so that supg. co, 4, (z,,X) llgill < max Lip < L.

An interesting case appears When N can be divided into homoge-
neous populations, as in Ex. 2 below:

Example 2: The player set A/ can be divided into a small number p
of subsets (NV;)1<i<p, with homogeneous players inside each subset
N; (.e., for each i and n,m € N, Xn = X and fr, = fm). In
that case, consider an aux111ary game Gt with i populations and, for
eachicZ and n € Nj, X; ©F &, and f; <f f,,. Then, 6 =d = 0.

In order to approximate the SVWE of G(A)" by the SVWE of
an auxiliary game G7T, let us first state the following result on the
geometry of the action sets for technical use.



Lemma 2: Under Asm. 1, there exists a strictly positive constant
p and an action profile z € X (A) such that, d(zn,rbd X,) > p for
all n € N, where rbd stands for the relative boundary.
Proof: See Appendix L. u
Given a symmetric action profile 2 € XT(A) in the auxiliary
game Gt (A), we can define a corresponding symmetric action profile
of G(A)" such that all the nonatomic players in the populations
regrouped in N play the same action a:iz(it is allowed that wlz be
not in A’,). Formally, we define the map ) : RPT 5 RNT.

valeRPT | p(ah)=(xn)pen where =z , Vn e N;.

Conversely, for a symmetric action profile « in G(.A)’, we define a
corresponding symmetric action profile in the auxiliary game Gt (A)
by the following map ¢ : RVT — RPT:

NT = z z
VeeR" ", Y(x)=(x;);cz where x; :p%_ ZnGNi Tn.

Thm. 2 below is the main result of this subsection. It gives an upper
bound on the distance between the SVWE of the population game
G(A)'—of same dimension as the original atomic game G(.A)—and
the SVWE of an auxiliary game GZ(.A) with reduced dimension.

Theorem 2 (SVWE of GZ(A) is close to SYWE of Q(A) ):

Under Asms. 1 and 3, in an auxiliary game GZ(A), 6 and d are
defined by (4) and (5), with § < %. Let « be an SVWE of QI( A),
and «* an SVWE of G(A)’. Then:

i) if H is a-strongly monotone, then x and =™ are unique and

(@) — 2" < N D) ©)

From this bound and Cauchy-Schwartz inequality, we also have:

£ (=)

ii) if H is -aggr. str. monotone, then X, X* are unique and

K(3.d).

—zh| < (J)andHXXH< s

1% - X7 < /K00 ™

where K(5,d) — 0 is a quantity defined as:
§,d—0
K(3,d) < 2R(3515 +d) , with Ly defined in 2. (8)
Proof: Let us start by two technical lemmas, for which the

proofs are given in Appendix II.
Lemma 3:

i) Vi € Z, Vo € X, if d(x,rbd X;) > §;, then & € Xy, Vn € N;.
i) Vi € Z,n € N, V& € Xy, if d(x,rbd Xy) > §;, then x € A;.
Lemma 4: Under Asm. 1, if § < £, then:
i) for each & € X7Z(A), there is w € X(A) such that |jwp —
Yn(x)|| < 4R5 for each n € \V;
ii) for each & € X' (A), there is w € XT(A) such that |Jw; —
P ()] < 2Rpi% for each n € T.
Let w € X(A) n — Yn(z)| < 4RS/p (cf.
Lemma 4). Since «* (resp x) is an SVWE of G(A)’ (resp. g( ),

there exists g(z*) € H(z") (resp. (h;(2)),,€[1; 01 fi(zi, X))
Yon(g@®), xp —wn) <0 and Y pi(hi(x), x; —y;) <O0.

forally € X z (A). Moreover, for each i and n € N;, by definition
of dn, let rnp(x) € 01 fn(x;, X) s.t. ||rn(z)—h;(2)|| < dn. Then,

(g(x*) — r(xz), 2" — Y(x)) equals to:
(g(x"), " —w) + (g(z"), w — p(x)) + (r(z),¥(z) —z").

The first term is nonpositive because =* is SVWE. By definition of
w, the second term is bounded by L1 N4Ré/p. Let us decompose the

third term, using a y € XT(A) s.t. Vi, ||y; — ; (x*)||z < 2Rpid/p

(cf. Lemma 4), into:
(r(z)~h(z),y(z)—z") +(h(z), ¥(z)—y)+(h(z),y—z").

The second term is nonpositive because @ is an SVWE of G(A). The
first term is bounded by 2N Rd. The third and last term is bounded
by L12RNGS/p. We conclude by using the strong monotonicity of
H, which gives for case i):

allz* (@) < (g@®) - r(x), 2" — ()
<0+ L1N4RS/p+2NRd+ L12RN6§/p ,

and similarly, for case ii):

BN||X* - X| < (g(a*) — r(x), 2" — (=)
<0+ LiN4RS/p+2NRd+ L12RNG/p .

|
Remark 1: The bound (6) given on the individual profiles diverges
with the number of players V. This is a consequence of the fact that
individual errors, — || for each n within a population A/,
may accumulate, and this accumulation is captured by the Euclidean
norm, as ||1y] = v/N.
We have pointed out that the approximation error depends on how
the populations are clustered according to Z, and is related to the
heterogeneity of players in A/ rather than their number. In particular,
in the case of Ex. 2, Thm. 2 states that the (aggregate) SVWE of the
auxiliary game Gt (A) is exactly equal to the (aggregate) SVWE of
the large game G(A)'.

C. Combining the two steps to approximate a VNE of G(.A)

The following theorem is the main result of the paper, which
is immediately obtained as the combination of the two steps of
approximation given in Thm. 1 and in Thm. 2 in the computation
of a VNE of the original game G(.A).

Corollary 1 (SYWE of GT(A) is close to VNEs of G(A)): Under
Asms. 1 and 3, in an auxiliary game GI(A), 6 and d are defined
by Egs. (4) and (5), with § < 5. Let * be an SVWE of
GT(A ), x € X(A) be a VNE of G(A), X* = & X ,crpmiz),
X = N > e @n, and K (8, d) the constant given by (8).

i) if H is a-strongly monotone, then x*
1 5,d
Iv(a®) ~al < &+ NECD)

From this bound and Cauchy-Schwartz inequality, we also have:
1
> lln
n

nd | X - X7 < L +

is unique and

K(3,d)

a*) —anl < 2% +

ii) if H is B-aggr. str. monotone, then X *is unique, and
S K(3,d
1% = X*|| < Ry/25G + /K0
Given the large game G(.A) and a certaln p € N*, Cor. 1 suggests
that we should find the auxiliary game G with Z = {1,...,p} that
minimizes K (8, d) in order to have the best possible approximation
of the equilibria. This would correspond to a “clustering problem”
given as follows:

min min K(E, E), )
(N )ZEPP(N) (Xz)z (ug);

where PP(N) denotes the set of all partitions of A/ of cardinal p,
while (X;); and (u;); are chosen according to Asm. 3.



The value of the optimal solutions of problem (9), and thus of the
quality of the approximation in Cor. 1, depends on the homogeneity
of the N players in N in terms of action sets and utility functions.
The “ideal” case is given in Ex. 2 where N is composed of a small
number p of homogeneous populations and thus K (,d) = 0.

Solving (9) is a hard problem in itself: it generalizes the k-means
clustering problem [30] (with £k = p and considering a function of
Hausdorff distances), which is NP-hard [31]. In Sec. IV, we illustrate
how we use directly the k-means algorithm to compute efficiently an
approximate solution (Nj, X, u;);c7 of (9) in the parametric case.

Finally, the number p in the definition of the auxiliary game should
be chosen a priori as a trade-off between the minimization of K (3, d)
and a sufficient minimization of the dimension. Indeed, with Z = N/,
Xn = X; and u; = up, we get d = & = 0. However, the aim
of Cor. 1 is to find an auxiliary game GT with p < N so that
the dimension of the GVIs characterizing the equilibria (and thus
the time needed to compute their solutions) is significantly reduced,
while ensuring a relatively small error, measured by d and §.

IV. APPLICATION TO DEMAND RESPONSE AND
ELECTRICITY FLEXIBILITIES

Demand response (DR) [32] refers to the techniques to optimize
the electric consumption of distributed consumers [8]. The increasing
number of electric vehicles (EV) offers a new source of flexibility
in the optimization of the production and demand. To deal with
privacy and distributed decisions and information issues, many works
consider game theoretical approaches (considering consumers as
players) for the management of consumption flexibilities [33]. Let
us consider the charging of EVs on a set of 24-hour time-periods
T ¥f {1,..., T}, with T = 24, indexing the hours from 10 PM to
9pM the day after (to include night time periods).

a) Price functions: block rates energy prices: The operator
imposes electricity prices on each time-period, given as inclining
block-rates tariffs [34], i.e. a piece-wise affine function c(-) which
depends on the aggregate demand X def Zn Tn,t, Where xn ¢
is the energy used by consumer n during time period ¢ (one can
easily transform it to a function of the average action X by scaling
coefficients):

o(X) =1+0.1X if X <500
o(X) = —49 4+ 0.2X if 500 < X < 1000
¢(X) = =349 4+ 0.5X if 1000 < X .

10)

This function c¢ is continuous and convex. Prices are transmitted by
the operator to each consumer (EV owner) n who minimizes, with
respect to xn, a cost function of the congestion form (1) with an
energy cost determined by (10) and a utility function u, defined
below. An equilibrium gives a stable situation where each consumer
minimizes her cost and has no interest to deviate from her current
profile.

b) Consumers’ constraints and parameters: We consider a set
of N = 2000 consumers who have demand constraints of the form:

amn

where Ey, is the total energy needed by n, and z,, ;, Tn,¢ (physical)

bounds on the power allowed at time ¢. The utility functions have the
def 2 . .

form un(xn) < —wn ||En — ynl|*, with y, a preferred charging

profile. Simulation parameters are chosen as follows:

X e, € R{ 1Y Tnt=FEn and Ty STt < Tt}

e FEy is drawn uniformly between 1 and 30 kWh, which corre-
sponds to a typical charge of a residential EV.

e x,,Ty: First, we generate, in two steps, a set of successive
charging time-periods 7r = {hn — 2, ..., hn + B}

— the duration 74, is uniformly drawn from {4,...,T};
— hy is then uniformly drawn from {1 + %,..., T — 7 }.
Next, for ¢ ¢ Tp, let Z, ¢ = Tn,t = 0 and, for t € Tn, T, ¢ (resp.
Tp,t) is drawn uniformly from [0, %] (resp. [%, En)).

e wp is drawn uniformly from [1, 10].

e Yn ¢ is taken equal to Ty on the first time periods of 7Tp, (first
available time periods) until reaching Ey, (consumption profile “plug
and charge”).

We consider the following coupling constraints:

—50 < X7 — X1 < 50
X; <1400, VteT

(12)
13)

Constraint (12) is a periodicity constraint which imposes that the
aggregate demand X at the end of time horizon 7 is close to the
aggregate demande X at the start of the horizon: the idea behind
this constraint is to ensure that the production schedule computed for
horizon 7 can be applied on a day-to-day, periodical basis. Constraint
(13) is a capacity constraint, (e.g. induced by production capacities).

¢) Computing populations with k-means: To apply the clus-
tering procedure of Sec. III-B, we use the k-means algorithm [30],
where “k”= p is the number of populations (groups) to replace the
large set of N players. For each player n, we define her parametric

description vector:
v ¥ [wn, Yn, Bn, @, Bn] € R¥TT2 (14)

The k-means algorithm finds a partition (S;)1<;<p of A into p
clusters, approximately solving the combinatorial problem:

. 2 .
o N Z Z HESz(v) — v” =, min, Z|Si|Var(Si),
LroPPi<i<pues; LrPPi<i<p
where Eg, (v) = ﬁ > _nes; Un denotes the average value of v over
K2

the set S;, taken to define w;, y;, E;, =; and T;.
The simulations are run with different population numbers, with
p < N chosen among {5, 10, 20, 50, 100}.

The k-means algorithm enables to efficiently find a heuristic and
approximate solution of (9). This algorithm does not search for the
optimal choices of (u;); and (f;);, as in the statement of problem
(9). Indeed, as the algorithm minimizes the squared distance of the
average vector of parameters in S; to the vectors of parameters of
the points in S;, the solution obtained can be sub-optimal in terms
of K(8,d). Finding efficient methods to address problem (9) is an
avenue for further research.

d) Computation methods: We compute a VNE (Def. 2) with the
original set of N players and the approximating SVWE (Def. 3) as
solutions of the associated GVI (2).

We employ the iterative projection method exposed in [19, Algo.
2], adapted to our subdifferentiable case by replacing the fixed
step 7 used in with a variable step k) =1 /k, in the spirit of
subgradient algorithms [35], [36]. The algorithm stops when the
Euclidean distance between two iterates is smaller than 1073, We
refer to [19] for more details on the algorithm.

e) A trade-off between precision and computation time: Simu-
lations were run using Python on a single core Intel Xeon @3.4Ghz
and 16GB of RAM. In this simple example, the computation of
the actual VNE & (and aggregate profile X) of the original game
with N = 2000 players is still possible, and is used to measure the
precision of our approximations.

Fig. 1a and Fig. 1b show the two main metrics to consider to
choose a relevant number of populations p: the precision of the
SVWE approximating the equilibrium (measured by the relative
distance of the aggregate SVWE profile X ™ to the aggregate VNE
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Fig. 1: (a) Relative error to VNE ; (b) SVWE CPU Time.

profile X computed along, | X* — X||/[|X||), and the CPU time
needed to compute the SVWE. We can observe from Fig. 1a that the
distance between the aggregate equilibrium profile and its estimation
decreases with p at a rate of O(1/p®) where a is estimated numeri-
cally as a =~ 0.37. This is explained in light of Thm. 2 which gives

K (0,d) and in addition with the following

remarks, which give the intuition that both § and d should evolve as
O(1/p) if parameters among players in A are distributed uniformly:

a bound depending on

o the Hausdorff distance between parameterized polyhedra is Lip-
schitz continuous w.r.t their parameter vectors (see [37]);

o similarly, as subgradients of utility functions are reduced to a
point, one has, for all n,

d = 2w (& — ;) — _
s = ma mage 2 (@ — i) — n(@ - yn)|

=0 (max |wi — wnl| + lly; —yn”) :

Fig. 1b shows the CPU time needed to compute the SVWE with our
stopping criterion. The CPU time evolves linearly with the number
of populations p, which is explained by the distributed structure of
the algorithm, requiring a number of iterations proportional to p. The
computation of a solution of the clustering problem with the k-means
algorithm is negligible (less than ten seconds for each value of p).

Computing the VNE of the original game with the same config-
uration and stopping criterion took 3 hours and 26 minutes, which
is more than six times the time needed to compute the SVWE with
one hundred populations.

Last, the error between the aggregate demand profile at equilibrium
and its approximation (Fig. 1a) is between 2% and 5%, which remains
significant. However, as pointed out in Sec. III, the quality of the
approximation depends on the heterogeneity of the set of players N:
as the parameters are drawn uniformly in this experiment, the set of
players A/ presents a large variance, and provides us with a “worst”
case (as opposed to Ex. 2 which offers an optimal situation).

V. CONCLUSION

This paper shows that equilibria in large splittable aggregative
games can be approximated with a Wardrop Equilibrium of an
auxiliary population game of smaller dimension. Our results give
explicit bounds on the distance of this approximating equilibrium to
the equilibria of the original large game. These theoretical results
can be used in practice to solve, by an iterative method, complex
nonconvex bilevel programs where the lower level is the equilibrium
of a large aggregative game, for instance, to optimize tariffs or tolls
for the operator of a network. The analysis of such a procedure will
constitute an interesting extension of this work. Besides, this study

highlighted the need for efficient algorithms for solving clustering
problems of type (9), as well as distributed algorithms for solving
GVI problems without a strong monotonicity assumption [19], [35].
Those algorithmic considerations are also interesting avenues for
further research.

APPENDIX |
PROOF OF LEMMA 2: EXISTENCE OF INTERIOR PROFILE

Let & € X be such that for all n:
d(:i:n,rbd Xn) = maxgey, d(z,rbd Xn) €,

Denote X=1 N Don @n and p=min, 7, > 0. Let y € X(A) and
Y = Z Yn be s.t.:

d(Y,rbd A) = Max g %4 d(X,rbd A) .

Let us denote t = d(Y,rbd A)/3R and let us define z = y —t(y —
&) € X and Z = 3 3, zn. We obtain:

IV — Z|| = t|¥ — X|| < t2R < 2d(Y,1bd A) ,

hence Z € X Nri A, where ri means the relative interior. Besides,
for any n, zn = yn — t(yn — &n). Since d(&n,rbd Xp) > n,
Yn € Xn, and X, is convex, we have:

d(zn,tbd Xp) > nt = FRd(Y,rbd A) .
We can conclude by defining p 4f Rd(Y,rbd A).

APPENDIX Il
PROOF OF THE LEMMAS OF THM. 2

Proof: Lemma 3 i) Suppose « ¢ Xy,. Let y ' Py, (x) # .
As y e aff X, C aff &;, then ¢ — y € aff &. Letzdﬁf:zz—k
0; ”i ol Then, z € X; because ||z — x| < §;. By the convexity of
Xn and the definition of y, we have d(z, Xn) = d(x, Xn)+0; > 0;,
contradicting the fact that §; > dp (Xn, X;).

The proof of ii) is symmetric and omitted. |

Proof: Lemma 4
i) For & € XT(A), define w € X as follows: Vi € Z, Vn € N,
let wy, f x; + t(zn, — x;) where z is defined in Lemma 2, with
t 4f 26/p < 1. On the one hand:

Vi €I, Yn €N;, d(zn,tbd X;) > p—§

implies  d(wn,rbd &;) > t(p— ) > tp/2 =16,

because each point in the ball with radius ¢(p — &) centered at ws,
is on the segment linking «; and some point in the ball with radius
p — & centered at z, which is contained in X,.

Thus, wn, € X, Vn € N; according to Lemma 3.i). On the other
hand, the linear mapping S : RIT 50— % > nen Yn maps the
segment linking ¢ (z) and z in X(A) to a segment linking X =
% > pix; and Z in the convex A. We get:

T henWn=tZ+(1-t)X € A
and thus w € X (A). Finally, ||wn — ¥n ()| = t||zn —
t2R = 4R3.

ii) For x € X(A), let y & & + t(z — a) with ¢ %. Then, by
similar arguments as above, d(yn,rbd Xp) > & hence y,, € X; and

¥(y) € 2. From the convexity of A:
¥ ayn=tZ+(1—t)(§ X, xn) €A .

Hence w f 4(y) ¢ X{(.A). Finally, ||w; — 9;(z)]
t Y nep, (2n — @n)ll < 2Rp; 5. .

Yn(@)] <
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