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FRACTIONAL QUIVER W-ALGEBRAS
TARO KIMURA AND VASILY PESTUN

ABSTRACT. We introduce quiver gauge theory associated with the non-simply-laced type
fractional quiver, and define fractional quiver W-algebras by using construction of ﬂj, E] with
representation of fractional quivers.
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1. INTRODUCTION

Recently we proposed quiver gauge theoretic construction of ¢-deformed W-algebra @, @]
through double quantum deformation of the geometric correspondence between 4d N = 2
(6d N =1; 6d N = (1,0)) gauge theory and the algebraic integrable systems Bﬂ Our
construction is orthogonall to the AGT relation B, | and its ¢g-deformed version [10]. In
contrast to the AGT relation, which associates G-Hitchin system to a pure gauge theory with
simple gauge group G, and after double (e, €;)-quantization one obtains W, /., (G)-algebra,
in the quiver construction W (I')-algebra comes from I'-quiver gauge theory. The quiver W-
algebra W (I") can be interpreted as e;-deformation of the ring of commuting Hamiltonians of

IThe M-theory brane picture for A-series is rotated by 90 degrees.
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the €-quantized integrable system [11, [12] into an associative algebra of conserved currents
of g-deformed 2d Toda field theory. In our construction, the quiver I' is not necessarily
required to be associated with the finite-type Dynkin diagram.

The gq-character |[13-15] defines the generating current of the corresponding W-algebra.
This construction allows us to consider affine quiver theory, e.g. N’ = 2* theory (20 quiver),
and define the W-algebra associated with affine Lie algebra. In this case the bifundamental
(adjoint) mass plays an essential role as a deformation parameter of W-algebra.

In the preceding papers [1, 2], we have considered generic simply-laced quivers. When the
quiver diagram I' coincides with the Dynkin diagram of the finite Lie algebra, in particular,
I' = ADE, our construction reproduces Frenkel-Reshetikhin’s definition of the g-deformed
We-algebra [16-118] and also [19, 20]. The aim of this paper is to extend our construction of
quiver W-algebra to the non-simply-laced quiver. For the non-simply-laced algebra, the root
length can be different from each other in general, and is not invariant under the Langlands
dual. In the gauge theory, the Langlands dual exchanges the Q-background (equivariant)
parameters €; <+ €. Thus the quiver gauge theory corresponding to the non-simply-laced
algebra should depend on €; and €5 in a different way. In particular, its dependence could be
different for the vector and hypermultiplets assigned to each node of quiver-Dynkin diagram.

In this paper we define the fractional quiver gauge theory, whose charge under the space-
time rotation depends on each quiver node. Let I'y be the set of nodes of the quiver I" and
¢1,q2 € C* be the equivariant parameters of Q-background [21), 22]. To every node i € 'y
we assign a positive integer d; € Z~o and then declare the equivariant parameters for fields
at node i to be (¢, ). This construction is actually motivated by Frenkel Reshetikhin’s
construction of the g-deformed W-algebra of non-simply-laced type |17], which is applicable
to any simple Lie algebras. We show that the charge (d;);er, plays a role of the relative root
length of the corresponding algebra. At node ¢ under such assignment of charge there is Zg,
symmetry q; — e>"™/4ig; withn = 0,...,d; — 1, which is similar to the orbifold (C/Zy,) x C
with the identification (21, z5) ~ (€2™/%i 2}, 2,), used to study the instanton moduli space in
the presence of the surface operator [23-25]. A geometric realization of fractional quiver will
be discussed in a forthcoming paper [26].

Applying our construction to the fractional quiver gauge theory, we obtain W-algebras
associated with non-simply-laced algebras, which reproduces the definition given by Frenkel—
Reshetikhin [16, [17]. With generic quiver which does not correspond to any finite Lie al-
gebras, our construction gives rise to non-simply-laced (twisted) affine and hyperbolic W-
algebras, which we call fractional quiver W-algebras in general. We also remark that there
are several related works on non-simply-laced quiver gauge theory, especially, associated
with finite-dimensional Lie algebras, with the little string theory perspective [27-29], and
three-dimensional mirror symmetry [30, 31].
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Analysis for Materials Design” (No. JP17H06462). V.P. acknowledges grant RFBR 16-02-
01021. The research of V.P. on this project has received funding from the European Research
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2. FRACTIONAL QUIVER GAUGE THEORY

2.1. Gauge theory definition. We use the notations of |1, 12].

Let I" be a quiver with the set of nodes (vertices) I'g and the set of arrows (edges) I'y. An
edge from ¢ to j is denoted by e : i — j. A fractional quiver (I',d) is a quiver I decorated
by positive integer labels on the vertices d : 'y — Z~q, so that to each vertex i there is
associated number d; > 0. The meaning of the number d; is the relative root length squared
of the respective Lie algebra associated to the fractional quiver as will be clear later in (2:24]).

We define d-fractional quiver theory on C? as follows. We consider the ring R = Clzy, 23]
and in the node i € I'y we replace the ring C|zy, 2] by the ring R, = C[z% 2]. The
equivariant gauge theory counts R; ideals. This construction is similar, but different from
the instanton counting on the orbifold (C/Z,,) x C itself, which is used to implement the
surface operator [23-25]. See also [32,133] for a realization of the orbifold using the equivariant
parameter.

Namely, for the observable sheaves over the instanton moduli space associated to the ring
R;, which is a pullback of the universal sheaves (Y;);er,, we have

[Yoli = [Ni] — [AQi][Ki] (2.1)

where we denote by o the T-fixed point in C? under the equivariant action, namely (21, 20) =
(0,0). The graded by nodes vector space N = (N;);er, is the framing space for each node
of quiver in the ADHM construction, and the graded by nodes vector space K = (K;)er,
is associated with the ideal generated by the partition ()\m)iepo’a:[lmni}, characterizing the
equivariant T-fixed point of the moduli space, with (n;);cr, the rank of gauge group U(n;)
assigned to the node ¢ € I'y. The Chern characters of N; and K; are given by

ch Nz = i Vi, ch Kz = i Z I/Z"aqili(ﬂ_l)QSQ_I (22)
a=1

a=1 s€l; o

and ch AQ; = (1—¢%)(1—¢5). The pair (g1, ¢2) denotes the multiplicative equivariant param-
eters for the space-time rotation with (qi,q2) = (e, e?), and (V4.a)icr, acf1..n;) are the multi-
plicative Coulomb moduli parameters. In this paper we use multiplicative (5d/K-theoretic)
notation for the equivariant parameters. See |1, 12] for more details on the definition.

For a quiver I', we assign a vector multiplet to each node 7 € I'y and a hypermultiplet in
bifundamental representation to each edge e € I'y. The (anti)fundamental hypermultiplet
will be added separately (See Sec. B.3]). A vector multiplet contribution in node i comes
from

1
Vi == Y(\)/ i Yo 7. 23
V] = g VMY 23)
To each edge e : i — j, we associate (R;, R;j) bi-module
1
Heiing] = =7 Meingl [YJi[Yol; (2.4)

[AQ;]
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where d;; = ged(d;, d;) and ch AQ,; = (1 — qf”)(l — ¢2). The character of M,.;_,; is given by
the multiplicative mass parameter of the bifundamental hypermultiplet assigned to the edge
e:i— jas ch M, ; = pt.. The observable (Y,); is written in terms of (X);

[Yoli = [AQu,][X]; (2.5)

where [X]; := [Yg,]; is the Sy-reduction of the space-time module [Y 5] with § = C? = §; xSs,
and chAQ;,; = (1 —qfi). We can also apply another consistent path through the S;-reduction
[X]; :=[Ys,]i, which gives

Y, = [AQu][X], (2.6)

with ch AQy = (1—¢y) for Vi € T'y. These two expressions are related through transposition of
the partition (A;a)icro, acpi...n;], labeling the T-fixed point. Since & and S, are not equivalent
for a non-simply-laced quiver, this compatibility implies a nontrivial duality known as the
quantum g¢-geometric Langlands duality [28, [34].

To describe the Chern character X = cht X at a T-fixed point, we introduce a set

7 - >\’L @
X, = {xi,a,k}ae[l...ni],ke[l...oo] ) Tiok = Vz',an * 1)612 - X = |_| X (2.7)
i€lg
We define
Xi=) x. (2.8)
TeX;

Thus a contribution to the Chern character of the observable sheaf from the node i € I’y is
chY; = (1—¢f)X;, (2.9)

corresponding to (Z.5). We denote the p-th Adams operation applied to Y; by Yz[p | The

sheaves (Yl[p })iepo,p@Zl generate the ring of gauge theory observables. The expression (2.9])
implies the fractionalization

chY;=1+q+-+g") chy; (2.10)
where the fractional observable sheaf is defined
)i = [AQu][XT]; (2.11)

with ch AQ; = (1 — ¢;). This fractional sheaf plays a fundamental role in the geometric
construction of fractionalization of Nakajima’s quiver variety, which would be discussed in
our forthcoming paper [26].

The Chern characters of the vector and hypermultiplet contribution are now explicitly
written as follows,

1-— —di ! 1— —d; 1— d; !
R e D s D DI CAE)
— g

The total character is given in a compact form

—d
vl_q |(cc)x/ vl_q—lx/
3 - Y (a L = 9 :
E chV,; + chHe,,; = <Ci(m)i(w’)) 11— Z (bi(m)i(””')) 1—¢q z

1_
ielo erij (z,2')€X? 2

(2.13)
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where i : X — Ty is the node label such that i(z) = i for x € A}, and a half of the
mass-deformed Cartan matrix is defined

et = 5y — 3 (A (2.14)

[AQY]

en—jg

with ch AQ;; = (1 — ¢'7), and its character is

l—q”
ol bt — — 8 -1
c;; = chel ==y g e -

ei—j 1
dj/dij—1 +o

) ) .
= 6ij — Z Z s q1 rdij — 0y — #(ei—j), (2.15)

exi—j r=0

which coincides with a half of the ordinary Cartan matrix in the classical limit. The number
of edges is counted with the multiplicity d;/d;;,

H#(e:i— ) Z— (2.16)

en—j Z

Then the deformation of the (half of) symmetrized Cartan matrix is defined

[fj\\%lj] ] (2.17)

b =
and its Chern character

1—qf 1—qf L= - )
bjj::chbjjzl_lc;;_l_la > ! 1 L (2.18)
¢ O sy (1=—a)A—q ™)

We also define ()" = ch(cf;)”, and (b%)" := ch (bj;)". If d; = 1 for all i € Ty the
definition of the deformed Cartan matrix agrees with the one from |1, [2]. If the fractional
quiver (I',d) corresponds to a non-simply-laced Lie algebra, our gauge theory definition of
the ¢;-dependent Cartan matrix corresponds to Frenkel-Reshetikhin’s construction [17] with

¢ = GPrs @2 = tep-

2.2. Fractional quiver. A quiver I' defines |I'¢| x |'g| matrix (¢;;), the mass-deformed
Cartan matrix,

_ _ .1 - q J 1= q J
ci =ity =04ai"V05 = ) plt——t = ) peti) —— (2.19)
eirj I—q ej—i 1—q
where (cj;) is defined (Z.I5) and the other half matrix (c;) is defined
1 q_dj

- _ -1 114
Cij = 4y 5z'j - Z Hed;; 1_ —d; (220)

ej—i a,

with ¢;; == qf” g2 and @q; = qf"qQ. In the classical limit, it is reduced to the quiver Cartan
matrix
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where the number of edges #(e : ¢ — j) is meant with multiplicity d;/d;; as in (ZI6). If there
are no loops, all the diagonal elements are equal to 2, and such a matrix defines Kac-Moody
algebra g(I') with Dynkin diagram T.

Similarly, symmetrization of the mass-deformed Cartan matrix (2.19]) is defined

1-— qf"
J 1— ¢ J
l—q L-ghH1—g¢ ™) =g - )
= 1 _ - (1 +qii1)5ij - Z ,Ue - _1d” Z Heq;j 1 : —1dij )

¢ ei—j (1 - ql)(l e j—i 1 - ql)(l — 4 )

(2.22)
which obeys the reflection

bij = (q1g2) "'} (2.23)

This definition agrees with the conventional definition of the symmetrized Cartan matrix.

Let ¢;; = (o, @) be the symmetrizable Cartan matrix where (o) is a system of simple
roots, and () is a system of simple coroots, and let (d;) be positive integers such that the
matrix

bij = dicij (224)
is symmetric. We can choose a bilinear form on g such that

We remark that by Dynkin—-Cartan ABCDEFG classification, for finite-dimensional Lie al-
gebra g, if ¢;; # 0, then b;; = max(d;, d;).

2.3. Fractional quiver gauge theory partition function. The vector and hypermulti-
plet contributions to the gauge theory partition function is obtained as the index functor of
the corresponding Chern character, which is the equivariant Witten index along a circle S*
for 5d gauge theory on R* x S!. In this paper we use the Dolbeault index

I l; $k] = 1;[ (1—a;") (2.26)

which obeys the reflection formula
I[XY] = (=1)™ % (det X)I[X] . (2.27)

When the quiver gauge theory satisfies the conformal condition, the Dolbeault convention
is equivalent to the Dirac index. Otherwise we need a proper shift of Chern—Simons level.
The (full) partition functions are given by

vec 7 T T -1
z;* =1V = H (Qf Q2?;Q2> (%E;%) 5 (2.28)
(z,2")EX? * o
and
dj/dij—1 . 1 P
Z =1 s = ] 11 (u;lql i gl qz—,,q2> (u;lqlr ”qa?;c&)oo

(z,x)eX;xXx;  r=0

(2.29)
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In particular, the bifundamental factor exhibits a peculiar behavior depending on (dl)ler‘o
There appear the additional contributions with the duplicated mass parameters (.. H]qI )
for r € [0...d;/d;; — 1], which is similar to that found in 3d non-simply-laced quiver gauge
theory [31] Replacmg the index (2.26) with the equivariant elliptic genus with respect to

two-torus 7?2 with modulus 7

I, [Z a:k] =[0G " p) (2.30)
k k
where p = exp (2m¢7) is multiplicative modulus and

0(z;p) = (250)00(PT ™ P)oo » (2.31)

we obtain the 6d gauge theory partition function on R* x T2, which yields the elliptic
deformation of W-algebra [2]. We remark that the elliptic index obeys the same reflection
formula (2.27)) as well, and the conformal condition is mandatory for 6d theory to avoid the
modular/gauge anomaly.

Then we introduce conjugate variables to the local observables (t;,)icr, pez-,, called the
higher time variables like in the integrable hierarchy [35], so that the partition function plays
a role of the generating function of the observables (Yl[p ])iepo7pez>1. See also [36]. Together
with the Chern-Simons levels assigned to each node (k;)ser,, the gauge theory partition
function is obtained as the summation over the T-fixed point of the moduli space

o0 P
=D exp| D Z“l_q (%ﬂ(w’))%

xXemT (z,2’)eXx? p=1
o d )
z (log,, © — 1) + log gz log,, = + Z Y ity p :c*”)) .
p=1

X exp (Z (_ /‘fi;x)
zeX
(2.32)

Here g, is the gauge coupling for the node i. The instanton number, which counts the size
of partition A, is given by

8

8

e
ki= Y. log,, = (2.33)

TEX;, TEXy ;

where the ground configuration, corresponding to empty partition A = (), is defined

ji,a,k = Vi,aQili(k_l) . (234)

Xo.i = {0k FicTo, acl1..ng], ke[1...00] 18 @ set of such ground configuration, and Xy = |—|i€Fo Xo.i-
The 6d theory partition function has a similar expression. See [2] for details.

3. OPERATOR FORMALISM

3.1. Z-state. Since the t-extended partition function (232)) plays a role of the generating
function, the (non-normalized) average of the gauge theory observable is given by

(Y9 = 2zt

ti,p

(3.1)

t=0
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From this point of view, the observable is equivalent to the derivative with the time variable,
and thus identified as an operator obeying the Heisenberg algebra,

0
K o
7p

The t-extended partition function, which explicitly depends on the operators (;,)ier, peze, s
can be treated as an operator in the free field formalism. To this operator we can associate
a state in the Fock space generated by action of the Heisenberg algebra on the vacuum, like
in the operator-state correspondence in conformal field theory.

We define the Z-state using the screening current operator

Zr) = ) H Si@),z 1) (3.3)

XemT zeX

where the product is radial-ordered with respect to the parameter x € C*. The vacuum
state |1) is annihilated by all the derivative operators (0/0t;,)icr,pez.,, and the screening
current is defined

Siz =:exp <5i,0 logz + 8,0 + Z sm:c_p) : (3.4)
p#0
where the free field oscillators are

p>0 ~ [0] 0 p>0 1 1 [p] 0
Si,— 1- tips,  Sio=tio, Sio= i ip = —~ i ;
, ( q ) P ,0 ,0 ,0 ﬁ ] 815], P pl _ q2p J at]m
3.5)
with the commutation relation
dip
11 =g 11—q
SipySjip | = Cii Opapl0 = b2 S,y ) 3.6
[ »D JvP:| pl— q—p i Yp+p’,0 pl q2_p ji Yp+p’,0 ( )
~ log ¢1
|:SZ'70, Sj7p:| = —6 Cﬁ] 5p70, ﬁ = _log o . (37)
[p]

The matrices (c;;') and (bm) are obtained from the p-th Adams operation of the mass-

deformed total Cartan matrix (219) and its symmetrization (2.22).
The Z-state in the operator formalism (B.3]) is computed using the free field operators

11— p
— Z exp Z p1 @ (Q@)i(f)) %
xemT (z-2')eX? p=1 qs
nr T - di T
o (Z ( 5 o, v (log, 7 — 1) +log i log, 7+ (1= 01"t ”“"p>)
reX p=1
(3.8)

which is obtained as a summation over the pair contributions under the ordering (x > z’).
Due to the reflection formula (2.27), it coincides with the gauge theory definition of the
partition function (2.32)) evaluated as

ko= i) 9. logg, 4= B+ tao ()% —log, (FDM) ()Y (3.9)
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where

“\llo l—q
(cj)o8ea) = 65 10g,, 47" — E:M%<%%l_f%>. (3.10)

e—j

3.2. Screening charge. The gauge theory partition function is given as an infinite sum
over the moduli space fixed point 97. The summation in the Z-state (3.3) is replaced with
that over ZY, which is a set of arbitrary integer sequences terminating by zeros (see [1]):

XezZ¥ zeX

because there appears a zero factor for X € Z¥, but X ¢ M7,

-
I Siw 11y =0. (3.12)

zeX
Introducing the screening charge operator
Sia = Siy2s, (3.13)
XY/

the Z-state is obtained as an ordered product

1Z7) = T Sz 11) - (3.14)

z€Xp

The vacuum |1) of the Heisenberg algebra H is a constant with respect to the time variables
(tip), obeying (0/0t; ) |1) = 0 for i € I'y,p € Z>y. Its dual (1| plays a role of the projector
to the t = 0 sector because (1|t;, = 0 for i € I'y,p € Z>;. Thus the non-t-extended (plain)
partition function is given as a correlator of the screening charges (see also |27, 137, 138])

Z(t=0)=(1Z) = u[ls )i 1) (3.15)

TEXy

3.3. V-operator: fundamental matter. In addition to the vector and bifundamental
hypermultiplet, we can also consider the (anti)fundamental hypermultiplet. It is obtained
from the bifundamental matter connecting with the flavor node, whose gauge coupling is
turned off. Such an additional contribution can be reproduced by the V-operator acting on
the gauge theory Z-state.

We define the V-operator

V. = exp (Z Vip SL’_p> (3.16)

p#0

where the free field operator defined

Vij—p = —Ci; tj,pa Vip = — - . (317)
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Thus the V-operator V; , generates the shift of the time variables

1 1
ti,p — ti,p + - ,u_p . (318)

P(1—g")(1— )

The commutation relation between v and s oscillators is given by
1 1

[Uivlﬂsjyp'] = pl q 52]5p+p 0 (319)
which yields the OPE with the screening current
' -1
Vi,mSi,m’ = <%§Q2) : Vi,mSi,m’ . Si,m’vi,m = (%%? Q2> : Vi,xSi,x’ B (3-20)

These OPE factors provide the fundamental and anti-fundamental hypermultiplet contribu-
tions. The t-extended Z-state in the presence of these matter contributions is given by

| Z7) = <Hv )(ﬁ&m>]jvx|1 (3.21)

TEeX; zeEX TEX;

where X = {4 1 }ier, req1..nf) and X = {fiif }iery, pepn. ) are sets of the multiplicative fun-
damental and antifundamental mass parameters. The V-operator creates a pole singularity
on the curve at = p; s, which is consistent with the Seiberg-Witten geometry perspective.
Then the non-extended partition function is given as a correlator with additional V-operators
inserted,

ZﬁZWZM(HW@J(H&wQ I Viw. | 11) - (3.22)

reX; TeEX TEX;

3.4. Y-operator: generating current of observables. In addition to the screening cur-
rent operator used to construct the Z-state, we define another operator, called the Y-
operator,

Yie = inﬁi :exp (yi,o + Z Yip SC_p) : (3.23)

p#0

with the Weyl vector p; = Z 5;2], and (¢;) is the inverse of the Cartan matrix if it is
j€lo

invertible. If it is not invertible, we have to deal with the ¢; factor separately. The free field

oscillators are defined

>0 i [0 >0 1 0
Yimr = (L= @)= B 0, o=~ ti0logas,  Yip'= - (3:24)
Y% 0t,~7p
obeying the commutation relation
1 d -
i i | = = (L= @)= ) 80y (3.25)
The commutation relation for (v;,)ier, and (s;j,)jer, is then given by
1

[yi,;n sj,p’} = —];(1 — ) 0ij Optp 0 [51,0, yj,O} = —d;;d;log q , (3.26)
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which leads to the ordered product

((1—2'/x .

lz| > 2|+ YixSjer = YixSjw 1= qfil"/ﬂf (=3 , (3.27)
|1 (i # J)
Pt L)

2| < |21 SjurYie=:YinSia: 1—q “x/a' . (3.28)
|1 (i # J)

There is a pole at © = qfix’ in the product for ¢ = j, and thus the commutation relation
between the Y-operator and the screening current is given by

xl

=) (L) VinSws (=)

0 (i #7)

where the delta function is defined

Vi Sjar] = (3.29)

§5(x) = pr, (3.30)

pEL

Thus the Y-operator commutes with the screening current in the limit ¢z — 1. The Y-
operator average in the non-t-extended gauge theory is represented as a correlator as well as
the partition function (3.15)),

- -
1—2a2'/x
(1Yiw ][] Sy 1) = a1 (H 7/> (U TT Sicwar 1) - (3.31)

)
x'€X ' €EX; 1 @ /x x'€X

Since the infinite product is written as

1—a/x TPl
I1 —exp (Y -T¥M) 3.32
1 Xp ( p i ) ( )

o diy
' eX; qr /ZL' p=1

the Y-operator is the generating current of the gauge theory observable (Yl[p ])iepomezzl, which
is consistent with the definition given in [12]. In addition, it is also possible to write in terms
of the fractional observables, due to the factorization (Z.I0),

exp (Z —%YW) [ ew (Z —%ﬁ”) . (3.33)

p=1 p=1

3.5. A-operator: iWeyl reflection. Since the screening charge is given as a summation
over the screening current, it is explicitly invariant under the Z-shift, s, — sy + Z. Cor-
respondingly the gauge theory partition function has the corresponding Z-shift symmetry,
which is also interpreted as change of variables. To see the behavior of the partition function
under the Z-shift, we define the A-operator

— . (3.34)

Ai,:c = qll. :
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The free field representation is given by

Ai,x = q:tlil - €xp (ai,(] + Z A p x—p) . (335)

p#0

where the oscillators are defined

aip=(1—¢")sip, aio = —tiologgs. (3.36)
Since the a-oscillator is related to the y-oscillator using the Cartan matrix,
iy = Yjpcl) (3.37)

the A-operator plays a role as “root”, while the Y-operator is “weight”, which is written in
terms of the Y-operators,
-1

dj/di;—1 dj/di;—1
Aiw=YieVige | [T TI Y., II 11 Y L (3.38)
]7”6‘11 Jsbte qwa x
eri—j r=0 e:j—i  r=0

3.5.1. qq-character generated by the reflection. The pole singularity of the Y & S product is
canceled in the following combination,

Res  |YiaSiar +: YioA L 0 S, | = 0. (3.39)

.CE’—)q;di(E 44,4

Here the A-operator plays a role of the generator of the iWeyl reflection [13]. In terms of the
Y-operators, the reflection is given by

dj/dij—1 dj/dij—1
Yiow — 1 Y; ..A-_l:::Y-_IH H Y dy; H H Y dij o 3.40
1,443 % 1,qi TN 1,T j,ueq: i g Joue q”q: ( )
et—j r=0 ej—t  r=0

Therefore the gg-character generated by the iWeyl reflection
Tiw=Yia + YiaA - (3.41)

77,7,

does not have any pole singularities, and commutes with the screening charge

T S| = 0. (3.42)
This assures the regularity of the Z-state of t-extended gauge theory, and holomorphy of the
qq-character,

05T | Z1) = 0. (3.43)

3.5.2. Collision and derivative term. If there is a product of the Y-operators which belong
to the same node i € 'y, we need an extra factor,
LL’, YiaYia €T YioYiw YiaYia
YiaYiw i+ 8a, | — ) 1 .<—>: e
o + o, (SL’) A —1,, di vl A 1, + A 1 A 1,

7‘1“ 4,4 T 44, T WG, T

(3.44)

where

Sk(l’) _ (1 - Q{gl’)(l — Q2x _ <i1 1— ql 1 - q2) ) ) (345)

(1 —2)(1 - qfqe)
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which corresponds to the OPE of Y and A operators. In particular, we write 8(z) = 8;(x)
for simplicity, and remark the formula

su(r) = [ [ 8(aj). (3.46)

In the limit 2’ — x, we have a derivative term

d; 2 2
V2. . (1—q")(1 — qo) Yie  Yi.
: Yi,x I <Ci(q17 (J2) - 1— i alog:c lOg Ai,q;ilx Ai’qilx i A?qilw . (347)
and the constant is defined
ci(q1, q2) = lim (84,(x) +84,(z7")) - (3.48)

We remark, in the Nekrasov—-Shatashvili limit ¢; o — 1, the derivative term vanishes, due to
the factor (1—¢%)(1—q,). We can similarly consider the higher-degree collision term : Y7,
which correspondingly involves higher derivatives of the A-operator.

4. FRACTIONAL QUIVER W-ALGEBRAS
As shown in the previous section, we have a regular holomorphic current in the t-extended
quiver gauge theory

where the operator T; , is given as the gg-character generated by the iWeyl reflection. The
regularity of the current is equivalent to the commutation relation with the screening charge

TiaSjw| =0 VjeTy. (4.2)
Thus the operator T , is a well-defined conserved current with the time-independent modes
Tio=Y Tipz ™. (4.3)

PEZL

The algebra generated by the holomorphic current 7 , defines the W(I")-algebra associated
with quiver I'; which is constructed with the free field operators from the Heisenberg algebra
H. The gg-character defines the holomorphic generating current of W(I')-algebra in the free
field representation.

4.1. BCy quiver. The simplest example is BC5 quiver:

OO

node: 1 2

where the integers assigned to each node is the root length (225]), namely d; = 2,dy = 1.
This is different from the standard notation O==0 for BC, quiver.

The mass-deformed Cartan matrix is

1+q%q" ! ) (%) <2 _1)
i) = 1= - R 4.4
() <—uq1 Lt +grh 1+¢7gt 9 9 (4.4)
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where the multiplicative bifundamental mass parameter is defined

[L= o = [5G - (4.5)
The gg-characters are generated by the local iWeyl reflection
Yo, ~1.Ys 1 -1, Y, -1,
Yl,m — ’“Y 219 ’ Y2,m — Y17/M117q2 (46)
Lg%y ' 2,q7 tqy
which yields
Yg’ 71xY2 —17 1, Y, _ . Yl -1 71x 1
Tho =Y, + - L S(ql)Y 2p + Y qlY + Y ,
Lay gy e 2,p7 g gy e 20 Yg Mgyt g%y ' Lay gy %x
(4.7)
Y “1,-1, Y 2,-1, 1
Ty = You + Yl’“ql BTy Yz’ql & - : (4.8)
2,4, 'a; ' Lugy *q; % 2,q1 °q;

where
(1+q)(1— Q1CI2)
1 —qig

These characters correspond to the 5 (vector) and 4 (spinor) representations. Here we omit
the normal ordering symbol as long as no confusion. We remark that the S-factor (3.45])

appears in the first current 7 , at the zero weight term. These holomorphic currents obey
the OPE

fu (%) Ty .1y — fu ( ) T1,T .

__(=a)( =) y
= 1 i L (5 (Q%CD;) a2

S(q1) =

(4.9)

- ?1611)261;) (qi)ilq;q:];(qi)ilngg;%) (5 (Q?QS %) 0 (ql_gquy)) (4.10)

fio (4) T1aTy f21< )szm

__a _1qi>(%qg %) (5 (uﬁ@%) Toyore =0 (e ;> Touqe)  (411)

for (2) LTy — foo ( ) Ty T
_ (0=q)(—-q) (5 <q1q2%> T\ g tayte — O <q1—1q2—1%) TLW)

1 —qiqe

(=) =) - ¢ - die) (5 <q?q§_) _5< —3 —2y)) (4.12)

(1 - Q1Q2)(1 - Q1Q2)(1 - qi’qg)
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where the f-factor is the contribution from the Y-operator OPE
dips [ —
figlw) = exp (Zu — )1~ gy")E;" w) . (4.13)
p=1

These OPEs define the algebraic relation of py-deformed W(BC5)-algebra, which is consistent
with the construction given by [39] and [17] in the classical limit.

4.2. B, quiver. We consider B, quiver which consists of r nodes with d; = 2 for i =
1,...,7r—1 and d, = 1. In this case the local iWeyl reflection is given by
R T T G e
Yi,x N WMi—1—iqq “do L i (’L _ 17 Iy - 2) (414)
i,quqglx

Y -2 —1 —1 Y —1 —1
7‘_2#17'72*)7'71‘11 Qo T Tyl _q_ T Tyl 491 T

Yr—l,x — (415)

-2 —1
r—1,q, “q; T

Y 1 -1
7 . T—l,Y/Jr—lﬁr-ql qdy T (416)

r,qflqglm
where we put Yy, = 1. Introduce the fields
Y

iy e .
Nio = 5 s (i=1,...,r—1), (4.17)
=Ly ay Py e
YT’ 71er -1 715[:
A= Y"“ 2 (4.18)
T_17M:31QI2QE1I
A - (]- + ql)(]- - 91Q2) Yr,uflx 4.19
r+lxz — 1— 2 Y ) ( : )
4192 et 2y e
Y 1 -1 -1 -1
r—Lp. 19y g5

Nyo, = v \1(1 2 , (4.20)

nu;lq;lq;lx r’u;lq;2q;1x

Yi—l -1 .—=3,-2,
oryrie = = Tt % (i=1,...,r—1) (4.21)
T Pl
where we parametrize the mass parameters

i—1
Mi 2= f1s2fo53 " " flim1—i = H Hj—sjt1 (4.22)

j=1

with g1 = 1. Then the fundamental gg-character is given by |16, [17]

2r+1

Tio=Y Mia, (4.23)
i=1

which corresponds to the (2r + 1)-dimensional vector representation of SO(2r + 1).
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For example, we have three gg-characters for Bz quiver,

Y -1 Y -1 Y -1 -1 Y -1
2,py 3pz 3y g 3uz x
Tio=Yio+ T 8 g
Lay%gy ' 2,u5 tay %ay ' 33 a2y e
Youzlaras s Vit 1
+ v, Y, + v, + Y ; (4.24)
Bz lar ey e By a ey e 2.5 a5 0y e Loy Pay e

Lar%ey s Vgt Vaugtar's | Yaugte Vauylate Va2 e Yauyts
Ty oty =Yg, o1, + + +8(q1)
2y Ly " -1 -2 —1 Y, —4 2 -1 -2 —1
27/»‘2 qp 92 T 17‘11 4y T 37/»143 9y 92 T
Yau5a V05 a5 s Yoz o e e Y 25 a2y e Y2 e YLty %
+8(a) Ty v Y Ty
2,5 "y Yay % ST et L NI P S L N pal 2,05 q;y %qy %
S 27u§1qf1q51rY3,u§1w Y, a0’ wY2 g5ty tay
8y -5 V2 A —
1y q g 3u3 q; q 33 7q; g T 33 q) 4y @
Y —1 Y -1 -1 —1 Y -1 -3 —1 -3 -2 Y -1 -2 -1
3 3pz 2,05 7G7 gy 343741 TGy T - 1,g77q; "z " 2,05 7q; "gy T
+8(q1)8(q1q2) 1 4 2 +82(q1) 1 4 2 Y 1 1 1 +S2(ql )Y Y -3 2
33 7q; gy T 2,09 "q1 9y T "33 Gy Gy T 1q1 %z 2,u2 174
Y Y, -1 -1 -1 Y 2Y 2 1 Yy -1 -3 1
+82(q1qQ) q2 +8(q1) 2,y "q; qo T + 1q1 3u3 q; q2 T 33 q) 4y @
1 -5 —3 -1 -1 _—1 Y -1 —4 —2 Y -1 -3 -2 Y -1 _—4 -2
q1 qo T 37#3 q1 4 37/»143 91 92 T 27#2 qp 92 T 27#2 q1 92 T
n Vo5 e % +8(qr) Yigrtar% Y5 a2 s +Ys,uglq;2qgle3,u;1q;3q;1m
Yigrta % Y Loy oy Your'arte % Yaus arte % Y Larta s Y 2 e ey %
Lay*ay % Y5107 %5 1
M e U LDl a——
33791 7qy " T 303 gy gy T 1,q,°q5 %% " 3,5 g1 "y "
Y -1 -3 —2 1
2,05 7G1 gy
+ v —~ 2 1 2 N + v , (4.25)
1,q,° q By 3u3 q; q %z 3u3 4(15290 2#51(1{”4531
T o —Y. +Y2,u51qf1q51r Yl,qf3q52rY3,ugqu2q§1w Y3,u§1qf2451r
B B Y, -1 -1 -1 Y, -1 -3 —2 Y, 5 _3
337G gy T 2py "qy gy " 1,47 °q, "
Yl,quq;% Y2,u;1qf3q;2x Y37“;1q;4q;2m 1
_l_ Y 1 3 2 Y 5 3 Y 1 3 2 + Y 1 5 3 _l_ Y 1 5 3 ' (426)
3ps g gy 1,g;°g; "z " 3,p3 gy gy T 2,09 7q; gy " 3ps g7y

They correspond to 7 (vector), 21 (adjoint), and 8 (spinor) representations, respectively.
There are several S-factors in the expressions which are peculiar to the gqg-character.
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4.3. C, quiver. The C. quiver consists of r nodes with d; = 1 for ¢« = 1,...,r — 1 and
d, = 2. The local iWeyl reflection is
Y taia ey e Vit e
Y, — e @ P Tt o= 1) (4.27)
’ Y. -1 1
i,q; Gy T
Yr,x Yr_lvl/«rflﬁr‘hilQQileT’_lyﬂrflﬁr‘Zf%Z;lx . (428)
r,quqglx
Introducing the fields
Yi u-ﬁlx
Ai’x:Y L (i=1,...,7), (4.29)
i=Lpi ey e
r—1, 1 gr%¢ 'z
Ar-i-l,x = fooih % 5 (430)
oty gy e
Yi—l -1 —3,-2,
Aoy g = 2t B2 (i=1,...,r—1), (4.31)
T P
the fundamental gg-character is given by [16, [17]
2r
Tl,x = ZAZ,:C (432)
i=1

which corresponds to the 2r-dimensional representation of Sp(r). Here we use the same

notation for the mass parameter as before (£22).

The gqg-characters for C'3 quiver are explicitly given as follows:

Y -1 Y -1 Y -1 -2 —1 Y -3 -2 1
2py T g T 21y a1 79y T 1,q; "q5 "
Tio=Yi.+ > + y + v L + L + , (4.33)
Lay'ey ' 2,05 tay tay 3,u§1qf2q51x 2,05 'y Pay % Lay ‘a5
Larla e Vausle | Vaugls | Yiarle'sYouslere e 27 a7 0 e Y 205 0 %
Ty -1, = Y, ot T + + +
2 2 T P PRt —2 -2 -1 -2 —1 Y., 2 2Y, -1 -2 1
Mo 41 4y T 17‘11 qo T 37/»143 q1 92 T 17‘11 9o T 37/»143 91 92 T
Vi e Y Larier % 3 Yigrtr e Yo oy oy e N Yigrle'e
+ U~ L PSlaa)g——=
2,5 a2 a5 % Lay a5 e ' 2,5y a5 P Lay *¢5 %z
Vit % Yas lar lay e Bz lay gy e Lay oy e 2.5 ay gy e
+ -1 -2 -2 Y -1 -3 -2 + Y —4 -3 Y -1 -2 -2 _l_ Y -1 -3 -2 _l_ Y -2 =2 Y —4 -3
27/»‘2 qp 92 T 27#2 q1 4 T 17‘11 9o T 27/»‘2 9y 92 T 37#3 qp 92 T 17‘11 qo T 17‘11 qo T
2,05 'y Py e 1
Y Y, s Y (4.34)
Lay a5 % " 3,u5 a Pas e 2,15 tay a5 P
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; Y,

Y -1 -1 _—1 Y -1 -2 — 1
2 G 45 T 20 4 4y T
+ +8(a1)

-3 -2 -1 -1 —
41 “do xY2,u2 q1 4o

Y -1 -1 _—1
=Y e +S(q1)M

T —1 —1
37)“’3 z 37“‘3 T
Yau3ler ;' 2,5 a7 %0y Lay a5 e
Yl7qf2q;2xY17qf3q;2xY37u§1qflqglx S Y17q;2q;2xY37M;1q;1q;1x Yl,qf2q52xYl,qf3q;2x
_'_ 1 2 2 Y 1 3 2 + (ql)Y 4 3 Y 1 2 2 + Y 1 3 2
2,09 7q1 T3 7T T 2,5 Tqy TGy T 1,g1 g " " 2,45 Tqy gy " 33 q g T
S Y17qf2q52xY27u51qf3q52x Y3,u§1qf1q51x Y2,u51qf2q52xY27u51qf3q52x
_'_ (ql)Y 4 3 Y 1 3 2 _'_ Y 3 3 Y 4 3 _'_ Y 3 3 Y 4 3 Y 1 3 2
1,g1 g " " 3,u3 gy g T 1g17¢ " 1,q) g5 " Lg17g " 1,q0 g3 " 3,u3 79 ¢ T
S Yl,qf2q52x S Y27u;1qf2q;2x Y37u§1qf2q;2x 1
_'_ <q1) 1 4 3 + (ql)Y 3 3 Y 1 4 3 + Y 1 3 3 Y 1 4 3 _'_ Y 1 4 3
2,09 7q1 43T Lg17q " " 2,45 7qy g7 2,09 Q1 TGy T T 2,45 Tqy Gy T 33 q; G T

(4.35)

They correspond to the 6, 15, and 14 dimensional representations of Sp(3).

4.4. Affine fractional quiver. We consider the affine fractional quiver:

node: 1 2

which corresponds to the twisted affine Lie algebra A§2). In the standard notation, the
quiver-Dynkin diagram is given by O==0. The mass-deformed Cartan matrix in this case
is

1+q g —p ) () ( 2 —1)
i) = g U o2 R . 4.36
(€u) (—uq11q21(1+q11+q12+q13) 1+ 7" 4 9 (4.36)

Here the mass parameter is defined in the same way as (£5), and the 0-th Adams operation
(c[-(;-}) provides the ordinary Cartan matrix (2.21)). The determinant is given by

1

(9

det(ciy) = 1+ a7’ > — qr%q (L + ') —= 0. (4.37)

Thus the Cartan matrix (cg(;}) is not invertible. We remark that the determinant does not

depend on the mass parameter pu.

The iWeyl reflection associated with this quiver is given by

—4
41 91
Yl,m — YliﬁYZu*lq;ngQ,uglqumYQ,,uf1q51wY2,pg1x (438)
41 4o T
45 a2
1
Yoo — Yt (4.39)
2,q7 Mgy '

In this case we need to assign the coupling constant gq; and the factor ¢; to each reflection,

since the Cartan matrix (c[o]

ij ) is not invertible. The Y-operator zero mode cannot absorb
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them. Then the fundamental gg-characters are generated as follows,

v 4 Y2,u*1qf?’wYZu*quQrYZu*qulwY?#’l90
Tl,:c = Tz + q1 T
Lay ey '
_5 3 Y27M711‘Y2,u*1q171xY2,,u*1q172x _5 S 2Yl,q;‘%q;le?vM*lezlflqflm
+q1 9192 83(q1) : + 19192 83(q1) Y T
2,utqy gy 'z 2,0 tg %qy te Y 2,um gy tey
+o (4.40)

-1 - 2 _ -3 _ 4
Yl,uql lgy e 2,q; *a; lequ 345 lequ @t

+ ¢ ° 9192

o, s
2,q7 'qy ' Lug; °q;

Tor =Yoo, + a1 'qa

— — Y -3 —1 -2 —1 Y —4 -2
2,q, 2q21x 2,q,7q; —6 2 2 2,q,7q; ® Lugq gy
+ ¢ 9193 82(q1)

: Y,

-5 — —4 -2 -5 _—2
2,q "q5 " 41 9o xY27q1 gy T

4o (4.41)

+ 7 °q193 82(q1)

These gg-characters commute with the screening charge [7; ,, S, /] = 0, and involve infinitely
many monomials of the Y-operators, since the corresponding fundamental representations
are infinite-dimensional.

4.5. Hyperbolic fractional quiver. We then consider the hyperbolic fractional quiver:

On0®

node: 1 2
which is characterized by the mass-deformed Cartan matrix
1+q %" — Y1+ ql_l)) () ( p —2)
Cii) = 1 — _ _ _9 = — . 4.42
(€) (—,uql '+ 47 1+q %" -3 2 ( )

The mass parameter is defined in the same way as (4.3]) as well. The determinant is given
by

s o ol (%
det(ci;) =14 ¢, 5q22 —q 1q2 1(1 +q; 1 +q; 24 a1 3) 5 2. (4.43)

Since the determinant of the Cartan matrix (cg;-]) is negative, it is classified to the hyperbolic
quiver.

The iWeyl reflection is given by

1
Yi,. — 7Y27“,1q;2mY2’u71q;1xY27“71x, (4.44)
La; %q5 e
Yo, — 71 Y Y 4.45
2,z Y,, 21 Lugy 2qy ' Vg tay te (4.45)
41 4o T
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which generate the fundamental gg-characters

Yo 1Y

2,u*1qf1wY24f1qf2x

Tl,x - Yl,:c + '
Lay 2qy '

Yl,q;quleQ,,ufer

_ -3 —1
Y27u LgrPqy

Y —4 71xY27 71Y
+ Sal)Sa(a) 2

2, 1q %

+85(q1)82(a1 ")

2,u gy '

T (4.46)

_ —4 —
2,0 1q; Yqy '

Y Y

1

1 -1 _2 _
Lugy tay ' T g%y M

Y
Yl,uquqglequ1q;1xY2,qf2q;1xY
Y Y
Yoo Ya gt Y

Y

T2,x - Y2,5L‘ +

-2 —1
27‘11 4, T

-3 —1
2,q, 795 @

-1
+S3(q1 ) 4 2 2 1
Liugy "qy " " 2,q, “qy @

1

—4 —
20 % T4 (4.47)

Yl,uqflqg

+ 83(q1)

—5 —92 —2 —
Luqy °a; rY2,q1 @'

Since this quiver does not correspond to any finite dimensional Lie algebras, the gg-characters
have infinitely many monomials of the Y-operators, as well as the affine quiver.
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