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Abstract — A natural question arising when observing crack networks in brittle layers as e.g.
paints, muds, skins, pottery glazes, coatings, ceramics is what determines the distance between
cracks. This apparently simple question received a wealth of more or less complex and appropriate
answers, but no consensus has emerged. Here, we show that the cracks interact mutually as soon
as the spacing between them is smaller than ten times the thickness of the layer. Then, a simple
Griffith-type balance between the elastic deformation energy and the fracture bulk and debonding
costs captures a broad number of observations, going from the square-root or linear increase of the
spacing with the thickness, to its decrease with loading until saturation. The adhesion strength is
identified as playing a key role in these behaviour changes. As illustration, we show how the model
can be applied to study the influence of the layer thickness on crack patterns. We believe that
the versatility of the approach should permit wide applicability, from geosciences to engineering.

BL Rigid substrate

Fig. 1: (a) Drying of a colloidal film on a rigid substrate
[1] (courtesy L. Pauchard). The channeling cracks divide the
transparent layer into polygonal cells provided that h > h. ~
10 pm. Debonding from the substrate appears if h > hg ~
30 pm. The picture (width ~ 600 pm) corresponds to h ~ 35
pm. Delamination is evidenced by the interference fringes. (b)
Cross-section sketch of the layer with notations.

Crack networks invading a tensile brittle layer can be
contemplated in our daily lives, for instance in dishes,
glazes of fine pottery, road pavements, skins during cold
weather, muds [2], paintings [3]. Such patterns are com-
mon on Earth [4,5] and other planets [6,7] within a wide
range of scales. The cracks represent a significant hur-
dle in manufactured coatings (protective films, compos-
ites, MEMS, thermal barriers, electrodes of Li-Ion Bat-

teries ...) [8] where tensile stresses are induced by deposi-
tion processes (e.g. epitaxy, drying of suspensions [2,9])
or in-service loading conditions (e.g., thermal expansion
misfit [10]). Conversely, their control and harness have
been pointed out to be a promising cutting method in
micro-fabrication technologies [11]. The typical spacing
between cracks, whether they form a polygonal pattern
(Fig. 1a) or a parallel array, generally increases with the
layer thickness and decreases with the loading until satu-
ration. These two features have been evidenced in experi-
ments [1,12-16] and in layered rocks [17]. These observa-
tions yield the development of different models, which fail
to reach a consensus [18].

The final crack pattern results from the nucleation and
subsequent propagation of the cracks. Most of the models
can be categorised into two classes, focusing either on (i)
the nucleation or on (ii) the propagation phase. Nucle-
ation is commonly considered to occur only if and where
the tensile stress is above a given threshold. The spacing is
then predicted to be linear with the thickness [19] and the
saturation is explained by the existence, when the spac-
ing is small enough, of a compressive stress in the center
of one cracked segment, prohibiting the creation of a new
crack [17,20-23]. But the choice of the segment center
as nucleation point is arbitrary, the stresses remain ten-
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sile elsewhere; a crack may nucleate there and modify the
local stress state changing it from compressive to tensile,
allowing the crack to propagate down to the substrate [24].
More generally, this first approach omits the fundamental
property of cracks to change the local stress state and to
concentrate the loading at their tip [25]. A second type
of models focus on the propagation of preexisting cracks
by using Griffith’s energy type arguments [22,26]: cracks
propagate by balancing the elastic energy released during
propagation with the formation costs of the fracture sur-
face. But up to now, this approach has failed to predict
the saturation and the linear trend observed in most ex-
periments [1,12-14,16]. The first class of models has then
be invoked to palliate this apparent inadequacy [22].

In this Letter, we show how Griffith’s type arguments
alone can capture most of the above observations with
a minimum set of physically well-based parameters. We
consider a brittle layer in tension adhering to a rigid sub-
strate and two types of fracture patterns : channeling
cracks through the layer and debonding from the sub-
strate (Fig. 1b). We obtain the spacing between chan-
neling cracks by balancing the elastic energy stored in the
deformed layer with the energy cost to be paid to cre-
ate fracture surfaces in the layer or to debond surfaces
from the substrate. First, we retrieve the existence of a
stress or thickness level below which no crack can channel
through the layer, since the elastic energy is insufficient
to overcome the fracture costs [1,26]. Above, we find two
regimes. First, for low enough stress levels, channeling
occurs without debonding and a complex dependence of
the spacing with the loading is found: Cracks first ap-
pear and channel through the layer at places initiated by
some local weaknesses until they start to interact with
each others. The spacing is then fixed by the interaction
between cracks. This transition from a disordered to a
deterministic behaviour [27] occurs for quite large values
of the spacing (~ 10 times the film thickness). Second, for
higher stress levels, the layer debonds progressively at the
expense of channeling, so that the spacing between cracks
saturates. In this regime, the spacing scales linearly with
the thickness and the slope depends on the sole ratio be-
tween bulk and interface fracture energies. We quantify
all these aspects through dimensionless scaling relations
and use them to understand the thickness dependence of
the crack patterns.

We consider a homogeneous brittle layer of thickness
h, Young’s modulus E and Poisson’s ratio v (Fig. 1b),
under plane strain condition', adhering perfectly to a rigid
substrate, and loaded by an increasing uniform isotropic
tensile prestress og (o9 > 0) or equivalent misfit strain

= —1752”00 (which may originate for instance, from
drying [29] or thermal shrinkage). In the absence of any
crack, the layer is under biaxial tension? o = %00.

Iplane stress condition and extension to 3D are discussed in sup-
plemental material [28]; Only the main results are given in the main
part of the manuscript.

2Notice that numerous papers (for instance [26,30,31]), consider

The fracture costs (per unit length in the direction normal
to the Fig. 1b) associated with channeling are NI,h in
the layer, and those associated with debonding along the
interface are NLI;, where N is the number of channeling
cracks and L the length of the debonding zones within one
segment. [}, and I; denote the energies needed to create
one unit crack area in the bulk of the layer and along the
interface respectively.

We assume that the final crack pattern corresponds to
the global minimum of the total energy, defined as the
sum of the bulk elastic and both fracture energies [32,33].
This strong hypothesis leads to quite simple and intelli-
gible results. It has been shown to be realistic in some
experiments (e.g., [34-36]), but could only be validated
scrupulously by solving incrementally the real evolution
problem from the initiation of the cracks (which is highly
material and heterogeneities dependent) to the propaga-
tion of their tips. This task is, with a few exceptions [37],
out of reach. Intuitively, one can conjecture that this min-
imum energy state is attainable provided that the cracks
are not trapped in a local minimum (e.g. that enough
defects are present to nucleate cracks [38,39]) and that
the system has enough latitude to reach this state. In this
simplified view, the channeling cracks are characterised by
their final spacing alone so that any attempt to study the
time evolution of these fractures, whether formed simul-
taneous or incremental, is not relevant.

Using a 1D thin film approximation of this problem [31],
this global minimum has been shown [40] to correspond
to a periodic crack pattern partitioning the layer into seg-
ments of equal length ¢, the edges of which subsequently
debond from the substrate over a length g¢ (0 < 8 < 1).
But this 1D approach cannot take into account any strain
gradient in the thickness of the layer. This may be ques-
tionable once the spacing between cracks becomes too
small in comparison to the thickness, to consider the seg-
ment between two cracks as a 1D film. Moreover, this
model involves some additional bonding layer between the
substrate and the layer, which renders any quantitative
comparison with experiments, as yet, unreachable [41].
Also, we aim here to generalise the results by avoiding the
introduction of any auxiliary bonding layer and by tak-
ing into account stress variations in the layer thickness.
We are looking for the crack (o = h/{), and debonding
(B) densities, that minimises the total energy. For a given
value of v, this energy can be written under dimensionless
form:

B

Stot:OéU(Oé,ﬂ)+&+_

1
252 (1)

where the dimensionless elastic energy of one segment
U(a,B) is defined for o = 1, h =1, { = 1/a, E = 1.
The dimensionless load parameters 3, and X; (where the
subscripts b and i stand for bulk and interface, respec-

o as the loading parameter instead of og. This is suitable for thin
film approximations, but renders any systematic 2D or 3D study
somewhat ambiguous.
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tively) are defined by

h by
oy = am/ﬁ and X; = \/—% with y = I;/T. (2)

Those terms quantify the balance between the elastic and
fracture energies for the bulk and the interface respec-
tively. This minimisation yields a as a function of two
dimensionless parameters, namely X} and v. We assume
that the channeling cracks do not propagate simultane-
ously with debonding®, so that we can proceed in three
independent steps: (i) consider the case without debond-
ing and determine the critical loading level X} necessary
to obtain a given channeling crack density «; (ii) look for
the threshold X¥ corresponding to debonding for a given
value of «; (iii) balance X} with XY to obtain a(Xy, 7).

In the case I; > I}, debonding is impossible, 8 = 0,
and U becomes a function of v alone. Minimisation of ot
(Eq. 1) then gives Y («) = [—W} 1/2. For small
a (large segments), the cracks do not interact with each
other; the size of the zone where the elastic energy is re-
leased (in white on Fig. 2b) is independent of the distance
between cracks [28]; so that X¢(a) ~ XV is constant, the
crack density remains undetermined and an additional se-
lection criteria has to be invoked to determine the spacing.
For large «, the stresses are released everywhere except in
the vicinity of the substrate [28], thus the elastic energy is
stored in a surface (in red on Fig. 2c¢) of typical size ﬁ,
so that U o< J5 and Xj(a) = AL} v is proportional to ov.
Using the Finite Element Method (FEM) to solve the 2D
elasticity problems for different segment aspect ratio «,
we obtain an accurate approximation of X} («) (Fig. 2 for
v = 0.3 and [28] for other values of v). This allows us to
highlight that the crack interaction surprisingly becomes
effective as soon as a ~ 0.1 and the linear behaviour, as
soon as a =~ 0.4, that is for quite small values of the chan-
neling crack density a.

Now, we consider a given « and look for the loading
X% corresponding to the debonding. First, we determine
by FEM, the critical loading parameter X (c, 3) which
minimises (1) at fixed « for different debonding density .

We get Zf (o, f) = |—« %Oﬁ‘ﬂ))} 1/2. For increasing f3,
2% quickly decreases from infinity down to a minimum and
than slowly increases (inset Fig. of 3). Since X —g_0
oo [44], the onset of debonding is impossible without the
presence of a defect. But, the minimum of X7 is reached
for B <« 1 so that in practice a small defect is able to
initiate the debonding. The further slow increase makes
the initiation loading weakly sensitive to the size of the
defects. Also, one can safely define the onset of debonding
by X¢(a) = ming X5(a, B). We get X¢(a) ~ X9 constant
for « £ 0.1 and X§ ~ AYXS\/a for a 2 0.4 (Fig. 3 for
v = 0.3 and [28] for other values of v). This behaviour can

3This makes our results not directly applicable to cases where
debonding occurs at the same time than channeling, as e.g. to [42,
43).

0.1 i
0.01 0.1 1

«

Fig. 2: In the absence of debonding, that is for I; > I}, the
channeling crack density a = h/¢ increases with X%, that is
when the loading oo, the thickness h or the brittleness (I F)~!
of the layer increases (here, v = 0.3). The sketches (b) and
(c) represent one segment in the case of small or large « re-
spectively; the surface in red corresponds approximatively to
constraint zones, whereas the stresses are relieved by the free
boundaries in the white zones (see also Fig. 2 in suppl. mat.
[28]). (b) For small values of a (a < 0.1), the released zones
are independent that is, the cracks do not interact mutually, so
that X5 ~ X9 is constant. (c) For larger values of a (o > 0.4),
Xy ~ AN} «; this can be deduced from the fact that the energy
is released in a zone scaling with é (1 — é)
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Fig. 3: Debonding loading X§ for different channeling («) and
debonding (3) densities (case v = 0.3). Inset: evolution of
X5(B, a) as a function of 3 for a given value . X5(3, ) reaches
a minimum for f < 1, that we use to define the onset of
debonding X¥(a) plotted in the main frame. For small crack
density, X$ ~ X9 is constant. For larger values of a, X§ ~

AXe Q.

be corroborated as follows. For small o, X¢ () is constant,
since each channeling crack behaves independently. For
larger a,, debonding over a small length g releases energy
in the red zone of Fig. 2c over a surface proportional to g é
. 1 _ By1 : : _

[28]; so that U oc (= — &)=, which gives Yj(a) = AX]\/a
proportional to /a.

It is now time to compare X}, with the loading needed for
channeling X}, and the one needed for debonding /7 X7.

p-3



V. Lazarus

2

For v < (inset of Fig. 4), \/7X5 (o) < X} whatever

7)
the value of « so that debonding is favoured against chan2-

0
D
(case considered until the end of the paper), X(a) and
V7 25 () intersect at a point (3¢, o) depending on the
value « alone (Fig. 4 and Fig. 5 of [28]). We find that if
~v 2 0.5, approximate formulae for the intersection point
are a. ~ 2 and X¥ /39 ~ 2y whatever the value of v and
in both plane strain and stress hypotheses [28].

When the loading parameter Y increases, the follow-
ing scenario occurs, assuming as discussed previously that
the global minimum is reached after the nucleation and
propagation phases of the channeling cracks (Fig. 4):

neling and occurs as soon as X; = Z‘?. For v >

1. for X < Zg, the available elastic energy is too small
for crack to channel through the layer. Below this
value some star-shaped cracks may nucleate locally
and propagate following a jerky path ruled by local
inhomogeneities [1], but the available elastic energy
is to weak to obtain a straight propagation through
the layer.

2. for Eg < < Eg, channeling without debonding oc-
curs, since Xy (o) < (/7 Xi(a) in this zone. As long
as the cracks do not interact with each others, they
appear at arbitrary locations corresponding to weaker
heterogeneities. Once the cracks are close enough
(v ~ 0.1), the distance between them becomes de-
terministic and is ruled by elastic interactions [27].

3. for X > Z‘g, no subsequent channeling crack ap-
pears and the additional bulk energy is dissipated in
debonding. Indeed the loading needed for debonding
(X5 (e, B)) increases slowly (Fig. 3inset) with 8 and
stays smaller than the one (X (), @ > «.) needed to
create additional channel cracks. Hence a saturates
at ae.

Thus, simply by balancing the elastic energy and chan-
neling fracture costs with an additional dissipation source
(here debonding), it is possible to understand the increase
of a with the loading until saturation observed in several
experiments [16, 39].

Let us now assume that the cracks are formed under
increasing loading and discuss the influence of the thick-
ness on the final pattern for a given maximum loading
oy and a given material characterized by its fracture

LB
1—v2

toughness K. = The boundaries X and Zl‘f de-

2
0
fines two critical thicknesses: First, h, = [, F (%) =
0
2

0
2 below which no channeling cracks can

THax
90

K2(1-1?)

max

propagate before the maximum loading oy

d 2 d 2
and second, hqg = [, F <%> = he (@) ~ 47?h,

90 90

is reached

- channeling and

© channeling
debonding cracks

+ cracks

no cracks

046('7)

0.1

Fig. 4: Evolution of the crack density a with increasing loading
parameter 2 (v = 0.3). In the case \/7X7 < X} (inset where
v = 04), X < Xy, so that debonding is favoured over
channeling as soon as X}, > \/7X7. In the case WZ? > X9
(y =Ii/I% = 0.86 in the main plot), the curves Xj and /X7
intersect at a point (., X¢)(7). As long as X, < X9, no cracks
can propagate. For X) < ¥, < X¢(v), channeling cracks ap-
pear progressively and follow the evolution of Xj(a) (corre-
sponding to Fig. 2): « is independent from X in the diluted
regime (o < 0.1) and increases linearly with X} once o 2 0.4.
For Z, = X¢(v), X5(c) intersects the debonding onset loading
vX%(a) (red dashed plot taken from Fig. 3). Above this value
(X > X¢(v)), no additional channeling crack appears and the
available elastic energy is transferred to debonding, so that «
saturates at ac(7).

max

below which no debonding can occur before of'**. From
the knowledge of h. and hg, one can thus easily obtain the
toughness K. (if oo is known) and 2 (v), that is v. Also,
Fig. 4 can be plotted under the form ¢/h. as a function of
h/h. (black line in Fig. 5) since £/h. = (1/a)(h/h.) and
h/he = (5y/59)? (use Eq. (2) and definition of h.). Con-
trary to Fig. 4, this curve is nearly independent of v and
is valid for both plane stress and strain hypotheses [28].
For h. < h < hg, channeling occurs without debonding.
The final spacing ¢ decreases with h in a tiny zone, then
the square root dependance of £ with A is retrieved; a good
approximation is £ =~ 4y/hh, for = > 2.5. For h > hg,
channeling has stopped once debonding has occurred, this
fixes the final crack density, so that the spacing ¢ evolves
linearly with h; a good approximation is ¢ ~ 2h/~. In
3D, pattern formation becomes more complex, but simi-
lar scalings are awaited with slightly different pre-factors
[28].

The influence of the thickness on the final crack pattern
(Fig. 1a) formed during the drying of a hard nano-latex
(radius a ~ 15 nm) colloidal suspension has been investi-
gated experimentally in [1]. A layer of liquid dispersion is
dried until the particles form a brittle solid porous mate-
rial saturated with water. The solid then shrinks as the
liquid evaporates due to the progressive build up of an
isotropic prestress o in the layer. At the particle scale,
o¢ is linked to the capillary pressure due to the menis-
cus formed between the nano-particles at the air/liquid
interface. The prestress grows following the theory of
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poro-elasticity [29], until the radius of curvature of the
meniscus becomes maximum [39]. For a dense packing of
spherical particules, this corresponds to of'®* ~ 5.3v¢/a
[45]. Since the contraction is constrained by the adhesion
to the substrate, tensile stresses progressively develop that
possibly give rise to cracks. The three final patterns pre-
dicted by the model are retrieved depending on the layer
thickness: (i) for h < h., some small star-shape nucle-
ation cracks or some jerky paths may be present, but no
straight channel crack crossing the layer since the avail-
able elastic energy was not sufficient to propagate any
crack across the whole layer; (ii) for h. < h < hg, the
layer is cut into polygons by channeling cracks that ap-
pear hierarchically [46], but debonding does not occur;
(iii) for hg < h, progressive division of the layer in poly-
gones is followed by progressive debonding. The critical
thicknesses are approximately given by h. ~ 10 pum and
hq ~ 30 pm. This gives, inverting the model and taking
o®™ ~ 53v/a ~ 25 MPa (y9 = 0.07 N/m is the sur-
face tension of water), K, ~ 0.02 — 0.06 MPa.m'/? for
v =0.2—-04 and v ~ 0.9 which sounds reasonable in
regard of more conventional materials [47]. Remarkably,
the method provides an estimate of K. at the moment of
fracture, that is before the end of the consolidation, value
which is inaccessible by more conventional methods based
on tensile fracture tests. The behaviour of the final spac-
ing ¢ with h, reported on Fig. 5, is in qualitative agree-
ment with the theoretical solution. The underestimation
of ¢/h. by the model may be explained by the omission
of other than fracture and bulk energy consumptions (e.g.
elastic deformation of the substrate, friction or plasticity
[48]). Other hypotheses made here are also questionable,
notably (i) the omission of the crack propagation history
and the hypothesis that the final pattern corresponds to a
global minimum state of the total energy and (ii) the 2D
simplified geometry of the effective 3D crack pattern [28].
In previous drying experiments, measurements made in
the regime without debonding (for h. < h < hg) are in-
sufficient to make any comparison. Therefore, the spacing
obtained for some epitaxial films [49] is added on Fig. 5.
The square root scaling is in agreement with the chan-
neling regime, suggesting the absence of debonding (this
indication is however lacking in the paper). The quantita-
tive discrepancy may be explained by the elasticity of the
substrate which increases the spacing [50] since it absorbes
some elastic energy; But this elasticity is not taken into
account in our solution contrary to theirs. Other papers
[13,51,52] report a constant value of « independently of
h, decreasing when the adhesion decreases, apparently in
qualitative agreement with our model. It is however diffi-
cult to conclude since adhesion may play on both, debond-
ing energy and bottom friction (which changes the bound-
ary condition at the substrate hence the stress field and
elastic energies). Generally speaking, it seems difficult to
fully test this approach and notably the key role (high-
lighted here) of the adhesion strength, using the numerous
measurements of crack spacing available in the literature.

100 -
. £
: L
: §
' ¥
IR S
< ol
= 10 . i
N x :
. [1] theory
. 1] experiments  x
: [49] theory -----
L ha/he  [49] experiments =

10 100
h/he

Fig. 5: Evolution of the crack spacing ¢ with the film thickness
h, deduced from Fig. 4. The nondimensionalization by h. ren-
ders this plot independent of v. For h < h., neither channeling
nor debonding cracks have enough energy to propagate. For
he < h < ha, £ < Vh; this square-root scaling is in agreement
with the one observed in epitaxial films [49]. For h > hq, £ < h
in agreement with drying of colloid experiments [1]. In those
experiments, h. ~ 10 um and hq ~ 30 pm, yielding v ~ 0.86
corresponding to this plot; the crossover from the square-root
to the linear regime at hq/hc is barely apparent (Dashed line
on experimental points are guides for the eyes). Several reasons
may explain that our model underestimates the spacing: the
omission of some other sources of energy (e.g. elastic deforma-
tion of the substrate, friction or plasticity); the simplified 2D
geometry; the omission of the crack propagation history and
the correlated hypothesis that the final pattern corresponds to
a global minimum of the energy.

Performing new experiments is necessary to this end.

To summarize, the cracks interact mutually as soon as
their spacing becomes smaller than ten times the thick-
ness of the layer. Then, balancing elastic with fracture
bulk and interface energies provides the channeling crack
density in a tensile brittle fracture layer as a function of
two dimensionless parameters: Y which provides the ra-
tio between the elastic energy stored in the layer and the
fracture energy, and v which is given by the ratio between
the layer fracture energy and the adhesion energy at the
layer /substrate interface. These two dimensionless param-
eters are sufficient to understand a broad number of ob-
servations going from the square-root or linear increase of
the spacing with the thickness, to its decrease with load-
ing until saturation; the adhesion strength being identified
as a key ingredient of these behaviour changes. We illus-
trate on an example how readily measurable quantities,
as the critical onset of channeling and debonding thick-
nesses, can be used to characterize the material and the
interface strength. Along a similar line, it would also be
possible to inverse the model to obtain some clues on the
loading at the origin of natural crack patterns on Earth or
other planets. Finally, the present modelling framework is
versatile, its extension to other geometries (e.g. multilay-
ers [38], cylinder [52]), loading (e.g. uniaxial tension of the
substrate [16]) and dissipation sources (e.g. plasticity [12],
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friction [53], spalling [15], which may also yield saturation
of the crack density with the loading), is quite straight-
forward, broadening the range of applicability, whether in
geosciences or engineering.
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