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Abstract: This paper presents a new approach to transform a constrained geometric
object. The geometric model is based on the vectorisation of the object’s shape. Thus,
elementary geometric entities and constraints are represented by a set of vectors or
bivectors in order to establish the object specifications. The metric tensor is the
mathematical tool used to define the vector space generated by the set of vectors and
bivectors. The transformation of the initial object is realised thanks to a transformation matrix
associated with a connection matrix. Based on the point of displacements of the initial object,
this new method gives the final object satisfying the geometric specifications required by the
designer.

Keywords: geometric constraint; non-Cartesian geometry; tensorial model; perturbation;
declarative modelling.

1 Introduction

In this paper, we focus on geometric modellers. Various types of geometric
modellers can be found: parametric modellers, which include B-REP (Boundary
Representation), CSG (Constructive Solid Geometry) and hybrids; variational
modellers have a higher level of abstraction.

117



Declarative modelling is a well-adapted solution to declare and specify geometric
objects and constraints in computer-aided design systems. The aim of declarative
modelling in mechanical design is to provide high-level tools and methods to assist the
designer to solve technical problems and find suitable solutions.

In such modellers, the elementary objects and related constraints are described rather
than the objects creation procedure. This type of approach can be found today in modules
of some 2D sketcher software (Lesage, 2002) and/or for defining part assembly. The
systems of geometric constraints to be solved in CAD are often very large. Consequently,
they are often decomposed. The decomposition methods reduce the systems of
constraints to be solved into several sub-systems easier to solve. All solutions found for
the sub-systems are merged in order to provide solutions of the initial system.

There are two ways for decomposing a system of constraints according to the solving
processing phase. First, during the problem analysis, the structural decomposition
methods help to organise the data of the problem to build a more robust solution. These
methods are also called directed graph methods because they use the properties of graph
to identify the independent soluble subsystems. They can be decomposed into two sub-
methods: the structural methods, such as downward approaches of Owen (1991) and the
ascending approaches of Hoffmann et al. (1997) and Bouma et al. (1995); and the rules-
based methods. Second, in the digital resolution phase, which occurs after the generation
of the equations, the system decomposition consists in an equational decomposition of
the system to be solved. This paper focuses more on the resolution of equations than on
the reducing the complexity of the system of constraints.

This research uses the variational model already presented by Serré (2000) and
Moinet and Serré (2011). This model allows describing 2D geometric objects using the
point and the straight line as basic geometric entities. For modelling 3D objects, the basic
geometric entities are the point, the straight line, the plane, the cylinder and the sphere.
To complete any object modelisation, geometric constraints are added between basic
entities. These constraints may be one of the following types: coincidence, orthogonality,
parallelism, distance and angle (Riviére, 1993; Clément et al., 1994). The geometric
model is based on a vectorial representation of the geometric entities and the constraints.
Section 2 presents briefly the vectorisation of the geometry and the non-Cartesian model.
Mathematical tools used are also detailed in this section. Then, Section 3 presents the
proposed approach based on the transformation of the initial geometry thanks to a
connection matrix and a perturbation matrix. This method is particularly appropriate for
CAD as the user always starts by ‘drawing’ an initial shape that is gradually modified to
obtain the desired object. Section 4 details the setting equations specifications. These
equations involve geometrical specifications like angle line—line equations, angle plane—
plane equations, length equations and area equations. Each type of specification imposed
by the designer will be reflected in an algebraic equation determined from the metric
tensor. Section 5 describes the iterative method used to solve the algebraic system and an
application is detailed to illustrate the method. Finally, Section 6 permits to discuss on
the method whereas Section 7 concludes this paper.
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2 Geometric model

2.1 Vectorisation of the geometry

First step of the declarative modelling is the description. This step defines the
interaction language that allows the designer to provide properties and relation
between the design objects.

The geometric entities handled are points, straight lines and planes — termed
the MRGEs for Minimum Geometric Reference Elements (Riviére, 1993; Clément
et al.,, 1994). Authors apply a related vectorial model to this data model. As a result:

e the point is represented by a point;
e the straight line by a vector and a point;
e the plane by a vector and a point.

Let us take an example, given e; and e, two elements in a vectorial space E. They are
chosen as directional vectors of the straight lines running through points M and N.

Add a new unit vector to this space:e;.

Here /; is the length between the two points M and N, thus give:
u,, =he

mi

The angle between the straight lines running through e, and e, will be written as ¢, and
can be obtained by the scalar product of these two unit vectors (Figure 1).

Figure 1 Vectorisation

Using this model allows to represent the geometry with vectors. The metric tensor is the
mathematical tool chosen to translate the vector relations in algebraic relations.

2.2 Tensorial modelling

The propose of the paper is to use a non-Cartesian model to characterise geometric
objects. Contrary to most of geometric models defined by constraints where all elements
are represented in a Cartesian frame and the coordinates of all characteristic points are
the unknowns of the system of algebraic equations, the non-Cartesian models use
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mathematical tools to write algebraic equations between intrinsic characteristic elements
of the geometrical object. For instance, the determinant of Cayley—Menger is the base of
the method used by Michelucci and Foufou (2004, 2006) to calculate distance between
points. Hestenes represents geometry with a unified framework that is geometric algebra.
This recent mathematical tool is based on Clifford Algebra (Hestenes, 1966; Hestenes,
1986; Hestenes et al., 1984; Serré et al., 2011).

The approach based on tensor uses a set of vectors describing the objects and
constraints. The metric tensor of this set of vectors is constructed. This metric tensor
fully defines the metrics of the object and does not depend on a particular Cartesian
frame.

An added advantage of this approach is the possibility of ensuring specification
consistency by verifying the mathematical properties of the metric tensor (symmetrical,
semi-definite positive ...). For example, it can be easier to detect whether the problem
has a solution or not, by calculating specific determinants.

2.1.1 Vectors

Any geometry can be simplified as points and vectors. These are the central elements of
our modelling. This section recalls some important properties of vectors. More details are
found in the work of Moinet (2008).
Any vector x in a vectorial space with #» dimensions in which a base ¢,e,,...,¢e, is
defined as:
x=Yex'

i=1

n

where x',x,...,x" are the contravariant components of the vector. In another base

E,E,,...,E, it will have the coordinates X', X°,..., X".

Authors will subsequently use the Einstein convention to simplify writing: if, in an
expression, the same index is repeated at the top and bottom, the summation of this index
is implicit.

In a Euclidean space, the scalar product of two vectors x and y is written as:

X,y = ZZe,,e,.x"yj
-1 =1
The metric tensor is defined as G

i
With the metric tensor, the covariant components of a vector are defined as:

=e,e, =G,

- - i—G.y
x, =e,x=e¢,ex =Gx’.

2.1.2 Bivectors

According to Cartan (1946), a bivector is defined as follows: bivector calls the object
formed by two vectors x and y arranged in some order, noted [xy]. This definition only
makes sense if the equality of two bivectors is defined.

4117



Let P is the first bivector defined by vectors x and y; and the second bivector QO
defined by the vectors u and v. z is a vector perpendicular to the plane of the first bivector
by:

zxX + 2,0+ 4z, X" =0
1 2 n
Zy +z,y +...+z,y" =0

Note that the components z,,z,,...,z, are connected by the following equation, obtained

by removing z;: "
Zz(xlyz—x2y1)+z3(x1y3—x3yl)
+..+z, (xly" —x”yl)=0

Let set P¥ as:

J i

P =x'y/ —x'y
and
0" =u'v —u'V'

PY are the coordinates of the P bivector. P; called the covariant components of the
bivector and P’ is the contravariant components.

Note that P’ =—P” (id. P, =—P,).

Calculate the area A of a parallelogram OACB associated with the bivector P, as shown
in Figure 2:

4 =o' |oB] sin* 40B)
2 2 ——\\?
~llo4[" |oB[f ~(04.08 cos(40B))

=x’y —(x-y)
x’ xX-y
2

y-x oy

X; X/.

v ¥
:B]_x'yj

As Px'y’ =P,x'y' =-P,x’y", we deduce that

IR N
A =EP” (x v =x'y )=E P’ (1
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Figure 2 Bivector

o X A

Relations between contravariant components P and covariant components P; of bivector
P are the following:

s X gihxh gjk‘xk _ Ik
i~ = h | = 8in8 i
Yi Vil |8y  &pY
Formula (1) is rewritten as:
1 . 1 . 1 .
2 _ i y _ i hk hk
A _EPijP/ _ZP/(ID[/'_})ji)_ZP/(gihgjkP _gjhgikP )
1

:Z(gihgjk _gjhgik)PijPhk

This formula is similar to that giving the square of the length of a vector with the

n(n—l)
2

form are for two composed indices i/ and /k.
Like the metric tensor with simple indices, note that the coefficients are always
symmetrical:

G[f,hk:Gih ij - Gik Gjh 2
n (n - 1)
2
whose metric is defined by the coefficients of Gy .

Scalar product: The above results are used to define the dot product of two bivectors
by one of two expressions:

difference: a bivector has components P/ and the coefficients of the quadratic

Any bivector can be represented by a vector of

dimensions Euclidean space

1 P
—P.Q" =—P’Q,
2 ’]Q 2 Q!

This scalar product has a numerical value independent of the choice of coordinates. In the
Euclidean space, the dot product of two bivectors equals the product of their measures by
the cosine of the angle of their planes (analogous to the scalar product of two vectors).
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Angle ¢ is defined as angle between plans of two bivectors P and O, by formula:

cosp =

PO
,PZ 'QZ
3 Geometric transformation

3.1 The connection matrix

A geometric object is represented by a list of vectors. Given V a set of n non-normed
vectors as: V = (vl,vz,...,vn) . Each vector is an oriented bipoint. For example, v; has Si;

as origin and Si, as target (see Figure 3). The matrix G(V) is defined as:
G

(V) =y,
This matrix is also noted Gy

Figure 3 Vertex displacement

Si,

V, Si,

Initial

V, object

Vs

Si,

The two objects are represented by two different matrices which have the same size.

The variation Sf; — Si; corresponds to the vertex displacement. Here Si; and Sf; are
vectors which are the position of the vertex i, before and after displacement, respectively.

An incidence matrix C makes the relation between each points of an object and
vectors. It is an n x m matrix where n and m are the number of vectors and vertices,
respectively, such that C; = —1 if the vector v; leaves vertex §;, 1 if it enters vertex S; and
0 otherwise.

Then, the edge relation for an initial object is:

v, =C, S €)
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The edge relation for a final object is:

u, =C, Sj 4)

3.2 The perturbation of the initial object model

If V'is a set of vectors of ranks r and U is a set of vectors obtained after a transformation
from an initial state to a final one, we express the relation between these two states.
Note the vertex variation:

Sf; = Si, =Q,v, %)
This matrix Q is called the perturbation matrix from the initial state of the geometry to
the final one. It is an # x m matrix.

Thanks to equation (5), the relation between initial vectors and final one is
uncomplicated:

u, =C; (ijvk +Sij)
u, =v,+ Ci/ ijvk
U, = (é‘zk + Ci/‘ ij) Vi (6)

where J; represents the Kronecker symbol which equals 1 if i = k£ and, if not 0.
The purpose is to find a transformation of an object from its initial shape to its final
one. H matrix characterises the position of all geometry’s points. Indeed

H;=u,u,
H; :(é‘ik +Cz’/‘Q/’k) vk’(é‘jm +C/'IQIm) Vin
Hy =(8,+C;Q,)(8,,+C, Q,, )y,

H,=(8,+C,Q,)(s

jm

+C,9,)G,,
This expression writes in the matrix form is:

H=(I+CQ)G'(I+CQ) (7)
Note 7 is the vectorial transformation / + CQ. Thanks to the rank property:

rank (H) < min (rank (T), rank (G))

H is a matrix of rank r.
Formula (7) above represents the variation of the geometric object. The elements of
the perturbation matrix Q are the unknowns of the problem.
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So far, the metric tensor G is only used to characterise the position and orientation of
all vectors of the initial sketch. A new mathematical tool is defined: the GG fensor that is
linked to G by the transfer equation coming from equation (2):

Gih G jh
G, G

Jk

GG, = (®)

This relation is called the transfer relationship between G and GG.

4 Establishing the equations of the problem

The geometric constraints specified by the user lead to a set of equations. These
equations can be classified into four types: depending on whether they come from length,
angle between vectors and angle between bivectors or area.

The first two types of equations were already discussed in a previous paper of Moinet
and Serré (2011). Thus, Section 4.1 and 4.2 recall the significant results.

Later in the document, element ij of matrix G(V) will be written as G; (i.e. for the
final matrix, noted /).

4.1 Length equations

By definition, an element of matrix diagonal G;; (H; for the final one) represents the
squared length of an initial vector (final resp.). The length specification of the vector v;
imposed by the designer is denoted Z;. Thus,

JH, =L, ©)

Given that each final tensor element is expressed as follows, according to the elements of
perturbation matrix Q:

H 22(5 +x, ) (5q/+qu) (10)

p=1p=1

With x;, the ip-th element of the product matrix CQ and ¢, the Kronecker symbol which
equals 1 if i = p and, 0 otherwise.
By developing this last expression to the first order, we obtain:

ip = pj ip™jp

Hl.jEGl.j-i-i(x G,+G,x,) (11)
p=

In particular, for the elements of the diagonal:

H, =G, +zz x,G,, (12)
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And by developing equation (9), it becomes:

G =I -G (13)

1 n
: ‘xi[l pi i ii
Y Gii p=1

Terms L;, G,; and G; are known. The unknowns of this equation are x;,.

4.2 Line—line angle equations

By definition, an element G represents the scalar product between vectors v; and v;.
The designer requires the cosine of the angle between v; and v; to satisfy specification
ay;, resulting in the following equation:

H,=\H,|H, cos(a,.j) (14)

Re-write equation (14) to move all the terms of H to the left of the equals sign gives:
~1/2 -1/2

H,(H,) (Hjj) =c0s(a,.j)
By developing Hy;, H; and Hj; using equation (11) and by linearisation to the first order,
expression of an angular specification translates as follows:

N G, G, -
Z; Gy =Gy %0 *| Gy =5 Cor |, = JG, G cos(at,;) -G, (15)
= Ji ii

Terms G,
and x;,.

i G Giiy Gjj, Gy and cos(ay;) are known. The unknowns are elements of CQ, x;,

4.3  Area equations

As mentioned in the paper, the dot product of two bivectors equals the product of their
measures by the cosine of the angle of their planes. Thus

HH,, = 4,4, cos([ij]; [kl]J (16)

where HH;;; expresses the final position of the bivectors [vyy;] and [vev]. 4; (resp. Sg) is
the surface area swept by the bivector [vyv;] (resp.[viv])

HH.. = A;.

i
The area A;; can be specified by the following relation:

Ay = JHH,, (17)
where A4 is the value of the area specified by the designer.
Thanks to equation (8),

H,

ii Hij

ji Ji

HH, . =

i

_ 2
- Hiijj _Hz:f
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Involving a second-order Taylor expansion in the root, it can be written as:

G, le.pGp,.
p=1
A = ! GG 3
, 2 ——| GG, +| +G, Y x,G, ... (18)
GGy, =l
-G, Z 2Oy TG,
=
where GG, , =G,G, -G, .
Terms 4,,G,,G,,G,,G,; and G; are known. The unknowns of this equation are the
elements x.

4.4 Plane—plane angle equations

The previous section has shown the way to specify the area of a surface generated by a
bivector. Using equation (16) also allows the specification of the angle between two
planes [see equation (19)]:

Note @, , is the angle between two bivectors [viv;] and [v;v/]

cos(®, )= HH,,,.4;' 4 (19)
Moreover, the final position of the bivectors is characterises by tensor HH as:

Hik Hil
H.ik H/'I

HH; = =H,H,- H, H, (20)

Thanks to equation (20), the relationship between the final tensor HH given information
between bivectors and the tensor H given information between vectors is expressed.
After calculus,

n
H,>»x,H,+H,x,...
p=1
n
| +H, ) x, H, +H x, ...
~ p=l
HH, ), = GGy | 14— ) 2D
ij Kl
T -Hy ) X, H L+ H X
p=1
n
—ij xl.ple + H,.pxlp
p=1
where
GG;'/',kI =Gy sz - G/'k G, (22)
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By replacing HH, ,, in equation (19)

1+Z( A —GGJP'”]xlp+...
p=1 GGI/ 7 GGi/',i/'
GG, GG, GG
cos(®, )= ——"— +Z[ L2y (23)
\/ GGU iV GGk/,k/ p=1 GGr'j,k/ Gle Ik
3 o),
GGU Kl GG/k Ik
+Z( ip,kl GG/I ip JX
GG, GGU .

In this expression, cos(d)l./.ykl) and terms of GG are known. The unknowns are x;,, X, Xip,

Xjp, P E [1,. . .,n] corresponding to elements of CQ matrix. Indices i, j, k and [ are done.

New equations of specifications are now known. The use of bivectors allows
specifying angles between planar faces using the same mathematical tool. The variables
of these equations are the elements of the perturbation matrix CQ. The last step is to
solve them.

5 Solving and applications

5.1 Geometric problem solving

The system to be solved consists of non-linear relations (9), (14), (17) and (19). The
known terms are the elements of the initial tensors G and GG, line-line angle
specifications «, plane—plane angle specification ¢, length specifications L or area
specification 4.

To solve the problem, elements of the perturbation matrix CQ; have to be found.
Matrix Q defines the transformation of the set of vectors from the initial to the final state.

In this section, we are not going to attempt to describe in detail the method used to
solve the equations. Previously, this study was carried out by Moinet and Serré (2011)
for a different set of equations but well adapted to the new problem presented in this
paper.

The method most frequently used to solve this type of system, (F(X) = 0), is that of
Newton—Raphson. However, the algorithm implemented is a variation of the Newton—
Raphson method which is presented in the next paragraph. Finally, this solution is
illustrated by an example.
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The algorithm can be represented in the form of the diagram shown in Figure 4.

Figure 4 Diagram of the implemented algorithm

Initialization of the variables with values given
by the initial geometry
<L
'I

‘ Generation of the system of linearized equations |

(13), (15), (18) et (23) ‘ e
< Until the

Calculation of the perturbation matrix Q
verifying the equations from the resolution
of the linearised problem

<_ specifications
~.are verified”

\

<7 K

|
Calculation of G, ;.. by applying equation (7)

5.2 Application on 3D well-constrained example

To illustrate this method, one example in 3D is fully processed: a tetrahedron. Every step
of the problem is successively described.

The tetrahedron example will illustrate the four constraints: length equation, line—line
angle equation, area equations and plane—plane angle equations.

Tetrahedron is composed of points A, B, C and D. It has six edges: AB, AC, AD, BC,
BD and CD and four planar faces ABC, ADB, ACD and BDC.

Figure 5 Text file proposed

H#IVERTEX 4
|
Point: A (22.420713;39.068088;0.) i'AT(_SU;?ARB—iPCE)C_‘%C{?T‘ON—l !
Point: B (96.527153;-28.075308;0.) ngle-alABALI =B
Point: C (-42.065776;-8.276318;0.)
|

Point: D (50.415214;10.09387,48.433486) AILENGTH_SPECIFICATION 5

Longueur:12 (AC) =85
#IEDGE6
Edge: AB (-A:8) #IANGULAR_SPECIFICATION_22
Edge: AC (-A-C) Angle: a2 (ABC;BDC) = -0.633920960614
Edge: AD (-A;D) Angle: a3 (ADB;BDC) = -0.63715499106
Edge:BC(-B;C)

. #IAREA SPECIFICATION 2

Edge:BD (-B;D) -
Edge: CD (.CD) Area:S1 (ABC) = 4250

Area: 52 (ADB) = 2437.2
#IFACE4
Face: ABC (AB;BC;-AC)
Face: ADB (AD;-BD;-AB)
Face: ACD (AC;CD;-AD)
Face: BDC (BD;-CD;-BC)
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Each face is characterised by a bivector:

o Face ABC is represented by [ﬂ?, R’J ,
e Face ADB is represented by [E, —ﬁ)} ,
e Face ACD is represented by [E’, FD} ,

e Face BDC is represented by [@,—@} .

To specify this object, the user described in the text file presented in Figure 5 all the
entities needed for its construction. The bivectors are constructed from the first two
vectors making up the face and are reported in the text file.

5.2.1 Specifications

In order to express plane—plane angular specifications or area specifications with the
keywords ‘ANGULAR SPECIFICATION’ and ‘AREA SPECIFICATION’ are
introduced in the specification text file (see Figure 5). For the angular specification, the
faces are designated by their name and the value specified is the cosine of the angle
between the two faces. For the area specification, the face is also designated by its name
and the value specified is the desired surface.

Therefore, the text file presented in Figure 5 specifies:

e Angle between two edges
= Angle between edge AB and edge AC is 90° (cos 90° = 0)
e Edge length
= AC=85
e 2 angles between planes:
=  Angle between ABC and BDC faces is 129.34 (cos 129.34° =—-0.6339)
=  Angle between ADB and BDC faces is 129.58 (cos 129.34° =—0.6372))
e Areas:
= Area of the surface ABC is 4250
= Area of the surface ADB is 2437.2.

5.2.2 Results

The iterative resolution converges in seven iterations and 0.1320 s. These specifications
are met close to 10'* length units.
The obtained tensors G and GG are required to visualise the result geometry which
are shown in Figures 6 and 7.
The order of the vectors is as follows: AB, AC, AD, BC, BD and CD.
14117



Both framed values give as a numerical value of 4C = 85 and the angle between AB
and AC is 90° (cos (4B,4C) = 0, AC= +/7225).

Figure 6 The final metric tensor associated with the example
Gn =

1.0e+004 *

0.z2500 —0.0000 0.1088 -0.2500 -0.1414 0.1086
—0.0000 0.7225 -0.1881 0.7225 -0.1881 -0.2108

0.1086 -0.1881 0.2548 -0.2967 0.1762 0.4729
-0.2500 0.7225 -0.259a7 0.9725 -0.04a6%7 -1.0192
-0.1414 -0.18581 0.1762 -0.0487 0.3176 0.3643

0.1086 -0.2106 0.4729 -1.0122 0.3643 1.3835

Figure 7 The final metric tensor GG associated with the example

GF =

1.0e+009 *

1.808250000000000 I 0. 000000000454000  -0.000000000447300] -0.0000000006335900
0.000000000454000 I 0.593994354000000 | -0.000000000203100) -0.00000000063 7200
—0.000000000447300 -0.000000000203100 1.703625625000000 -0.000000000312700
—0.000000000633200  -0,000000000637200  -0.0000000003 12700 3.086612125000000

Figure 8 Final object (see online version for colours)

Meatrancon
#an
- Panyz
- Planz
- B Relation
e 5 Cocns oeincical
* Foint &
-+ PointB
-+ PointC
-+ Point D
- a8
- A

.- Masure entre plan ABC et BDC
B Anglo= 139, 3361625500y T~ -
b1 Misure entre plan ADE et BDC B
Argle=129,563185360eg
- Surface ABC
il e =0,002125m2
-5 surface ADE
- rirw =, c0121861m2
3 Mesure de AC
4 Longuess =85, 00000008mm
o Mmiire entre arite AB et AC
LB gle=sasen
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The displayed GG is the unit bivectorial tensor, which directly provides the cosine of the
angle between two planes. The order of the bivectors is as follows:

[4B.4C |. [ 4D,~BD |. [ 4C.CD | and [ BD.~CD |

The calculation of the areas (square root of the diagonal elements) confirms the accuracy
of results.

Figure 8 shows the result of the last calculation in the CATIA® environment. This
model allows verifying, one more time that specifications made by the designer are met.

6 Discussion

This original method to transform an object from its initial shape to its final one gives
identical results as the method presented in the previous paper of Moinet and Serré
(2011). However, the use of the connection matrix reduces the number of equations.
Indeed, the closure equations are useless with this new model. A gain of one iteration
(about five with the last method) is observed in the resolution. The original approach
permits to treat length and angle between edges. This new approach is also well-adapted
to higher level specifications like area or angular between two planar faces.

7 Conclusion

A vectorial representation is useful for characterising objects and can be used to
transform an object from an initial state to a final one.

This research proposes a new method, based on point displacement, to compute a
final object satisfying all the specifications required by the designer. More specifically,
this paper presents an original method for generating equations and solving them. The
proposed method was validated by numeric experiments on the same prototype for 2D
and 3D cases. The method successfully transforms 2D and 3D geometrics objects from
an initial configuration into a final one with respect of the specifications made by the
designer. This paper deals with dimensional specification made to the geometry but the
method remains applicable using others constraints such as chirality for instance.

In the future, the authors intend to use this approach to model and solve more
complex problems with surface or volume type objects linked by constraints, like
distances between planes, volume of object, etc.
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