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Assessment of effective elastic properties and residual stresses in directionally solidified eutectic Al 2 O 3 /YAG/ZrO 2 ceramics by finite element analysis

Current challenges in CO 2 and NO x emissions reduction push aircraft engine manufacturers to innovate technologically while increasing the efficiency of their engines (stress and temperature). Therefore, current materials such nickel based superalloys cannot be used anymore and new materials are thus considered. For the hottest parts of jet engines, eutectic ceramics have potentially interesting features. In order to assess the thermo-mechanical properties of this material, numerical multi-scale analyses may be performed. Thus, a 3D finite element model was generated from a CT scan, representative of the microstructure and with a similar volume fraction. Effective elastic properties were calculated by numerical homogenisation. They highlight a quasi-isotropic behaviour of the ternary eutectic ceramics. Thermal residual stresses induced by the manufacturing were also evaluated. Tensile residual stresses in yttria-stabilised zirconia and compressive residual stresses in YAG and alumina were highlighted. This evaluation also shed light on the influence of the phase morphology in the microstructure. Indeed, the computed spatial distribution of the residual stresses showed that they are different from one position to another due to the variation in phase morphology, and also to material properties variability. Therefore, it is important when numerically assessing the thermomechanical properties to take into account the microstructure morphology as well as the variability of material properties.

Introduction

To ensure improvement of engines efficiency, operating temperatures have to be increased which requires the development of high temperature resistant materials. Indeed, materials such as nickel based superalloys cannot be used due to their melting temperature which is lower than 1400°C. For the hottest parts of jet engines, eutectic ceramics are a potentially interesting alternative given their low density, their excellent oxidation resistance as well as their chemical stability in extreme environments [START_REF] Orera | Directionally solidified eutectic oxide ceramics in the encyclopedia of materials: science and technology[END_REF]. Several studies have also shown that eutectic ceramics may have stable mechanical properties up to temperatures close to the melting point [START_REF] Waku | A ductile ceramic eutectic composite with high strength at 1,873 K[END_REF][START_REF] Waku | High-temperature strength and thermal stability of a unidirectionally solidified Al2O3/YAG eutectic composite[END_REF][START_REF] Waku | The creep and thermal stability characteristics of a unidirectionally solidified Al2O3/YAG eutectic composite[END_REF], so the cooling of components may not be needed.

Eutectic ceramics are often elaborated by unidirectional solidification. Binary eutectic systems, such as Al 2 O 3 /Y 3 Al 5 O 12 (YAG) or Al 2 O 3 /GdAlO 3 (GAP), elaborated by unidirectional solidification present a specific microstructure named 'Chinese Script', in which a continuous network of Al 2 O 3 single crystal and oxide single crystal (YAG, GAP) interpenetrates without grain boundaries [START_REF] Nakagawa | High temperature strength and thermal stability for melt growth composite[END_REF][START_REF] Yasuda | Three-dimensional observation of the entangled eutectic structure in the Al 2 O 3-YAG system[END_REF]. In the case of ternary eutectic systems, cubic zirconia is added to improve the fracture toughness of the material and is present as a dispersoid mainly located at the interface between the two single crystals [START_REF] Waku | A novel oxide composite reinforced with a ductile phase for very high temperature structural materials[END_REF]. The relative stability of the mechanical properties in flexural, tensile or creep mode is then explained by the absence of grain boundaries [START_REF] Waku | High-temperature strength and thermal stability of a unidirectionally solidified Al2O3/YAG eutectic composite[END_REF][START_REF] Llorca | Directionally solidified eutectic ceramic oxides[END_REF][START_REF] Mazerolles | Creep behavior and related structural defects in Al 2 O 3-Ln 2 O 3 (ZrO 2) directionally solidified eutectics (Ln= Gd, Er, Y)[END_REF]. During the solidification of the melt, a coupled eutectic growth of 2 or 3 phases occurs. In the case of ternary eutectic systems, internal stresses, generated during solidification from the melting point to the room temperature induced by the coefficients of thermal expansion (CTE) mismatch between the phases, are important. Consequently, residual stresses must be taken into account because they will affect the mechanical behaviour of the material.

Analytical and numerical approaches can be used in order to assess the residual stresses. Several authors have recently calculated the thermal residual stresses in binary and ternary eutectic ceramics by an analytical approach using a concentric cylinder model [START_REF] Perrière | Crack propagation and stress distribution in binary and ternary directionally solidified eutectic ceramics[END_REF][START_REF] Valle | Mechanical testing of directionally solidified eutectic ceramics (DSECs): specific problems and limitations[END_REF]. In this method, perfect concentric cylinders of each phase embedded into an equivalent homogeneous material are considered and residual stresses are calculated analytically. Even though this approach describes the environment of each phase well, for instance the presence of ZrO 2 entirely entangled in Al 2 O 3 , it is clearly not representative of the phase morphology. Ochiai et al. computed the residual stresses produced during solidification in YAG of the Al 2 O 3 /YAG eutectic ceramic by a finite element analysis [START_REF] Ochiai | Residual stresses in YAG phase of melt growth Al 2 O 3/YAG eutectic composite estimated by indentation fracture test and finite element analysis[END_REF]. A 2D finite element model generated from a SEM observation had been used. The average residual stress in YAG, resulting from a thermomechanical computation, was -180MPa in a range of -300 to 0MPa. Although the finite element model is 2D, a residual stresses distribution is highlighted and shed light on the influence of the microstructure morphology. This study aims to assess the residual stresses induced by the unidirectional solidification with a 3D finite element model generated from a Computed Tomography (CT) scan. Thus, the morphology of each phase and the 3D interpenetrating network structure will be taken into consideration. This model will also be used in order to assess the effective elastic properties of the ternary eutectic ceramic, Al 2 O 3 /YAG/ZrO 2 , in order to identify a mechanical representative elementary volume.

Numerical procedures 2.1. From CT-scan to 3D finite element model

A sample with a rectangular cross-section of (399.3 x 452.7)µm 2 and a length of 567.6µm was scanned with the Easytom XL Nano computed tomography system with a spatial resolution of 0.3µm. Two single crystals of Al 2 O 3 and YAG, and a dispersion of the yttria-stabilised zirconia (YSZ) were highlighted with an elongated microstructure along the growth direction. The distribution and growth directions as well as the crystallographic orientation relationships were investigated by EBSD [START_REF] Londaitzbéhère | Etude de nouveaux composites eutectiques à base d'oxydes réfractaires préparés à partir de l'état fondu. Propriétés mécaniques et mécanismes de déformation à haute température[END_REF]. The main orientation relationship is [10 1 0] Al 2 O 3 // [001] YAG,YSZ with a volume fraction of 28.44% Al 2 O 3 with an average size of 2.91±0.6µm, 60.33% YAG with an average size of 1.74±0.3µm and 11.23% yttria-stabilised zirconia [START_REF] Cherif | Croissance de la céramique eutectique Al2O3-YAG-ZrO2:Y et étude de la microstructure Chinese Script[END_REF].

In order to generate a 3D finite element model, a cube of 1 million voxels corresponding to a 30µm edge was removed from the initial CT-scan (Figure 1). Then, several steps were performed in Avizo 9.0 software to segment the three phases and generate a tetrahedral mesh of about 10 million finite elements (C3D4, 5 million degrees of freedom) [START_REF]Avizo 9.0, 3D Analysis Software for Scientific and Industrial Data[END_REF]. The resulting 3D finite element model seems to be representative of the real microstructure regarding phases' morphology and volume fraction. Indeed, Al 2 O 3 volume fraction is about 26.56%, YAG is 65.58% and yttriastabilised zirconia 7.86%, which are similar to the volume fractions previously analysed by the CT-scan. 

Identification of a mechanical representative elementary volume

Numerical analyses have to be performed on a representative elementary volume (REV) in order to assess reliable material properties. To identify this REV, the volume of the cube was increased while keeping its centre fixed and the effective elastic properties were assessed by numerical homogenisation with Mixed Uniform Boundary Conditions (MUBC), where the model is submitted to an orthogonal mix of classical Kinematic Uniform Boundary Conditions (KUBC) and Static Uniform Boundary Conditions (SUBC) suggested by Hazanov and Huet [START_REF] Hazanov | Order relationships for boundary conditions effect in heterogeneous bodies smaller than the representative volume[END_REF] and extended to shear loading by Pahr and Zysset [START_REF] Pahr | Influence of boundary conditions on computed apparent elastic properties of cancellous bone[END_REF]. Three parameters were considered, the first constant (C 11 ), the norm (N C ) of the stiffness tensor and the Young's modulus in the longitudinal direction (E 1 ).

The material properties used in this study are presented in Table 1. Al 2 O 3 is considered as a trigonal material, YAG is a cubic material and the yttria-stabilised zirconia is assumed to be elastically isotropic [START_REF] Llorca | Directionally solidified eutectic ceramic oxides[END_REF][START_REF] Hovis | X-ray elastic constants for α-Al 2 O 3[END_REF]. The crystallographic orientations obtained via EBSD analysis were input as a set of Euler angles (φ 1 , ϕ, φ 2 ) in Bunge convention. Full field computation was carried out with the finite element code Z-set [START_REF]Z-set 8.6.5, Zébulon, Non-linear finite element solver[END_REF] and was solved by parallel computation (AMPFETI method) on 72 subdomains decomposed by METIS [START_REF] Bovet | Adaptive multipreconditioned FETI: scalability results and robustness assessment[END_REF]. Figure 2 shows the results of the homogenisation performed in two different locations chosen randomly in the CT-scan. For finite element models of a 0.5 million voxels volume, the effective elastic properties seem to be converging because the volume fractions do not evolve and are similar to the CT-scan analysis. Additionally, the relative error between the two areas is less than 1%. Therefore, a model with a volume of 1 million voxels may be considered as a mechanical REV and is large enough to assess reliable effective elastic properties if the volume fraction converges.

Estimation of the residual stresses

To assess the residual stresses induced by the manufacturing, a ramp down from the solidification to room temperature was applied on the whole 3D finite element model. The 'stress-free' temperature of the ternary eutectic ceramic Al 2 O 3 /YAG/ZrO 2 is assumed to be the same as the binary eutectic ceramic Al 2 O 3 /YAG and was taken at 1150°C. This is however in agreement with the temperature necessary to activate plastic deformation in yttria-stabilised zirconia (1200°C), and to initiate slip in basal (900°C), in prismatic and pyramidal planes (1150°C) of Al 2 O 3 single crystal [START_REF] Llorca | Directionally solidified eutectic ceramic oxides[END_REF]. Above this temperature, the thermal residual strains are assumed relaxed by the plastic deformation induced by creep phenomena. Symmetry conditions were applied on the left, bottom and front faces. Regarding material properties, average constant CTE of each phase obtained independently from dilatometry measurements in the range from room temperature up to 1273°C were used [START_REF] Gouadec | Ruby micro-piezospectroscopy in GdAlO 3/Al 2 O 3 (/ZrO 2), Er 3 Al 5 O 12/Al 2 O 3 (/ZrO 2) and Y 3 Al 5 O 12/Al 2 O 3 (/ZrO 2binary and ternary directionally solidified eutectics[END_REF] (see Table 1).

Results and discussion

Comparison between effective elastic properties calculated by numerical homogenisation and experimental measurements

Effective elastic properties calculated by numerical homogenisation can be compared with experimental ultrasound immersion measurements conducted at room temperature. This method has the advantage to determine from a single specimen all stiffness tensor components using Christoffel's relation that links material mechanical properties to plane waves velocities [START_REF] Baste | Evaluation de la matrice d'élasticité des composites orthotropes par propagation ultrasonore en dehors des plans principaux de symétrie[END_REF]. Once the stiffness tensor is determined, the equivalent elastic modulus can be calculated as a function of the orientation. As shown in Figure 3, the previous numerical homogenisation highlights a quasi-isotropic behaviour of the ternary eutectic ceramic, whereas experimental ultrasound measurements seem to show a slight anisotropy. The chosen REV is then not enough representative of the microstructure, which explains the isotropic behaviour found numerically. However, the ultrasound immersive measurements that show anisotropy could also be put into question since the measurements accuracy is different in the length of the specimen and its thickness, which may lead to a non-precise estimation of off-diagonal stiffness tensor components. Moreover, differences between numerical and experimental data may be explained by the material properties used in the simulations. Although Al 2 O 3 is considered as a trigonal material, the anisotropy is not that important (4 GPa, cf. Table 1), and the volume fraction is only about 30%. Thus, the anisotropy of the homogeneous material should not be significant, leading to an isotropic behaviour since the two other phases are more or less isotropic. Furthermore, estimating material properties of each phase independently may be difficult and differences are observed in the literature [START_REF] Llorca | Directionally solidified eutectic ceramic oxides[END_REF][START_REF] Ochiai | Residual stresses in YAG phase of melt growth Al 2 O 3/YAG eutectic composite estimated by indentation fracture test and finite element analysis[END_REF][START_REF] Alton | Temperature dependence of the elastic constants of yttrium aluminum garnet[END_REF][START_REF] Peña | Processing, microstructure and mechanical properties of directionally-solidified Al 2 O 3-Y 3 Al 5 O 12-ZrO 2 ternary eutectics[END_REF][START_REF] Hillman | Cracking of laminates subjected to biaxial tensile stresses[END_REF]. Hence, a sensitivity analysis of material properties is suggested in order to quantify a numerical error. In addition, the numerical simulations consider the phases as perfectly bonded thus no mechanical properties are defined in the phase boundaries.

Residual stresses distribution calculated by FEM

Figure 4 shows the hydrostatic residual stresses distributions among the three phases after cooling. Tensile hydrostatic residual stresses in yttria-stabilised zirconia (about 970MPa in average) and compressive residual stresses in Al 2 O 3 and YAG are highlighted (about -80MPa and -90MPa in average respectively). This result was expected given the CTE used and had already been calculated by an analytical approach (concentric cylinder model) [START_REF] Perrière | Crack propagation in directionally solidified eutectic ceramics[END_REF]. However, this figure also shed light on the significant effect of the phases' morphology, highlighted by the standard deviation of normal distributions. In other words, the hydrostatic residual stresses distribution had to be considered rather than the stresses average value. As already shown with a 2D FEM analysis these stresses are thus dependent on the local morphological factors such as thickness, curvature and local volume fraction [START_REF] Ochiai | Residual stresses in YAG phase of melt growth Al 2 O 3/YAG eutectic composite estimated by indentation fracture test and finite element analysis[END_REF]. Consequently, approaches like the inclusion method can over or underestimate the local stress field and locally make important errors, which could be structurally detrimental for the components. Knowing that assessing properties of each phase independently may be difficult, a sensitivity analysis was performed in order to estimate the influence of each parameter on the alumina hydrostatic stress. Numerical experiments were designed using a Latin Hypercube algorithm coupled with a minimal discrepancy criterion to ensure an uniform sampling [START_REF] Niederreiter | Random number generation and quasi-Monte Carlo methods[END_REF][START_REF] Mckay | Comparison of three methods for selecting values of input variables in the analysis of output from a computer code[END_REF]. Fifteen material properties were considered (Table 1), which can vary in a ±10% interval for a total of 10 numerical simulations per parameter, resulting in 150 simulations overall. A kriging surrogate model was then identified and the sensitivity analysis was conducted on 1000 sets of parameters chosen randomly with a Monte-Carlo algorithm and repeated 50 times, in order to compute the first order and total Sobol indexes [START_REF] Sobol | Sensitivity estimates for nonlinear mathematical models[END_REF]. The first order index quantifies the influence of one parameter and the total index quantifies the influence of one parameter and its interaction with others on the response. 5 presents the results of this sensitivity analysis. As shown, the variations of the 11 elasticity constants are negligible in comparison with the variations of CTE. The elastic constants seem to have an effect on the alumina hydrostatic residual stresses but do not significantly vary when the material properties vary within ±10%. In addition, the variation of the YAG CTE explains about 60% of the results. This is the most sensitive parameter, mainly due to the fact that the YAG phase has the most important volume fraction. It is however interesting to see that the most sensitive parameter on the alumina hydrostatic stress is not the alumina CTE. Moreover, a difference could be noticed between the two sets of alumina CTE showing probably an anisotropic thermal behaviour. Finally, no interaction effects between the different material properties are seen, since the first order and the total Sobol indexes are comparable.

The hydrostatic stress in Al 2 O 3 measured by Gouadec et al. using ruby micropiezospectroscopy [START_REF] Gouadec | Ruby micro-piezospectroscopy in GdAlO 3/Al 2 O 3 (/ZrO 2), Er 3 Al 5 O 12/Al 2 O 3 (/ZrO 2) and Y 3 Al 5 O 12/Al 2 O 3 (/ZrO 2binary and ternary directionally solidified eutectics[END_REF] and computed by the previous finite element analysis are presented in Figure 6.a. An important difference is highlighted, which can be demonstrated experimentally and numerically. Experimentally, the ternary eutectic ceramic elaborated in Gouadec's works had been grown by unidirectional solidification at a different rate, resulting in a finer microstructure and may explain the gap observed. Regarding the 'stress-free' temperature, it was chosen as the onset temperature of dislocation slip in Al 2 O 3 single crystal. However, this 'stress-free' temperature is not fixed and is highly related to the manufacturing (gradient of temperature and cooling rate). As the 'stress-free' temperature is unknown, it could be replaced by the melting temperature of the ternary eutectic ceramic in order to calculate the lower bound of residual stresses. For a melting point temperature of 1715°C according to Piquet [START_REF] Piquet | Microstructures interconnectées dans des eutectiques à base d'oxydes réfractaires élaborés par solidification dirigée[END_REF] (∆T = 1695°C), the average residual stresses were 1437MPa in yttria-stabilised zirconia, -129MPa in YAG and -113MPa in Al 2 O 3 (Figure 6.a), which are still different from the experimental measurements. Therefore, an experimental evaluation of the residual stresses in the specific microstructure studied has to be performed in order to do a direct comparison and to conclude on the quantitative quality of this numerical evaluation. Numerically, several studies have shown that CTE is temperature dependent, while a constant CTE for all temperatures is considered in this study. The solid blue line in Figure 6.a represents the residual stress distribution resulting from computation with a variable CTE as found in Hillman et al. and Perrière works' [START_REF] Hillman | Cracking of laminates subjected to biaxial tensile stresses[END_REF][START_REF] Perrière | Élaboration par solidification dirigée et comportement mécanique de céramiques eutectiques à base d'oxydes réfractaires: rôle de la microstructure sur la fissuration et la déformation plastique à haute température[END_REF]. The alumina hydrostatic residual stress average is greater when considering a variable alpha, which does not explain the gap with the experimental data. Two main reasons may explain this difference, the impact of phase boundaries properties as discussed in section 3.1 and the material properties used. Using the surrogate model, a propagation of uncertainties can be computed. As a matter of fact, there is not only one residual stress distribution but several in a range of -600 to 400MPa and each distribution corresponds to a set of experimental material properties. The choice of one set of material properties randomly could then lead to an error in the residual stress distribution estimation (Figure 6.b). In conclusion, taking into account the morphology of the microstructure and the variability of the material properties is important. Indeed, in spite of a correct average value, local overloads of the structure may happen, which cannot be handled very well by eutectic ceramics and brittle materials in general. In addition, material properties of each phase are also needed because a very little variation of these may have an important impact on the simulation results. 

Conclusions

To assess the residual stresses induced by the manufacturing in a ternary eutectic ceramic, a 3D finite element model was created from a CT-scan. This model seems enough representative of the microstructure regarding to the morphology and the volume fraction. A mechanical representative elementary volume was identified in order to perform reliable analyses. The results can be summarised as follows:

1. Numerical homogenisation conducted on the 3D finite element model seems to show an isotropic behaviour of the ternary eutectic ceramic. However, immersion ultrasound experimental measurements highlight a slightly anisotropic material. Nevertheless, considering the dispersion and the lack of knowledge of the material properties of each phase, these results constitute a good step toward a better understanding of these materials behaviour.

2. Thermal residual stresses induced by the manufacturing were assessed. Tensile residual stresses in yttria-stabilised zirconia and compressive residual stresses in YAG and alumina were found as expected. This evaluation also shed light on the influence of the morphology of the microstructure and the variability of material properties, which have to be taken into account in modelling.

3. Multi-scale analyses can be used to rank different eutectic systems in a timely manner. Moreover, investigating the rupture at the microscopic scale using local criterion could be done in order to explain the fracture surfaces observed experimentally. The knowledge of the microscopic scale phenomena will be useful and necessary for designing a component.
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 6 Figure 6: a) Comparison between the alumina hydrostatic residual stresses measurements by ruby micropiezospectroscopy [15] and calculated by FEM, and b) propagation of uncertainties
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